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Abstract: The unitarity condition in the impact parameter space is used to obtain some information about
the shape of the interaction region of colliding protons. It is shown that, strictly speaking, a reliable
conclusion can be gained only if the behavior of the elastic scattering amplitude (especially, its imaginary
part) at all transferred momenta is known. This information is currently impossible to obtain from
experimentation. In practice, several assumptions and models are used. They lead to different results as
shown below.
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1. Introduction

Traditionally, hadron collisions were classified according to our prejudices regarding the hadron
structure. From the early days of Yukawa’s prediction of pions, the spatial size of hadrons was ascribed to
the pionic cloud surrounding their centers. The pion mass sets the scale of the size in the order of 1 fm
=10"13 cm. Numerous experiments using different methods confirmed this estimate with values of the
proton radius ranging from 0.84 fm to 0.88 fm. This 5% difference has been named the “proton radius
puzzle”. The different methods used in the various experiments could account for this discrepancy. Their
sensitivity to central and peripheral regions may be different. Among the new experiments, I would like to
mention recent results from the Jefferson laboratory [1] which reveal the internal QCD forces determining
the pressure inside the proton. It happens that they are repulsive at the center (up to 0.6-0.7 fm) and
attractive (strongest at about 0.9 fm) at the periphery (“an extremely high outward-directed pressure from
the center of the proton, and a much lower and more extended inward-directed pressure near the proton’s
periphery”). It is also interesting that the lattice calculations showed that only 9% of “the gravitational
strength” of a proton (its mass) is acquired from the Higgs mechanism. It is almost equally shared in
three parts by kinetic energies of quarks and gluons and by their interactions. The three-quark content
of protons is crucial for its static properties while the parton model is widely discussed for physics in
collision. Surely, all of these details related to the proton substructure are important for their interaction.

Much less is known about the spatial extension of the interaction region of two colliding protons.
The very external shell of a proton is usually described as formed by single pions as the easiest particle
constituents. That is why the one pion exchange model was first proposed [2] for describing the peripheral
interactions of hadrons. In general, both the size of the region and the strength of attenuation in different
parts of it depend on the energy of colliding protons.

To get some insight into the spatial view of proton interactions, one must deal with the impact
parameter representation of their scattering matrix. Its connection with experimental results on the
transferred momentum dependence is established by the Fourier-Bessel transformation applied to the
unitarity condition. Indeed, the proton sizes determine the spatial extension of their interaction region
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and its evolution with an increase in energy. However, the tiny details of its shape appear to be closely
related to the yet unknown properties of the elastic scattering amplitude. Therefore, we have to rely on
“reasonable” assumptions and phenomenological models.

2. The Unitarity Condition

From the theoretical side, the most reliable information comes from the unitarity condition.
The unitarity of the S-matrix SS*=1 relates the amplitude of elastic scattering (s, t) to the amplitudes of
inelastic processes M;,. In the s-channel, they are subject to the integral relation (for more details see, e.g.,
References [3,4]) which can be written symbolically as

Tf (s, £) = Lo(s,£) + g(s, ) = / dyff + Y / A, My, M. (1)

The variables s and t are the squared energy and transferred momentum of colliding protons in the
center of mass system s = 4E% = 4(p? + m?), —t = 2p?(1 — cos ) at the scattering angle 6. The non-linear
integral term represents the two-particle intermediate states of the incoming particles. The second term
represents the shadowing contribution of inelastic processes to the imaginary part of the elastic scattering
amplitude. Following Reference [5], it is called the overlap function. This terminology is ascribed to it
because the integral there defines the overlap within the corresponding phase space d®, between the
matrix element M, of the n-th inelastic channel and its conjugated counterpart with the collision axis of
initial particles deflected by an angle 6 in proton elastic scattering. It is positive at § = 0 but can change
sign at 6 # 0 due to the relative phases of inelastic matrix elements M,’s.

At t = 0 it leads to the optical theorem

Imf(s,0) = 010t /47T ()

and to the general statement that the total cross section is the sum of cross sections of elastic and inelastic
processes
Otot = Op] + Oipel, 3)

i.e., that the total probability of all processes is equal to one.

To define the geometry of the collision, we must express all characteristics presented by the angle
f and the transferred momentum f in terms of the transverse distance between the trajectories of the
centers of the colliding protons—namely the impact parameter, b. This is easily carried out using the
Fourier—Bessel transform of the amplitude f which retranslates the momentum data to the corresponding
transverse space features and is written as

i(s,b) = 5= [~ dllf(s,DIo(by/ ) @

The unitarity condition (1) stated in the b-representation reads
G(s,b) = 2Rel'(s,b) — |T(s,b)|* (5)

The left-hand side (the overlap function in the b-representation) describes the transverse impact
parameter profile of inelastic collisions of protons. It is just the Fourier-Bessel transform of the overlap
function g. It satisfies the inequalities 0 < G(s,b) < 1 and determines how absorptive the interaction
region is, depending on the impact parameter (with G = 1 for full absorption and G = 0 for complete
transparency). The profile of elastic processes is determined by the subtrahend in Equation (5). If G(s, b) is
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integrated over all impact parameters, it leads to the cross section for inelastic processes. The terms on
the right-hand side would produce the total cross section and the elastic cross section, correspondingly,
as should be the case according to Equation (3). The overlap function is often discussed in relation
with the opacity (or the eikonal phase) Q(s, b) such that G(s,b) = 1 — |exp(—Q(s, b))|?. Full absorption
corresponds to () = co and complete transparency to () = 0.

Thus, it happens to be possible to study the space structure of the interaction region of colliding
protons using information about their elastic scattering within the unitarity condition. The whole procedure
is simplified because in the space representation, one gets an algebraic relation (5) between the elastic and
inelastic contributions to the unitarity condition in place of the more complicated non-linear integral term
I, in Equation (1).

The relation (5) is simplified if ImI'(s,b) < ReI'(s,b), i.e., the integral contribution of the real part of
the elastic scattering amplitude can be neglected as follows from the discussion below. Then,

G(s,b) = ¢(s,b)(2 — {(s,b)) = Rel' (s, b)(2 — Re['(s, b)). ©)

The absolute maximum of G(s, b) is reached if ReI'(s, b) = 1. At ISR energies, the maximum value at
b = Oisless than 1 (see Figure 1). It becomes close to 1 at 7 TeV.

T T T
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Figure 1. The proton profile G(s,b) at 7 TeV (upper curve) [6] compared to those at ISR energies 23.5 GeV
and 62.5 GeV [7] (the interpolation procedure of experimental data has been used). It was assumed in
Reference [8] that the protons would become Blacker (less penetrable), Edgier, and Larger at higher energies
(BEL-shape). We can see that both the blackness and the size of protons increase while its steepness at the
edge varies very slowly.

3. How Different t-Regions Contribute to the Unitarity Condition

The main difficulty of this program is clearly seen from Equation (4). To calculate the contribution of
different ¢-regions of the elastic scattering amplitude f to the unitarity condition (5), one must know, in
principle, the behavior of its real and imaginary parts in the whole interval of the transferred momenta
at a given energy s. However, from experiment, we know just its modulus given by the shape of the
differential cross section do/dt and the ratio pg of the real to imaginary parts at near forward scattering
extracted from the interference of the nuclear and Coulomb amplitudes.

do

i f(s, P = (Ref(s,1))* + (Imf (s, 1)), @)
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_ Ref(s,0)
Po = m (8)

At t = 0, the imaginary part is positive according to the optical theorem (2). From experimental
results at 7 TeV, one gets that the real part contributes less than 2% to do/dt at t = 0, because the measured
values pg = p(t = 0) ~ 0.107 — 0.145 [9-11] are so small. There are some theoretical considerations [12,13]
supported by the phenomenological model [14] arguing that the real part should become even smaller
and decrease fast within the diffraction cone crossing the abscissa axis. Therefrom, one concludes that
the imaginary part dominates at low transferred momenta inside the diffraction cone. It was estimated in
Reference [15] that the contribution to the proton profile from the real part can be neglected. The numerical
estimates in Figures 2 and 3 below support this conclusion.
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Figure 2. The transverse impact parameter profile (G) of inelastic collisions of protons at 7 TeV at different
assumptions: kfk-model (dash-dotted line), Imf (s, t) = \/do/dt calculated from experimental data (dash
line), Imf (s, t) = v/do/dt inside the diffraction cone and Imf (s, t) = —+/do/dt outside cone also calculated
from experimental data (dotted line), shape { exp(—x2)(2 — {exp(—x?)) with { = 0.95058 (solid line).
Furthermore, the square of the imaginary part of I for kfk-model is shown by dash-double-dot line (very
small contribution of the real part of the amplitude).
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Figure 3. The same as Figure 2 but at 13 TeV and with = 0.96906.
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The simplest approach to the problem consists in approximating the imaginary part by the ++/do/dt.
Doing that, one gets the evolution of the proton profile from ISR energies to 7 TeV at LHC as demonstrated
in Figure 1 [16].

However, in general, both real and imaginary parts can be either positive or negative in different
intervals of t. In any case, they are limited within -v/do /dt and ++/do /dt because their moduli cannot
exceed /do /dt. The differential cross section is more than four orders of magnitude larger at the peak
of the diffraction cone at t = 0 than after its dip, visible near |t| ~ 0.5 GeV? at 7 TeV. It is reasonable to
assume that the imaginary part becomes equal to 0 near the dip (which is filled in by a small real part
there) and changes the sign at larger transferred momenta. Specifically, that happens in the model [14].

In what follows, we take into account the above information, neglect the real part of the amplitude,
and adopt four approaches:

1.  Use the experimental (spline interpolated) +v/do/dt, i.e., |f| everywhere in place of Imf(s,t) in
Equations (4) and (5).

2. Use the experimental ++/do /dt up to |tg| and -/do/dt at |t| > |t| in place of Imf (s, t).

3. Use everywhere the exponential parameterization of the positive imaginary part to get the analytical
expressions as described below.

4.  Use the phenomenological model [14] which fits the experimental data in a wide energy interval and
provides separately the real and imaginary parts of the amplitude.

Variants 1 and 2 correspond to two extreme possibilities of upper and lower estimates of the integral
over the imaginary part. Variant 3 gives its value somewhat lower than variant 1 because of lower values
of do/dt at large transferred momenta. Model 4 leads to values between the two extremes, and moreover,
shows that the contribution of the real part of the amplitude to the proton profile can really be neglected.

It is worthwhile to explain variant 3. The shape of the differential cross section in the diffraction
cone can be approximated by the exponential behavior do/dt o exp Bt. Therefore, it is possible to fit the
imaginary part using the exponent which is twice as small. The role of the real part of the amplitude
is negligibly small inside the cone. Neglecting it and extending the positive exponential shape of the
imaginary part to all transferred momenta in an ad hoc fashion, one can calculate G(s, b) analytically [16].
The most peculiar conclusion is that the inelastic profile for central collisions shows a dip G(s,0) < 1 if the
elastic cross section exceeds 1/4 of the total cross section. It is given by the formula [16]

G(s,0) = 4x(1 — x). )

Here, x = 20,/ 010t so that G(s,0) < 1if x > 1/2. The ratio 0,;/ 0t increases (surprisingly enough)
from ISR to LHC energies and is near 1/4 at LHC. The maximum of G(s, b) = 1 shifts to positive values of
b. Thus, the further increase of o,/ 71t would imply the dip at b = 0. These results initiated the hypothesis
on possible toroidal shape of the interaction region at higher energies.

The results of all four variants are shown in Figures 2 and 3 for 7 and 13 TeV [17].

It is clearly seen that the assumption about the universal positive imaginary part (variant 1) leads to
the dip for central collisions at b = 0 (especially noticed at 13 TeV). The maximum G(s, byux) = 1 moves
to byax > 0, i.e., the toroid-like shape is formed. The possibility of a dip at b = 0 was first considered in
Reference [18]. The dip is less pronounced for variant 3 of the exponential parameterization because its tail
at large transferred momenta is lower than for variant 1. If the imaginary part becomes negative at large
transferred momenta (variants 2 and 4), no dip appears and the BEL-shape is recovered. That is specially
demonstrated in Figure 4, which shows the region of central collisions at b = 0 at larger scales. The
asymptotical predictions about the shape of the proton inelastic profiles are very sensitive to the integral
contribution to those of the imaginary part of the amplitude. At the same time, the integral contribution of
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the real part for model 4 is negligibly small (less than 0.01) as seen at the bottom of Figures 2 and 3. That
confirms earlier estimates [15] and resolves the problem mentioned in References [19,20].

1

0.99
0.98
G 0.97
0.96
0.95
0.94

0.99
0.98
G 0.97
0.96
0.95

0.94

Figure 4. The area near b = 0 of Figures 2 and 3 in more detail.

A notable feature of G(s, b) at ISR energies was noticed in Reference [7], where genuine experimental
data were used. At the tail of large impact parameters (from 2 fm to 2.5 fm), a slight bump was observed.
No bump was obtained in Reference [8], where some interpolation of the data was used. The results in
References Figures 2 and 3 do not show any indication on such a bump. The corresponding values of
b = 2v/2B ~ 2.5 fm are similar to those in Reference [7].

It would be interesting to confront the predictions of variant 4 with new results obtainable with the
help of the Levy-interpolation method [21]. Both of them predict the negative imaginary part at large
transferred momenta. However, they differ in their approach to the problem. Model 4 [14] proposes
the definite form of the elastic scattering amplitude inspired by QCD ideas. Its parameters are fitted by
the existing experimental data and used for extrapolation to higher energies. The Levy-approach [21]
is aimed at the direct interpolation of the differential cross section by the complete orthonormal set of
complex functions suited for exponential and power-like dependence on transferred momenta revealed in
experiment. The comparison of the results obtained in these two approaches on their predictions for the
dip at b = 0 would be very instructive.

4. Conclusions

According to Equations (4) and (5), the spatial shape of the proton interaction region is determined
by the integrals of the elastic scattering amplitude over all transferred momenta. The knowledge of
its modulus obtainable from measurable differential cross sections is not enough to compute them.
The prescription Imf ~ |f| ~ ++/do/dt leads to the toroidal shape at the highest LHC energies, while the
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negative values of Imf at large |f| can recover the BEL-regime. No claim of the universality of such a
mechanism is attempted here. It is just shown to work in variants 2 and 4, considered above.

Thus, the problem of the spatial shape of the proton interaction region cannot be solved rigorously unless
the behavior (and, especially, the sign of the imaginary part) of the elastic scattering amplitude is known.
Unfortunately, there does not currently seem to be a way of obtaining precise information about it. Once again,
we repeat that one has to rely on “reasonable” speculations and phenomenological models confronted to a
wide spectrum of experimental data. That is why the term “cul-de-sac” is used in the title of the paper.
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