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Abstract: We compare two methods for obtaining the parameters of overlapping resonances. The
convenience of the Breit-Wigner (BW) approach is based on the fact that it operates with the masses
and widths of the states. For several resonances with the same quantum numbers, a sum of BW
functions violates the unitarity of the S-matrix. However, unitarity can be maintained by introducing
interference phases to a BW implementation of scattering matrix formalism. A background can
be added to the BW amplitudes in the standard way by using background phases. The K-matrix
method is often used to analyze data related to several resonances with the same quantum numbers.
It guarantees the unitarity of the S-matrix, but its parameters can be considered as resonance masses
and widths only for well-spaced states. It also does not allow the separation of the resonant and
background contributions in scattering amplitudes, which is critically important for determining
parameters of wide resonances. To demonstrate the features of these methods, we consider several
examples using simulated data.

Keywords: overlapping resonances; hadrons

1. Introduction

The Breit-Wigner function [1] describes partial amplitudes in a form which directly
contains the mass and width of resonances. The BW function for one resonance satisfies
the unitarity condition; a problem arises, however, when one needs to construct the unitary
S-matrix for several resonances with the same quantum numbers.

A scattering operator connecting an initial and a final state, S;y = (f[S[i), must
be unitary

SSt =1 1)

and symmetric, S;f = Sg;, to satisty the time-reversal invariance.
The results of an analysis of any isolated resonance are eventually compared to the BW
function (M is the number of channels)

/Il,i/2 M
! eri (2)

Si= b4 2i— VI 0 T o
A R T Y

i

(we start with a form without a background), or with the variable s = E?,

My /i1,
Sij = 51] +2Z—2 4 rz. 1
mz —s —im, I,

®)

The unitarity of these expressions, along with a form of the wave function of an
unstable state, (t) = (0)e i (Er=Tr/2t/0 1y(£)|? = [p(0)[>e~*/7, where T = h/T, is the
life-time of a resonance, supports the argument for writing the partial amplitudes in the
BW form.
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The idea of writing the S-matrix as a sum of resonant terms in a general way, which
must satisfy the unitarity constraints, is due to work [2]. We demonstrate that this can be
achieved in the form N —

s . igh,  Mry/Lrilyj
Sij = i + er;e J—m% - 4)
where the interference between the states is taken into account by the phases q)lfj. In the
original work [2], this expression was written with complex numerators (residues) instead
of such phases—both forms are equivalent. This scheme was realized in work [3] for two
resonances with constant (energy-independent) widths.

To consider energy-dependent widths, and to take into account channel thresholds,

the S-matrix should be given in the form

Sij = 51']' + ZiFij = 51']' + Zi\/FTiTij\/ij (5)

where Tj; are transition amplitudes and p; are phase-space factors. The conditions which
the unitarity imposes on the widths I',;(s) and (constant) phases q)l’j are formulated in
Section 2.

In the K-matrix approach [4], the S-matrix is expressed as

o L+ipK
- I—ipK

(6)

From the unitarity and symmetry of the S-matrix, it follows that K is a real and
symmetric operator. From Equation (6), it follows that

T = (I—ipK) 'K @)

In the case of one channel, S = €2, where § is the scattering phase; thus, K = tané.
At the resonance position, § = 71/2; thus, K has a pole. A single pole parametrization,
mql'y

K= 8
s ®)

gives the standard BW function for the partial amplitude:

pmiI'y
2

mi —s — ipmq Iy

F= )

Thus, m; and I'y in Equation (8) are the resonance’s mass and the width in this
simple situation.
For several poles and channels, a commonly used parametrization is [5]

mvérg%xi')’zxj
D D

10
s (10)

o

For N poles and M channels, the number of free parameters in the K-matrix method is
N(M + 1) [6]. Parameter m, is often called the “nominal” mass and parameter -, is called
the “coupling constant” of the state « to the decay channel i. To enhance the similarity with
the BW formula, they are usually normalized: }_ 72, and 2, are considered as resonance

1

branching ratios. Notice that all these statements are based on the comparison with the BW
expression for an isolated resonance.
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The relationship between the K- and the BW- methods and the appearance of relative
phases in formula (4), can be demonstrated by considering two states in one channel. With

2 2
" n 72

K =
my—E my—E

(11)

(here, and below, we use variable E and omit p only to simplify the expressions illustrating
the comparison between the two methods), we obtain the scattering amplitude:

vima +v%mi — E(v} + 13)
E2 — E[my +my —i(v} +93)] +mymy — i(72my + 13my)

F= (12)

Denoting complex roots of the denominator as y; and 2, F can be expressed as a sum
of two BW functions:

A1 Az
F= + 13
h-FE m-F (13)
where Aj ; are complex quantities:
Ay = MO M) —vime —gm  je(0 + 1) —vime —pm. ”
H2 — H1— M2

The real parts of y; » give energies (masses) of resonances, the imaginary parts give
their widths:

my + my 1 2 2 o2
p— = —— :l: — — —
Eip = Repp 5 NG (my —mp)" — (V3 +73) "+ W (15a)
Iy = 2lmpy 5 = M1 (m1 —m2) (1] —73) (15b)
20 V2 - ma = (242 W
where

_ _ 2 2 2212 _ 2,2,2

W =/ [(m —m2)" + (Y7 +73)"| +16(my —m2) 773 (15¢)

Thus, the amplitude F in the K-matrix method is equivalent to the sum of BW functions
with complex residues; in other words, with the relative phase, as seen in Equation (4).
The expression for this phase is easy to find. For

2
ay/2
F= —_— 16
nZ::l E,—E—il'y,/2 (16)
S is unitary if
a1 _ T g - 1417
n er , where ¢ = arctanz(]51 5 (17)

When my and my are well separated, i.e., |m; —my| > 'y% + ’y%, then E; => m;,
I; => 297 and ¢ => 0. The fact that the amplitude F in the K-method can be pre-
sented as a sum of the BW functions is often taken as the justification that the K-matrix
pole parameters are close to those of the physical resonances. However, ‘good separation’
is a rather subjective argument; the unitarity of the S-matrix is very crudely violated, even
when resonances are well spaced, as shown in Figure 1.
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Figure 1. Plot of |S(E) \2 for a sum of two BW functions. Green dashed-dotted line E; = 0.5,T7 = 0.1,
E, =2.5,T, = 0.3; blue dashed line E; = 1.2,T; = 0.1, E; = 1.8, T, = 0.3; red solid line E; = 1.45,
T; = 0.1, E, = 1.65, T, = 0.3 (all in GeV).
2. Brief Description of the Unitary BW Method

Here, we briefly describe the method of constructing the unitary S-matrix [7]. The
regular procedure is presented in Appendix A.

The unitarity condition, STS =1, withS =1+2iF =1+2i VeT,\/p, gives

M — T =iT T (18)

The unitarization procedure becomes technically simpler if, following the idea of

works [2,3], to introduce complex vectors of partial widths, ?r. With g,; = €?i|g,],
i=1,...,M,r=1,...,N, the S-matrix is:

: N gl meLD1gril - |8y
Sij = i+ 2y /pils) (Z;ez‘”” o _ml-mr'r:](L) pj(s) (19)
r=

and the T-matrix is:

N

mrrggrigrj
Tii(s) = 20
l](s) rzzlm%_s_imrl—'r(s) ( )

Here, qvfj = ¢y + ¢,j are energy-independent phases; factors I% = T,(m?2) are intro-
duced to keep vectors g,; dimensionless. Expression (19) is time-invariant.
The decay branching ratio of a resonance r in channel i is

By = 8l _lgn 1)
[ Tlgal
k=1
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The partial widths are I';; = I';B,;. The total and partial widths can depend on energy,
M
[(s) = R Ta(s).

1
Formulas in the rest of this section become technically simpler if the variable E is used
rather than s = E?—all the expressions and algorithms can be rewritten in terms of s. For

N
rgngn/Z
; zl"r(E)/Z' (22)

let us formulate the conditions that should be imposed on vectors §r to maintain S;;(E)
unitarity. From Equation (18) we have

; g 881 B $ri8rj
+—E+iT,(E)/2  my—E+iT+(E)/2 (23)
81i8]; _
+Z Z Vlr (m,—E+il,(E )/2)(71]17—E+1Tr(E)/2) =0

I=1r=1

where the following notation is used:

M
= VITYY ok(E)gri8rc (24)
k=1

The constraints Equation (23) involves complicated non-linear conditions. To resolve
them, we use a method which allows substantial technical difficulties to be overcome; these
previously restricted the approach to a maximum of two [3], or three [8] resonances, even

— =X Y,
when p; = 1. The method is based on the construction of vectors g, = g, + lg]: insuch a

X X
form that their imaginary parts g , are combinations of their real parts g ,: gZ =Uug,,or

—Y —X —X —X
8, =Ur1 8y +Ungr+ ... tUNSN (25)
U is a real anti-symmetric matrix which has a simple form for any particular N and

M (see Appendix A). Next, instead of trying to find all components of vectors zr, we only
find their real parts, and then obtain their imaginary parts using matrix U. Notice that the
number of free parameters, N(M + 1), is the same as in the K-matrix method.

When |m, —m,/| > I'y +T',s, the matrix elements u,, — 0 and vectors ?r become real
and orthogonal, (fo_;r, § q) = 0, and we return to a simple sum of the BW functions without
relative phases.

The constraints on vectors ?r are the following;:

1
Z ook (E)lgnl® = =518 +2QT, (26)
. 1 .
Z I7pi(E)Re (qugrk) = —g[2Fy(mg —my) =Gy (Tg +T7)], (27)
1 .
Z Dok (E Im<8;k8rk) =3 [2Ggr (mg — my) + iFqr (Tg + T+)], (28)

r=1,...,N;gq=r+1,...,N.

Constant coefficients S, Qy, qu, qu are determined via the elements of matrix U.
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The widths are given by Equation (26):

S

0B ="57730,

M
1Y ok (E)| gl (29)
=1

Formulas (25)-(29) provide the algorithm for the method. For any particular case,
N = 2, N = 3, etc.; the coefficients S, Q;, F;;, Gy are given by simple expressions,
presented in Appendix A.

In the case of one resonance, this approach reduces to the traditional BW function:

, I0¢1ig1j/2 .
Sij = djj +211/Pinm1 _F_ lTl(E)/Z’l’] =1,...,M. (30)

Vector §1 = ?T is real, and T(l)gh-glj = /I'il}yj. With Equation (29), it gives the
analogue of Flatte’s formula:

I¢i11i/2
T. 181181;/ (1)

v oM x \2
m—E = 57§ % pu(E) (55

or in variable s,

1901 04
T — mq 1811g1] (32)

’ m? —s —im FO% (s)( x)z
1 1 1k:1Pk ik

In a fitting procedure, the free parameters are: mass m; and the components of vector
— —X
&1 = &1

If a resonance is lying above all the thresholds, its mass is simply m; and its width is

M
T1(E) =T9Y " p(E) (g% (33)
k=1

If a resonance is lying between the thresholds L and (L + 1), there are two options:
to set px(E) = 0 in the energy region below the corresponding threshold, E < Ej, or to
continue it as py => i0y|px| (0% can take the values £1 to consider different Riemann
sheets). The effective mass is then

_ I"O M
i (E) = m+ = Y arlp(E)| (g} (34)
k=L-+1
and the width is .
T1(E) =T or(E)(83)% (35)
k=1

For the case of two resonances and one channel, this algorithm leads to the same expres-
sion for the amplitude T as in the K-matrix method (as in Section 1).
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Let us illustrate the method with the example of two resonances and two channels, N = 2,

M = 2. The goal is to find vectors ;,
For two channels, matrix U is

0 —ua
u= <zx 0 > (36)
(« is the real parameter, 0 < o < 1), i.e,,
—Y =X -y —X
§1= A8, §2 =g - (37)

The coefficients in the unitary constraint Equations (26)—(28) are:
S=1-0a%Q1=0Q,=a*Fp=—a,Gp;=0. (38)

Six real quantities, for example, masses 111 and my, parameter &, and g7, §7,, $3, can
be taken as independent parameters in data fitting. The remaining real component g3, is
determined from Equations (27) and (28).

When both resonances lie above the 2nd threshold, E, < mqy < m»,

1 20
p1(m2)g1y [ T9(1 — a2)?

&1 = (my —my) — p2(m2)81282> (39)

After this, the components ?f can be calculated with Equation (37). This completes
the construction of the amplitudes

o Tigugi/2 I082ig2/2 )
7" my —E—il1(E)/2  my—E—il(E)/2
The functions I'y(E) are given by expression (29), their values at E = m,,
1-a® 2
Tp(m;y) = mrr Y oi(my) gl (41)

can be considered as resonance “widths”.

If the 2nd threshold is located between mq and my, i.e., m; < Ep < m,, the mass of the
1st resonance, 111, is determined by the zero of the real part of the denominator in the first
term in Equation (40), i.e., by the root of the equation

~ 1-— 062 2
E—m — mﬂﬂpz(lfﬂ 1812/ =0 (42)
so this resonance width is
~ 1—a2 ~
Iy(my) = mfgpz(mlﬂgulz (43)

The component g3, can be found from Equation (39) with m1; instead of m;.
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3. Examples: K-Matrix vs. Unitary BW Approach

Let us consider two resonances in two channels, S = I + 2iF = I +2i,/pT,/p, where
p is a diagonal 2 x 2 matrix. In the unitary BW expression,

my L'y mr)gmgr]

Si _5l]+21\/fTP]2 —s—im,T,(s)’ -

. (r)
there are six independent parameters: my, 2, &, 811, 81, 82, (The product g8, = i (g gril)-
The K-matrix pole terms in expression (10),
mqTY m2F0
Kz] = '711')/1] + 721')/2] 25’ (45)
mi — m3

have the same number of independent parameters: m,, I'?, and two 7,; (with  being
normalized, }; 'yfi = 1). The K-matrix amplitudes are

_ VPRV 1 (Pl(Kll —ipyD) VP102K12 ) (46)
1—ipK — 1—p102D —i(p1Ki1 + p2K22) V/P1P2K21 p2(K2 —ip1D) )’

where D = K11K22 - K%Z'

Let us start with the important observation that the K-matrix amplitudes T;; become
zero (or are very close to zero values) between the 17 and m; locations. This feature directly
follows from expression (7), it is, therefore, retained in any modification of the K-matrix
approach. In the case of two resonances, equation T1»(E) = 0 (i.e., K12(E) = 0) is a linear
equation; in the case of three states, it is a quadratic equation—these results directly follow
from expressions (10) and (46). The zeros in amplitudes T7; and Ty, are slightly shifted
from the zero position in Tq,. Thus, resonances in scattering amplitudes are, in fact, well
spaced (a polynomial added to expression (10) for Kj; does not change this observation, see
Appendix B). As a result, this method can work well only when describing experimental
data with sufficiently well-separated states.

Since the purpose of this article is to demonstrate the features of the two methods, it is
more useful to consider simple examples than discuss a real physical problem in which
there are always ambiguous questions, such as the choice of the most significant channels,
the number of resonances, etc. Particular physical problems are beyond the scope of this
paper and will be studied separately.

Let us start by considering two overlapping states (peaks) in the amplitudes |Fij (E) |2
located near 1.3 and 1.6 GeV, with widths about 0.15 + 0.3 GeV. We also consider different
positions of the 2nd channel threshold: below both states, at E; = 1.22, and between the
states, at E; = 1.38 (the position of the 1%t threshold is fixed at E; = 0.5; all quantities
here and below are in GeV). Next, we generate “data” which qualitatively correspond to
these situations—the details about such data generation are given in Appendix B. (Note
that these data are similar to the data on scattering amplitudes in the case of vector w’
resonances.) To do this, we draw smooth curves (different peak heights and widths can be
considered), then discretize and randomize these curves and introduce dispersions (error
bars at each point are generated randomly with the upper limit of 0.05). Examples of such
data are presented in Figure 2 for E; = 1.22 and Figure 3 for E, = 1.38. The peaks overlap
and, at least in one channel, are not well resolved, as often occurs in real situations. We then
fit these data with the unitary BW formulas (44)—red lines, and K-matrix (46)—blue lines.
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Figure 2. Panel (a) |F1(E) |2, panel (b) |Fi2(E) |2, panel (c) |Fx(E) |2. Red solid lines—BW formula
(44); blue dashed lines—K-matrix Equation (46); threshold E, = 1.22.
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Figure 3. Panel (a) |F1(E) |2, panel (b) |Fi»(E) |2, panel (c) |Fx(E) |2. Red solid lines—BW formula
(44), blue dashed lines—K-matrix Equation (46); threshold E, = 1.38.
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In calculations, we use the phase factors p;(s) = /(s — s;) /s (these can be modified by
including the barrier factors). The continuation p,(s) => =i|px(s)| below the E; threshold
can be used in expression (32) for the amplitudes T;;.

In the unitary BW formula (44) for the threshold at E; = 1.22, the values of the six
independent parameters are:

my = 1.35,my = 1.65,a& = 0.07, g%, = —0.43,¢%, = 0.41, %, = 0.49

the fit gives x%/d =049 (dis degrees of freedom number).
For the threshold at E; = 1.38, the values of these parameters are:

my = 1.36,my = 1.65,0 = 0.08, g7, = —0.42, g%, = 0.38, g3, = 0.36

the fit gives x?/d = 0.53. The remaining parameters can be calculated using the six
independent parameters. (After the g,; values are found, the value of a ‘technical’ parameter
« is no longer required.)

Table 1 shows the BW resonance parameters—the branching ratios B,; are calculated
with formula (21), the phases cpfj can be obtained from the g,; values, and ', = I';(m,). By
the direct substitution of these g,; in formula (44), it can be confirmed that matrix S(E) is
unitary for any E.

Table 1. BW parameters for two threshold positions.

Threshold E>=1.22 Threshold E>=1.38
my T, By By 8r1 8r2 my I, By B» 8r1 8r2
1.32 0.26 53 47 —0.43 —i0.03 0.41 — i0.04 1.36 0.19 55 45 —0.43 —1i0.02 —0.38 —i0.03

1.65 0.318 44 56 0.43 —i0.03 0.49 +i0.03 1.65 0.14 42 58 0.30 —10.03 0.36 —i0.03

The fit based on the K-matrix formula (46) for the threshold E; = 1.22, gives the
following values for the six independent parameters:

my = 1.36,my = 1.63,T; = 0.27,T5 = 0.37, 711 = 0.77, 721 = 0.68

resulting in )(2 /d = 8.72.
For the threshold E, = 1.38, the parameters are:

my = 1.37,mp = 1.63,T; = 0.32,T5 = 0.19, 711 = 0.73, 721 = 0.63

resulting in )(2 /d = 4.75.
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Table 2 contains the K-matrix parameters. The branching ratios are B,; = 'yfl-.

Table 2. K-matrix parameters for two threshold positions.

Threshold E;=1.22 Threshold E;=1.38
my Iy Bn By My Iy Bn By,
1.36 0.27 59 41 1.37 0.32 54 46
1.63 0.37 47 53 1.63 0.20 40 60

Large values of x? reflect the fact that the K-matrix method cannot adequately describe
the data in situations when wide resonances are not well spaced, such as in the channel
1 — 2, in Figures 2 and 3. However, this method works perfectly well when resonances
are well resolved, such as in Figure 4, where the data have substantial dips between the
resonances in all three channels (here, for brevity, we consider only one threshold location,
E, = 1.22). The quality of the fits in both methods is practically the same, x?/d ~ 0.5. The
resonance parameters for Figure 4 are shown in Table 3.

Table 3. BW and K-matrix parameters for data in Figure 4.

BW K

my I, By Bo 8r1 8r2 my Iy By B»
1.30 0.19 49 51 —0.39 —i0.02 —0.37 —i0.03 1.30 0.28 45 55
1.60 0.09 18 82 —0.11 — i0.05 —0.25 +i0.06 1.60 0.12 27 73
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(2) Amplitude |F,(E)[’ (b) Amplitude |F,,(E)["
0.5 |Fa|
0.4
0.3
0.2
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0 :
1 1.25

(c) Amplitude |F,, (E)|’

Figure 4. Panel (a) |F1(E) |2, panel (b) |F12(E) |2, panel (c) |Fx(E) |2. Red solid lines—BW formula
(44), blue dashed lines-K-matrix Equation (46); threshold E, = 1.22.
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The Argand diagrams corresponding to the amplitude F; in Figures 2 and 4 are shown
in Figure 5.

(b)

Figure 5. Argand diagrams for the amplitude Fj; in Figure 2 (a), and in Figure 4 (b). Red solid
lines-BW formula (44), blue dashed lines -K-matrix Equation (46).

4. Background

Taking background into account in a rigorous way is especially important when
several resonances are not well resolved, or their existence is not well established. Even
a small background can hide a resonance [9,10], as in the situation with a vector p(1250)
meson overlapping with other wide vector states, p(1450) and p(1600).

Usually, to account for the background in the K-matrix description, polynomials are
added to the pole terms in K;:

0
YaiVajMal'y
Kij =) =2 5 (4 +Bis) (47)
a a

The form (47) does not allow the background to be presented in terms of background
phases, S 5- — (i(Bith)) ; in this form, here, even the number of parameters is different to that
in (47): for example, for two channels and an energy-independent background, there are
two parameters 1 and B, versus three A;; in Kj;. Thus, polynomials in Equation (47) only
allow the use of additional fitting parameters besides the pole parameters.

Another important fact is that the K-matrix resonances remain well spaced even when
polynomials in K;; are taken into account; for details see Appendix B.

In the BW scheme, the S-matrix can be separated in a sum of the resonant and back-
ground terms from the very beginning:

N mrrgAT’l‘AV‘
— . 1 1 i ]
Sij = Bij + 21\/@’]21 m2 — s — im,T;(s) (48)
=
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The unitary and symmetric background matrix B can be constructed as described below.
If matrix B is diagonal, i.e., it is non-zero only in channels with i = j,

Bijzéi]'eiﬁi (l,]:1,,M),
%
vectors A, in (48) can be presented as

Age = ePegyy = (cos B + isin By) (gfk + igzk)’

where g,; can be found with the procedure described in the previous sections. Matrix S, in
such a situation, is

ym F r18ril - 87|
f— ( 1 rl+ r r grl gr]
= ¢/ Bitpy) Sij + 21, /p; P]Z ell? 9”1 p—— (49)
or
My /Il
i+ 19} r
o/ (Pith)) 5,]+21,/p1p]§ e J e rrr] (50)

If matrix B is non-diagonal, i.e., a background potentially is not zero in all channels,
it is helpful to present it in form [3], B = We*PWT, where W is a real orthogonal matrix,
W-1 = WT and (321'3 is a dlagonal matrix (W = 1 when matrix B is diagonal). Writing

matrix B as B = bbT with b = Welﬁ we define gr =pT Ar, thus, Ar = bgr and matrix S
can be expressed as S = bSbT, where S does not contain a background:

m, [ rgrzgr]

Sij = 0ij + 2, /pip; Z w2 —s—imT, (51)

Obviously, S is unitary if matrix S is unitary. Therefore, we can independently find
vectors g,; in S, and then return to the matrix S.
Matrix W can be constructed as a sequence of M(M — 1) /2 rotations:

W:Rl'Rz""‘RM(Mfl)/Z (52)
Matrix Ry = { (k)} (i,j =1,..., M) is convenient to write in the form:
k k k k .
Mo =i = cos, ) = —ry) = sinyy, 53)

p=1...,M,q=p+1,...,M; here y; € [0,27) are the rotation angles.
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For instance, for three channels

eft 0 0
b=W[ 0 éP2 0
0 0 b
where
cosyp siny; 0\ /1 0 0 cosyp3 0 sinys
W = RiRyR3 = | —singp; cosyp; 0 0 cosyyp sing; 0 1 0
0 0 1/ \0 —sinyp cosiyp/ \—sinps 0 cosys
The quantities By, i, can be taken as fitting parameters (they can be functions of energy).
We, then, have
N omTYALA,;
Ej=(S;—1)/2i = (Bf);; 07 Y 4
ij = (S5j—1)/2i = ( F)IJJF\/PZPJE mZ —s — im,T,(s) (54)
with the matrix ]
sinBiefr ... 0
Br=W e wt (55)
0 ... sinByePm

Thus, the background in the unitary BW method can be described by formulas (54) and (55).
To demonstrate this scheme, let us take the case of two resonances and three channels
using the resonance parameters in Table 4.

Table 4. BW pole functions.

r m, T, B,1 (%) B, (%) B3 (%)
Resonance 1 1.30 0.10 40 40 20
Resonance 2 1.70 0.30 20.8 594 19.8

Next, we include a background in these resonant unitary BW amplitudes to see how it
modifies the scattering amplitudes. In Figure 6, graphs of |Fi1(E)|* and |Fi»(E)|* (chosen
as examples) are shown for the cases of diagonal and non-diagonal backgrounds. The
assigned background parameters (the choice of these values is determined only for the
purpose of illustrating the complex role of the background in the scattering amplitudes)
are listed in the Figure 6 caption. For brevity, we use an energy-independent background.
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4 ll | 0.15
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/,r“ 0.1
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0
0.8
(@) Amplitude |F,(E)|’ (b) Amplitude |F,, (E)[

Figure 6. Panel (a): \Fn(E)|2. Red solid line—no background, By = 0, ¢y = 0 (k = 1,2,3);
green dashed-dotted line—f; = /18, ¢y = 0; blue dashed line—p; = /18, ¢y = 7/18. Panel
(b): | Fi2(E)|*. Red solid line— = 0 (no background); green dashed-dotted line—; = 7/18; blue
dashed line—p; = —7t/18 (B; do not contribute to non-diagonal amplitudes).

It is seen that even a small 10° diagonal background modifies the resonance shapes.
The non-diagonal background affects even the peak locations. For example, the second
peak in |Fy1 (E)|? is shifted by about 0.15 from m1,, the “correct” one. Since a background
contribution may be very different to the intuitively expected smooth plateau in each of the
channels, an adequate treatment of the background is absolutely necessary when describing
overlapping multichannel states.

Because a priori there are no criteria for choosing the background parametrization, an
additional uncertainty to resonance parameters is added. If some particular parametrization
fits the data substantially better than the others, it can be considered as a practical criterion.
If this is not the case, then a simplified approach may be the following: first, evaluate the
background by smoothing (“smearing”) the data [11,12]—this procedure will remove all
the peaks; then, subtract the background obtained in this way from the data and analyze
the remainder using methods that preserve unitarity—a similar approach was used in
work [13] to analyze overlapping w’(1400) and w’(1600) resonances (in the approximation
of constant widths).

5. Conclusions

The parameters of broad inelastic resonances depend on the way the scattering data
are analyzed. Obviously, the interference between resonances is the central part of an
analysis and interpretation. In this respect, the usual Breit-Wigner parametrization which
does not satisfy unitarity, is very unreliable (as shown in Figure 1); for example, it can
possibly lead to deviations in mass of more than 100 MeV in the case of p’ mesons [14].

There are different unitarization techniques to describe resonant states, both theoreti-
cal and phenomenological. Many analyses describe multi-channel resonances as poles on
unphysical Riemann sheets for scattering amplitudes, as in works [10,15]. Resonances can
be given by poles and corresponding zeros on an uniformization plane, which allows the
description of broad multi-channel resonances [16]. The inverse amplitude method is an-
other unitarization technique to present resonances and to enlarge the energy applicability
region of effective Lagrangians [17].
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We compare the results of the unitary BW approach and the standard widely used K-
matrix method [5]. Both methods lead to similar results when resonances in all channels are
well resolved, with a better ability of the BW method to resolve wide overlapping resonances.
Another advantage of the BW method is that scattering amplitudes can be separated in the
resonant and background contributions. A background, in terms of the phase shifts, does
not necessarily form a smooth plateau in scattering amplitudes, and its adequate treatment
is critically important for describing overlapping multichannel states.

Papers on overlapping resonances often include statements that because a sum of the
BW functions violates the unitarity, a BW description cannot be used by default. Here, we
draw attention to the fact that the unitary BW form for several states is possible when the
BW functions are taken with the proper phase factors. From a theoretical point of view,
it worth knowing that the problem formulated a long time ago [2], to present the unitary
S-matrix as a sum of BW terms, has a regular solution. This approach can be used in fitting
procedures, along with the K-matrix and other methods. Despite the K-matrix description
being perfectly adequate as unitary parametrization for relatively narrow resonances, the
names of its parameters, e.g., “masses”, “widths”, “and branching ratios” are only borrowed
from the BW description through the comparison with a single resonance situation. A
unitary BW model-independent method to describe overlapping resonances, with the
parameters having direct physical meaning and the background being treated in a regular
quantum mechanics form [18], can be a good addition to other unitarization techniques.
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published version of the manuscript.
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Appendix A. Construction of Unitary S Matrix in BW Approach

Despite the formulas below looking somewhat sophisticated, their final form for a
particular num;ber of channels and states is rather simple.

For N resonances and M channels, the S matrix is given by (background contribution
is considered in Section 4) the expression

S(E) = I+2i\/pT\/p (A1)

with (variable E is used only to simplify the formulas)

N =
_ v 8:8,/2
T(E) _r;ﬁ' (A2)

The unitarity condition ST(E)S(E) = I gives
T— T =2iTpT",

or
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N
. 8rirj grzgr] grzg]] _
zlLr_E P =0 )
where y
Vip = /TT9Y " ok (E) ek (A4)
k=1

N
Multiplying Equation (A3) by the product [] (e — E) (¢f — E), we obtain
k=1

N
;1 B, [_ig:igjj(sr — E) +i8igrj(er —E) + Vrrgrigjj}

N-1 N (A5)
+ - Byi[Virgrigji(er — E)(ef — E) + Vuguigy; (] — E) (e — E)] =0,

N N

with B, = [] (E—¢)(E—¢}), By = II (E—¢)(E—¢}).
k#r k#r,l

To satisfy the unitarity relation (A3), it is necessary and sufficient that coefficients of

the polynomial (A5) be zero for all powers of EX. The coefficient of E¥ is

N

L { B Virggs; + 28 Vim(grigy) + 2B |~ Im(grigyy) + €] Re(grigy) | |
r=
N=U X e b L Voot k— ] ]
+ B & (B0 [Viegeigy; + Visugy | — B [Viegrigi (et + €5) (46)

k
+V;81gyi (€] + er)} + By {Vlrgrig?jelgj + Vﬁgligfjg?ke*} } =0

Here, Bﬁk) and Bg() are coefficients at the powers EF in the polynomials B, and
B,;, respectively.

Equating the coefficient to zero at the highest degree E2N~!, taking into account that
B, is the polynomial of degree (2N — 2) and B,; is the polynomial of degree (2N — 4),
we obtain:

N N
Y Im(8rigr) =0or ) [gi%gfj +g¥igfj} =0 (A7)
r=1 r=1
wherei,j=1,..., M, ;r = §f+1§)z

The key moment of the method is that we construct the imaginary parts §Z of vectors

X
Er as linear combinations of their real parts §r (r=1,...,N):

-y Y Y X
8§y = U181 T U2gy T ... TUNEN (A8)
Substituting expression (A8) into relation (A7), we obtain u,, = 0 and u,, = —uy,;

thus, U is an anti-symmetric matrix. (If there is no time-reversal symmetry restriction,
matrix U can take a more general form, not necessarily anti-symmetric.) Equation (A8)
gives NM relations involving N(N — 1) /2 parameters (matrix elements ;).
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Next, equate the coefficient to zero at E2N-2.

N . .
21{2352N Im(grigry) + B2 [Virgrigy; — 268Im(grigyj) + 267Re(2rig) | |

(2N—4 % 2N-3 % %
T B Vigag + Vigusy] — B [Vigsiy(er ) (89)
r=1 I=r+1

2N-2
+Vltglig;kj(£>lk + 8r)} + B( ) [Vlrgrig?}els;k + Vljglig;f]'e?er} } =0.

Because BN Y = oy o, BENTD — N7 _ g pONT2) _ pENTI)
k#r
we obtain
N Y *
Y- 4€ilm(grigrj) +2¢e7Re (grigrj) - 287;11’11 (grigrj) + Vrrgrig,»]'
r=1| k#r (A10)
N-1 N
+ X X [Vlrgrigfﬂrvf;gligfj} =0
r=1 I=r+1
Taking into account expression (A8), we can state
[ X X NN X X ; N X X X X
8ridrj = |8nidr — kgl vgl Uriltro8ri8oj| + Zkgl ik {g”'gkj + gffgkf} ’
* [ X 5X NN X oX ; N X X X X
8ri8yj = grigrj+ Z E ko8 idoj +1 Z Mrk{_grigkj+grjgki} ’
(A11)

8ri&l; = gmgz, + 2 Py “rk”lvgkzgv]] +i Z [ uzkgi‘ig;i‘ﬁurkgi}gi‘i},

81i8yj = 811&] + Z Py ulkurvgkzgv]] +i Z { rkgfig;’ﬁﬂrulkgi}gffi]

In order for the coefficient in (A10) at EZN=2 {5 be zero, it is necessary to set the
coefficients of all products g; i85 j to zero, (u,v =1,...,N). We substitute expressions (A11)
into relation (A10) and equate the real and imaginary parts of these coefficients to zero.

This yields:
) ) N-1 N
20 =2y eup, + Vig+ Y Virup, +2 3 Y Viugug, +2Y ) Vi =0, (Al2)
17 r#H r=1 I=r+1 i

N N
-2y ‘Szuruurv + Zuw/(gx - ex) + Z Vrruryurv + ‘/;[C]/
= N-1 (A13)

+ X Z Vlr[uryulv"’"ul;lurv]‘i‘ Z [ urv"’Vryvury} =0,
r=1 I=r+1 rEUY
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N
uVﬂ(VHV + VVV +Vi + Zl l Zl Ir uryulv - ulyurv + ; ury + Vri{urv] =0. (Al4)
r= r+ rEUV

Thus, we obtain N2 simultaneous equations linear in the scalar products V;, V;; and
V{: N equations (A12), N(N — 1)/2 equations (A13), and N(N — 1)/2 equations (A14).
The coefficients at g}’ii gl’fj and g, 3;61 j are identical because equations (A13) and (A14) are
symmetrical under the ¢ and v interchange.

M
Solving these equations, we obtain (recall that V}, = 1"?1"9};1 ok (E) 81 8rk):

M 2
Vir = P9k>_:1 ok(E) [(gi‘kf + () } = —3[S+2Q]er,
M
X _ 0710 X Y Yy
Vlr - 1ql rrkglpk(E) [glkgrk+glkgrk [Flr Sr) +Glr (81 +£r)}r (A15)

J=-
v, = r?F?éPk(E) [gi‘kg,k g,kgrk} %[Glr )_pl,(gyﬂml
r=1,... N;jl=r+1,.

where
(¥ N—2p+1 N—2p+2 N A iy
_ p .. p
=1+ (- Y Y ... ) 0o il
p=1 ih1=1 ip>1q i2p>i2p,1 e P
(5 N—2p+2 N—2p+3 N o ;
11 12 ... Iy
p=1 i1=1 ip>1p i2p71>i2p—2 1 2 . 2p—1
(ill v 112;7—] 75 7),
(¥]-1 N—2p+1 N-2p+2 N |l i i
+1 11 1 ... 1
R VI €5 DLAS VD vEPUNS D ),
p=1 =1 >0 12p>12p,1 1 2 .. 2p
(i, izp #1,1),
(N3)-1 N—2p+2 N—2p+3 N o .
+1 1 12 ... Iy
G, ES AR y ... % L 21
p=1 i1=1 ip>iy 1'2’7,1 >l’2p72 n I ... l2p71
(il, .. .,l.zp,1 75 1’,1).
Here,
Uy Uy oo Uy
I 11 1 ... I _ uilr uilil Ce uilik
r il iz ik
”ikr ul-k,-l . uikik

is the minor with the rows [,iy,i,...,i; and the columns r,iy,i,...,i of matrix
u (iy,..., izp # r,1). Notations such as [N / 2] mean an integer part of the expression
in the brackets.
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Relations (A8) and the scalar products (A15) completely define the conditions imposed

on vectors §, (r =1,...,N). It can be shown that if vectors §, satisfy the relations (A8)
and (A15), then the coefficients at lower degrees of polynomial (A5) are identically equal
to zero.

For practical purposes, it is convenient to express the scalar products (A15) in terms of

—Xx
real vectors g .:

M 2
ERWACALES { ~(5+Q0’l + T [2FiGrie] + (F}, - )<l }
= 1£T1

M
VI L pstighe = & {Br[(S+Qnef = (S + Q)ef]
~Gir [(8+ Qe + (S + Qe
+ X {(FliGri + FiGii)ef + (FiFri — GliGri>€ﬂ }

i#lLr
r=1,...,N;l=r+1,...,N.

(A16)

The domain of the elements of the matrix U is defined by the conditions

0 Fy + G, LT -1
T (S+2Q)(S+2Q1) T 4(E, - E)* 4 (T, 1)) —

Sx 2\ 2 B Y Ard
which follows from the Cauchy-Schwarz inequality <a , b) < (a ,a ) < b ,b > .
It is seen from these inequalities that if resonances are very far from each other, then
- o
u,; — 0 and vectors g, become real and orthogonal. In this situation, the lengths of vectors
- . .
g, are equal to the resonance widths I';, but, in general, these lengths are larger than I';:

i

&r Vir Qr
=T =142

I, I, + S

There is also a sum rule for vectors ?r:
N N
- =
Y (g.8,)=YLTn (A17)
r=1 r=1
The branching ratios for the decay of the r-th resonance in the i-th channel is
B, = ‘iﬂ‘z = M|g”| - (A18)
& Tlga
k=1
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For F = (S — I)/2i, we have:

N B..
Z %H‘%) ‘gr BrzBr]/2

E,—E—il,/2’

(A19)

where ¢,; and ¢,; are real phases of vectors g,; and g, gk = e'Prk gkl

In a potential fitting procedure there are 2N (M + 1) real parameters: E, I, §r = §f + lgf
Besides these, the relations (A15) contain N(N — 1) elements of real anti-symmetric matrix
U (Juy| <1). (These u;; are ‘technical” and do not appear in the final expression for the
S-matrix.) Not all these parameters are independent. The NM relations (A6) connect the

— —X
real and imaginary parts of vectors g,. Moreover, the real parts, g,, are connected by
N(N + 1) /2 relations (A15). Thus, in total there are N(M + 1) free real parameters:
N(N —1) N(N +1)

AN(M+1) + 5

— NM — =N(M+1)
the same number as in the K-matrix parametrization.

Even though the formulas (A15) look somewhat sophisticated, the resonance parame-
ters can be determined using a straightforward regular algorithm; the unitarity of S can
be confirmed at every value of E. In this Appendix, we use the energy variable E to avoid
unnecessary complications in the formulas; however, the algorithm can be rewritten in
terms of the variable s = E2, as in Section 1 and in one of the Examples in Section 3.

For two resonances, the algorithm is presented in the main text.

For three resonances, N = 3, matrix S(E) is

, T981i81;/2  T982i82/2  T983i83;/2 -
Sij = 0+ 21, /pip; P + E—e + es—E |’ (i,j=1,...,M).

Matrix U, relating the real and imaginary parts of vectors §1, §2, 33, is

0 —a —B
U=|a 0 -—7v], (A20)
pr 0

e =Y —X =X =Y =X =Y
§1= 08, — B33 8y =281 — 183 83 = P51+ 78>
Real parameters «, B, 7y are restricted by the relation a? + g% + 9% < 1.
The coefficients in formulas (A16) are:

S=1-a>—p>—

Q1 =a®+ 8%, Qz_“ +9% Q3 =B+ %,
Fip=—a,F3=—B,F3=—7;

Gi2 = Bv,Giz = —a7, Gy = ap.

(A21)
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Substituting these in formulas (A16), we obtain the relations needed to construct
vectors ?1, §2 and 23:

IO pulgh) = BL2aBr(e — ) — el (1= 97) + (o = 202) + (8% — 272)),
9T prlgh)? = Z20B(e] - e}) + el (o - §97) — (1 - )7+ 42— a2p2)),

M
I3 pe(3)° = H2apy(es —e]) + el (B —7?)

2
1

+e5(1? - a2p?) - §(1 - a?)7],

VI pigtich = 3 alef1-77) 51— 42) — 5 (6 )
+ﬁ7{_ Y(1-92) —e(1- ) + € (1+oc)}}
VIS L peststc = 2 (B0 - 7) — 32 ~7) — 31 2]
[ (1) — 1) 180 -]},

\/EE k8585 = & {v [ (a® — B) +

e5(1-p?) —e5(1—a?)]
+apef(1+97) — (1) —(1-a?)| }.

The widths are

_To(p) — 1By
rl—rl(gl)—W 12Pk(€1)|g1k\

.22 R

I =Ty(&) = zglf;f%uwz)rzk; or(E2) 182, (A22)
A 1-a?—p2—? Mo

[ = Ta(8s) = yp-arigriy T8 2 pe(Ea)lgl”,

where &; are zeros of real parts of denominators in the corresponding BW terms.
Let us very briefly describe the case of four resonances, N = 4. Matrix U is

0 —a - —9
_|la 0 =y -7
u= B oy 0 —w (A23)
6 n w 0
thus,

81:_"‘82 ,383_‘584/

82—“g1 ’783 ’7g4' (A24)
g3—ﬁ81+')’82 wg4,

84—‘581+’782+W83
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The lengths of vectors gi, ?;, ?;, g, and the angles between them are deter-

mined by the scalar products (A15) for N = 4. From that we have for the coefficients
in formulas (A16): N
Szl—ﬂéz—ﬁz—éz—’)’z—ﬂz—w2+D2

Qi=a?+p2+8-D%Q=a+92+n2—D?
Q3 =B+ 9>+ w? —D? Q4 = & + 4> + w? - D?,
Fy =& —wD, F3y =B+4D, Fyy =6 — 4D
ngzfy—éf), F42:17+ﬁ[~),F43:w—¢x[~),
Fp = —a+wD, Fi3 = —B - r]f), Fiy = —(5+'yf),
Fy3 = —y+0D, Fp = —yj — BD, F34 = —w + aD.
Go1 = By + 1, Gz = By + 17, Ga1 = —ay + dw,
Gy = —ay — Pw, Gz = af + 1w,

Gy = ad — yw, Gyz = o + 71,

where D = aw — B + 6.
Formulas (A15) give the scalar products—as an example we present two of these here:

. % oe(gi)? = & - {~2(By +0n) (¢ —wD) - e + 2(ay — éw) (B+ D) - &
+2zx;7+[3w ((5 ’)/5)-83(—(1—’)/2—7]2—0‘)2)2-%%
( D)2 (By +6n)*| -5+ [(/34—775)2 - (av—éw)z] e}
( )2 (ay + Bw)? si},

\/ﬁk— OkER& = & { — 9% =% —w?) (e — wD) €
—(1- B> — 6% — wz)(oc —wD) &

—[(~ay +6w)(y — D) + (aB+ nw)(B+nD) | &

— | (—an — Bw) (7 + BD) + (a6 — yw) (6 — vD)_ €

—(Br+on)(1—7*—n* —w?) ¢

—(Br+an)( —52—52—w2)sg _
(B+nD)(y = 6D) — (~ay +6w)(ap + yw) | €}

+[ (6= 4D)(y + BD) — (~ay - ) (0 — yw)| e} }.

+




Particles 2022, 5

476

Appendix B. K-Matrix Interactive Software Description

We created an interactive software to work with K-matrix scattering amplitudes Tj;,
which helps to see the main features of this method. This Appendix contains its brief
description. This software can be provided upon request to interested colleagues.

The S-matrix:

s_ 1+ipK
- 1—ipK

=1+42i,/pT\/p =1+ 2iF (A25)
From this, the scattering amplitudes are:
T = (I—ipK) 'K (A26)

We use the standard K-matrix parametrization [5]:

0

YaiYajMal

Kij = ; m%i—sa—i_(Aij + Bijs)/ Z’ygi =1 (A27)
1

The feature which directly follows from (A26) and (A27) is that resonance peaks in
]T,»j ’2 are well resolved, the scattering amplitudes have zero, or very close to zero, values
between the pole locations m,. (The introduction of Adler’s zero in expression (A27) does
not change this feature.) For instance, in the case of two resonances, the zero of equation
T12(E) = 0 (i.e., K12(E) = 0) is located between the poles m; and m,, and is given by a
linear equation; in the case of three states, this is given by a quadratic equation. The zeros
in Ty; and Ty are slightly shifted from Tj, zero. In general, for N > 2, when a polynomial
contribution in (A27) is substantial, instead of exact zeros, there are deep minima in |T1~j |2
between the peaks—the resonances in the K-matrix method are always well separated.

This particular software has three sections:

(a) two channels, two resonances;
(b) two channels, three resonances;
(c) three channels, two resonances.

The phase factors are:
pi(s) = v/(s —s;)/s, where s; = E?; the resonances lie above the opening threshold,
i.e.my > Eq.

Appendix B.1. Two States, Two Channels

In the case of two channels, matrix T is:

1 Ky1 —ip2D Kip )
T = - ] A28
1— 102D —i(p1Kq1 + p2K22) < Ky Koy —ip1D (A28)

where D = K11K22 — K12K21.
So

p:<\/PT 0>T(\/PT 0>:¢ﬁwﬁ
0 \/FTZ 0 \/FTZ 1—-ipK
_ 1 p1(Ky1 —ip2D) VP102K12
1-p1p2D—i(p1K11+p2K2) /0102K21 p2(Kyp —ip1D) )°

(A29)
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For two poles in Kjj, the independent parameters are: six in the pole terms (their values
can be set by using the interface scroll bars):

my,mo, 1,12, 711, 721

and six coefficients A11, A1p, A2, B11, B12, B2y (their values can be entered interactively).
An obvious restriction on polynomial coefficients is that resonance peaks should not
be wiped out.

Example

Enter the polynomial coefficients in the Table:

@ Enter Coefficients of Pelynomial >
All = 101 B n- 0.02
AII = |02 BII = 10,02
A,, =02 B,,=|002
oK Cancel

Set the poles parameters and the threshold positions, E; and E; by using scroll
bars—see the screenshot in Figure Al:
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5

@ Amplitudes -
Help  Return

-1
=10 i

Two states, two channels

|F11|: my

B |F1:|2; "
at

E=2483

y=0366

m, r, r,

A A A

v

16 01 03

Yy Thres,

~

v W

0.5 1
Thres;=0.5

Figure A1. K-matrix scattering amplitudes.

The parameters in the screenshot in Figure A1 are:

mp = 1.3, my = 1.6, 1"1 =01,T,=0.3, Y11 = 0.7, Y21 = 0.5

Thres; = 0.5, Thres, = 1; here Tres; = E;.

Appendix B.2. Three States, Two Channels

For three poles and two channels, the independent parameters are:

my, my, ma, I'1, To, T3, v11, Y21, ¥31, A11, A1z, A2z, Bi1, Bio, Boo.

Example

Enter the polynomial coefficients in the Table:
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E} Enter Coefficients of Polynomial >

M
|

=

v~
|

n- n - |01

12— [0 1=

M
|
v
|
=

i
|
=
-
|
=

22 22

Ok Cancel

Set the poles parameters and the threshold positions, E; and E; by using scroll
bars—see the screenshot in Figure A2:

@ Amplitudes - Three states, two channels X
Help  Retum
x10-1 m; m, my Iy} Iy Iy
) A A A A |A A
T R SR S S X
T :» ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
: vov v vov v
: 13 16 18 01 02 03
R SEEETE TR EEPEPPPEEEE: S EGGEEEEEEEPEEE PEE SRR
; Tu Ty Yy Thres
i A A A A
S U S SRR SO bfde
A R S (A R —— D\
o S S Ay N | S S
: v v
; 07 09 09 1
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Figure A2. K-matrix scattering amplitudes.
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The parameters in the screenshot in Figure A2 are:
my = 1.3, ny = 1.6,1113 = 1.8, 1"1 = 0.1, 1"2 = 0.2, 1"2 = 0.3,
11 = 0.7,721 = 0.9, 731 = 0.9, thresholds Thres; = 0.5, Thresy = 1.

Appendix B.3. Three Channels, Two States

. , . -1
K K11 K2 Ky 1—-iKy;  —iKyp —iKy3
T = — = | Kyy Ky Ky |- —iKy 1 —iK» —iKy3 (A30)

K31 Kz K33 —iK31 —iKz 1—iK33

(In this part of the software, in order do not overcomplicate the interface, we take
pi(s) =1)

The eight independent parameters are:
my, my, T1, T2, y11, 712, Y21, 722

(77 is normalized, '751 + 732 + 733 =1).

Example
Enter the polynomial coefficients in the Table:

E} Enter Coefficients of Polynomial X
Ay = By =
Al! = |0.1 Bl! = 10.02
fiu = |0 E” = 10.01
A,y =10 B,, =0
Ay =10 By =0
OK Cancel

Set the poles parameters by using scroll bars—see the screenshot in Figure A3:
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Figure A3. K-matrix scattering amplitudes.
The parameters in the screenshot in Figure A3 are:
mp =13, my=16,11=02, I,=023,

711 = 08,712 =04, 721 = 0.6, 7220 = 0.3

The purpose of the following example is to demonstrate that the K-matrix amplitudes
can be always fitted with the unitary BW method, but the opposite is not true if amplitudes
in all channels do not have zeros between resonance peaks, in other words, when the peaks
actually overlap.

Consider the K-matrix amplitudes in the screen-shot in Figure A4.

The values of the K-matrix parameters in the screenshot in Figure A4 are:

my = 1.3, myp = 1.6, 1"1 = 0.3, 1"2 = 0.3,”)’11 = 0.7, Y21 = 0.5
(Thresy = 0.5, Thres; = 1.0)



Particles 2022, 5 482

Then we do the fit to these K-matrix curves by using the unitary BW formulas. In
the first step we use the BW software to obtain qualitatively similar result to the K-matrix
curves. The results of this first step (a visual approximation) are shown in Figure A5 (BW
software screenshot).

2 m, m 1, 1
%101 | Fyql 1 M, 1 1
i i |F1,|:. s A A

13 16 03 03

Yy, ¥y Thres,

A A ~

v v v

0.7 0.5 1
Thres;=0.5

Coefficients

Figure A4. K-matrix scattering amplitudes.

The values of the BW parameters (entered with scroll-bars) in the screenshot in
Figure A5 are:

my = 1.3,my = 1.6,a = 0.39, g%, = —0.38,¢%, = 0.41,¢% = —0.62

It gives the following BW physical parameters:
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Branching ratios

2 2
Briy = —$1_ — 0419, Brj, = 1812 — 0581
g1 P +g1al ’ g1 P +g1al
Bryy = — 82 0262, Bryy = — 82 _ 0738
Ig211"+]g22| Ig211"+]g22|

BW widths

Iy (mp) = =4 [Pl(m1)|g11|2 +P2(m1)|g12|2} =0217

Ty(my) = 24 [Pl(mz)|821|2 +P2(m2)|822|2} =0.338

After that preliminary step (which is not compulsory but helpful) we do fitting to the
K-matrix curves for a more accurate finding of BW parameter values.

@ Amplitudes - Unitary Breit-Wigner with rho X
Help  Rerturn
=101
L my m,  a
(n [a [a
5+
4_
v v v

13 16 0.39

x x X
g1 £n En 'l'llEsE
A A A ~

v v v v

-0.38 0.41 -0.62 1
Thres;=0.5

E=3.487 v=-0.0404 Coordinates are in problem units

Figure A5. Unitary BW scattering amplitudes.
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Appendix B.4. Fitting to K-Matrix Curves Using the Unitary BW Formulas

“Experimental points” represent the K-matrix curves — emphasize that this is a 100%
bias situation for the K-matrix method. The result of the fitting is shown in Figure A6.
(Technically, to do x? fitting we assign error bars.)

Fitting BW parameters in Figure A6 are:

my = 1.32,my = 1.58,a = 0.349, g%, = —0.387, ¢}, = 0.379, g%, = —0.462

BW Physical Parameters:
Branching ratios
2 2
Brn=— 8 gz B, = 82 g5y
|g11]" + |812] g11]" + |812]
2 2
Bry = 7‘2@” 5 = 0522, Bry = 7|2822’ 5 = 0723
|821]" + |g22| |821]" + |g22|
BW widths
(1) = 2 [pr(m)lgn P + pam)lgia ] = 0212
1M 1+a2 1\"M1)|811 p2{m1)|812 .
Ty(m) = - [Pl(mz)|é_221|2 +P2(m2)|822|2] =0.198
1+ a2

With the error bar shown in the Figures, err = 0.025 (this value is taken arbitrarily—it
affects only the value of x?/d), d = Njpta1 — Nparam — 1 = 146, x%/d =0.39.

Therefore, the data which can be successfully fitted with the K-matrix method, can
also be fitted with the unitary BW approach. Both methods lead to similar results when
resonances in all channels are well resolved. However, the opposite is not true if amplitudes
in all channels do not have zeros between resonance peaks; in other words, when the
peaks actually overlap. Such a case is shown in Figure A7 (BW software screenshot)—the
amplitudes, chosen simply as an example, cannot be fitted with the K-matrix approach
with any reasonable value of the x2.

Thres; = 0.5, Thresy = 1.0
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Figure A6. Unitary BW scattering amplitudes.

(b) Amplitude |F,,(E)[*
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Figure A7. Unitary BW scattering amplitudes.

BW parameters in Figure A7 are:

my =13,my = 1.6, & = 0.03,g}, = —0.39, g%, = 0.47, g% = 0.55

Clearly, there could be data for which both methods cannot give good fitting results
for all channels scattering amplitudes; technically, this is related to insufficient number of
fitting parameters to describe all Fl-]-, i,j =1,2... M. (Obviously, when the data for some
channels are missing, as often occurs, the fitting task is much easier.) Physically, poor fitting
may be a signal of incompleteness or incompatibility of data.
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