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Abstract: In this paper, we discuss various aspects of a class of A-twisted heterotic Landau-Ginzburg
models on a Kahler variety X. We provide a classification of the R-symmetries in these models which
allow the A-twist to be implemented, focusing on the case in which the gauge bundle is either a
deformation of the tangent bundle of X or a deformation of a sub-bundle of the tangent bundle of X.
Some anomaly-free examples are provided. The curvature constraint imposed by supersymmetry in
these models when the superpotential is not holomorphic is reviewed. Constraints of this nature have
been used to establish properties of analogues of pullbacks of Mathai-Quillen forms which arise in the
correlation functions of the corresponding A-twisted or B-twisted heterotic Landau-Ginzburg models.
The analogue most relevant to this paper is a deformation of the pullback of a Mathai-Quillen form.
We discuss how this deformation may arise in the class of models studied in this paper. We then
comment on how analogues of pullbacks of Mathai—Quillen forms not discussed in previous work
may be obtained. Standard Mathai—Quillen formalism is reviewed in an appendix. We also include
an appendix which discusses the deformation of the pullback of a Mathai—Quillen form.

Keywords: heterotic Landau-Ginzburg models; Mathai—Quillen forms; R-symmetries; supersymmetry
and duality; topological field theories

1. Introduction

A Landau-Ginzburg model is a nonlinear sigma model with a superpotential. For a
heterotic Landau-Ginzburg model [1-7], the nonlinear sigma model possesses only (0, 2)
supersymmetry and the superpotential is a Grassmann-odd function of the superfields
which may or may not be holomorphic.

Heterotic Landau-Ginzburg models have field content consisting of (0,2) bosonic
chiral superfields ‘ o

o = ¢,y

and (0, 2) fermionic chiral superfields
A" = (A", H", E"),
along with their conjugate antichiral superfields
@ = (¢4

and _
AT = (AE_,H“,E”).

The ¢ are local complex coordinates on a Kahler variety X. The E* are local smooth sec-
tions of a Hermitian vector bundle £ over X, i.e., E* € I'(X, £). The H* are nonpropagating
auxiliary fields. The fermions couple to bundles as follows:
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gl (k2o (1)), A er(K e (@°€)"),
doer(ke ((rx))"), a7 er(eeE),

where ® : ¥ — X and Ky is the canonical bundle on the worldsheet X.
In [5], heterotic Landau—Ginzburg models with superpotential of the form

W:AuFﬂ/ (1)

where F, € T'(X, £Y) were considered. It was claimed in [7] that, when the superpotential (1)
is not holomorphic, supersymmetry imposes a constraint which relates the nonholomorphic
parameters of the superpotential to the Hermitian curvature. The details supporting that
claim were worked out in [8,9] for the case E? = 0. This curvature constraint has been used
in [7] to establish properties of analogues of pullbacks of Mathai—Quillen forms. These
analogues arise in the correlation functions of the corresponding A-twisted or B-twisted
heterotic Landau-Ginzburg models.

In this paper, we will study certain aspects of A-twisted heterotic Landau-Ginzburg
models with superpotential (1) and E? = 0. Such models yield the A-twisted (2,2) Landau—
Ginzburg models of [10] when £ = TX and A'F; = A 9,W22)  where W(22) is the (2,2)
superpotential. Although R-symmetries for (2,2) Landau-Ginzburg models have been
classified, this has not been carried out for heterotic Landau-Ginzburg models. Further-
more, for (2,2) Landau-Ginzburg models, a classification has been given only for the case
of holomorphic superpotentials [11]. We will provide a classification of the R-symmetries
which allow the A-twist to be implemented, focusing on the case in which £ is either a
deformation of TX or a deformation of a sub-bundle of TX. The curvature constraint
imposed by supersymmetry in these models when the superpotential is not holomorphic
will be reviewed. The corresponding analogue of the pullback of a Mathai—Quillen form
is a deformation of the pullback of a Mathai—Quillen form. We will discuss how this
deformation may arise in the class of models studied in this paper. We will then comment
on how analogues of pullbacks of Mathai—Quillen forms not discussed in previous work
may be obtained.

This paper is organized as follows: The A-twist will be discussed in Section 2. A clas-
sification of the corresponding R-symmetries, along with some anomaly-free examples,
will be given in Section 3. The curvature constraint imposed by supersymmetry when the
superpotential is not holomorphic will be reviewed in Section 4. In Section 5, we will discuss
how an analogue of a pullback of a Mathai—Quillen form may arise in the class of heterotic
Landau-Ginzburg models discussed in this paper. In Section 6, we will summarize our
results and comment on how analogues of pullbacks of Mathai—Quillen forms not discussed
in previous work may be obtained. Appendix A will review standard Mathai—Quillen
formalism [12-18]. Finally, Appendix B will discuss the analogue that is most relevant to
this paper, i.e., a deformation of the pullback of a Mathai—Quillen form.

2. A-Twist

Let X be a Kédhler variety with metric g, antisymmetric tensor B, local real coordinates
¢*, and local complex coordinates ¢ with complex conjugates ¢'. Furthermore, let £ be
a vector bundle over X with Hermitian fiber metric h. We consider the action [5] of an
A-twisted heterotic Landau-Ginzburg model on X with gauge bundle &:

o [1 . o .
S=2t /z i’z [2 (§uv + 1By ) 029" 9z¢" + igziyp' Dy’ + ihggA® DAT

+ Fagg W, ¢, A" A" + W F,F7 + ¢/, A" D;E, + ¢/, A" D;Fy|. )
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Here, t is a coupling constant, ¥ is a Riemann surface, d?z = —idzNdz, F, € [(X,&Y),and

D: gl =0: ¢, +0: ¢/ Thy’ , DoA” = 0.A7 +0.9'A% AL,

D;F, = 9,;F, — ALy, Fz=0;F7— AL Fy,
b o_ o bb b _ bb
A =h hEg,i ’ A =h" hyag,
T = ¢" S Fiaa = hy5 Als,

The A-twist is defined by assigning the fermion couples to bundles as follows:
gl er(e(mx)),  ALer(Kew (@€)),
Y, € F(Kz ® (@*(T“’X))v), AT € T(D*E),
where @ : 3 — X and Ky, is the canonical bundle on ~.. Anomaly cancellation requires [5,19,20]
APPEY ~ Ky,  chy(&) = chy(TX). (3)

Action (2) is invariant on-shell under the supersymmetry transformations

o = in_y',,

sp' =0,

We=0, @)
oYl = —a_0:¢",

A = —ia_), A% AL +ia h™F,,

SAT =0

up to a total derivative. Since we have integrated out the auxiliary fields H?, one may use
the A% equation of motion

A" ihgDA" + Foa 0, 9 A" — ¢l DF, =0, (5)
to show [8] that action (2) can be written

S =it /Z P2 {Q,V} +1 /Z O*(K) + 2t /Z P2(P AT DF — $iALDE), ()

where ‘ ' )
{Qo} =y, {a¢} -0,
(01t} -0 (0] - o
Q) = ghapl —nF;, {QAT} =0

are the BRST transformations (0 f = —ia—{Q, f}, where f is any field),
V= 2(gmp1§z¢i + i)\‘iFa),
and S
/ QJ*(K) = / dzz(gﬁ + iBii) (az(Pl afcpl - afcplaz(i’l)
b z
is the integral over the worldsheet X of the pullback to X of the complexified Kahler form

K = —i(gy + iBy)dg' A dgp'
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3. R-Symmetries

Let us now discuss the R-symmetries which allow the A-twist described in Section 2
to be obtained. A classification of these R-symmetries will be given in Section 3.1. Some
anomaly-free examples will be given in Section 3.2.

3.1. Classification
For F, = 0, the twisting is achieved by tensoring the fields with

KEQR/Z ®KZQL/2,

where the fields have charges Q; and Qg, given in Table 1, under U(1); and U(1)r
R-symmetries, respectively. These R-symmetries defined by Qr and Qg are broken when

F, #0.

Table 1. Charges when F; = 0.

Field Qr Qr
¢ 0 0
¢ 0 0
P 0 !
A 0 -1
AL 1 0
AT -1 0

Let us consider an F, of the form
F,=09,G+G,. (7)

Here, G is quasihomogeneous and meromorphic, i.e.,

G (/\ni(l)i/ )\my(i)T) — /\d G (¢i/ (Pf) , (8)
where A € C*, n; = —my and d are integers, and the deformation G, is chosen to be
1 i ni 4 _q
G [d Yni(e') ] = (¢")n . ©)
1

For an F, of this form, we can define new charges Q; = Qp — Qand Q; = Qr — Q,
given in Table 2, expressed in terms of the parameters

wp=n;/d=—-m;/d,  a;=n,/d=—-mz/d, (10)
which yield a U(1); x U(1)g-invariant action. On the (2,2) locus, we have

Qu(9") = QL(yY), QLIV) =Qi(¢) +1,

Qr(9') = Qr(AL),  Qr(¥}) = Qr(9) +1.

Off of this locus, although one has a pair of U(1) symmetries, only U(1)g is an
R-symmetry. The twisting is achieved by tensoring the fields with

-Qr/2  Q1/2
Kg R @ Kt
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Recall that for a Riemann surface X of genus g, the degree of the canonical bundle is
2¢ — 2. It follows that, for the bundles K; Qr/2 and KS 1/2 to be well-defined, d must divide

g—1ie,

g=1+kd,

k=0,1,2,....

(11)

This genus issue is well understood; more details can be found in [10,21,22]. Table 2
gives a classification of the R-symmetries in the models we are discussing in terms of the

charges Q and Qk.

Table 2. Charges when F; = 9,G + G,.

Field QL Qr Q Qr=QL.-Q Qr=Qr—Q
(pi 0 0 o; —u; —u;
g 0 0 —u; o o
P 0 1 ; —a; 1—a;
[/ 0 -1 —u; «; a;—1
AT 1 0 o 1—a, —fg
AT -1 0 —0g ag—1 Ng
D; 0 0 —u; o o
D; 0 0 ; —; —u;
da 0 0 —ag Xy X,
oz 0 0 ay —ng —ug
G 0 0 1 -1 -1
G 0 0 -1 1 1
Ga 0 0 1—a, ag —1 ng —1
Gy 0 0 o, —1 1—a, 1—a,
F, =9,G+ G, 0 0 1—a, ag—1 ag —1
Fz=0;G+ Gz 0 0 a; —1 1—a, 1—ay,

3.2. Examples

Let us consider some examples in which £ is a deformation of TX. For such examples,
the anomaly cancellation conditions (3) are satisfied.

As a first example, consider the case in which X is a complex affine space and G is a
Fermat polynomial:

Example 1. Let X = C¢, and

Thus,

and ,
77””77 =
Ny, = 7= a=1,...,d.

The twist described in this example can be defined on worldsheets of genus g given by (11).

As a second example, consider the case in which X is a complex projective space and
G is a Fermat polynomial with zero locus defining a hypersurface in X:
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Example 2. Let X = CP*~! and

Thus,

and

o (#) s ()

{G =0} e crild],
(nlr'-'/nd) = (1,...,1),
Go=(¢")"',  ¢"°G,=0, a=1,....d,

nu_l _
7= a=1,...,d.

Ny =

The twist described in this example can be defined on worldsheets of genus g given by (11).

As a final example, consider the case in which X is a weighted complex projective
space and the zero locus of G is a hypersurface in that space:

Example 3. Let X = WCP;’Z/&Z9 and

Thus,

and

o= () -0 ) ()

{G = 0} € WCPg)zl,ng,n3,n4 [d} = WCP?2,8,7,9 [36] ’

d
Ga= ("',  ¢°Ge=0, a=1,.4,

yom_2_ 1
36 3

The twist described in this example can be defined on worldsheets of genus g given by (11):

g=1+ki=1+k36), k=012,...
=1,37,73,109, ... .

4. Curvature Constraints

Action (6) is invariant on-shell under the supersymmetry transformations (4) up to
a total derivative. It was claimed in [7] that requiring this invariance when the super-
potential (1) is not holomorphic imposes a constraint which relates the nonholomorphic
parameters of the superpotential to the Hermitian curvature. This curvature constraint,
along with an additional constraint imposed by supersymmetry, was derived in [8,9]. Let us
now briefly review the key steps of this derivation; see [8,9] for more details.

Since 6f = —ia_{Q, f}, where f is any field, the Q-exact part of (6) is J-exact and
hence J-closed. For the non-exact term of (6) involving ®*(K), note that

[ow= [ K= A o[ iBa) g1 g
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0K = —i (gt + iBy)d* Adgp' Adgp' = 0.

Thus,

O[®" (K)] = [@(K)lo9" = 0. (12)
It remains to consider the non-exact expression of (6) involving

' A" D;F7 — ¢’ A" D;F,.
First, we compute
6(WATDiF;) = (—a-0:9") AT Dy Fa — AT AL, (il )Ty
AT (aiﬁfﬁﬁ Ty ?y) (m, ;) : (13)

Now, we compute
i ya _ T a i 1ab T i AT
5(—¢+A_Dl-1—“a> — —a_FDA" + (wc_h Fb) Fian W' ', AT
= (a-0:¢")AT Dy Fg — a0 Fe A ) + o FopdupfAT  (19)

+ AT Al (g ) Fy,

where we have used the A? equation of motion (5) in the first step and Fi;z = h 3 A?ﬁi in
the last step. It follows that (14) cancels (13) up to a total derivative, i.e.,
5 (—lpwi DiFu) S (lpmi Efﬁ) _ a,aZ(FE AZ), (15)
when both the curvature constraint
3;D;F + Firag ™ F; = 0 (16)
and the constraint B B
Frr0:05A" =0 (17)

are satisfied.

Curvature constraints have been used in [7] to establish properties of analogues of
pullbacks of Mathai—Quillen forms. These analogues arise in the correlation functions of the
corresponding A-twisted or B-twisted heterotic Landau-Ginzburg models. The analogue
most relevant to this paper, i.e., a deformation of the pullback of a Mathai—Quillen form, is
discussed in Appendix B.

5. Physical Realization of Deformation of the Pullback of a Mathai—Quillen Form
Let us now describe how the deformation wgs(G, V), given by (A9), of the pullback
s*u(G, V), given by (A5), of a Mathai—Quillen form u(G, V), given by (A1), may arise in
the class of A-twisted heterotic Landau-Ginzburg models discussed in this paper.
Mathematically, the tangent bundle to Y = {s = 0}, s = (s;), is defined by the kernel
in the short exact sequence

(Disp)
0 — TY — TM|y — Gly — 0.
A deformation of the tangent bundle above is defined by

Disp+(Js);
i ip

0—>€’—>TM|Y( )g|y—>0,
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where the (s);, define the deformation.
The action of the A-twisted heterotic Landau-Ginzburg model that RG flows to a
nonlinear sigma model with tangent bundle deformation above is given by [5]

S =2t / d*z [ (g + 1Buy)0:9M 059" + igaay’ Dzyp’y + igyz A% DAY
R WAL AL+ g EFr o+ ¢ AL DoF, + lpﬂAbDan} , (18)

with target space
X = Tot(g* - M)
and gauge bundle £ = TX, where
Fo= (Fy ) = (sp, 9" (Disp+ (65)ip) . Fa= (Fp,Fi) = (55,47 (Disp + (65)i3) ),

D,F, = 9,F, — TS, F., DgFy = 0gF; — riﬁ
Doy = 0:9° +0:0'T0 S, DAL =30l 49,90 A7,
e L=y er(of(TMm)), A=l er(Ree (o4(10'Mm))Y),
po=y¢i er(kee (e(1Vm))), A=A er(o(1%'Mm)),
4 eI’(K2®<I>* T};O), AP =P er((cb* Tgrl)V),
pl=x" er((erm)), A=A eT(Keo o 1Y),
o' =p. eT(kzoo TY), o' =p. er(Kzoo 1Y),

If we restrict to zero modes on a genus zero worldsheet, in the degree zero sector we
find the following interactions among zero modes:

gﬁp?ﬁlzp + Xi)\pDiPp + X?/\Iﬁﬁfl’ + Riﬁpf)(ixﬁ)\p/\I
= g"¥s5sp + X' AP Djsp + XP A (Disy + (08)75) + R@p;)(ixﬁ)x”/\f.

If we now complex conjugate so as to relate the heterotic expression above to standard
mathematics conventions, we find

g”?s,ﬁﬁ + XiAﬁﬁfgﬁ + Xp/\i (DZ'SP + ((SS)ip) + Ripﬁi)(i)(p/\ﬁ)ti
= gPPspsp + pF Dsp + DsppF + pP Rypp? + pPdg’ (35)ip
— PseP) + (o f, Dsyel) + (DsseP, o £ 19
(spe spe ) <p fpr»Dspe > < sper, 0P fp >g (19)
+ (p” fo ST (Repf?, prrf)gv) <p fpr 49’ (05 )ipe’“>g
=A+ <p’7 fp/,d4)i (5s)ipep>g
= Ass,
which is minus the exponent of (A9). The deformation wys(G, V) will appear in the

corresponding correlation functions. Explicitly, from the discussion in Appendix B, we
see that
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<61”~6k>0</ 61/\"'/\6k/\CU5S(g,V):/O]/\"‘/\Ok, (20)
X Y

where
ON---NO, € HdimM—rkg(M ArkTM—erg\/)

and O € H*(M, \*(TM)V) is a lift of O € H*(Y, A*E™Y).

6. Summary and Outlook

We have studied certain aspects of A-twisted heterotic Landau-Ginzburg models on a
Kéhler variety X with gauge bundle £, superpotential (1)

W = AE,,

and E? = 0. Table 2 provides a classification of the R-symmetries which allow the A-twist
to be implemented when & is either a deformation of TX or a deformation of a sub-bundle
of TX. Some anomaly-free examples were provided in Section 3.2. When the superpotential
is not holomorphic, supersymmetry imposes the curvature constraint (16)

3;D;Fz + Frag h™ Fy = 0

and the constraint (17) B
Fax0:0"AT =0.

The curvature constraint (16) was used in [7] to establish properties of the deformation
wss(G, V), given by (A9), of the pullback s*u(G, V), given by (A5), of a Mathai—Quillen
form u(G, V), given by (A1). In Section 5, we described how wss(G, V) may arise in the
class of heterotic Landau-Ginzburg models studied in this paper.

It would be interesting to consider A-twisted and B-twisted heterotic Landau-Ginzburg
models with more general Grassmann-odd superpotentials. For example, one may consider
the superpotential [10]

W = AAPA°F,,. .

If this more general superpotential is not holomorphic, then supersymmetry should
impose a curvature constraint analogous to (16) and a constraint analogous to (17). These
new constraints could be derived using arguments similar to those used in [8,9]. Further-
more, using arguments similar to those used in [7], the new curvature constraint could
then be used to establish properties of new analogues of pullbacks of Mathai-Quillen
forms which arise in the correlation functions of the corresponding A-twisted or B-twisted
heterotic Landau-Ginzburg models. We leave a detailed study of this to future work.
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Appendix A. Review of Mathai-Quillen Formalism

Consider an oriented vector bundle G -~ M of real rank r = 2m, with standard
fiber V, where M is an oriented closed manifold of real dimension n > r. Suppose that G
has Euclidean metric (-, -)g and compatible connection V. Under these circumstances, the
Mathai-Quillen formalism [12-18] provides an explicit representative u(G, V) of the Thom
class of G. Furthermore, the pullback s*u(G, V) of u(G, V) by any sections : M — G of G
is a representative of the Euler class of . Let us review the formalism in more detail.
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Appendix A.1. Conventions

Our conventions for M, G, and the dual GV of G are as follows. The exterior derivatives
on M and G are, respectively, denoted by d and d9. We choose local coordinates ¢! on M,
where I = 1,...,n. The connection on §G is then given by V = d(])l V. In terms of this
connection, the curvature 2-form on G is given by R = V2. We choose a local oriented
orthonormal frame {e4} for G and let {f#} be the dual coframe, where A = 1,...,r.
The section s may thus be expressed as s = s”e 4. Similarly, we write p = p4 f4, where the
p 4 are anticommuting orthonormal coordinates on G". The dual pairing on G is denoted
by (-, -)¢g. Finally, the metric on G" is denoted by (-, -)gv.

Now, consider the pullback bundle 7*G — G, i.e., the bundle over G whose fiber at
§ € Gis (m*G)g = Gy(y)- This bundle has Euclidean metric 77 (-, -)g = (-, ) r+g, compatible
connection m*V = V, curvature 2-form 7R = R, local oriented orthonormal frame
{m*ea} = {€a}, and tautological section ¥ = ¥4¢,. (The tautological section of 7*G — G
is the section which maps a point ¢ € G to (g,¢) € 7©*G.) The dual bundle (7*G)" — G
has coframe {(7t¥)*fA} = {f4} and metric (-, )(reg)v- We write p = pAf4, where the

pa = (1Y)*p4 are anticommuting orthonormal coordinates on (71*G)V. The dual pairing
on m*E is denoted by (-, -) r+g-
Appendix A.2. Mathai—Quillen Thom Class Representative
Consider the Mathai—Quillen form
u(Gg,v) = a,/dﬁ exp(—A), (A1)
where
rr+1)
_=D e
ar = ; (A2)
(27)2
and 1 1
A= 5 (x, x) G + <Vx,p>n*g + 5 (p, Rp) " (A3)

We wish to show that this form satisfies the following definition.

Definition A1l. A representative of the Thom class of G is a dY-closed differential form
u(G) € OY(G) such that [, u(G) = 1.

Proposition Al. The Mathai—Quillen form u(G, V) satisfies
@  u(G,V)e(g),

(i) d9u(G,V) =0,

(iii) [, u(G,V)=1

and hence is a representative of the Thom class of G.

Proof.
(i) Since
- 2 A i %V
Ae 50/(6,A(n6)"),
it follows that

exp(—A) € iiéOQi (Q,Ai(n*g)v).

However, only the component of e~Ain O (g, N ("G )V) contributes to u(G, V).
Thus, u(G, V) € O (G).
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(ii) Since V is compatible with the metric (-,-) .. g it follows that
d9 /dp& = /dp%,

where & € Q(Q,A(n*g)v). Furthermore,

- %,x)n —<ﬁf,ﬁ>n (A4)

where we have used the Bianchi identity V R = 0. From these results, we obtain
d9u(G, V) = a,d9 /dp exp(—A)
—a, [ dp ¥ exp(-4)
= ar/dﬁ (? + J?Aai) ) exp(—A)
LA

= a,/dﬁ {— (? + XAGZA)A} exp(—A)
=0

Here, the third equality holds because %4 (9/9p4)e~"* contributes nothing to the
Grassmann integral.

./Vu(g,V) Iﬂr/vexp{;(f,f)n*g} ‘/dp(_‘ﬁzw

1 Lo
= o /de A NdE exp{ Z(x,x)n*g}

=1.

(iii)

Thus, by Definition A1, u(G, V) is a representative of the Thom class of G. [

Appendix A.3. Mathai—Quillen Euler Class Representative

Now, consider the pullback of the Mathai—Quillen form u(G, V) by any section s of G.
We write this as

S'u(G,V) = a, [ do exp(~A), (A5)
where a4, is given by (A2) and
1 1
A= E(st)g +(Vs,p)g + E(P/RP)QV- (A6)
Proposition A2. The form s*u(G, V) satisfies

i) s*u(g,VvV) e Q' (M),
(i) ds*u(G,V)=0.



Particles 2023, 6 757

Proof.

(i) The proof is similar to that of Proposition A1 (i) and uses the fact that

2 . .
Ae 0 (9,4'6").

1=

(ii) The proof is similar to that of Proposition A1 (ii) and uses the results

d/dpa: /dezx,

where « € Q(G, AGY) and

d

Proposition A3. The d-cohomology class of s*u(G, V) is independent of the section s.

Proof. Let s = s + Ts be an affine one-parameter family of sections of G and let

1
Ar = S (st,50)g + (Vsr, p)g + §(Pz Rp)gv-

N~

Then
d . d
d—TsTu(g,V) =ar o /dP exp(—Ar)
= —ﬂr/dp |:(SIIST)g + <Vsllp>g:| exp(_‘AT)
9 1,
= [ap{[V+60a5 ] 50} fexp -0
J )
= [ [V -+ (s0az0] [(410)g expl-a0)]
= —ard/dp (s'0)g exp(—Aq).
It follows that
$,u(0,V) = s,u(G,V) = —a,d [“dr [ dp (s,p)g exp(~Ao)

Thus, for arbitrary sections s, and s, of G, the d-closed forms s7 u(G,V) and
sy, u(G, V) differ by a d-exact form and hence are cohomologous. [

Corollary Al. The form s*u(G, V) is cohomologous to the Euler form

1 1 R
e(G,V) = T H /dp exp [z(p, Rp)gv] = Pfaff<2n>
and hence is a representative of the Euler class of G.

Proof. This follows from Proposition A3 upon choosing s to be the zero section. [

Remark A1l. The top Chern class of a complex vector bundle is equal to the Euler class of the
underlying real vector bundle.
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Remark A2. If s intersects the zero section of G transversely, then s*1(G, V) is Poincaré dual to
s7(0), ie.,

NGV = [ w, A8
/Mw s*u(g,Vv) s—l(o)w (A8)
where w € Q""" (M) is d-closed.

Remark A3. When n = r, integrating s*u(G, V) over M yields the Euler number of G.

Appendix B. Deformation of the Pullback of a Mathai—Quillen Form

Various analogues of pullbacks of Mathai—Quillen forms were proposed in [7]. Let us
now discuss the analogue that is most relevant to this paper, i.e., a deformation of the
pullback of a Mathai—Quillen form.

Consider deforming s*u(G, V) to

wss(G, V) = ay / dp exp(—Ag), (A9)

where

Ags = A+ (p? fp/,d¢l(§s)ipep>g. (A10)
Here, A is given by (A6) and
(85);, € T(°G @ T*TM). (A11)

The deformation wss(G, V) and s*u(G, V) are special cases of the analogue wg; of
s*u(G, V) proposed in [7]. Briefly,

wiy o [ [Tz dA* ] ([T, dx"] exp(—Ak1) € H™ (M, NP2 FY @ detGY @ det]—"z),
where F7 and F; are holomorphic vector bundles on M and
Ax1 = ¥ sy8¢ + X' A Dy + X' ATFy + By X X ATAT.

Here, x indexes local coordinates along the fibers of G, v indexes local coordinates
along the fibers of F7, r indexes local coordinates along the fibers of F. VY, and i indexes local
coordinates on M. s € T(G). Themap F : F; — F> is smooth and surjective. The curvature
term Fyx, X' x"AYA7 is subject to the constraint

d;Fry = hxxsmeE = _hxxsxllzrf'y

which is imposed physically by supersymmetry. Note that this constraint is consistent with
the curvature 2-form being 0-closed by virtue of the Bianchi identity. One may show that

S . _ _
<D + hx"sxw> Axa = X'xX'A7 (8;1—}7 + hxxsxl%,y» =0,

where D = x'9;. It follows that 5wK1~: 0. Let Y = {s =0} C M and let £ be the
restriction to Y of the kernel of the map F. Then

/OlAmAOk:/ 61/\"'/\(7)](/\(01(1,
Y M

where O] A -+ A O € HdimM_rkg(M, /\rkfl_rkfz}"zv) and © € H* (M, A*F)) is a lift
of O € H*(Y,A*E"). For this reason, wy; is called in [7] the (first) kernel construction.
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See [7] for further details. One recovers ws5(G, V) and (when ds = 0) s*u(G, V) in the
special case that /1 = TM and F, = G with the map F : 77 — F defined by

Fip = DiSp + ((SS) (A12)

ip”’

where s, is a holomorphic section of G. This corresponds to £’ being a deformation of TY,
with the deformation determined by s. If 6s = 0, then &’ = TY. Note that

0 Fy = ET(DZ-SP + ((Ss)ip> = [Ds, Di]sp = Riipp &"7sp -
Proposition A4. The form wss(G, V) satisfies
5w55(g, V) =0.

Proof. For A given by (A6), we have that DR = 0 and hence
(D + spaap> A=— (spe”,ESgeﬁ) + <Rsp/e”/,p”fp> — 1(p,ﬁRp) GV
0 g g 2
+ (spe”,ﬁsgeﬁ)g — <’Rsp/ep/,ppfp>g (A13)
=0.
It follows that
(D 4 s”aap)A(gs _ (D 4 sva> {A (o £, (55) e ) } —0.  (A14)
0 op? g
Using this result, we obtain
dwss(G,V) = arﬁ/dp exp(—Ass)

— o, [ doDexp(~Ay)

O

Proposition A5. The d-cohomology class of wss(G, V) is unchanged by antiholomorphic
deformations of s.

!

7 e” be an affine one parameter family of sections of G and let

Proof. Lets, =s+as

1 / .
Az)'s,oc = (Smsa)g + (vsmp)g + E(P, Rp)gv + <Pp fp’/ d¢l(55)ip3p>g-

N —
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Then

d

d
%wés,ﬂt(grv) = ar ﬁ /dP exp(_Aés,tx)

—ar/dp [(s;,ep, spe”)g + <pﬁfp,ﬁs%, e”l>g} exp(—Ags,a)
—ar/dp [(D —i—spa;) <pﬁf@s’7 e”/>g] exp(—Ags,a)
= /dp <D + s’”i) Kppfp,s;, eﬁl>g exp(—Ags,a)]

~a:3 [dp (07 siy ) . exp(—Assa).

It follows that
_ (%) " — / —
w&s,ocz (g, V) - w&s,vcl (g, V) = —ar a/zx do / dp <ppfg, S?/ e’ >g exp(f-Aés,a)/
1

which establishes that the d-cohomology class of wss(G, V) is unchanged by antiholomor-
phic deformations of s. [

Remark A4. The d-cohomology class of wss(G, V) does seem to depend on the choice of the (5S)ip,

at least naively. Let (6s);, . = (05);, + 7(55) and Ass, = A+ <p7’ fp,dg' '(6s)] e?’> . Then

ipy

d d
Ewésﬁ(gfv) =dar dy /dp exp(—A(;Sﬂ)

—a, / dp <pp/fp/,d¢i(5s);pep>g exp(—Assy)-

It follows that
T2 , .
Wss, vy (g/ V) — Wss, 1y (g/ V) = —ar /‘/ d’Y / dp <pp fp’/ d¢l(5s);p6p>g exp(_Ast,'y)/
1

which is at least not obviously d-exact. The physical meaning of this result is commented on in [7].
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