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Abstract: In this paper, in the scope of a non-extensive statistical model for the nucleon’s structure
function, the volume of the gluons in the nucleons and the relations among the temperature, T, the
parameter “q” of Tsallis statistics, and the scattering energies, Q2, are studied. A system of equations
with the usual sum rules are solved for the valence quarks, the experimental results for the polarized
structure function, and the estimated carried moments for gluons and quarks. Each state of T and
q leads to a set of chemical potentials and different radii for gluons and quarks. We conclude that
gluons must occupy a larger volume than the quarks to fit the fraction of the total momentum.
A linear function of the temperature with Q2 is obtained as an approach. The obtained range of
temperatures is different from the previous models.

Keywords: gluonic halo; nucleon structure function; non-extensive statistical model

1. Introduction

An important issue in Quantum Chromodynamics (QCD) is how much momentum
gluons carry in nucleons. Some authors suppose that gluons carry out almost half of
the momentum in the nucleons [1,2], while others say this must be about 30% [3]. The
theoretical predictions also have variations, between near 50% and 20% [4,5]. On this
subject, many models were proposed to describe the structure function of the nucleon,
among them, the statistical models.

The statistical models were in vogue in the late 1980s and early 1990s [6–20]. They
basically describe the nucleon as a gas of fermions, confined in the MIT bag [21,22]. Despite
the good agreement of such models with some features, the momentum sum is not well
described by considering only statistical arguments. The corrections in those models were
made by perturbative methods [9] or finite size corrections (FSC) [20].

In [23,24], the variables were fitted the variables by a system of equations with the
usual sum rules for valence quarks, and the violation of the Gottfried sum rule (GSR) (see,
e.g., [25]) is an additional result. The GSR violation may be used as information to fit the
temperature. Another sum rule is the sum of moments of all particles, quarks, and gluons,
which to be 1.

In [23,24] Trevisan and Mirez considered the effects of non-extensivity by Tsallis [26,27]
to study the nucleon structure function. Three main variables—the temperature T, the
q of Tsallis, and the radius R—were considered in these studies. The model proposed
in [23,24] was an adaptation of the model by Bhalerao [20,28] to the non-extensivity. The
q-exponential replaces the usual exponential in the distributions.

The non-extensivity describes some situations in which the sum of the entropies of
two independent subsystems A and B with individual probability densities, f (A) and f (B),
respectively, implying an additional term that depends on a variable q, and not a sum of
the two entropies. In the limit q→ 1 the additivity (extensivity) is recovered. That is, the
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entropy of the joint system is different from the sum of the entropy of subsystems but with
some interaction.

Let us denote the Sq[ f A] and Sq[ f B] entropy of the A and B system, respectively; then:

Sq[ f (A+B)] = Sq[ f A] + Sq[ f B] + (1− q)Sq[ f A]Sq[ f B]. (1)

The exact form of the function f (A) ( f (B), etc.) to be discussed in Section 2.
The use of Tsallis statistics is justified by considering the valon model [29,30]. The

valon is considered to consist of the valence quark, sea quarks, and gluons around. This
subsystem, with some entropy, interacts with another valon. Therefore, the sum of the
entropies reflects this fact. Each cloud of quarks and gluons around the valence quarks
overlaps with the neighbors so that the particles are indistinguishable (in sense that one
cannot tell to which valence quark the particles belong to). In addition, the radius of each
valence quark with its sea is considered the radius of the nucleon.

Recently, Deppman [31] gave a theoretical justification to use the Tsallis distribution
to study QCD, and Cardoso et al. [32] studied the thermodynamical variables in the MIT
bag model considering the non-extensivity.

Here, a new study, in which the momenta of gluons and quarks are computed sepa-
rately, obeying, of course, the sum rule. Therefore, new independent variables occur, the
radii of quarks

The paper is organized as follows. In Section 2, the model of [23,24] is discussed
and modified to consider the sum of momenta of quarks and gluons separately. Section 3
gives results and discusses those. Section 3 provides studies with fixed temperature (and
variable q and radius), variable temperature (fixed q and radius), and variable radius (q
and temperature are fixed). The conclusions and final remarks are given in Section 4.

2. Theory and Methods

In the present picture, the nucleon is considered a spherical bag with a radius R. Inside
the bag, there is a gas of massless partons (quarks, antiquarks, gluons) in equilibrium at
temperature T.

In the nucleon center of mass frame, each parton can charge a maximum of half of the
total momentum. The other half is shared by the other partons. Thus, the mass (energy)
that a parton can bring is at most half the mass of the nucleon. Therefore, M = 939 MeV is
used in what follows. The main point of this study is to use a different radius for quarks
and gluons. Besides this, consider that partons are point particles that form the gas inside
the spherical bag with the radius of the nucleon.

Following Bhalearao [20], the infinite momentum frame (IMF) is considered to obtain
the particle distribution functions (PDFs) for quarks and gluons. Below, two frames are
considered, namely, the proton rest frame and IMF, both moving with velocity −v('−1)
along the common z axis.

The interest of this study lies in the limit when the Lorentz factor, γ ≡ (1− v2)−1/2 → ∞.
The dependence of the particle number on the Bjorken variable, x, is [20,28]

dnα(x)
dx

=
M2xV

2

∫ M/2

Mx/2

g fα(E)dE
2π2 , (2)

for each particle α. Here, g is the spin-color degeneracy factor—16 for the gluons (see,
for instance, [33]), and 6 for the quarks (antiquarks)—of some flavor α, V is the nucleon
volume, and fα(E) is the energy probability distribution, which is given by

fα(E) =
1

[1 + (q− 1)β(E− µα)]
1/(q−1) ± 1

, (3)

for the case (E− µα) > 0, where µα is the chemical potential for each kind of quark, and
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fα(E) =
1

[1 + (1− q)β(E− µα)]
1/(1−q) ± 1

, (4)

for the case (E− µα) ≤ 0. In these expressions, β = 1/T (in units of Boltzmann constant,
kB), where T is the temperature, and (+1) stays for fermions and (−1) for bosons. The
corresponding Fermi–Dirac and Bose–Einstein distributions are recovered with q → 1,
where q remains a free parameter in this model.

There are some studies about how to apply the non-extensivity to fermions and bosons,
see e.g., [34] and references therein. Parvan and Batacharya developed [34] the fermions
and bosons distributions of the transverse momentum using the grand-canonical ensemble.
If one expands Equation (3) and compares it with Equation (56) (the thermodynamical
distribution part) of [34], a close similarity of the present ansatz is observed with a more
rigorous study. The only difference is focusing on the longitudinal momentum in the
present study.

From Equation (2), one obtains particle distributions, nα(x), and the total number of
particles, nα. Following [20,28], one gets the following set of equations and constraints:

nu↑ + nu↓ − nū↑ − nū↓ = 2, (5)

nd↑ + nd↓ − nd̄↑ − nd̄↓ = 1, (6)

ns↑ + ns↓ − ns̄↑ − ns̄↓ = 0, (7)

nu↑ − nu↓ + nū↑ − nū↓ = ∆u, (8)

nd↑ − nd↓ + nd̄↑ − nd̄↓ = ∆d, (9)

ns↑ − ns↓ + ns̄↑ − ns̄↓ = ∆s, (10)

∑
all partons

(momentum fraction) = 1. (11)

In these equations, nu↑(nu↓) means the number of up quarks, with positive (negative)
spin; nū↑ denotes up anti-quark with positive orientation; and similarly for other (down, d,
strange, s) quarks. ∆u is the difference between the sum of the up quark and up anti-quark
with positive polarization and the negative polarization sum; and similarly for other cases.

The following relations among the chemical potentials are used to solve the system:

µᾱ↓ = −µα↑, (12)

and
µᾱ↑ = −µα↓. (13)

We use ∆u = 0.83 ± 0.03, ∆d = −0.43 ± 0.03, ∆s = −0.10 ± 0.03 for the pro-
ton and ∆u = −0.40 ± 0.04, ∆d = 0.86 ± 0.04, ∆s = −0.06 ± 0.04 for the neutron.
Equations (5) and (6) interchange for the neutron. The experimental data can be obtained
for E142 [35], E143 [36], E154 [37,38], SMC [39], and HERMES [40] Collaborations.

Besides, the main proposal of the present study is to calculate the radius of gluons
and quarks separately; therefore, Equation (11), which still holds, splits into two equations:

∑
all quarks

(momentum fraction) = 0.716± 0.068, (14)

and
∑

gluons
(momentum fraction) = 0.284± 0.068, (15)

according to [3]. Of course, the values may vary according to the reference or the model.
Equations (14) and (15) can be written as follows:
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∫ 1

0
nall quarks(x)xdx = 0.716± 0.068, (16)

and ∫ 1

0
nall gluons(x)xdx = 0.284± 0.068, (17)

The results with different combinations for the variables T (temperature), R (nucleon
radius), and q (the Tsallis parameter for non-extensivity) are given in Section 3 just below.

3. Results

In the present study, the quark and gluon radii are varied in order to obtain the appro-
priate momentum. Recent studies [3] show that the gluons carry about 30% of the momen-
tum. This value is close to one obtained in previous studies [23,24]. As usual, the violation
of the GSR is an additional condition to be achieved. The experimental data [25,41,42]
provides with the values in the interval [0.09, 0.15]. Therefore, one can consider

0.09 <
∫ 1

0
d̄(x)− ū(x)dx < 0.15 (18)

Moreover, the following convention will be used:∫ 1

0
d̄(x)dx = D̄, (19)

and ∫ 1

0
ū(x)dx = Ū. (20)

3.1. The Model with Constant Temperature

Here, the variation of the radius with the q is studied for the case of two different
temperatures. The momentum of quarks is about 72%. Once the temperature is set, the
radius and q are varied. For these variations, many solutions may exist.

Figure 1 shows the dependence of the radius R on the non-extensivity factor q. The
radius is seen to decrease with q almost linearly, and q is smaller than 1. This result means
that with more gluon interactions, the system called valon (a valence quark with the
corresponding quark-antiquark and gluon cloud) [29] interacts more with another valon,
changing its internal entropy.

Figure 1. Variation of the radius, R, with the factor q of Tsallis statistics with two different tempera-
tures, T. Dashed lines are for gluons, and straight lines are for quarks. Red lines are for T = 35 MeV
and blue lines are for T = 30 MeV.
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Each point in the quark’s line of Figure 1 has five chemical potentials. Only those
potentials are chosen which satisfy the sum of moments and violation of the GSR; see
Table 1 for T = 30 MeV.

Table 1. The chemical potentials for the points of the blue continuous line of Figure 1. Each point
is identified by the Tsallis non-extentivity parameter, q, and the radius, R. The sum of all quarks’
momentum is about 0.72, and the valence quarks’ momentum sum is about 0.48. The difference
D̄− Ū is around 0.14.

q R (fm) µu↑ (MeV) µu↓ (MeV) µd↑ (MeV) µd↓ (MeV) µ↑ (MeV)

0.96 3.0 45.10 21.90 11.10 26.20 −2.19
0.97 2.9 47.70 23.40 11.90 27.90 −2.35
0.98 2.8 50.50 25.10 12.80 29.80 −2.54
0.99 2.7 53.50 26.90 13.80 31.90 −2.74

3.2. Variable Temperature, q and Radius Fixed

In this Subsection, the value of q is set to 0.97, and the quark radius is taken to be
2.5 fm. The dependent variables are the sum of the quarks’ momentum, the momentum of
the valence quarks, and the violation the GSR. With the q and R chosen, the obtained values
for the dependent variables stay within the experimental ranges. Many combinations of
values of q and R are posible. The aim here is always to observe the behaviour of the model
and not to establish numerical parameters.

Figure 2 shows the dependence of the quarks’ momentum (total and valence) with the
temperature T, which varies from 31 MeV to 34 MeV. In Table 2, some experimental results
of the quarks’ mean momentum fraction and the scattering energies Q2 are given.

Figure 2. The dependence of quarks’ momentum on temperature T in the range 31–34 MeV.
The blue line represents the sum of all quarks’ momentum. The red line represents the valence
quark momentum.

Table 2. The mean momentum, 〈x〉, carried by quarks (〈x〉q) and gluons (〈x〉g) at different scattering
energies, Q2.

〈x〉q or 〈x〉g Q2 (MeV2) References

〈x〉q = 0.465± 0.023 15 [2]
〈x〉q = 0.3± 0.008 3.5 [43]
〈x〉q = 〈x〉g = 0.50 10–20 [44]
〈x〉g = 0.43± 0.03 30–100 [45]

Based on Figure 2, one can conclude that the sum of the quarks’ momentum increases
with the temperature, and that the contribution of the sea quarks increases faster than that
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of the valence quarks. Moreover, with a linear extrapolation and considering Table 2, it is
possible to relate the temperature and the scattering energy Q2. The linear approximation
in Figure 2 is given by the equation:

0.05 T − 0.92 = total momemtum of quarks (21)

with the determination coefficient R2 = 1.
Then, based on the linear approach given by Equation (21) and Table 2, it is interesting

relate momentum, temperature, and Q2. Table 3 joins the information about the mean
quark’s momentum fraction, the scattering energies Q2, and the temperature that comes
from Equation (21).

Table 3. The momentum carried by quarks and gluons with different scattering energies Q2 and the
corresponding temperature, according to Equation (21).

〈x〉q or 〈x〉g Q2 (MeV2) T (MeV)

〈x〉q = 0.465± 0.023 15 28.3± 1.06
〈x〉q = 0.3± 0.008 3.5 24.4± 0.16
〈x〉q = 〈x〉g = 0.50 10–20 28.4
〈x〉g = 0.43± 0.03 30–100 29.8± 0.6

A relation between the temperature and the transferred momentum is obtained
to read:

T = 1.8472 ln(Q2) + 22.491 (22)

with the determination coefficient R2 = 0.93. Figure 3 represents Table 3.

Figure 3. The dependence of the temperature T on Q2 for q = 0.97 and R = 2.5 fm.

If the table from [46] is taken into account, with the same relation for temperature and
total momentum for the quarks, one has the following linear relation:

T = 0.4452 Q2 + 18.497 (23)
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with R2 = 0.9998. The physical meaning of such an approach is an increase of nucleons’
internal energies when there is an inelastic scattering, which causes heating. Some results
using relation (23) are shown in Table 4.

Table 4. The momentum carried by quarks and the corresponding temperature, with different Q2.
This table is based on the table from [46] and using Equation (23).

Q2 MeV2 〈x〉q T (MeV)

10 0.22516 22.9032
20 0.45032 27.4064
30 0.67548 31.9096
40 0.90064 36.4128
45 1 38.4

In Figure 4, the violation of the GSR is studied as a function of temperature, T = 31–34 MeV.
As expected, the difference between the D̄ and Ū increases with temperature. The differ-
ence grows with temperature is understood as more energy allows more particle to be
created, and the Pauli’s principle makes the difference to become larger.

Figure 4. The dependence of the difference D̄ − Ū (see Equation (18)) on the temperature T for
q = 0.97 and R = 2.5 fm.

3.3. Variable Radius, q and Temperature Fixed

Here, the value of q is fixed to 0.97, and the temperature is set to 35 MeV. The dependent
variables are the sum of momentum and the violation of the GSR. The combination of the
values of q and T used keeps quarks momentum to be in the experimentally obtained range.

Figure 5 shows the variation of the sum of the quarks’ momentum with the radius.
The contribution of valence quarks tends to a constant, while the sea quarks component
demonstrates fast increase.
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Figure 5. The change of quarks’ momentum with the radius, given in fm. The blue line represents
the sum for all quarks, and the red line that for the valence quarks only for q = 0.97 and T = 35 MeV.

From Figure 6, one concludes that the violation of the GSR is related to a large
meson cloud.

Figure 6. The dependence of D̄− Ū on the radius for q = 0.97 and T = 35 MeV.

3.4. Variable q, Temperature and Radius Fixed

In this Subsection, the dependence of the momentum of quarks with q is studied. The
temperature is kept at 35 MeV, and the radius is set to R = 2.0 fm. With these values for T
and R, the momentum and the GSR violation lie in the experimentally verified range for a
small variation of the q value.

In Figure 7, the quark momentum fraction is shown dependent on the Tsallis variable
q. One can observe that with higher non-extensivity, the sum of the quarks’ momentum
decreases. This indicates that the non-extensivity is related to more gluons, which are
self-interacting.
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Figure 7. The dependence of the quarks’ momentum on q for T = 35 MeV and R = 2.0 fm. The red
line represents the sum of the valence quarks, and the blue line includes the sea quarks.

In Figure 8, the difference D̄− Ū is shown depending on the factor q. It increases if
the non-extensivity decreases.

Figure 8. The difference D̄− Ū as a function of q for T = 35 MeV and R = 2.0 fm.

Table 5 shows some values for the radius of gluons and quarks in the model. As
predicted, gluons are “larger” than quarks.

Table 5. The radii (R) and momentum sums (M) of gluons (g) and quarks (q) along with the
temperature, T, the Tsallis variable, q. The corresponding differences, D̄− Ū (see Equation (18)), are
also shown. The gluons momentum is considered of about 46% of the total momentum.

T (MeV) q R (fm) Rq, (fm) Mg Mq D̄− Ū

31 0.94 4.58 2.8 0.43 0.57 0.144
32 0.94 4.4 2.6 0.43 0.57 0.122
33 0.94 4.2 2.5 0.43 0.57 0.118
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4. Conclusions

In the present paper, studies concerning the variables of the non-extensive statistical
model for the nucleon structure function are given. The variations of the nucleon tempera-
ture, the radius, and the parameter q of Tsallis statistics are studied. The main objective is
to verify that the volume occupied by quarks and gluons may be different. To thsi end, the
momentum carried by quarks are invetigated within the existing models.

It is found that not only the radius to be modified but also the temperature, T. The
temperature is lower than that obtained in the previous model [23,24] (about 40–60 MeV)
to satisfy the sum of the quarks’ momentum to be close to the experimental data. In these
studies, the quarks’ momentum is about 80%. Higher temperatures mean higher energies
and more quark-antiquark creation. This increases the total momentum of the quarks. We
notice that the same dependence occurs with the scattering energy Q2 [46]. The linear
relationship between T and Q2 and T and the quarks’ total momentum are obtained.

The radius is obtained to be larger (in comparison with previous results [23,24]) to
fit the violation of Gottfried’s sum rule. The large volume needed to obtain this effect
is due to the meson cloud around the valence quarks. Another point to explain is the
radius obtained in the present model. Thermodynamical models usually have a radius
larger than 1 fm, and some corrections are used. For instance, Bhalerao‘s study has
the finite-size correction, and Mac-Ugaz’s [9] paper uses the perturbative correction. The
thermodynamic/statistical model with effective confining potential [14,15] also may correct
this problem. The initial hypothesis that the gluons gas must occupy a bigger volume than
the quarks gas is confirmed.

The q parameter is below 1 in the present model. This result is different from that
obtained by [47] or [48]. Those works take measures in the context of quark-gluon plasma,
while here, the goal is to obtain the results of the deep inelastic scattering to obtain the
structure function. Moreover, the present study is an improvement of an extensive model,
which makes the result near 1. It is worth mentioning that there is another approach that
obtained q < 1 [49] in the context of a bath heath.

To consider the gluon polarization is an interesting point to be studied soon. In this
case, the set of Equations (5)–(11) needs to get one more equation to take this into account.
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