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Abstract: We review some recent progress in the theory of electroweak radiative corrections in
semileptonic decay processes. The resurrection of the so-called Sirlin’s representation based on
current algebra relations permits a clear separation between the perturbatively-calculable and in-
calculable pieces in the O(GFα) radiative corrections. The latter are expressed as compact hadronic
matrix elements that allow systematic non-perturbative analysis such as dispersion relation and
lattice QCD. This brings substantial improvements to the precision of the electroweak radiative
corrections in semileptonic decays of pion, kaon, free neutron and JP = 0+ nuclei that are important
theory inputs in precision tests of the Standard Model. Unresolved issues and future prospects are
discussed.
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1. Introduction

Beta decays are defined as decay processes φi → φ f `ν triggered by charged weak inter-
actions, where a strong-interacting particle φi decays into another particle φ f , accompanied
by the emission of a charged lepton ` and a neutrino ν. They had played a historically
important role in the shaping of the Standard Model (SM), which has been extremely
successful in the description of all experimentally-observed phenomena involving strong,
weak and electromagnetic interactions. Back in 1930, the observed continuous beta decay
spectrum led to the neutrino postulation by Pauli [1], and later the establishment of the
Fermi theory of beta decay [2]. In 1957, Wu’s experiment of the beta decay of 60Co [3]
provided the first experimental confirmation of the parity non-conservation in the weak
interaction postulated by Lee and Yang [4], and the foundation of the vector-minus-axial
(V-A) structure in the charged weak interaction [5,6]. In 1963, Cabibbo proposed a 2× 2
unitary matrix to mix different components of the charged weak current in order to explain
the observed amplitude of the strangeness-changing weak decays [7]. The matrix was
later generalized to 3× 3 [8], which is now known as the Cabibbo–Kobayashi–Maskawa
(CKM) matrix, to account for the observed charged-conjugation times parity (CP)-violation
in kaon decay [9]. This completed the construction of the charged weak interaction sector
in SM.

SM is believed to be incomplete due to its failure to explain certain astrophysical
phenomena, such as dark matter [10–13], dark energy [10,14,15] and the matter-antimatter
asymmetry [10,16,17]. However, since the discovery of the Higgs boson in year 2012 [18,19],
all attempts to search for physics beyond the SM (BSM) in high-energy colliders have so
far returned null results [20,21]. Future discovery potential along this direction may rely
either on major upgrades of the existing colliders, or the construction of next-generation
colliders such as the Future Circular Collider (FCC) [22–24] and the Circular Electron
Positron Collider (CEPC) [25,26]. On the other hand, low-energy precision tests, which
aim to detect small deviations between precisely-measured observables and their corre-
sponding SM predictions, become increasingly important in the quest for the BSM search,
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and beta decays of hadrons and nuclei are perfectly suited for this purpose. As a famous
example, the unitarity of the top-row CKM matrix elements (Vud, Vus, Vub) is one of the
most precisely tested predictions of the SM. With the Vud measured from superallowed
0+ → 0+ nuclear decays and Vus measured from kaon decays (while Vub is negligible), we
currently observe [27]:

∆u
CKM ≡ |Vud|2 + |Vus|2 + |Vub|2 − 1 = −0.0015(3)Vud(4)Vus , (1)

which shows a three standard deviation (3σ) tension to the SM prediction of ∆u
CKM = 0.

Furthermore, as there also exists a disagreement between the Vus measured from different
channels of kaon decay, the actual tension could range from 3 to 5σ depending on the
choice of Vus. This makes the top-row CKM unitarity one of the most promising avenues
for the discovery of BSM physics [28–51], in addition to the muon g− 2 [52–56] and the B-
decay anomalies [57–60]. Meanwhile, the various correlation coefficients in the beta decay
spectrum shape also provide powerful constraints to the Wilson coefficients of possible
BSM couplings in the effective field theory (EFT) representation [41–46].

Quantities such as Vud and Vus are obtained through a combination of experimental
measurements and theory inputs. As future beta decay experiments are generically aiming
at a precision level of 10−4 [43], the corresponding theory inputs must also reach the same
level of accuracy in order to make full use of the experimental results. This represents a
real challenge because a large number of SM higher-order corrections enter at this level,
and many of them are governed by the Quantum Chromodynamics (QCD) at the hadronic
scale, where perturbation theory does not apply. Therefore, a careful combination between
appropriate theory frameworks, experiments, nuclear structure calculations as well as
lattice QCD is necessary to keep the theory uncertainties of all such corrections under
control. In this review we focus on one particularly important correction, namely the
electroweak radiative corrections (EWRCs) to semileptonic beta decays.

The earliest attempts to understand the electromagnetic (EM) RCs to beta decays can
be traced back to the 1930s, where the Fermi’s function [2] was derived by solving the Dirac
equation under a Coulomb potential to describe the Coulombic interaction between the
final state nucleus and the electron. Later, the establishment of quantum electrodynamics
(QED) by Feynman, Schwinger and Tomonaga allowed a fully relativistic calculation of the
EMRCs order-by-order. Based on this, Ref. [61] performed the first comprehensive analysis
of the RC in the decay of a fermion, with particular emphasis on the muon decay. In that
time, the tree-level decay processes was described by a parity-conserving four-fermion
interaction. Parity-violating interactions were included after Wu’s experiment in 1957 [4],
and the corresponding updates of the RC followed [62]. After the V-A structure in charged
weak interaction was established in 1958, the calculation of its RC also followed [63].
Another important breakthrough was achieved by Sirlin in Ref. [64], where the so-called
model-independent terms in the O(GFα) RC to the beta decay of an unpolarized neutron
were derived, with GF the Fermi’s constant and α the fine-structure constant. Meanwhile,
the remaining model-dependent corrections were included as a renormalization to the
vector and axial coupling constants. Following this idea (and also Ref. [65]), Wilkinson and
Macefield [66] divided the general O(GFα) RC to beta decays of near-degenerate systems
(i.e., the parent and daughter particles are nearly degenerate) into “outer” and “inner”
corrections; the former are model-independent and sensitive to the electron energy, while
the latter are model-dependent and could be taken as constants once terms of order αEe/M
are neglected, where Ee is the electron energy and M is the mass of the parent/daughter
particle. (Throughout this review, we use lower-case m for masses of fermions, and upper-
case M for masses of bosons and particles with unspecified spin.)

There was no mean to calculate the inner corrections until the establishment of the ul-
traviolet (UV)-complete theory of Fermi’s interaction, namely the electroweak theory based
on the SU(2)L×U(1)B gauge symmetry [67–69]. Within this framework, Sirlin showed [70]
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that the full EWRC to the vector coupling constant gV in beta decay processes is greatly
simplified if the Fermi’s constant GF is defined through the muon decay lifetime τµ:

1
τµ
≡

G2
Fm5

µ

192π3 F(x)(1 + δµ), (2)

where mµ is the muon mass, F(x) is a phase-space factor, and δµ describes the (UV-finite)
EMRC to the Fermi interaction. This idea was brought to more solid ground in Ref. [71]
based on the current algebra formalism, which applies to a generic semileptonic decay pro-
cess. A great advantage of this formalism is that one is able to express the inner corrections
explicitly in terms of hadronic or nuclear matrix elements of electroweak currents. These
matrix elements usually depend on physics at all scales. Their asymptotic properties at the
scale q ∼ MW (MW is the mass of the W-boson) are usually well-known, because QCD is
asymptotically-free [72,73] and perturbatively-calculable at the UV-end. With this, the large
electroweak logarithm that is common to all semileptonic decay processes was derived [74].
However, the contributions from the physics at the intermediate scale, q ∼ 1 GeV, are
governed by non-perturbative QCD where no analytic solutions exist. This becomes the
main obstacle of the theory prediction of the inner RCs at the 10−4 level.

The inner–outer separation of the O(GFα) RC does not work in non-degenerate beta
decays, because the recoil correction on top of α/π is not small and must be treated
as a whole. A typical example of this type is the kaon semileptonic decay K → π`ν
(known as K`3) which is an important avenue for the measurement of |Vus|. Due to the
large recoil correction, the interest is not only on the RC to the full decay rate, but also
its effect to the Dalitz plot spanned by the kinematic variables y = 2pK · p`/M2

K and
z = 2pK · pπ/M2

K. The earliest studies of the RCs in K`3 can be traced back to the works by
Ginsberg in the late 1960s [75–78], where an effective UV cutoff Λ ∼ mN (mN is the nucleon
mass) was introduced to regularize the UV-divergences of the loop corrections. Follow-up
works either assumed specific models for the strong and electroweak interactions [79–81],
or put more emphasis on the so-called “model-independent” piece in the long-distance
electromagnetic corrections which is analogous to the outer corrections in neutron and
nuclear beta decays [82–85]. None of the works above were able to provide a rigorous
quantification of the theory uncertainties due to the unknown hadron physics at q ∼ Λ.

Chiral Perturbation Theory (ChPT), as an effective field theory (EFT) of QCD, provided
an excellent starting point to study the K`3 RC with a controllable error analysis. The most
general chiral Lagrangian that involves dynamical photons [86] and leptons [87] was
written down, from which one-loop calculations were performed. All the dependences
on the non-perturbative QCD at the chiral symmetry breaking scale Λχ ∼ 4πFπ (where
Fπ is the pion decay constant) are parameterized in terms of a few low energy constants
(LECs) in the chiral Lagrangian that are not constrained by the chiral symmetry and must be
estimated separately with phenomenological models [88,89]. Within this theory framework,
the RC to πe3 [90] and K`3 [91–93] were both calculated to the order O(e2 p2), with e the
positron charge and p a typical small momentum scale in ChPT. Unknown higher-order
chiral corrections and poorly-constrained LECs set a natural limit of 10−3 to the theory
precision within such a framework.

From the descriptions above, it seems that the theory of EWRCs for near-degenerate
and non-degenerate beta decays proceed along two completely different paths. It was not
realized until very recently that they can be studied under a unified theory framework,
namely the Sirlin’s current algebra formalism. This allows us to express the LECs in the
ChPT again in terms of well-defined hadronic matrix elements of electroweak currents.
With that, they can be studied using the latest computational techniques. There are two
extremely powerful tools for this purpose: The first is the dispersion relation analysis that
relates the hadronic matrix elements to experimental measurables, in particular the various
structure functions obtained in deep inelastic scattering (DIS) experiments. The second tool
is the lattice QCD, which is currently the only available method to perform first-principles
calculations of QCD observables in the non-perturbative regime. Several recent studies
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demonstrated that, bay appropriately combining the Sirlin’s representation of EWRC
and the aforementioned computational techniques, one is able to overcome the natural
limitations of traditional frameworks, and bring the theory precision of the RCs in both
near-degenerate and non-degenerate systems to a 10−4 level.

We will report in this review several important points of progress in the study of
the EWRCs in semileptonic decays of pion, kaon, free neutron and spinless, parity-even
(JP = 0+) nuclei that took place in the recent years. The structure of the paper is as follows.
In Section 2, we introduce the universal framework for a genericO(GFα) EWRC. Within this
framework, we make a careful separation of the exactly known terms, the perturbatively
calculable terms and the non-perturbative terms; the main challenge to theorists is to
calculate the latter to a satisfactory precision level. In Section 3, we introduce the Sirlin’s
current algebra representation, which allows us to express the non-perturbative corrections
in terms of well-defined hadronic matrix elements. These two sections set the stage for our
later analysis. As a comparison, in Section 4, we briefly review the EFT representation of
the RCs that is widely adopted in the existing literature. After that, we proceed to discuss
the application of the Sirlin’s representation to different hadronic systems, namely pion
(Section 5), generic isopin-half, spin-half (I = J = 1/2) particles (Section 6), free neutron
(Section 7), 0+ nuclei (Section 8) and kaon (Section 9). In each individual case, we describe
how the contributions from the physics at the hadron scale are constrained by lattice QCD,
dispersion relation or other non-perturbative methodologies to achieve a precision level
of 10−4. We also identify the major unresolved problems and outline the possible future
directions towards their resolution, and close with a loose summary in Section 10. Some
details of the calculations are provided in the Appendices.

2. EWRC in a Generic Semileptonic Beta Decay
2.1. Basic Ingredients

We start by reviewing the part of the electroweak Lagrangian in the SM, which is
responsible for beta decays and their RCs. The electroweak currents are defined through
the interaction terms between the elementary fermions ( f ) and the electroweak gauge
bosons (b):

L f b = − g
2
√

2

(
Jµ
WW+

µ + h.c.
)
− eJµ

γ Aµ −
g

4cW
Jµ
ZZµ , (3)

with the usual notations cW = cos θW , sW = sin θW where θW is the weak mixing angle, g
is the SU(2)L coupling constant, and W±µ , Zµ, Aµ are the W±-boson, Z-boson and photon
field respectively. In the quark sector, the electroweak currents read:

Jµ
γ = ei q̄iγ

µqi

Jµ
W = ūiVijγ

µ(1− γ5)dj

Jµ
Z = ūiγ

µ(gu
V + gu

Aγ5)ui + d̄iγ
µ(gd

V + gd
Aγ5)di ,

(4)

where eu = 2/3, ed = −1/3, gu
V = 1− 4eus2

W , gd
V = −1− 4eds2

W , gu
A = −1, gd

A = 1. Here Jµ
γ

is just an old notation for the electromagnetic current, and we will use it interchangeably
with the more familiar notation Jµ

em in the following.
We are interested in the generic beta decay φi(p) → φ f (p′)`(p`)ν(pν). Since we

will treat β+ and β− decay (i.e., beta decay that emits a positively-charged or negatively-
charged lepton) simultaneously, it is convenient to define the lepton spinor and the charged
weak current as:

Jµ =

{
Jµ†
W , β+

Jµ
W , β−

, Lµ =

{
ūν(pν)γµ(1− γ5)v`(p`) , β+

ū`(p`)γµ(1− γ5)vν(pν) , β−
. (5)
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The electroweak currents satisfy the following equal-time commutation relations:[
J0(~x, t), Jµ

em(~y, t)
]

= η Jµ(~x, t)δ(3)(~x−~y)[
J0(~x, t), Jµ

Z(~y, t)
]

= 4c2
Wη Jµ(~x, t)δ(3)(~x−~y) ,

(6)

where η = +1(−1) for β+(β−) decay. They are known as the current algebra relations that
are exact relations in QCD.

Next, we define the so-called non-forward generalized Compton tensor Tµν

(b) (where

b = γ, Z) and a related quantity Γµ

(b) involving a current derivative:

Tµν

(b)(q
′; p′, p) =

∫
d4xeiq′ ·x〈φ f (p′)

∣∣T{Jµ
b (x)Jν(0)

}∣∣φi(p)
〉

Γµ

(b)(q
′; p′, p) =

∫
d4xeiq′ ·x〈φ f (p′)

∣∣T{Jµ
b (x)∂ · J(0)

}∣∣φi(p)
〉

.
(7)

(There is also another vector involving ∂ · Jb that vanishes for b = γ, so we do not
bother to define it separately.) The physical meaning of Tµν

(b) is simply given by Figure 1.
They satisfy the following Ward identities:

q′µTµν

(b)(q
′; p′, p) = −ηAbiFν(p′, p) + i

∫
d4xeiq′ ·x〈φ f (p′)

∣∣T{∂ · Jb(x)Jν(0)}
∣∣φi(p)

〉
qνTµν

(b)(q
′; p′, p) = −ηAbiFµ(p′, p)− iΓµ

(b)(q
′; p′, p) ,

(8)

where q ≡ p′ − p + q′, and Ab = 1(4c2
W) for b = γ(Z). In the above we have defined the

charged weak matrix element at the hadron side as:

Fµ(p′, p) =
〈
φ f (p′)

∣∣Jµ(0)
∣∣φi(p)

〉
. (9)

The following leading-twist, free-field operator product expansion (OPE) relations at
large q′2 are extremely useful:

Tµν

(γ)
(q′; p′, p) → i

q′2
{

η
[
gµνq′λ − gνλq′µ − gµλq′ν

]
− 2iQ̄εµναλq′α

}
Fλ(p′, p)

Tµν

(Z)(q
′; p′, p) → 4i

q′2
{

c2
Wη
[
gµνq′λ − gνλq′µ − gµλq′ν

]
+ 2iQ̄s2

Wεµναλq′α
}

Fλ(p′, p),
(10)

where Q̄ = (eu + ed)/2 is the average charge of the SU(2) doublet in the quark sector. It is
important that we retain the explicit eq-dependence in the formula above as it distinguishes
between the RC in beta decays and muon decay. Our convention for the antisymmetric
tensor is ε0123 = −1. Notice that although we write Equation (10) in terms of Tµν

(b) and Fλ,
they are actually operator relations that are independent of the external states. We provide
in Appendix A a simple derivation of the relations above using the Wick’s theorem of
free fields.

  

Figure 1. Diagrammatic representation of the generalized Compton tensor Tµν

(b)(q
′; p′, p).
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2.2. Weak Corrections

The tree-level beta decay amplitude for the generic beta decay process φi(p) →
φ f (p′)`(p`)ν(pν) can be written as:

M0 = −
G0

F√
2

FλLλ , (11)

where G0
F =
√

2g2/(8M2
W) is the bare Fermi’s constant.

We want to now discuss the O(GFα) EWRCs to the tree-level amplitude. It is most
beneficial to separate them into two classes, namely the “weak” corrections and the EMRCs;
the former depend only on physics at the scale q′ ∼ MW , while the latter may probe both
the UV- and infrared (IR)-physics. In this subsection we will concentrate on the weak
corrections, which consist of the three diagrams in Figure 2. Throughout this paper we
adopt the Feynman gauge.

    

Figure 2. The one-loop weak corrections to a generic semileptonic beta decay of hadron.

2.2.1. First Diagram

The first diagram in Figure 2 has at least two heavy propagators, so the only relevant
region for the loop integral is q′ ∼ MW , because otherwise the whole term will scale as
O(G2

F) which is negligible. Since MW � p, p′, we can set p, p′ → 0 in the integrand. That
leads to:

iMI(b) ≈ −η
iG0

F√
2

g2
b Lµ

∫ d4q′

(2π)4
1

q′2 −M2
W

1
q′2 −M2

b

[
q′λTλµ

(b) + q′λTµλ

(b) − 2q′µTλ
(b)λ

]
, (12)

where b = γ, Z is the neutral gauge boson attached to the hadron, and gγ = e, gZ = g/2.
The first two terms in the square bracket can be simplified by the Ward identity (8),

again neglecting O(G2
F) corrections:

q′λTλµ

(b) ≈ q′λTµλ

(b) ≈ −ηAbiFµ(p′, p) . (13)

Notice that the electroweak currents are either exactly or partially conserved, so we
can set their total divergence to zero when q′ → ∞. The last term can be simplified using
the free-field OPE (10):

Tλ
(b)λ → η

2i
q′2

Abq′λFλ(p′, p) . (14)

After substituting Equations (13) and (14) into Equation (12), we find:

iMI(b) ≈ −3g2
b Abi

∫ d4q′

(2π)4
1

q′2 −M2
W

1
q′2 −M2

b
iM0 , (15)

that is, iMI(b) ∝ iM0 with the (UV-divergent) proportionality constant independent of
η and Q̄. This means the same proportionality constant will appear in the correction to
the muon decay by the same diagram. Therefore, its effect is simply reabsorbed into the
definition of renormalized Fermi’s constant GF defined in Equation (2). In other words,
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when we replace G0
F → GF at the tree-level amplitude, we should at the same time replace

MI(b) by MI(b),eff, where:
MI(b),eff ≈ 0 . (16)

Finally, since the derivation above makes use of the physics at q′ ∼ MW where the
gauge bosons are essentially probing a free quark, we can equally reproduce Equation (15)
by taking φi, φ f as free quarks.

2.2.2. Second Diagram

The second diagram in Figure 2 represents the loop correction to the hadron vertex.
The gauge boson in the loop can be W, Z or γ. In particular, we do the separation

1
q′2

=
1

q′2 −M2
W

+
M2

W
M2

W − q′2
1

q′2
(17)

to the photon propagator. With this, we can schematically “split” the photon into two
pieces, γ = γ> + γ<, with the propagator given by the first and the second term at the
right hand side respectively (i.e., γ> represents a photon with mass MW , while γ< is a
massless photon with propagator attached to a Pauli–Villars regulator M2

W/(M2
W − q′2)).

For the “weak” corrections we include only the contributions of W, Z and γ>, namely the
massive gauge bosons.

Similar to the first one, this diagram also contains two heavy propagators and hence
to the order O(GFα) it can only probe the physics at q′ ∼ MW . To derive its amplitude
in terms of Tµν

(b) requires another piece of theory apparatus known as the on-mass-shell
perturbation formula [94] which we will introduce only when we discuss the EMRC later.
We simply present the final result, and interested readers may refer to Ref. [71] for the
derivation:

iMII ≈ −η
√

2iG0
Fe2Lµ

∫ d4q′

(2π)4
q′µ

(q′2−M2
W )2 Tλ

(γ)λ

−η
iG0

F
4
√

2
g2Lµ

∫ d4q′

(2π)4

[
1

(q′2−M2
W )2 +

1
(q′2−M2

Z)
2

]
q′µTλ

(Z)λ .
(18)

Substituting the free-field OPE for Tλ
(b)λ, we see again that iMII ∝ iM0 with the

proportionality constant independent of η and Q̄, so it is simply reabsorbed into the
definition of GF, that is,

MII,eff ≈ 0 . (19)

The same conclusion can also be achieved through a calculation with φi, φ f as free quarks.

2.2.3. Third Diagram

The third piece of weak correction comes from the WZ-box diagram in Figure 2, which
is again sensitive only to q′ ∼ MW . Using the following Dirac matrix identity:

γµγνγα = gµνγα − gµαγν + gναγµ − iεµναβγβγ5 , (20)

we obtain, up to O(GFα),

iMIII ≈ − ig4

128c2
W

Lβ

∫ d4q′

(2π)4
1

q′2(q′2−M2
W )(q′2−M2

Z)

{
−4c2

Wηq′µ
(

Tµβ

(Z) + Tβµ

(Z)

)
+4c2

Wηq′βTλ
(Z)λ − 4is2

Wεµανβq′αT(Z)
µν

}
.

(21)
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The first two terms in the curly bracket can be simplified using the Ward identities
moduloO(G2

F) corrections. The third and fourth terms can be simplified using the free-field
OPE, namely Equation (14) and

εµανβq′αTµν

(Z) → −16Q̄s2
W

1
q′2
[
q′2gβλ − q′βq′λ

]
Fλ . (22)

With all the above, we can now perform the q′ integral. Unlike in diagram 1 and 2,
here the loop integral is UV-finite, and the outcome reads:

MIII ≈ −
α

4π

c2
W

s2
W

ln c2
W

{
5
2

c2
W

s2
W

+ 3
s2

W
c2

W
Q̄

}
M0 , (23)

where we have used the tree-level relation c2
W = M2

W/M2
Z. We observe that there is a term

that proportional to Q̄, so only this term distinguishes between beta decays and muon
decay. Therefore, upon the renormalization of GF, only the Q̄ term in MIII is retained,
and we have to replace Q̄ by Q̄ + 1/2 because −1/2 is the average charge of the SU(2)
doublet in the lepton sector. This gives us:

MIII,eff ≈ −
α

2π
ln

M2
W

M2
Z
M0 , (24)

where we have substituted 1/6 for Q̄ from now on.
Of course, apart from the three diagrams in Figure 2, there are also other weak

corrections that do not involve the hadron sector. However, those corrections are obviously
the same in the muon decay and are simply reabsorbed into GF.

2.2.4. pQCD Corrections

In deriving the expressions above, we have made use of the Ward identities (8) and
the OPE formula (10). The former are exact relations, but the latter is only the leading-twist
free-field approximation that works at large q′2. In order to achieve a safe 10−4 precision,
we need to add the O(αs) perturbative QCD (pQCD) on top of it, with αs the strong
coupling constant. Higher-order pQCD corrections as well as higher-twist corrections are
not necessary because the weak corrections are only probing the q′ ∼ MW region.

The O(αs) correction to the OPE of the full Tµν

(b) (i.e., Equation (10)) was studied in
an Abelian theory by Adler and Tung [95], and later generalized to non-Abelian theory
by Sirlin [71]. It takes a rather simple form for the combinations Tλ

(b)λ and εµανβTµν

(Z): One
simply multiplies the right hand side of Equations (14) and (22) by a factor 1 − αs/π.
With this, one can show that the total O(αs) pQCD correction to the amplitudes in Figure 2
is given by [96,97]:

Mweak,pQCD = − 3α

8π
apQCDM0 , (25)

where

apQCD = 1
3

∫
dQ2

{
2M2

W
(M2

W+Q2)2 −
M2

W (M2
Z−M2

W )Q2

(M2
W+Q2)2(M2

Z+Q2)2

+
M2

W
(M2

W+Q2)(M2
Z+Q2)

[
c2

W
s2

W
+

s2
W

c2
W

]}
αs(Q2)

π

≈ 0.068 .

(26)

2.3. General Theory for Beta Decays

The remaining O(GFα) EWRCs that are not yet analyzed above are summarized in
Figure 3. They involve only photonic loops and therefore shall be known as the EMRCs
to beta decays. Among the three diagrams, the first two involve the “<” photon of
which propagator is multiplied by a Pauli–Villars regularization factor M2

W/(M2
W − q′2),
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see Equation (17) (notice that although the loop in the first diagram is on the lepton
side, its effect clearly cannot be reabsorbed into the definition of GF because it is IR-
divergent). The third term involves the full photon, but at the same time there is also a
W-propagator in the loop. Upon neglecting the dependence of external momenta in the
W-propagator which effects are O(G2

F), this diagram is equivalent to a γ<-loop correction
to the Fermi interaction.

    

Figure 3. One-loop EMRCs to a generic semileptonic beta decay.

To summarize, the description of a generic semileptonic (or leptonic) beta decay
process up to O(GFα) may be casted in terms of a renormalized Fermi interaction and its
QED loop corrections involving γ<, that is, the full Lagrangian of interest is:

L = LQCD + LQED,γ< + L′4 f . (27)

Here, LQCD is the full QCD Lagrangian whileLQED,γ< is the usual QED Lagrangian ex-
cept that the photon propagator is always multiplied by a regularization factor M2

W/(M2
W −

q′2). The renormalized Fermi’s interaction reads:

L′4 f = −
{

1− α

2π

[
ln

M2
W

M2
Z
+

3
4

apQCD

]}
GF√

2
Jλ
W

¯̀γλ(1− γ5)ν` + h.c. , (28)

where GF = 1.1663787(6) GeV−2 is the physical Fermi’s constant obtained from muon
decay which reabsorbs most of the weak RCs. The ln(M2

W/M2
Z) and apQCD terms are the

residual corrections originate from the WZ-box diagram and the pQCD corrections to the
weak RCs, respectively. Notice also that, although we reached Equation (27) by using the
Feynman gauge, but since LQED,γ< is gauge-invariant, we conclude that the result is in fact
also gauge-invariant.

It is tempting to interpret Equation (27) as a low-energy EFT of beta decay, which is
not strictly correct. An EFT describes only the physics at low scale, that is, q� MW , but L
still probes the physics all the way up to q ∼ MW . All the loop integrals, however, are
UV-finite so no counterterms are needed and no scale-dependence is introduced, which are
very different from ordinary EFTs.

From now on, we are only dealing with EM corrections, so we will suppress the
label (b) in Tµν and Γµ for simplicity, knowing that it always refers to b = γ unless
otherwise mentioned.

3. Sirlin’s Representation

We may now start to discuss the EMRCs in Figure 3:

• The first diagram is simply the wave function renormalization of the charged lepton.
Elementary calculation gives:

Z` = 1− α

4π

[
ln

M2
W

m2
`

+
9
2
− 2 ln

m2
`

M2
γ

]
, (29)

where a small photon mass Mγ was introduced to regularize the IR-divergence.
• The second diagram represents the EMRC to the hadronic charged weak matrix

element: Fλ → Fλ + δFλ. We will discuss it more later.
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• The third diagram is the famous γW-box correction. For future convenience, we split
it into two pieces: δMγW = δMa

γW + δMb
γW by applying the Dirac matrix identity (20)

to the lepton structure:

δMa
γW = η

GFe2
√

2
Lλ

∫ d4q′

(2π)4
M2

W
M2

W − q′2
2gνλ pµ

` − gµλq′ν − gνλq′µ + gµνq′λ

[(p` − q′)2 −m2
` ][q
′2 −M2

γ]
Tµν

δMb
γW = −i

GFe2
√

2
Lλ

∫ d4q′

(2π)4
M2

W
M2

W − q′2
εµναλq′α

[(p` − q′)2 −m2
` ]q
′2 Tµν . (30)

In particular, using the Ward identities (8), we are able to isolate a part of δMa
γW which

is proportional to M0 and is exactly integrable:

δMa
γW = α

2π

[
ln M2

W
m2
`

+ 1
]
M0 + η GFe2

√
2

Lλ

∫ d4q′

(2π)4
M2

W
M2

W−q′2

× q′λTµ
µ+2p`µTµλ−(p−p′)µTλµ+iΓλ

[(p`−q′)2−m2
` ][q
′2−M2

γ ]
.

(31)

As usual, terms of O(G2
F) are discarded.

Combining everything above, we obtain the following amplitude for the φi → φ f `ν
decay:

M = − GF√
2

FλLλ

{
1− α

2π

[
ln M2

W
M2

Z
+ 1

4 ln M2
W

m2
`

− 1
2 ln m2

`

M2
γ
+ 9

8 + 3
4 apQCD

]
+ 1

2 δQED
HO

}
− GF√

2
δFλLλ + δMa

γW + δMb
γW .

(32)

Notice that we have also included an extra correction δQED
HO , which describes the

higher-order (HO) QED effects. It is numerically sizeable and must included for a 10−4

precision. We will discuss its value in a few subsections later.

3.1. On-Mass-Shell Perturbation Formula and Ward Identity

An important result in Ref. [71] is the representation of the hadronic vertex correction
δFλ in terms of well-defined matrix elements, which we shall describe in this subsection.

The derivation first made use of the so-called on-mass-shell (OMS) perturbation
formula by Brown [94]. It states the following: the first-order correction to the matrix
element Fµ(p′, p) =

〈
φ f (p′)

∣∣Jµ(0)
∣∣φi(p)

〉
due to the perturbation Lagrangian δL is given

by:
δFµ(p′, p) = lim

δ p̄→δp
iTµ(δ p̄; p′, p) ≡ lim

δ p̄→δp

{
iT̄µ(δ p̄; p′, p)− iBµ(δ p̄; p′, p)

}
, (33)

where δp = p− p′ (we avoid using q because it is used as the loop momentum), and

T̄µ(δ p̄; p′, p) =
∫

d4xeiδ p̄·x〈φ f (p′)
∣∣T{Jµ(x)δL(0)}

∣∣φi(p)
〉

Bµ(δ p̄; p′, p) = −
iδM2

f

(p−δ p̄)2−M2
f
Fµ(p− δ p̄, p)− Fµ(p′, p′ + δ p̄) iδM2

i
(p′+δ p̄)2−M2

i
,

(34)

where δM2
i, f are the first-order perturbation to the squared masses M2

i, f from δL. Both T̄µ

and Bµ are singular at δ p̄ = δp, but their singularities cancel each other which makes Tµ

well-defined in the δ p̄→ δp limit. The equations above apply to spinless external particles
φi, f . For spin 1/2 systems assuming CP-invariance [71], the results are exactly the same
except that now Bµ reads:

Bµ(δ p̄; p′, p) = −ū f (p′)

[
iδM f

/p − δ/̄p −M f
Tµ(δ p̄) + Tµ(δ p̄)

iδMi

/p′ + δ/̄p −Mi

]
ui(p) , (35)
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where the vertex matrix Tµ is defined through:

Fµ(p′, p) = ū f (p′)Tµ(δp)ui(p) . (36)

In the EMRC, we are dealing with a non-local perturbation Lagrangian:

δL(0) = e2

2

∫ d4q′

(2π)4

∫
d4xeiq′ ·x M2

W
M2

W − q′2
1

q′2 −M2
γ

T
{

Jλ
em(x)Jem

λ (0)
}

, (37)

and subsequently,

T̄µ(δ p̄; p′, p) = e2

2

∫ d4q′

(2π)4
M2

W
M2

W−q′2
1

q′2−M2
γ

∫
d4xeiδ p̄·x ∫ d4yeiq′ ·y

×
〈
φ f (p′)

∣∣T{Jµ(x)Jν
em(y)Jem

ν (0)}
∣∣φi(p)

〉
.

(38)

To further simplify the expression, Sirlin developed a Ward identity treatment on top
of the OMS formula. It starts from the following mathematical identity:

iTµ(δ p̄; p′, p) = −δ p̄ν
∂

∂δ p̄µ
iTν(δ p̄; p′, p) +

∂

∂δ p̄µ

[
δ p̄νiTν(δ p̄; p′, p)

]
. (39)

Next, using the current algebra relation (6) one may demonstrate that,

∂x,µT{Jµ(x)Jλ
em(y)Jem

λ (0)} = T{∂ · J(x)Jλ
em(y)Jem

λ (0) + δ4(x− y)η Jλ(x)Jem
λ (0)

+δ4(x)η Jλ
em(y)Jλ(0)} ,

(40)

from which the following relation is derived:

δ p̄νiT̄ν(δ p̄; p′, p) = iD(δ p̄; p′, p)− e2

2 η
∫ d4q′

(2π)4

∫
d4xeiq′ ·x M2

W
M2

W−q′2
1

q′2−M2
γ

×
〈
φ f (p′)

∣∣T{eiδ p̄·x Jλ(x)Jem
λ (0) + Jλ

em(x)Jλ(0)}
∣∣φi(p)

〉
,

(41)

where
D(δ p̄; p′, p) ≡ ie2

2

∫ d4q′

(2π)4
M2

W
M2

W−q′2
1

q′2−M2
γ

∫
d4xeiδ p̄·x ∫ d4yeiq′ ·y

×
〈
φ f (p′)

∣∣T{∂ · J(x)Jλ
em(y)Jem

λ (0)}
∣∣φi(p)

〉
.

(42)

Finally, taking derivatives with respect to δ p̄µ at both sides of Equation (41) in the
δ p̄→ δp limit gives:

lim
δ p̄→δp

∂

∂δ p̄µ
(δ p̄νiT̄ν − iD) = − e2

2
η
∫ d4q′

(2π)4
∂

∂q′µ

(
M2

W
M2

W − q′2
1

q′2 −M2
γ

)
Tλ

λ(q
′; p′, p) . (43)

Now, combining Equations (33), (39) and (43), one could write the hadron vertex
correction δFλ as a sum of two terms:

δFλ = δFλ
2 + δFλ

3 , (44)

(and correspondingly, δM2,3 ≡ −(GF/
√

2)δFλ
2,3Lλ), where:

δFλ
2 (p′, p) ≡ − e2

2 η
∫ d4q′

(2π)4
∂

∂q′λ

(
M2

W
M2

W−q′2
1

q′2−M2
γ

)
Tµ

µ(q′; p′, p)

δFλ
3 (p′, p) ≡ − limδ p̄→δp iδ p̄ν

∂
∂δ p̄λ

[T̄ν(δ p̄; p′, p)− Bν(δ p̄; p′, p)]
+ limδ p̄→δp i ∂

∂δ p̄λ
[D(δ p̄; p′, p)− δ p̄ · B(δ p̄; p′, p)] .

(45)

We find that δFλ
2 depends only on a two-current matrix element, so it should be called

a “two-point function”. Meanwhile, δFλ
3 has a further dependence on three-current matrix

elements and should be named as a “three-point function”. We also observe that, the two
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terms in δFλ
3 (represented by the two limits) possess the following feature respectively: (1)

the first term must vanish in the forward limit (i.e., δp→ 0), and (2) the second term must
vanish in the symmetry limit (i.e., ∂ · J → 0). We will see that these properties lead to a
great simplification in near-degenerate beta decay processes.

3.2. Partial Cancellation between the Hadronic Vertex Correction and the γW-Box Diagram

Performing the q′-derivative in δFλ
2 returns two terms:

δFλ
2 (p′, p) = −e2η

∫ d4q′

(2π)4

[
M2

W
(M2

W − q′2)2
q′λ

q′2 −M2
γ
−

M2
W

M2
W − q′2

q′λ

(q′2 −M2
γ)

2

]
Tµ

µ . (46)

We observe that the first term at the right hand side possesses one extra heavy prop-
agator, and therefore can only depends on physics at q′ ∼ MW for our required level of
precision. Therefore, we can simply apply the OPE formula in Equation (14), and include
the O(αs) correction again through a simple factor of 1− αs/π. On the other hand, the sec-
ond term probes simultaneously the IR- and UV-physics. However, at q′ ∼ MW it cancels
with a similar term in δMa

γW that is also proportional to Tµ
µ. In fact, upon combining δM2

and δMa
γW we obtain:

δM2 + δMa
γW =

α

2π

[
ln

M2
W

m2
`

+
3
4
+

1
2

ãres
g

]
M0 +

(
δM2 + δMa

γW

)
int

, (47)

where

ãres
g =

1
2

∫
dQ2 M2

W
(M2

W + Q2)2
αs(Q2)

π
≈ 0.019 (48)

is the O(αs) pQCD correction to the first term in δFλ
2 , and(

δM2 + δMa
γW

)
int

= η GFe2
√

2
Lλ

∫ d4q′

(2π)4
M2

W
M2

W−q′2
1

(p`−q′)2−m2
`

1
q′2−M2

γ

×
{

2p` ·q′q′λ
q′2−M2

γ
Tµ

µ + 2p`µTµλ − (p− p′)µTλµ + iΓλ

} (49)

is the “residual integral” term that cannot be simply reduced to something proportional to
M0.

Collecting everything we derived so far in this section, we obtain the following
representation of the φi → φ f `ν decay amplitude:

M = − GF√
2

FλLλ

{
1 + α

2π

[
ln M2

Z
m2
`

− 1
4 ln M2

W
m2
`

+ 1
2 ln m2

`

M2
γ
− 3

8 + 1
2 ãg

]
+ 1

2 δQED
HO

}
+
(

δM2 + δMa
γW

)
int
− GF√

2
δFλ

3 Lλ + δMb
γW ,

(50)

where ãg ≡ −(3/2)apQCD + ãres
g ≈ −0.083. At O(GFα) there are only three quantities

remained to be evaluated:
(

δM2 + δMa
γW

)
int

in Equation (49), δFλ
3 in Equation (45),

and δMb
γW in Equation (30), which are all well-defined hadronic matrix elements of elec-

troweak currents. We shall name Equation (50) the “Sirlin’s representation” of the beta
decay amplitude, which serves as an important starting point for all the following discus-
sions.
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3.3. Bremsstrahlung

The absolute square of Equation (50) has an IR-divergence which must be canceled
by the squared amplitude of the bremsstrahlung process φi(p) → φ f (p′)`(p`)ν(pν)γ(k)
described by Figure 4 according to the KLN theorem [98,99]. The amplitude reads:

Mbrems = −GFe√
2

1
2p` ·k

{
η[2p` · ε∗gµν + kµε∗ν − kνε∗µ] + iεµναβkαε∗β

}
FµLν

+ iGFe√
2

ε∗µLνTµν(k; p′, p) .
(51)

We see that the generalized Compton tensor Tµν appears again, except that now it
depends on an on-shell photon momentum k.

    

Figure 4. Bremsstrahlung diagrams. We do not consider a photon emitted by the W because that
gives an extra 1/M2

W suppression.

3.4. Large Electroweak Logarithms and the Higher-Order QED Effects

Among the unevaluated one-loop virtual corrections, (δM2 + δMa
γW)int and δFλ

3

clearly do not depend on physics at the UV-scale. In fact, only δMb
γW can probe the

q′ ∼ MW scale. With the free-field OPE we can obtain the large electroweak logarithm in
the latter:

δMb
γW =

α

8π
ln

M2
W

Λ2 M0 + . . . , (52)

where Λ is an arbitrary IR-cutoff scale. Adding this with other electroweak logs in
Equation (50) gives the total electroweak logarithm in the one-loop amplitude:

δMvir =
α

2π
ln

M2
Z

Λ2 M0 + . . . , (53)

which is a well-known result [74]. This large logarithm is process-independent, and is
usually scaled out as a common multiplicative factor as we will see later.

The expression above also allows us to discuss a numerically significant component
of the RC, namely the higher-order QED effects to the decay rate:

Γ→
(

1 + δQED
HO

)
Γ , (54)

which we first introduced in Equation (32). So far we are working strictly at the order
O(GFα) corrections to the Fermi interaction, but in order to reach the precision level of
10−4 (which is particularly important for the extraction of Vud), leading effects of higher
order in α are non-negligible. The largest among them comes from the resummation of
electroweak logarithms: αn lnn(MZ/Λ), which can be straightforwardly implemented by
considering the running of the fine structure constant. To do so, we first realize that the
electroweak logarithm in the decay rate can be effectively reproduced by the following
integral:

α

π
ln

M2
Z

Λ2 =
∫ ∞

Λ2

dQ2

Q2
M2

Z
M2

Z + Q2
α

π
. (55)
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From here, we promote the Q2 dependence of the fine structure constant, α→ α(Q2),
where α(0) = 1/137.035999084(21). The numerical contribution due to the running is then:

∫ ∞

Λ2

dQ2

Q2
M2

Z
M2

Z + Q2

[
α(Q2)

π
− α(0)

π

]
≈ 0.0010 , (56)

where we have taken Λ = Mρ in the numerical evaluation, which is a common choice
in standard literature. The analysis above is obviously incomplete: it only includes the
resummation of large logs in the UV-region (i.e., Q2 > Λ2), but not in the IR-region. It
also does not cover other possibly important O(α2) effects. These unconsidered effects are
generally process-dependent. Following Ref. [100], we assign an uncertainty of 3× 10−4

for these missing effects, and quote a final value of:

δQED
HO = 0.0010(3) . (57)

Notice also that Czarnecki, Marciano and Sirlin performed a detailed study of the
higher-order QED effects for the case of neutron in Ref. [101], where they considered the
resummation of QED logs in both the UV and IR-region, as well as O(α2 ln(MZ/mp)) and
other important O(α2) effects. They obtained δQED

HO (neutron) = 0.0013, which is consistent
with our estimation. This serves as a justification of our error assignment in δQED

HO based on
Ref. [100].

It is customary to collect the large electroweak logarithm, the O(αs) pQCD correction
on top of it (which comes predominantly from δMb

γW as it is the only piece which extends

down to Q2 ∼ Λ2) and δQED
HO to define a process-independent, short-distance electroweak

factor SEW. One may write it schematically as [102]:

SEW : 1 +
2α

π

(
1− αs

4π

)
ln

MZ
Mρ

+ δQED
HO , (58)

where the Mρ = 770 MeV appears as an IR scale. The expression above is schematic
because one cannot directly infer the numerical value of SEW from it; for instance, αs is
not really a constant but a function of Q2 that participates actively in the loop integral.
For nearly all practical purposes in the existing literature, the value SEW = 1.0232(3)HO

was always taken, where the major uncertainty comes from δQED
HO . Therefore, it is more

convenient to just take the numerical value above as a working definition of SEW.
Finally, there is another potentially large higher-order QED effect that occurs in beta

decays of heavy nuclei with charge numbers Zi, Z f � 1. In most parts of the EMRCs (real
and virtual), the contribution from the parent and daughter nucleus partially cancel each
other so that the result depends only on |Zi − Z f | = 1. There is only one exception that
comes from δMa

γW , which gives the following correction to the squared amplitude:

δ|M|2 ≈ −
παZ f

β
η|M0|2 , (59)

where β =
√

1−m2
e M2/(p · pe)2 is the electron’s speed in the nuclei’s rest frame (here we

assume heavy nuclei so p′ ≈ p). Physically, it represents the final-state Coulomb interaction
between the electron and the static daughter nucleus. Since Z f � 1, the coefficient
παZ f /β may not be small so the fixed-order QED correction is not a good approximation.
Fortunately, the full Coulomb interaction is exactly calculable by solving the Dirac equation
with a Coulomb potential. To implement this effect, we first start from the usual one-loop
field theory calculation, and remove Equation (59) from the result. As a compensation, we
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multiply the full differential decay rate (including real and virtual RCs) by the following
Fermi’s function [2,66]:

F(Z f , β) =
2(1 + γ)

Γ(2γ + 1)2

(
2meβR√

1− β2

)2(γ−1)

e−ηπαZ f /β|Γ(γ + iαZ f /β)|2, (60)

where γ =
√

1− (αZ f )2, and R is the nuclear radius. Expansion in powers of α gives:

F(Z f , β) = 1−
παZ f

β
η +O(Z2

f α2) , (61)

which reproduces the correction in Equation (59).

4. Effective Field Theory Representation

Despite being completely general, the Sirlin’s representation was not historically the
most widely adopted starting point for EWRCs. Possible reasons are that the expressions
of some components, for example, δFλ

3 , are rather complicated and do not offer an immedi-
ately transparent physical picture; in fact, until a few years ago, the only occasions where it
was used were nearly-degenerate decay processes where δFλ

3 is negligible. Equation (50)
is not a Lagrangian from which one obtains everything simply using Feynman rules and
Feynman diagrams, as most theorists are more used to. Furthermore, it is tailored exclu-
sively to deal with the RCs, and is not convenient (although not prohibited as well) for
the study of other SM corrections, such as the isospin-breaking corrections and the recoil
corrections, on the same footing.

The EFT representation provides a satisfactory solution to the aforementioned issues.
Under this formalism one writes down the most general Lagrangian that consists of
hadronic degrees of freedom (DOFs) and is compatible with all the symmetry requirements
of the underlying theory (i.e., electroweak + QCD). One then calculates decay amplitudes
through Feynman diagrams, using the Feynman rules derived from the EFT Lagrangian.
The predictive power is guaranteed upon agreeing on a specific power counting scheme
which is assigned to all small parameters (e.g., α, recoil corrections and isospin-breaking
corrections). This allows us to treat all of them simultaneously under a single, unified and
model-independent framework.

The EFT which is most relevant to the study of RCs in strongly-interacting systems
is ChPT. It is a (or “the”?) well-developed low-energy EFT of QCD stemmed from the
idea of the spontaneously-broken chiral symmetry in QCD. In this review we only briefly
introduce the relevant notations and the basic framework. Interested readers may refer
to nicely-written textbooks, for example, Ref. [103], or articles [104,105] (baryon sector),
for more details.

4.1. Spontaneously-Broken Chiral Symmetry

We introduce the basic concepts of ChPT by first examining the symmetry properties
of a 3-flavor (i.e., n f = 3) QCD. Its Lagrangian reads:

LQCD = ψ̄Li /DψL + ψ̄Ri /DψR − ψ̄L M†
q ψR − ψ̄R MqψL −

1
4

Ga
µνGaµν , (62)

where ψ = (u d s)T is the quark field and Mq = diag(mu, md, ms) is the quark mass matrix.
Apart from the local SU(3)c symmetry, the Lagrangian above possesses another global
symmetry known as the “chiral symmetry” in the limit of massless quarks, which means
the following: If we take Mq → 0, then the Lagrangian is invariant under separate SU(3)
transformations of the left- and right-handed quark fields:

ψL → LψL , ψR → RψR , (63)
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where L ∈ SU(3)L and R ∈ SU(3)R are SU(3) matrices in the flavor space. When quark
masses are non-zero, this symmetry is explicitly broken but a residual symmetry retains in
the mu = md = ms limit, namely:

ψ→ Vψ , (64)

where V ∈ SU(3)V is again an SU(3) matrix in the flavor space. The latter is the “vector”
SU(3) symmetry that leads to the famous eightfold way picture first proposed by Gell-Mann
and Ne’eman [106,107]. If one concentrates only on two flavors, then it reduces to the
well-known isospin symmetry.

Since light quark masses are very small, one naturally expects the flavor symme-
tries above to hold, at least approximately, in strongly-interacting systems. Experimental
measurements of the hadronic mass spectra show that this is indeed the case for SU(2)V
and SU(3)V. However, to one’s surprise, it was observed that the full chiral symmetry is
not respected at all by hadrons. A clear evidence is the non-observation of the so-called
“parity doubling” effect, which requires each hadron to have a corresponding degenerate
hadron with opposite parity if chiral symmetry holds. In reality one does not observe
such a doubling, even approximately. For instance, the lightest Jp = (1/2)+ baryon, that
is, proton, has a mass of 938 MeV. On the other hand, the lightest Jp = (1/2)− baryon
has a mass around 1535 MeV which can never be interpreted as a parity counterpart of
the proton.

The observed phenomena can be explained if QCD vacuum is not annihilated by the
SU(3) axial charges, that is

Q̂a
A|0〉 6= 0 , (65)

where Q̂a
A =

∫
d3xψ̄γ0γ5Taψ (a = 1, . . . , 8). This implies the full SU(3) chiral sym-

metry group undergoes a spontaneous symmetry breaking to a smaller vector SU(3)
symmetry group: SU(3)L × SU(3)R → SU(3)V. According to the Nambu-Goldstone
theorem [108,109], the spontaneously-broken chiral symmetry leads to the emergence of
massless bosons, which later gain small masses due to the quark mass matrix that further
introduces an explicit breaking of the symmetry. These particles are therefore known as the
pseudo-Nambu-Goldstone bosons (pNGBs) and can be easily identified as the pseudoscalar
meson octet (π, K, η) that are known to to be much lighter than all other hadrons.

4.2. pNGBs and the Chiral Power Counting

ChPT (without external sources) consists of the most general effective Lagrangian that
satisfy the following criteria:

• It is invariant under SU(3)L × SU(3)R in the limit of massless quarks;
• The chiral symmetry is spontaneously broken to SU(3)V, and the pseudoscalar octets

appear as the pNGBs;
• The chiral symmetry is explicitly broken by the insertion of the quark mass matrix

Mq.

It is thus a theory with the pNGBs as dynamical DOFs. The latter often appears
through a non-linear realization. The most convenient parameterization suitable for a
3-flavor ChPT is the following exponential representation:

U = exp
{

i
λiφi
F0

}
, (66)

where {φi} are the pNGBs, {λi} are the Gell-Mann matrices and F0 is the pion decay
constant in the chiral limit. It transforms as U → RUL† under a chiral rotation. Such a
representation guarantees that the interactions of the pNGBs must contain either derivatives
or insertions of the quark mass matrix Mq.

The smallness of the pNGB masses provides a natural small scale in the theory. One
may therefore define a power counting rule such that terms in ChPT are arranged according
to an increasing power of p/Λχ, where p is either the pNGB masses or their momenta,
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while Λχ ∼ 4πFπ ∼ 1 GeV is the chiral symmetry breaking scale. Notice that quark masses
scale as O(p1/2) because M2

φ ∝ mq. In this way, with any given precision goal only a finite
number of terms in the Lagrangian and a finite number of loops in the Feynman diagrams
are needed.

We illustrate the ideas above by writing down the leading order (LO) chiral Lagrangian
in the mesonic sector without external sources. It scales asO(p2) and consists of two terms:

Lp2
=

F2
0
4

〈
∂µU(∂µU)†

〉
+

F2
0
4

〈
χU† + Uχ†

〉
, (67)

where χ = 2B0Mq with B0 a constant number, and 〈. . . 〉 is the trace over the flavor space.
The first term at the right hand side preserves the chiral symmetry, whereas the second
term breaks the symmetry in the same way as QCD does, namely: If the quark mass matrix
would transform as Mq → RMqL† under the chiral rotation, then the symmetry would be
restored. This way of implementing symmetry-breaking effects is known as the spurion
method, and Mq acts as a “spurion field”.

With Equation (67) one could then perform tree-level field theory calculations by
expanding U in powers of pNGB fields. For instance, expansion to O(φ2) yields the kinetic
and mass term of the pNGBs, and higher expansions give the interaction vertices.

4.3. External Sources

To study beta decays of strongly-interacting systems and the RCs, the pure-QCD
Lagrangian (62) is obviously not enough, and we need to consider its coupling to external
sources and dynamical photons. The coupling terms read:

Lext = ψ̄Lγµ(lµ + qL Aµ)ψL + ψ̄Rγµ(rµ + qR Aµ)ψR , (68)

where Aµ is the dynamical photon field (notice that it is the full field instead of the
“<” component), and {lµ, rµ, qL, qR} are spurion fields, which will later be identified to
quantities in the SM electroweak sector.

The first question is how to introduce the spurion fields in Equation (68) into the
EFT. The principle is the same as Mq: They should break the chiral symmetry in the EFT
in exactly the same way they do in the underlying theory. Since {lµ, rµ} are currents,
it is most convenient to discuss their symmetry-breaking pattern by considering a local
SU(3)L×SU(3)R chiral symmetry. We observe that the full Lagrangian LQCD + Lext would
be invariant under a local chiral transformation, if the spurion fields would transform as:

lµ → LlµL† − i(∂µL)L† , rµ → RrµR† − i(∂µR)R† , qL → LqLL† , qR → RqLL† (69)

accordingly.
We now construct the building blocks for the most general EFT that satisfies the local

chiral symmetry (assuming the transformation rules of the spurions). First, the ordinary
derivative on U should be promoted to a chiral covariant derivative:

DµU ≡ ∂µU − i(rµ + qR Aµ)U + iU(lµ + qL Aµ) , (70)

such that it transforms as DµU → R(DµU)L† under the local chiral rotation. Next, for the
description of interactions with leptons, it is also convenient to define u ≡

√
U, which

transforms as:
u→ KuL† = RuK† , (71)

where K is a field-dependent unitary matrix. With this we define the so-called “chiral
vielbein”:

uµ ≡ iu†(DµU)u† = i[u†(∂µ − irµ − iqR Aµ)u− u(∂µ − ilµ − iqL Aµ)u†] (72)
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which is an axial vector and transforms as uµ → KuµK†. We also define the covariant
derivate on the spurion fields:

∇µqR = ∂µqR − i[rµ, qR] , ∇µqL = ∂µqL − i[lµ, qL] , (73)

such that they transform as ∇µqR → R(∇µqR)R†, ∇µqL → L(∇µqL)L†. Finally, we define
the field-strength tensors corresponding to the external currents:

fRµν = ∂µrν − ∂νrµ − i[rµ, rν] , fLµν = ∂µlν − ∂νlµ − i[lµ, lν] . (74)

They transform as fRµν → R fRµνR†, fLµν → L fLµνL†.
In order to connect Equation (68) to the EM and Fermi interaction that we are interested

in, we need to identify the external currents and spurions as:

qR = qL = −eQem , lµ = ∑
`

( ¯̀Lγµν`LQw
L + h.c.

)
, rµ = 0 , (75)

where (Notice that in Qw
L we use the physical Fermi’s constant GF, which is just a matter of

choice; one could choose G0
F instead, and the only consequence is that the numerical value

of some of the O(e2 p2) counterterms that we will introduce later will shift accordingly to
absorb this finite difference.)

Qem =

 2/3 0 0
0 −1/3 0
0 0 −1/3

 , Qw
L = −2

√
2GF

 0 Vud Vus
0 0 0
0 0 0

 . (76)

The EM interaction introduces a new expansion parameter e, which needs to be
considered simultaneously with p in the chiral expansion. Following usual convention, we
take e ∼ p, that is, they count as the same order in the chiral power counting.

4.4. Mesonic ChPT with External Sources

We are now ready write down the full Lagrangian with leptons, photon and pNGBs
as dynamical DOFs:

L = Llepton + Lγ + LChPT . (77)

The pure lepton and photon Lagrangian are simply:

Llepton = ∑`

[ ¯̀(i/∂ + e /A−m`)`+ ν̄`Li/∂ν`L
]

Lγ = − 1
4 FµνFµν − 1

2ξ (∂ · A)2 + 1
2 M2

γ Aµ Aµ ,
(78)

where ξ is the EM gauge parameter which is always chosen as 1 (i.e., Feynman gauge) in
existing calculations. An infinitesimal photon mass Mγ is also introduced to regularize
the IR-divergences. In the meantime, the ChPT Lagrangian is arranged by the increasing
power of the chiral order:

LChPT = L(2) + L(4) + . . . . (79)

The LO chiral Lagrangian consists of two types: L(2) = Lp2
+ Le2

, where

Lp2
=

F2
0
4

〈
DµU(DµU)† + χU† + Uχ†

〉
, Le2

= ZF4
0

〈
qLU†qRU

〉
. (80)

The O(p2) term is just a simple generalization of Equation (67) to include the external
sources, while the O(e2) term represents the short-distance EM effect and Z ≈ 0.8 is
obtained from the π± − π0 mass splitting.

Applying L(2) to one loop produces UV-divergences that are regulated using dimen-
sional regularization. They are then reabsorbed by the LECs in the next-to-leading-order
(NLO) chiral Lagrangian: L(4) = Lp4

+ Le2 p2
+ Le4

. The last term is purely EM and does
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not contribute to beta decays at tree-level so we may discard it. The first term is the
well-known Gasser–Leutwyler Lagrangian: [110,111]:

Lp4
= L1

〈
DµU(DµU)†〉2

+ L2
〈

DµU(DνU)†〉〈DµU(DνU)†〉
+L3

〈
DµU(DµU)†DνU(DνU)†〉+ L4

〈
DµU(DµU)†〉〈χU† + Uχ†〉

+L5
〈

DµU(DµU)†(χU† + Uχ†)
〉
+ L6

〈
χU† + Uχ†〉2

+L7
〈
χU† −Uχ†〉2

+ L8
〈
Uχ†Uχ† + χU†χU†〉

−iL9

〈
f R
µνDµU(DνU)† + f L

µν(DµU)†DνU
〉
+ L10

〈
U f L

µνU† f µν
R

〉
.

(81)

Meanwhile, the O(e2 p2) terms that involve only dynamical photons were first written
down by Urech [86]:

Le2 p2

{K} = F2
0

{
1
2 K1

〈
DµU(DµU)†〉〈qRqR + qLqL〉+ K2

〈
DµU(DµU)†〉〈qRUqLU†〉

+K3
(〈
(DµU)†qRU

〉〈
(DµU)†qRU

〉
+
〈

DµUqLU†〉〈DµUqLU†〉)
K4
〈
(DµU)†qRU

〉〈
DµUqLU†〉+ K5

〈
qLqL(DµU)†DµU + qRqRDµU(DµU)†〉

+K6
〈
(DµU)†DµUqLU†qRU + DµU(DµU)†qRUqLU†〉

+ 1
2 K7

〈
χ†U + U†χ

〉
〈qRqR + qLqL〉+ K8

〈
χ†U + U†χ

〉〈
qRUqLU†〉

+K9
〈
(χ†U + U†χ)qLqL + (χU† + Uχ†)qRqR

〉
+K10

〈
(χ†U + U†χ)qLU†qRU + (χU† + Uχ†)qRUqLU†〉

+K11
〈
(χ†U −U†χ)qLU†qRU + (χU† −Uχ†)qRUqLU†〉

+K12
〈
(DµU)†[∇µqR, qR]U + DµU[∇µqL, qL]U†〉

+K13
〈
∇µqRU∇µqLU†〉+ K14

〈
∇µqR∇µqR +∇µqL∇µqL

〉}
,

(82)

whereas the other terms that further include dynamical leptons were introduced by
Knecht et al. [87]:

Le2 p2

{X} = e2F2
0 ∑`

{
X1 ¯̀γµν`L

〈
uµ
{
Qem

R ,Qw
L
}〉

+ X2 ¯̀γµν`L
〈
uµ
[
Qem

R ,Qw
L
]〉

+X3m`
¯̀ν`L

〈
Qw

LQem
R
〉
+ h.c.

}
+ e2 ∑` X6 ¯̀(i/∂ + e /A)` ,

(83)

where Qem
R = u†Qemu and Qw

L = uQw
L u†.

The bare LECs {Li, Ki, Xi} are UV-divergent and scale-independent. They are related
to the scale-dependent, UV-finite renormalized LECs as follows:

Lr
i (µ) = Li − Γiλ , Kr

i (µ) = Ki − Σiλ , Xr
i (µ) = Xi − Ξiλ , (84)

where µ is the renormalization scale, and

λ =
µd−4

16π2

(
1

d− 4
− 1

2
[ln 4π − γE + 1]

)
, (85)

with d the spacetime-dimension in the dimensional regularization approach. The constant
coefficients {Γi, Σi, Ξi} can be evaluated with the heat kernel method and were given in
Refs. [86,87,111], respectively.

One could in principle proceed further to construct the NNLO chiral Lagrangian L(6)
in the same way, but the appearance of too many new LECs render this step less useful.
The O(p6) Lagrangian was studied in Refs. [112,113] and was found to contain 90 + 4
independent terms for n f = 3. The O(e2 p4) Lagrangian has not yet been investigated.
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4.5. Nucleon Sector

The nucleon doublet ψN = (p n)T can be introduced to a two-flavor ChPT as a matter
field that transforms as ψN → KψN under the chiral rotation. However, by doing so the
chiral Lagrangian now contains a heavy DOF. Therefore, when calculating loops, one
not only obtains terms that are suppressed by p/Λχ � 1, but also encounters terms
like mN/Λχ ∼ 1 that are not suppressed at all. The appearance of such terms implies a
breakdown of the chiral power counting.

There are several prescriptions to restore the chiral power counting in the presence of
nucleons, for example, the heavy baryon chiral perturbation theory (HBChPT) [114,115],
the infrared regularization [116] and the extended on-mass-shell scheme [117,118]; here we
will only introduce the first method, namely the heavy baryon approach. To understand it,
we first write the nucleon momentum as:

pµ = mNvµ + kµ , (86)

which defines the velocity vector vµ that satisfies v2 = 1. The residual momentum k is
small so k/mN � 1 is taken as another small expansion parameter. With this we can define
the following projection operators:

Pv± =
1± /v

2
, (87)

which project the full nucleon field ψN into the “light” and “heavy” component respectively:

Nv(x) ≡ eimN v·xPv+ψN(x) , Hv(x) ≡ eimN v·xPv−ψN(x) . (88)

One observes immediately from the free Lagrangian that Nv resembles a massless
particle, whereas Hv has an effective mass 2mN . The latter can then be integrated out
from the theory, which leaves the light component Nv as the only dynamical DOF. In the
{Nv, N̄v} subspace, the nucleon propagator reduces to:

i(/p + mN)

p2 −m2
N + iε

→ i
v · k + iε

. (89)

Since the heavy mass scale mN is now absent in the propagator, the issue of the power
counting violation does not appear anymore. Another advantage is that the independent
Dirac structures reduce to just 1 and Sµ

v , where

Sµ
v ≡

i
2

σµνγ5vν (90)

is the spin matrix satisfying Sv · v = 0.
EFT treatment of the free neutron beta decay based on HBChPT was introduced by

Ando et al. [119] and Bernard el al. [120]. The effective Lagrangian up to O(1/mN) reads:

Lβ = Leνγ + LNNγ + LeνNN , (91)

with (here we use ψe instead of e to represent the electron field, in order to avoid confusions
with the electric charge e)
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Leνγ = − 1
4 FµνFµν − 1

2ξ (∂ · A)2 +
(
1 + α

4π e1
)
ψ̄ei /Dψe −meψ̄eψe + ν̄eLi/∂νeL

LNNγ = N̄v
[
1 + α

8π e2(1 + τ3)
]
iv · DNv

LeνNN = −G0
FVud√

2
ψ̄eγµ(1− γ5)νe

{
N̄vτ+

[(
1 + α

4π eV
)
vµ + 2g̊A

(
1 + α

4π eA
)
Sµ

v

]
Nv

+ 1
2mN

N̄vτ+
[
i(vµvν − gµν)(

←−
∂ −
−→
∂ )ν − 2iµ̊V [S

µ
v , Sv · (

←−
∂ +
−→
∂ )]

+2ig̊AvµSv · (
←−
∂ −
−→
∂ )
]

Nv

}
.

(92)

The pure-QCD LECs in the Lagrangian are as follows: g̊A is the nucleon axial coupling
constant (we choose the sign convention g̊A < 0 throughout this review) and µ̊V = µ̊p − µ̊n
is the isovector magnetic moment. Meanwhile, {e1, e2, eV , eA} are unknown LECs that char-
acterize the short-distance EMRC effects, and Ref. [119] showed that only two combinations
out of the four LECs are physically relevant:

eR
V,A(µ) = eV,A −

1
2
(e1 + e2) +

3
2

[
2

4− d
− γE + ln 4π + 1

]
+ 3 ln

(
µ

mN

)
. (93)

The effective Lagrangian above allows for a simultaneous treatment of theO(α) EMRC
and the O(1/mN) recoil corrections to the free neutron beta decay.

5. Pion Semileptonic Beta Decay

After reviewing all the major theory frameworks, we shall start to work on solid
examples. The pion semileptonic decay π+ → π0e+νe (denoted as πe3) is arguably the
simplest beta decay process that serves as an ideal prototype for high-precision study of
the EWRCs. It possesses three major advantages:

• It is spinless, so at tree level only the vector component of the charged weak current
contributes;

• It is near-degenerate, that is, Mπ+ −Mπ0 � Mπ , which simplifies the discussion a lot
upon neglecting recoil corrections on top of the RCs;

• It does not suffer from nuclear structure uncertainties.

Therefore, we shall discuss its RC in some detail.

5.1. Tree-Level Analysis

To facilitate our discussion, we define:

∆ ≡ Mπ+ −Mπ0 , ε ≡
(me

∆

)2
. (94)

Both ∆/Mπ+ ≈ 0.0329 and ε ≈ 0.0124 can be treated as small expansion parameters.
At tree-level, the matrix element of the charged weak current for spinless systems can

be parameterized as:

〈φ f (p′)|Jµ(0)|φi(p)〉 = Fi f
+ (t)(p + p′)µ + Fi f

− (t)(p− p′)µ

= V(∗)
ab

[
f i f
+ (t)(p + p′)µ + f i f

− (t)(p− p′)µ
]

,
(95)

where t = (p − p′)2, and V(∗)
ab is the relevant CKM matrix element that enters Fi f

± (the
complex conjugate sign applies to β+ decay). Applying the above to πe3, in the isospin
limit we have f π+π0

+ (0) = −
√

2 and f π+π0
− (0) = 0. Therefore, the entire f π+π0

− originates
from the strong isospin-breaking effect which, according to the Behrends–Sirlin–Ademollo–
Gatto theorem [121,122], scales as O(md − mu)2 and is negligible to our precision goal
of 10−4. Furthermore, a simple ρ-dominance picture suggests that the t-dependence in
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f π+π0
+ (t) scales as t/M2

ρ < 10−4 and is negligible; this conclusion was supported by later
studies [90]. Therefore, one may approximate:

〈π0(p′)|Jµ(0)|π+(p)〉 ≈ −
√

2V∗ud(p + p′)µ . (96)

With the above, one could perform analytically the phase-space integral and obtain
the following decay rate at tree level,

(Γπe3)tree =
G2

F|Vud|2M5
π+

64π3 Iπ , (97)

where the phase space factor (which includes all the recoil effects except those in f π+π0
+ (t)

that we neglected) reads:

Iπ =
32
15

(
∆

Mπ+

)5(
1− ∆

2Mπ+

)3
f(ε, ∆) , (98)

with

f(ε, ∆) = f(0)(ε) +
(

∆
Mπ+

)2
f(2)(ε) +O(∆3)

f(0)(ε) =
√

1− ε
(
1− 9

2 ε− 4ε2)+ 15ε2

2 ln
(

1+
√

1−ε√
ε

)
f(2)(ε) = 1

112(
√

1−ε+1)2

[
210(1 + ε)ε2(1 +

√
1− ε)2 ln

(
1+
√

1−ε√
ε

)
+2(ε

√
1− ε + 2ε− 2

√
1− ε− 2)(36ε3 + 179ε2 − 11ε + 6)

]
.

(99)

Since ε is small, to our precision goal we simply take f(2)(ε)→ f(2)(0) = −3/28. This
gives:

f(ε, ∆) ≈
√

1− ε

(
1− 9

2
ε− 4ε2

)
+

15ε2

2
ln

(
1 +
√

1− ε√
ε

)
− 3

7
∆2

(Mπ+ + Mπ0)2 (100)

as displayed in Refs. [71,123,124]. Numerically, Iπ = 7.376(1)× 10−8.

5.2. EWRCs

The tree-level decay rate above is corrected by EWRCs:

(Γπe3)tree → Γπe3 =
G2

F|Vud|2M5
π+

64π3 (1 + δπ)Iπ , (101)

which effect is contained in the quantity δπ .
The best starting point for the discussion of δπ is the Sirlin’s representation (50). First

of all, we can split the charged weak current into the vector and axial components:

Jµ = Jµ
V + Jµ

A . (102)

Since pions are spinless, the matrix elements in δFλ
3 can only involve Jµ

V and not
Jµ
A. As ∂ · JV = 0 in the isospin limit, we conclude that δFλ

3 vanishes if we neglect the
recoil corrections and strong isospin breaking effects on top of the RC, according to our
discussions after Equation (45).

Next, one needs to evaluate the contributions from
(

δM2 + δMa
γW

)
int

and Mbrems.

Due to the near-degeneracy between π+ and π0, it is easy to see that these terms are only
probe the physics at the IR-end: q′ ∼ Ee. Therefore, the only relevant contribution to Tµν
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comes from the pole diagrams in Figure 5. In fact, further neglecting the q′-dependence
in the electromagnetic and charged weak vertices give us the so-called “convection term”
contribution to Tµν [125]:

Tµν
conv(q′; p′, p) =

iZ f (2p′ + q′)µFν(p′, p)

(p′ + q′)2 −M2
f

+
iZi(2p− q′)µFν(p′, p)

(p− q′)2 −M2
i

, (103)

which is the simplest structure that satisfies the exact EM Ward identity (the first line
in Equation (8)), and thus gives the full IR-divergent structures in both the loop and
phase-space integrals. As a conclusion, to evaluate

(
δM2 + δMa

γW

)
int

and Mbrems for

near-degenerate decays it is sufficient to replace Tµν by Tµν
conv. By doing so, the charged

weak matrix element Fν is independent of the photon momentum, so the integrals can be
performed analytically.

    

Figure 5. Pole diagrams that give rise to the convection term in Tµν.

Finally, we need to also evaluate δMb
γW . This term is UV- and IR-finite and contributes

generically to a ∼ 10−3 correction to the tree-level decay rate. For near-degenerate beta
decays, one may further simplify the integral by taking the “forward limit”, that is, setting
M f = Mi = M, p′ = p (with p2 = M2) and me, Ee → 0. The induced error of such an
approximation scales generically as Ee/∆E where ∆E is the energy splitting between the
ground state and the first excited state that contribute to Tµν. When φi, f are hadrons (e.g.,
pion, kaon or nucleon), ∆E is at least Mπ so the Ee/∆E corrections are negligible; however,
more care needs to be taken for nuclear beta decays as nuclear excitations may have much
smaller energy gaps. In any case, in the forward limit, δMb

γW for spinless system reads:

δMb
γW = �γW(φi, φ f , M)M0 , (104)

where

�γW(φi, φ f , M) ≡ ie2

2M2

∫ d4q
(2π)4

M2
W

M2
W − q2

1
q2 εµναβqα pβ

Ti f
µν(q; p, p)

Fi f
+ (0)

. (105)

The quantity �γW is the only component in the O(GFα) RCs to near-degenerate beta
decays that contains large hadronic uncertainties. In πe3, we simply substitute φi = π+,
φ f = π0 and M = Mπ .

Summarizing everything above, we can write δπ as:

δπ =
α

2π

[
ḡ(Em) + 3 ln

MZ
mp

+ ln
MZ
MW

+ ãg

]
+ δQED

HO + 2�γW(π+, π0, Mπ) , (106)

where [66]

ḡ(Em) = m−5
e f−1

∫ Em
me

√
E2

e −m2
e Ee(Em − Ee)2F(Z f , β)g(Ee, Em)dEe

f = m−5
e
∫ Em

me

√
E2

e −m2
e Ee(Em − Ee)2F(Z f , β)dEe ,

(107)

(notice that the Fermi’s function F(Z f , me) is unity in πe3 because Z f = 0) with Em =

(M2
i −M2

f + m2
e )/(2Mi) the electron’s end-point energy, and [64]
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g(Ee, Em) = 3 ln mp
me
− 3

4 + 4
(

1
β tanh−1 β− 1

)(
ln 2(Em−Ee)

me
+ Em−Ee

3Ee
− 3

2

)
− 4

β Li2
(

2β
1+β

)
+ 1

β tanh−1 β
(

2 + 2β2 + (Em−Ee)2

6E2
e
− 4 tanh−1 β

) (108)

is known customarily as the Sirlin’s function. The appearance of the proton mass mp in
g(Ee, Em) is nothing but a convention, as it cancels with the 3 ln(MZ/mp) term in δπ .

From Equation (106) one finds that the only unknown quantity is�γW(π+, π0, Mπ)’ it
has taken more than 40 years for the physics community to finally achieve a high-precision
determination, which we will describe in the following.

5.3. Early Numerical Estimation

The first numerical estimation of δπ was done in 1978 by Ref. [71]. Given the precision
goal at that time, both δQED

HO and ãg were discarded. Meanwhile, not much was known
about �γW except its electroweak logarithm structure as we described in Equation (52).
With this, �γW was parameterized as:

�γW(π+, π0, Mπ) =
α

2π

[
1
2

ln
MW
MA

+
1
2

aḡ + C
]

, (109)

where MA is an IR-cutoff scale below which the free-field OPE fails to work, aḡ is the
pQCD correction to the electroweak log, and C represents the contribution from the non-
perturbative QCD at Q2 < M2

A. With this parameterization, one can write:

δπ ≈
α

2π

[
ḡ(Em) + 3 ln

MZ
mp

+ ln
MZ
MA

+ 2C + aḡ

]
, (110)

which is a type of parameterization that frequently appeared in early literature. Ref. [71]
did a rough numerical estimation with a (outdated) Z-boson mass of 78.2 GeV together
with MA = 1.3 GeV and C ≈ aḡ ≈ 0, and obtained δπ ≈ 3.1× 10−2 without any estimation
of the theory uncertainty.

5.4. ChPT Treatment

Independent studies of δπ using ChPT were performed at the beginning of the 21st
century [90,126]. Instead of the Sirlin’s representation, the calculation was based on
the chiral Lagrangian in Section 4, where the dynamical DOFs are the pNGBs, leptons
and the (full) photon. One-loop photonic contribution to the π+ and e+ wave function
renormalization as well as the one-particle irreducible diagrams (1PIs) in Figure 6 and the
bremsstrahlung process were calculated, with the inclusion of the LECs {Ki, Xi} that cancel
the UV-divergences. The procedures above led to a theory prediction of δπ to O(e2 p2).

      

Figure 6. 1PI diagrams in the πe3 EMRC within ChPT.

The ChPT parameterization of the πe3 EWRCs is as follows:

δπ = (SEW − 1) + 2δπ
EM + ∆Iπ . (111)

There are three terms at the right hand side. The first term describes the universal
short-distance electroweak corrections, with SEW explained in Section 3.4. In the language
of ChPT, the large electroweak logarithm and its associated pQCD corrections is contained
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in the following combination of LECs (we take the ρ-meson mass as the renormalization
scale, that is, µ = Mρ, following the standard choice):

Xphys
6 (Mρ) ≡ Xr

6(Mρ)− 4Kr
12(Mρ)

: X̃phys
6 (Mρ)− 1

2π2

(
1− αs

4π

)
ln MZ

Mρ
,

(112)

where X̃phy
6 is expected to be of natural size. Meanwhile, δQED

HO is usually not defined as
a part of the LECs, and should be added separately to the decay rate. The remaining
two terms encode the effects of the long-distance EMRC: δπ

EM describes the correction to
f π+π0
+ (0), while ∆Iπ describes the correction to the phase space factor Iπ .

As in all fixed-order ChPT calculations, the theory uncertainties in the δπ determined
above come from (1) higher-order chiral corrections and (2) LECs. Since here we are
working with a two-flavor theory, the higher-order corrections are expected to scale as
M2

π/Λ2
χ ∼ 10−2 which is small, so the theory uncertainty comes mainly from the LECs

that goes into δπ
EM:

δπ
EM = e2

[
−2

3
X1 −

1
2

X̃phys
6 (Mρ)

]
+ . . . . (113)

(Notice that X1 is scale-independent, so Xr
1 = X1) Combining simple model calcu-

lations of Kr
12 [127] and rough estimations of the upper bounds of X1, Xr

6 using naïve
dimensional analysis, Ref. [126] quoted the following result:

δπ
EM = (0.46± 0.05)% , ∆Iπ = 0.1% , (114)

which leads to δπ = 0.0334(3)HO(10)LEC [128].
From the discussions in Section 5.2, it is clear that the uncertainties of the afore-

mentioned LECs must originate from the γW-box diagram. Therefore, a high-precision
determination of �γW(π+, π0, Mπ) will similarly pin down (2/3)X1 + (1/2)X̃phys

6 . This
was only made possible very recently through a combination of pQCD and lattice calcula-
tion we will describe below.

5.5. First-Principles Calculation

An important breakthrough was achieved in Ref. [129], where δπ was calculated to a
10−4 precision with a first-principles approach. Here, we briefly describe the procedure.
The first step is to write �γW as an integral with respect to Q2 = −q2:

�γW(π+, π0, Mπ) =
3α

2π

∫ ∞

0

dQ2

Q2
M2

W
M2

W + Q2
Mπ(Q2) , (115)

so as to precisely determine the box diagram one needs to know the function Mπ(Q2) at
all values of Q2. The key to proceed is to identify a separation scale Q2

cut, above which
the partonic description of Tµν (with pQCD corrections) works reasonably well. As we
will see later, both the direct lattice calculation and the experimental analysis of the Gross-
Llewellyn-Smith (GLS) sum rule [130] suggest that Q2

cut = 2 GeV2 is a valid choice. One
therefore splits �γW into two pieces:

�γW(π+, π0, Mπ) = �>
γW +�<

γW(π+, π0, Mπ), (116)

which represent the contribution from Q2 > Q2
cut and Q2 < Q2

cut respectively, and the
former is process-independent. We shall discuss these two terms separately.



Particles 2021, 4 422

5.5.1. Large-Q2 Contribution

From the discussions in the previous sections, we know that

Mπ(Q2)→ 1
12

(
1− αs(Q2)

π
+O(α2

s )

)
(117)

at large Q2. However, knowing that the size of αs increases with decreasing Q2, the O(αs)
correction itself is not sufficient to achieve the required precision goal in extending Q2

down to Q2
cut. Higher-order pQCD corrections are needed.

Ref. [131] made an important observation that, in the chiral limit, the pQCD correction
to �>

γW is the same to all orders as the pQCD correction to the polarized Bjorken sum
rule [132,133]. This allows us to directly apply the existing theory analysis of the latter
to our case. A proof of the statement above is provided in Appendix B. With such, we
can write:

�>
γW =

3α

2π

∫ ∞

Q2
cut

dQ2

Q2
M2

W
M2

W + Q2
1

12
CBj(Q2) . (118)

The pQCD correction factor CBj(Q2) is ordered in increasing powers of αs:

CBj(Q2) = 1−
∞

∑
n=1

cn

(αS
π

)n
, (119)

and the expansion coefficients are currently determined up to n = 4 [134,135]:

c1 = 1
c2 = 4.583− 0.3333n f
c3 = 41.44− 7.607n f + 0.1775n2

f
c4 = 479.4− 123.4n f + 7.697n2

f − 0.1037n3
f ,

(120)

with n f the number of active quark flavors. With that, one may obtain CBj as a function
of Q2 by substituting the running strong coupling constant αS(Q2) in the MS scheme;
well-coded programs for the latter, for example, the RunDec package [136], is available
for public. Integrating over Q2 yields �>

γW = 2.16× 10−3 at Q2
cut = 2 GeV2. The theory

uncertainty due the higher-order pQCD corrections was estimated from the difference
between the O(α3

s ) and O(α4
s ) results, and was found to be less than 1× 10−5.

5.5.2. Small-Q2 Contribution

At Q2 < Q2
cut, reliable theory inputs for Mπ(Q2) comes from the direct lattice calcu-

lation of Tµν(q; p, p) that involves four-point correlation functions depicted in Figure 7.
Ref. [129] (see also. Ref. [137] for a summary) performed the first calculation of such kind
with five lattice QCD gauge ensembles (DSDR and Iwasaki gauge actions) at the physical
pion mass using 2 + 1 flavor domain wall fermions. The main outcomes are presented in
Figure 8. One observes that, after continuum extrapolation, the lattice result of Mπ(Q2)
continues smoothly to the pQCD theory prediction around Q2 = 2 GeV2, which justifies
our choice of Q2

cut. The outcome at low-Q2 reads:

�<
γW(π+, π0, Mπ) =

{
0.671(11)× 10−3 , Iwasaki
0.647(7)× 10−3 , DSDR,

(121)

where the main uncertainty comes from the lattice discretization effect. Combining the “>”
and “<” contributions, Ref. [129] quoted the following final result:

�γW(π+, π0, Mπ) = 2.830(11)stat(26)syst × 10−3 , (122)
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with the total uncertainty controlled at the level of ∼1%. This translated into

δπ = 0.0332(1)γW(3)HO , (123)

which is currently the best determination of δπ . It is consistent with the ChPT determination,
but 3 times better in precision.

Figure 7. Contraction diagrams for Tµν calculated on lattice. The last diagram vanishes in the flavor
SU(3) limit and was discarded in the calculation. Figure taken from Ref. [129].

Figure 8. Main outcomes for the lattice calculation of Mπ(Q2) in Ref. [129] before (left) and after
(right) continuum extrapolation.

It was later pointed out in Ref. [97] that, equating the expressions of δπ between
the ChPT representation at O(e2 p2) and the Sirlin’s representation provides a matching
relation between the LECs and �γW . In the case of pion, the matching reads:

4
3 X1 + X̄phys

6 (Mρ) = − 1
2πα

(
�γW(π+, π0, Mπ)− α

8π ln M2
W

M2
ρ

)
+ 1

8π2

( 5
4 − ãg

)
= 0.0140(6)γW(8)ChPT,

(124)

where we have defined

X̄phys
6 (Mρ) ≡ Xphys

6 (Mρ) +
1

2π2 ln
MZ
Mρ

, (125)

which removes only the large electroweak logarithm but retain the pQCD corrections to all
orders. Equation (124) serves as the first rigorous determination of the O(e2 p2) LECs with
controlled theory uncertainties, which come from the γW-box diagram (lattice) and the
neglected higher-order ChPT corrections.

We end with a short comment on the future prospects. With the new lattice result
above, πe3 has formally turned into the theoretically cleanest avenue for the measurement
of the CKM matrix element |Vud|. The main limitation, however, stems from the smallness
of the πe3 branching ratio ∼ 10−8 which also implies a large experimental uncertainty
in its measurement. The current best measurement of BR(πe3) was obtained from the
PIBETA experiment [123], and the deduced |Vud| is ten times less precise than that from
superallowed nuclear decays. A next-generation experiment for rare pion decays known
as PIENUX at TRIUMF was recently proposed [138], which aims to improve, among other
things, the BR(πe3) precision by an order of magnitude. This will eventually make it the
best avenue to extract |Vud|.
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6. Beta Decay of I = J = 1/2 Particles

The second example we study is the beta decay of generic I = J = 1/2 particles,
including the free neutron and nuclear mirrors. It is of great interest for the measurement
of the matrix element |Vud| as well as the search of BSM physics. All relevant decays of
such kind involve nearly-degenerate parent and daughter nuclei, so we may define a small
scale ∆ ∼ p− p′ ∼ pe � mi, f that quantifies the size of the recoil corrections.

We first define the electromagnetic and charged weak form factors assuming the
absence of second-class currents [139]:

〈φ(p′, s′)|Jem
µ (0)|φ(p, s)〉 = ūs′(p′)

[
f φ
1 γµ −

i f φ
2

2m σµν(p− p′)ν

]
us(p)

〈φ f (p′, s′)|Jµ(0)|φi(p, s)〉 = V(∗)
ud ūs′(p′)

[
GVγµ − iGM

2m σµν(p− p′)ν

+GAγµγ5 +
GP
2m γ5(p− p′)µ

]
us(p) ,

(126)

where m = (mi + m f )/2. All form factors are functions of −(p − p′)2. Among all the
charged weak form factors, the vector (GV) and axial (GA) form factors are the leading ones,
and we are particularly interested in their values at t = 0: g̊V ≡ GV(0), g̊A ≡ GA(0). Mean-
while, the weak magnetism (GM) and the pseudoscalar (GP) form factors are suppressed
by ∆/m at tree-level.

6.1. Outer and Inner Corrections

We consider the beta decay of a polarized spin-1/2 particle to unpolarized final states.
At tree-level, the differential decay rate possesses the following structures [140]:

dΓ
dΩedΩνdEe

∝ 1 + a0
~pe · ~pν

EeEν
+ ŝ ·

[
A0

~pe

Ee
+ B0

~pν

Eν

]
, (127)

where ŝ is the unit polarization vector of the parent nucleus, and

a0 =
1− λ2

0
1 + 3λ2

0
, A0 =

−2(λ0 − λ2
0η)

1 + 3λ2
0

, B0 =
−2(λ0 + λ2

0η)

1 + 3λ2
0

, (128)

with λ0 = g̊A/g̊V the bare axial-to-vector coupling ratio. The expression above is however
modified by recoil corrections and EWRCs. The former is well-studied [119,141–145] and
we shall focus exclusively on the latter.

The initial attempts to study the O(GFα) corrections relied on the calculation of
elementary Feynman diagrams of one-loop QED corrections and bremsstrahlung [64,82].
The loop integrals were exactly calculable upon replacing Tµν by its convection term (103),
while a Pauli–Villars regulator was introduced to regularize the UV-divergence. However,
it turns out that the UV-divergences from the vertex corrections and the box diagram cancel
each other, rendering the total result UV-finite. The corrected squared amplitude reads:

|M|2
φi→φ f eν(γ) = 16G2

F|Vud|2mim f Ee(Em − Ee)g̊2
V(1 + 3λ2

0)F(Z f , β)
(

1 + α
2π δ(1)

)
×
{

1 +
(

1 + α
2π δ(2)

)
a0

~pe ·~pν
EeEν

+ ŝ ·
[(

1 + α
2π δ(2)

)
A0

~pe
Ee

+ B0
~pν
Eν

]}
+O(∆3) ,

(129)

where
δ(1) = g(Ee, Em)

δ(2) = 2
(

1−β2

β

)
tanh−1 β + 4(Em−Ee)(1−β2)

3β2Ee

(
1
β tanh−1 β− 1

)
+ (Em−Ee)2

6β2E2
e

(
1−β2

β tanh−1 β− 1
)

,

(130)
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with g(Ee, Em) defined in Equation (108), and F(Z f , β) the Fermi’s function given in
Equation (60).

The functions δ(1), δ(2) and F(Z f , β) do not fully describe theO(GFα) EWRCs, but only
capture the model-independent contributions (known as the “outer corrections”) that are
sensitive to physics at q ∼ Ee and are non-trivial functions of Ee. The remaining RCs
are sensitive to the details of hadron structures, and are constants upon neglecting recoil
corrections. In fact, they simply renormalize the vector and axial coupling constants [64]:

gV = g̊V

(
1 +

α

2π
c
)

, gA = g̊A

(
1 +

α

2π
d
)

. (131)

Therefore, the squared amplitude including the fullO(GFα)RC is given by Equation (129),
upon replacing g̊V → gV and g̊A → gA. This includes replacing λ by its renormalized
version: λ0 → λ = gA/gV .

The constants c and d represent the so-called “inner corrections” and were only
quantifiable after the establishment of the full SM. Given the near-degenerate nature of the
decay, the best starting point is again the Sirlin’s representation we introduced in Section 3.
Among all the unevaluated one-loop corrections in Equation (50), (δM2 + δMa

γW)int and
δFλ

3 probe only the physics at the IR-region and could be calculated model-independently;
in particular, the Jµ

V contribution to δFλ
3 vanishes in the degenerate limit and is practically

negligible. One could verify that the Sirlin’s representation reproduces exactly the same
outer corrections as in Equation (129), and at the same time also provides a rigorous
definition of the inner corrections in terms of hadronic matrix elements of electroweak
currents. It reads:

gV = g̊V

{
1 + α

4π

[
3 ln MZ

mp
+ ln MZ

MW
+ ãg

]
+ 1

2 δQED
HO +�V

γW

}
gA = g̊A

{
1 + α

4π

[
3 ln MZ

mp
+ ln MZ

MW
+ ãg

]
+ 1

2 δQED
HO +�A

γW

} (132)

and, as a consequence, the renormalized axial-to-vector coupling ratio reads:

λ =
g̊A
g̊V

(
1 +�A

γW −�V
γW

)
. (133)

The only unknown quantities in the equation above are �V
γW and �A

γW , which origi-
nates from δMb

γW :

δMb
γW ≡ −

GF√
2

Lλūs′(p)γλ
[

g̊V�
V
γW + γ5 g̊A�

A
γW

]
us(p) . (134)

Knowing that δMb
γW is IR-finite, we have set set mi = m f = m, me → 0 and p′ → p

at both sides. To process further, we may set s′ = s at both sides, and make use of the
following spinor identities:

ūs(p)γµus(p) = 2pµ , ūs(p)γµγ5us(p) = 2sµ , (135)

which defines the spin vector sµ that satisfies s2 = m2 and p · s = 0. This leads to:

�V
γW = ie2

2m2 g̊V

∫ d4q
(2π)4

M2
W

M2
W−q2

εµναλqα pλ

(q2)2 Tss
µν(q; p, p)

�A
γW = − ie2

2m2 g̊A

∫ d4q
(2π)4

M2
W

M2
W−q2

εµναλqαsλ

(q2)2 Tss
µν(q; p, p) ,

(136)

where we have displayed explicitly the momenta and spins in the generalized Compton
tensor to remind the readers about the limits taken. Therefore, the study of the O(GFα)
inner RCs boil down to the calculation of the two well-defined hadronic matrix elements at
the right hand side of the equation above.
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6.2. Dispersive Representation

The precise calculation of the full integrals in Equation (136) is highly non-trivial as
they probe the hadron physics contained in Tss

µν at all values of q. In the absence of analytic
solutions of QCD in the non-perturbative regime, there are only two ways to proceed with
controlled theory uncertainties:

• First-principles calculation with lattice QCD, in analogy to the calculation of�γW(π+,
π0, Mπ) described in Section 5.5;

• Data-driven analysis that relates the hadronic matrix elements to experimental observ-
ables.

In this subsection we introduce the dispersive representation of �V
γW and �A

γW , which
is the starting point for a fully data-driven analysis.

Our first important observation is that, the component of Tss
µν that contributes to the

integral in Equation (136) must contain an antisymmetric tensor. Such a component can be
parameterized as follows:

V(∗)−1
ud Tss

µν(q; p, p) = −iεµναβ
qα pβ

2p · q T3 + iεµναβ
qα

p · q

[
sβS1 +

(
sβ − s · q

p · q pβ

)
S2

]
+ . . . , (137)

which defines the invariant amplitudes T3, S1 and S2 that are functions of Q2 = −q2 and
ν = p · q/m. Plugging Equation (137) into Equation (136) yields:

�V
γW = e2

2mg̊V

∫ d4q
(2π)4

M2
W

M2
W+Q2

1
(Q2)2

ν2+Q2

ν T3(ν, Q2)

�A
γW = e2

mg̊A

∫ d4q
(2π)4

M2
W

M2
W+Q2

1
(Q2)2

{
ν2−2Q2

3ν S1(ν, Q2)− Q2

ν S2(ν, Q2)
}

,
(138)

from which we made the second important observation, namely only components of the
invariant amplitudes that are odd with respect to ν → −ν can contribute to the integral.
Using isospin symmetry, one can show that they can only be contributed by the isoscalar
component of the electromagnetic current (see Appendix C for a derivation), so we may
add a superscript (0) to the invariant amplitudes.

We want to derive a dispersion relation for these amplitudes, and to do so we need
to know the positions of their singularities. First of all, there are obviously the elastic
(Born) poles located at ν = ±νB = ±Q2/(2m). After that, there are poles due to excited
states and cuts due to multi-particle intermediate states. For example, for the invariant
amplitudes of a single nucleon, the cuts start at the pion production threshold: ν = ±νπ =
(2mN Mπ + M2

π + Q2)/(2mN) (see Figure 9).
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Figure 9. Positions of the poles and cuts of the single-nucleon invariant amplitudes.

In the physical region (i.e., ν > νB), the discontinuity of Tss
µν with respect to the variable

ν is given by:
DiscTss

µν(ν) ≡ Tss
µν(ν + iε)− Tss

µν(ν− iε) = 4πWµν, (139)

where
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V(∗)−1
ud Wµν =

V(∗)−1
ud
4π

∫
d4xeiq·x〈φ f (p, s)|[Jem

µ (x), Jν(0)]|φi(p, s)〉

=
V(∗)−1

ud
4π ∑X(2π)4δ(4)(p + q− pX)〈φ f (p, s)|Jem

µ (0)|X〉〈X|Jν(0)|φi(p, s)〉

= −iεµναβ
qα pβ

2p·q F3 + iεµναβ
qα

p·q

[
sβg1 +

(
sβ − s·q

p·q pβ
)

g2

]
+ . . . ,

(140)

with F3, g1, g2 being the structure functions. Again, we only need their components
contributed by the isosinglet electromagnetic current, which will be labeled by a superscript
(0). We therefore obtain the following unsubtracted dispersion relation (DR):

T(0)
3 (ν, Q2) = −4iν

∫ ∞
νB

dν′
F(0)

3 (ν′ ,Q2)

ν′2−ν2

S(0)
1 (ν, Q2) = −4iν

∫ ∞
νB

dν′
g(0)1 (ν′ ,Q2)

ν′2−ν2

S(0)
2 (ν, Q2) = −4iν3

∫ ∞
νB

dν′
g(0)2 (ν′ ,Q2)

ν′2(ν′2−ν2)
.

(141)

Notice that we have simplified the DR of S2 using the Burkhardt–Cottingham sum
rule [146]: ∫ ∞

νB

dν′

ν′2
g2(ν

′, Q2) = 0 , (142)

which is a superconvergence relation and is expected to hold at all Q2. Plugging the DRs
into Equation (138) returns:

�V
γW = α

πg̊V

∫ ∞
0

dQ2

Q2
M2

W
M2

W+Q2

∫ 1
0 dx 1+2r

(1+r)2 F(0)
3 (x, Q2)

�A
γW = − 2α

πg̊A

∫ ∞
0

dQ2

Q2
M2

W
M2

W+Q2

∫ 1
0

dx
(1+r)2

{
5+4r

3 g(0)1 (x, Q2)− 4m2x2

Q2 g(0)2 (x, Q2)

}
,

(143)

where we have replaced the ν-dependence of the structure functions by x = Q2/(2mν)

which is the Bjorken variable, and have defined r =
√

1 + 4m2x2/Q2, which contains the
effect of the target mass m.

Equation (143) is the desired dispersive representation of the inner corrections. It
expresses the integrands in terms of structure functions that depend on on-shell hadronic
matrix elements, which makes it possible to determine the integral using experimental
inputs. Below we discuss several generic features that apply to all external states, namely
the asymptotic and Born contribution, as well as exact isospin relations that relate the
integrands to charge-diagonal matrix elements.

6.3. Asymptotic Contribution

We define the contribution from Q2 > Λ2, where Λ is a scale above which the free
parton picture works, as the “asymptotic contribution”. In this region, the structure
functions satisfy the following sum rules assuming the free parton model:∫ 1

0
dxF(0)

3 (x, Q2) =
g̊V
6

,
∫ 1

0
dxg(0)1 (x, Q2) = − g̊A

12
. Q2 → ∞ (144)

In particular, the second relation is the exactly the polarized Bjorken sum rule [132,133].
Therefore, the asymptotic contribution to �V,A

γW is:

�V,A
γW =

α

8π
ln

M2
W

Λ2 + . . . (145)

which is exactly the same result as Equation (52) derived from the leading-twist OPE to Tµν.
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The expression above assumes free parton, and therefore should be modified upon the
included of pQCD corrections. As demonstrated in Appendix B, this correction is identical
to the pQCD correction to the polarized Bjorken sum rule for both F(0)

3 and g(0)1 . Therefore,
the pQCD-corrected asymptotic contribution to the inner RCs is given by:

(
�V,A

γW

)
asym

≈ α

8π

∫ ∞

Λ2

dQ2

Q2
M2

W
M2

W + Q2
CBj(Q2) , (146)

with CBj(Q2) defined in Equation (119).

6.4. Born Contribution

The Born contribution exhibits itself as a delta function in the structure functions at
x = 1. Plugging X = φ f into Equation (140), one obtains its contribution to the structure
functions in terms of the form factors in Equation (126):

F(0)
3,B (x, Q2) = − 1

2
[

f S
1 (Q

2) + f S
2 (Q

2)
]
GA(Q2)δ(x− 1)

g(0)1,B(x, Q2) = 1
8
[

f S
1 (Q

2)
(
2GV(Q2) + GM(Q2)

)
+ f S

2 (Q
2)GV(Q2)

]
δ(x− 1)

g(0)2,B(x, Q2) = − Q2

32m2

[
f S
1 (Q

2)GM(Q2) + f S
2 (Q

2)
(
GV(Q2) + 2GM(Q2)

)]
δ(x− 1) ,

(147)

where f S
1,2 = f φi

1,2 + f
φ f
1,2 are the isoscalar electromagnetic form factors. With the above we

obtain:(
�V

γW

)
B

= − α
2πg̊V

∫ ∞
0

dQ2

Q2
1+2rB
(1+rB)

2

[
f S
1 (Q

2) + f S
2 (Q

2)
]
GA(Q2)

(
�A

γW

)
B

= − α
4πg̊A

∫ ∞
0

dQ2

Q2
1

(1+rB)2

{
5+4rB

3
[

f S
1 (Q

2)
(
2GV(Q2) + GM(Q2)

)
+ f S

2 (Q
2)GV(Q2)

]
+ f S

1 (Q
2)GM(Q2) + f S

2 (Q
2)
(
GV(Q2) + 2GM(Q2)

)}
,

(148)

where rB ≡ r|x=1. Notice that we have set M2
W/(M2

W + Q2)→ 1 as the form factors only
survive at Q2 � M2

W .

6.5. Exact Isospin Relations

The structure functions F(0)
3 and S(0)

1,2 are not directly measurable, because (1) they
come from the hadronic tensor Wµν that involves different initial and final states, and (2)

the isosinglet electromagnetic current J(0)em does not exist in nature. Fortunately, we can
relate them to physically measurable structure functions through isospin symmetry. For
F(0)

3 , we have the following isospin relation:

2F(0)
3 = FγZ

3,φ f
− FγZ

3,φi
, (149)

where
1

4π

∫
d4xeiq·x〈φ(p, s)|[Jµ

em(x), Jν
Z(0)] + [Jµ

Z(x), Jν
em(0)]|φ(p, s)〉 = −iεµναβ

qα pβ

2p · q FγZ
3,φ + . . . (150)

The structure function FγZ
3,φ is in principle measurable through the parity-odd observ-

ables in the inclusive eφ scattering experiments.
Meanwhile, for g(0)j (j = 1, 2), we have the following isospin relation:

2g(0)j = gγ
j,φ f
− gγ

j,φi
, (151)
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where
1

4π

∫
d4xeiq·x〈φ(p, s)|[Jµ

em(x), Jν
em(0)]|φ(p, s)〉 = iεµναβ qα

p · q

[
sβgγ

1,φ +

(
sβ −

s · q
p · q pβ

)
gγ

2,φ

]
+ . . . (152)

The polarized structure functions gγ
1,φ and gγ

2,φ are well-measured quantities in ordi-
nary DIS experiments with nucleon and light nuclei.

To summarize, we presented in this section the dispersive representation of the inner
RC to the beta decay of a generic I = J = 1/2 particle, and derived analytic formulas and
relations that hold in general. The remaining unanalyzed pieces are process-dependent
and have to be studied case-by-case. In the next section we will use a particularly im-
portant example, namely the free neutron, to demonstrate how these process-dependent
contributions can be pinned down with appropriate experimental inputs.

7. Free Neutron

The beta decay of free neutron currently provides the second best measurement of
|Vud| after superallowed beta decays. The master formula reads [27]:

|Vud|2 =
5024.7 s

τn(1 + 3λ2)(1 + ∆V
R )

(153)

where τn is the neutron lifetime and λ is the renormalized axial-to-vector coupling ratio.
The numerator at the right hand side includes the effects from recoil corrections and the
outer RCs, while ∆V

R is the so-called “nucleus-dependent RC” to the Fermi matrix element
which takes the following form in the Sirlin’s representation:

∆V
R =

α

2π

[
3 ln

MZ
mp

+ ln
MZ
MW

+ ãg

]
+ δQED

HO + 2�V
γW . (154)

It is nothing but the inner correction to g2
V as we discussed in Equation (132). The

current limiting factor to the extraction of |Vud| from the neutron beta decay comes from
experiment rather than theory. The experimental determination of the neutron lifetime τn
suffers from the well-known beam-bottle discrepancy [147], while the measurements of λ
before [148–151] and after 2002 [152–156] also show a large systematic disagreement (see
Ref. [157] for more discussions). Several experiments are under construction to measure τn
with a precision better than 0.4 s and resolve the beam-bottle discrepancy [158,159], as well
as to reach an accuracy level of 10−4 in the λ measurement [160–162].

Despite being limited by the experimental precision, the EWRC in free neutron has
long been a main focus in precision physics. In particular, the quantity ∆V

R is of great
interest because it not only appears in the neutron, but also in nuclear beta decays as the
single-nucleon contribution to the RCs. For instance, it has long been the major source of
uncertainty in the most precise extraction of |Vud| from superallowed nuclear beta decays.
In this section, we will briefly review the past attempts to pin down the EWRCs in free
neutron, and discuss the recent progress based on the dispersive representation.

7.1. Earlier Attempts

Similar to Equation (109) for pion, a famous parameterization of �V
γW for neutron in

the early days reads [71]:

�V
γW =

α

2π

[
1
2

ln
MW
MA

+ CBorn +
1
2

Ag

]
, (155)

where the first term at the right hand side represents the large electroweak logarithm
with MA an effective IR cutoff scale, CBorn is the Born contribution, and Ag is the pQCD
correction. While CBorn and Ag are easily calculable (see Section 6), there was no unique
method to determine the scale MA. Based on a simple vector-meson-dominance (VMD)
picture, Ref. [163] set MA ≈ 1.2 GeV, that is, the mass of the A1 resonance, and estimated
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the error by varying MA up or down by a factor 2. Such a simple estimation returned
∆V

R = 0.0240(8) [164].
Ref. [131] improved upon the determination above by adopting an interpolation

function approach. First, they wrote:

�V
γW =

α

8π

∫ ∞

0
dQ2 M2

W
M2

W + Q2
F(Q2) , (156)

and assumed the following dominant physics that contribute to F(Q2) at different regions
of Q2:

• 0 < Q2 < Q2
1 (long distances): Pure Born contribution, which is completely fixed by

nucleon form factors, dominates.
• Q2

1 < Q2 < (1.5 GeV)2 (intermediate distances): A VMD-inspired interpolating
function is constructed:

F(Q2) =
cρ

Q2 + M2
ρ
+

cA

Q2 + M2
A
+

cρ′

Q2 + M2
ρ′

, (157)

with Mρ = 0.776 GeV, MA = 1.230 GeV, Mρ′=1.465 GeV.
• Q2 > (1.5 GeV)2 (short distances): F(Q2) is given by the leading-twist OPE + pQCD

correction.

There are four free parameters in this parameterization, namely the coefficients
{cρ, cA, cρ′} in the interpolating function, and the matching scale Q2

1 between the long
and intermediate distances. Ref. [131] fixed these four parameters with the four criteria as
follows (we will see later than some of them are invalidated by more recent studies):

1. The result of the integral (156) at Q2 > (1.5 GeV)2 is required to be the same using
the VMD parameterization and the asymptotic expression;

2. In the large-Q2 limit, the coefficient of the 1/Q4 term in Equation (157) is required to
vanish by chiral symmetry;

3. Equation (157) is required to vanish at Q2 = 0 by ChPT;
4. Finally, the connection scale Q2

1 is chosen through the matching of FBorn and FInterpolation

at Q2 = Q2
1.

With the above, Ref. [131] obtained cρ = −1.490, cA = 6.855, cρ′ = −4.414 and
Q2

1 = (0.823 GeV)2, which give ∆V
R = 0.02361(38) in total. This value was taken as the

state-of-the-art determination of ∆V
R until 2018.

In the meantime, neutron beta decay had also been studied within the HBChPT
framework we described in Section 4.5. The outcome to one-loop agreed naturally with the
Sirlin’s representation in terms of the outer corrections, and a comparison of the remaining
terms between the two formalisms yields the following matching relation between the
renormalized LECs in the EFT and the inner correction [119],

eR
V ≈ −

5
4
+

2π

α
∆V

R . (158)

Of course, since chiral symmetry does not impose any constraint on eR
V , the EFT

framework itself does not improve our understanding of the inner RCs.

7.2. �V
γ W : DR Analysis

A next important breakthrough occurred in 2018 when the dispersive representation of
�V

γW was first introduced in Ref. [165]. Within this formalism, the function F(Q2) defined
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in Ref. [131] is expressed in terms of an integral with respect to the P-odd structure function
F(0)

3 (x, Q2) (notice that g̊V = 1 for free neutron):

F(Q2) =
8

Q2

∫ 1

0
dx

1 + 2r
(1 + r)2 F(0)

3 (x, Q2) =
6

Q2 M(0)
3 (1, Q2) , (159)

where we have defined the so-called “first Nachtmann moment” of F(0)
3 [166,167]:

M(0)
3 (1, Q2) ≡ 4

3

∫ 1

0
dx

1 + 2r
(1 + r)2 F(0)

3 (x, Q2) , (160)

which reduces to the simple Mellin moment at large Q2.
The main challenge now is to identify all the dominant on-shell intermediate states

|X〉 in Equation (140) that contribute to F(0)
3 at different regions of {x, Q2}. They are most

conveniently represented by the phase diagram in Figure 10 (where W2 = (p + q)2): First,
at W2 = m2

N there is an isolated Born contribution. The continuum contribution starts at
the pion production threshold W2 = (mN + Mπ)2, which should be further separated to
regions of high and low Q2. At Q2 > 2 GeV2 (which we will justify later), the parton +
pQCD description is valid so the contribution from this region can be computed to high
accuracy. The situation is more complicated at low Q2: When W2 is small, what we mainly
observe are baryon resonances (res) on top of a smooth background; approaching large W2,
the contributions from multi-hadron intermediate states start to dominate, which can be
described economically by a Regge exchange picture (R).

2W

2Q

( )2πmM +2M

Bo
rn

Parton + pQCD

Nπ Res.
+B.G

Regge
+VMD

2GeV2~

2GeV5~

Figure 10. The W2 −Q2 phase diagram for free neutron, taken from Ref. [165].

None of the discussions above would really be necessary if we had precise experimen-
tal data of FγZ

3,N at all values of {x, Q2} because they could then be related to F(0)
3 using the

isospin relations in Section 6.5. Unfortunately, no such data exists to our knowledge (there
are some measurement of FγZ

3 at very large Q2 [168,169]), although they are in principle
measurable in parity-violating electron-nucleus scattering experiments, for example, in the
Jefferson Lab. Therefore, we are forced to look at other possible experimental inputs. We
consider the inclusive νp(ν̄p) scattering, of which differential cross section is given by:

d2σνp(ν̄p)

dxdy
=

G2
FmN E

π(1 + Q2/M2
W)2

[
xy2Fνp(ν̄p)

1 +
(

1− y− mN xy
2E

)
Fνp(ν̄p)

2 ± x
(

y− y2

2
Fνp(ν̄p)

3

)]
, (161)

where y = ν/E with E the initial neutrino energy. The parity-odd, spin-independent
structure functions probed in these processes are [170]:

|Vud |−2

4π ∑X(2π)4δ(4)(p + q− pX)〈p|(Jµ
W)†|X〉〈X|Jν

W |p〉 = − iεµναβqα pβ

2p·q Fνp
3 + . . . ,

|Vud |−2

4π ∑X(2π)4δ(4)(p + q− pX)〈p|J
µ
W |X〉〈X|(Jν

W)†|p〉 = − iεµναβqα pβ

2p·q Fν̄p
3 + . . . ,

(162)
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and we can define their average, Fνp+ν̄p
3 = (Fνp

3 + Fν̄p
3 )/2, which is obtained from the

difference between the neutrino and antineutrino cross sections.
Fνp+ν̄p

3 resides in a different isospin channel and is not directly related to F(0)
3 through

a simple isospin rotation. However, we could parameterize both of them based on the
physical picture in Figure 10 as follows:

F3 = F3,B +

F3,pQCD Q2 & 2 GeV2

F3,πN + F3,res + F3,R Q2 . 2 GeV2 .
(163)

We may separate all the terms at the RHS into two classes:

• The “non-asymptotic” pieces (Born, low-energy continuum, resonances): They are
clearly different for different F3, and need to be calculated case-by-case;

• The “asymptotic” pieces (F3,pQCD at large Q2 and F3,R at large W2): They are largely
universal for different F3 (up to multiplicative factors), so we can either calculate them
explicitly (F3,pQCD), or infer one from the other.

Let us investigate the non-asymptotic pieces in more detail. First, the Born contribution
to F(0)

3 is given in Equation (147), while

Fνp+ν̄p
3,B (x, Q2) = −

[
f V
1 (Q2) + f V

2 (Q2)
]

GA(Q2)δ(x− 1) , (164)

where f V
i = f p

i − f n
i are the isovector EM form factors. Both F(0)

3,B and Fνp+ν̄p
3,B can be fixed to

high precision using the experimental measurements of the nucleon electromagnetic [171–175]
and axial form factors [176,177]. Next, the Nπ contribution can be calculated using ChPT,
and is found to be small [178]. In doing so, we find that the simplest inelastic (i.e., Nπ)
contribution to F(Q2) does not vanish at Q2 = 0, which invalidates one of the four criteria
imposed in Ref. [131] as we advertised in the previous subsection. Finally, Fνp+ν̄p

3,res is
dominated by the ∆-resonance, which can be calculated using the parameterizations in
Ref. [179]. Meanwhile, since F(0)

3 only probes I = 1/2 intermediate states, the ∆-resonance

cannot contribute and thus F(0)
3,res is very small.

Next we turn to the asymptotic pieces. First, at large Q2, F(0)
3 obeys the pQCD-

corrected polarized Bjorken sum rule as we have already discussed:

M(0)
3 (1, Q2) = 3

[
1−

∞

∑
n=1

cn

(αS
π

)n
]

. (165)

Meanwhile, Fνp+ν̄p
3 follows the pQCD-corrected GLS sum rule [130]:

Mνp+ν̄p
3 (1, Q2) = 3

[
1−

∞

∑
n=1

c̃n

(αS
π

)n
]

, (166)

where the coefficients c̃n are again known to n = 4 [134,135,180]:

c̃1 = 1

c̃2 = 4.583− 0.333n f

c̃3 = 41.44− 8.020n f + 0.1775n2
f

c̃4 = 479.4− 129.2n f + 7.930n2
f − 0.1037n3

f . (167)

They are very similar to the pQCD corrections to the polarized Bjorken sum rule,
except for very small differences starting from O((αS/π)3) due to singlet (disconnected)
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diagrams. Neglecting these small differences give us the following approximate matching
at large Q2:

M(0)
3 (1, Q2) ≈ 1

18
Mνp+ν̄p

3 (1, Q2) . Large Q2 (168)

We next turn to the small-Q2, large-W2 region. The leading Regge-exchange contribu-
tions to F(0)

3 and Fνp+ν̄p
3 are depicted in Figure 11, where the gauge bosons first fluctuate

into vector/axial mesons, which in turn couple to the nucleon through the exchange of a
t-channel Regge trajectory. We may adopt the following simple parameterization of the
Regge contribution [165,178]:

F(0)
3,R = fthCγW

M2
ω

M2
ω+Q2

M2
a1

M2
a1+Q2

(
ν
ν0

)α
ρ
0

Fνp+ν̄p
3,R = fthCWW

M2
ρ

M2
ρ+Q2

M2
a1

M2
a1+Q2

(
ν
ν0

)αω
0 .

(169)

Figure 11. The Regge exchange picture for (a) F(0)
3 and (b) Fνp+ν̄p

3 , taken from Ref. [165].

Let us explain the notations above: α
φ
0 is the Regge trajectory intercept, with α

ρ
0 ≈

αω
0 ≈ 0.477 [181], ν0 = 1 GeV is a threshold scale, fth is a threshold function that approaches

1(0) when W2 approaches ∞(0), and CγW , CWW are functions of Q2 that account for the
residual Q2-dependence not captured by the VMD picture.

We assume that the ratio between F(0)
3,R and Fνp+ν̄p

3,R at Q2 = 0 and Q2 = 2 GeV2 follow
the prediction of VMD [182,183] and the parton picture (i.e., Equation (168)) respectively.
Given that the ρ and ω trajectories are almost degenerate [181], it turns out that the two
conditions predict the same ratio:

M(0)
3 (1, 0)

Mνp+ν̄p
3 (1, 0)

≈
M(0)

3 (1, 2 GeV2)

Mνp+ν̄p
3 (1, 2 GeV2)

≈ 1
18

, (170)

which suggests the following simple relation between the coefficient functions:

CγW(Q2) ≈ 1
18

CWW(Q2) . (171)

Equation (171) provides a systematic procedure to infer the values of M(0)
3 (1, Q2) at

small-Q2. First, the full Mνp+ν̄p
3 (1, Q2) was measured by the CCFR [184,185], BEBC and

Gargamelle [186], and WA25 [187] collaborations over 0.15 GeV2 < Q2 < 600 GeV2, which
are summarized in the left panel of Figure 12. In particular, the high-precision measurement
from CCFR agrees with the parton + pQCD prediction at Q2 > 2 GeV2, which justifies
our choice of Q2

cut = 2 GeV2 as the separation scale between the perturbative and non-
perturbative regions. One may then subtract the Born, Nπ and resonance contribution
from the experimental result to obtain Mνp+ν̄p

3,R (1, Q2) at low-Q2, which fixes the function

CWW(Q2). Then, through Equation (171) we obtain M(0)
3,R(1, Q2). Combining this with

theory calculations of other contributions give us the full M(0)
3 (1, Q2). Readers should be

aware that Equation (171) is strictly speaking just a model and is subject to a residual theory
uncertainty; however, given the rather poor quality of the data of Mνp+ν̄p

3 (1, Q2) at low
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Q2, we may assume at this stage that the final uncertainty in M(0)
3 (1, Q2) is predominantly

from experiments.

0.1 1 10 100
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−

Figure 12. (Left panel): Fitting Mνp+ν̄p
3 (1, Q2) to experimental data. (Right panel): Comparison

between the theory predictions of M(0)
3 (1, Q2) using the DR method [165] (blue) and the method in

Ref. [131] (red). Figures are taken from Ref. [165].

Refs. [165,178] quoted a new result of ∆V
R = 0.02467(22) based on the analysis above.

While reducing the existing theory uncertainty in Ref. [131] by a half, the new result also
showed a significant shift in the central value. The origin of such difference is most clearly
explained in the right panel of Figure 12. One observes an unphysical dip in the red curve
around Q2 = (0.823 GeV)2 due to the incorrect small-Q2 behavior of the interpolating
function in Ref. [131], and the incorrect assumption that only the Born contribution exists
at Q2 ≤ (0.823 GeV)2. There is also a discontinuity in the red curve at the UV-matching
point due to the requirement that the integral of the interpolating function, instead of
the interpolating function itself, matches with the partonic description at large-Q2. The
disagreement between the DR and interpolating function approach is thus apparent because
�V

γW is proportional to the area under the curve.
The increase of the size of ∆V

R led to a reduction of |Vud| and eventually the appearance
of a deficit in the top-row CKM matrix unitarity as it is well-known by now. Due to this
reason, the DR result must be carefully scrutinized. As a response, Ref. [188] improved
the original interpolating function method by abandoning the incorrect Q2 = 0 constraint,
and using a holographic QCD model to describe the physics at intermediate Q2. This
treatment returned a somewhat smaller value ∆V

R = 0.02426(32). However, it was pointed
out shortly [189,190] that this treatment missed the target mass correction at low-Q2 which,
after adding back, gives ∆V

R = 0.02473(27) which is now consistent with Refs. [165,178].
Several later, DR-based calculations also reported consistent results [191,192].

7.3. �A
γ W : DR Analysis

�A
γW is responsible for the renormalization of the axial coupling constant gA. As we

explained before, in beta decay experiments one does not have direct access to the bare
coupling constant g̊A, but rather the renormalized axial-to-vector ratio λ = gA/gV . In
fact, since the latter is directly measured through various vector-vector correlations in the
differential decay rate (e.g., ~pe ·~pν, ŝ ·~pe and ŝ ·~pν; see Equation (129)), the quantity �A

γW
plays no role in the determination of |Vud| from the free-neutron beta decay and hence had
received much less attention than �V

γW from the theory side.
The situation is changed following the increased precision of the first-principles

calculations of the bare coupling constant g̊A with lattice QCD [193–213]. In particular,
the authors in Ref. [212] reported a percent-level determination of g̊A = −1.271(10)(7) and
aimed for sub-percent precision in the near future [214]. Once the lattice precision reaches
10−3 or above, it would be possible to search for signals of BSM physics, in particular
the right-handed currents [41,44,215,216], by comparing the experimental measurement
of λ and the SM prediction in the right hand side of Equation (133). Due to this reason,
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one needs to understand the difference between �A
γW and �V

γW . The first comprehensive
analysis of this inner RC was done in Refs. [189,190] based on the holographic QCD model
inspired by Ref. [188]. The model-dependent nature of this method, however, makes it
challenging to have a rigorous estimation of the associated theoretical uncertainty.

As we detailed in Section 6.2, the DR analysis of �A
γW may proceed in exactly the

same was as �V
γW , and is in fact much more promising than the latter. This is because

its dispersive integral depends on the polarized structure functions gγ
1,N and gγ

2,N upon
an isospin rotation (see Section 6.5). These structure functions are directly measurable
in ordinary DIS processes, which means the low-Q2 part in the dispersive integral of
�A

γW can in principle be fixed completely by experiment, without invoking any extra
modelings. The gγ

1,N structure function, in particular, is a well-measured quantity over the
past 30 years [217–230]. The data on gγ

2,N are more scarce [226,229,231–234], but the size of
its contribution to the inner correction is also generic two orders of magnitude smaller.

The first complete DR analysis of �A
γW was performed in Ref. [235], and we briefly

outline the main strategies here. First, it is separated into three pieces:

�A
γW =

α

2π
[dB + d1 + d2], (172)

which represent the Born contribution, the inelastic contribution from g1 and the inelastic
contribution from g2, respectively. They are evaluated as follows:

• The Born contribution is just given by Equation (148). Isospin symmetry requires
GV(Q2) = f V

1 (Q2) and GM(Q2) = f V
2 (Q2), so the integral is completely fixed by the

nucleon electromagnetic form factors;
• For the inelastic contribution from gγ

1 , what we need is the following quantity:

Γ̄p−n
1 (Q2) ≡

∫ xπ

0
dx

4(5 + 4r)
9(1 + r)2

{
gγ

1,p(x, Q2)− gγ
1,n(x, Q2)

}
(173)

(xπ = Q2/[(mN + Mπ)2−m2
N + Q2] is the pion production threshold) as a function of

Q2. At Q2 > 2 GeV2, one resorts again to the pQCD-corrected polarized Bjorken sum
rule, and include additionally a small higher-twist (HT) correction which is required
to match the theory prediction with the experimental data [236–238]. At Q2 < 2 GeV2,
data are taken from the EG1b experiment at JLab [228,229] that provided the first three
moments of gγ

1,N from 0.05 GeV2 to 3.5 GeV2, which allow for a precise reconstruction

of Γ̄p−n
1 (Q2) at any value of Q2 within the range. Figure 13 shows the combination

of the experimental and theory prediction of Γ̄p−n
1 (Q2). One then performs the Q2-

integral to obtain the full gγ
1 contribution.

• Finally, the gγ
2 contribution is split into two pieces, namely the twist-two and twist-

three (and higher) contributions. The former is related to gγ
1 through the Wandzura–

Wilczek relation [239], while the latter is related to the so-called nucleon color polariz-
ability [240,241] calculated within the baryon chiral effective theory [242].

Combining everything above, Ref. [235] reported �A
γW = 3.96(6)× 10−3. The theory

uncertainty is much smaller than that of �V
γW , due to the much more precise experimental

inputs at low and moderate Q2.
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Figure 13. Data points of Γ̄p−n
1 reconstructed from the EG1b experiment versus the theory prediction

with (red band) and without (brown curve) the HT correction. Figure taken from Ref. [235].

7.4. Future Prospects with Lattice QCD

The major limiting factor in the DR analysis is the precision of the experimental inputs.
This is more of an issue for �V

γW because the existing ν(ν̄)p scattering data are obsolete
and contain large uncertainties in the non-perturbative region. The Deep Underground
Neutrino Experiment (DUNE) conducted by Fermilab may start to provide new data with
higher precision in the next decade [243,244]; but even with that, one still needs to deal with
the residual model-dependence between the matching of M(0)

3 (1, Q2) and Mνp+ν̄p
3 (1, Q2).

Lattice QCD is so far the only promising approach to solve the two issues above
simultaneously. The lattice calculation of �<

γW(π+, π0, Mπ) we described in Section 5.5
serves as a first prototype and has shown great success. In fact, apart from pinning down
the inner RC in πe3, this calculation also provides an indirect lattice input to the dispersion
integral of �V

γW for neutron and serves as a useful cross-check of the experimental data-
based DR analysis [137,191]. The idea is most easily visualized in Figure 14: There is a
one-to-one correspondence between the leading Regge contribution to the pion and nucleon
γW-box diagram, which allows us to obtain M(0)

3,R(1, Q2) through a simple rescaling of the
lattice result of Mπ(Q2) (after subtracting the small resonance contribution to the latter).
With the strategy above, Ref. [191] reported ∆V

R = 0.02477(24) which is consistent with the
original DR treatment.

Figure 14. The comparison between the leading Regge contribution to the pion (a) and nucleon (b)
γW-box diagram. Figure taken from Ref. [191].

So far the direct lattice calculation of M(0)
3 (1, Q2) is not yet available but is under

intense investigation. A way to proceed is to calculate the four-point correlation functions
in analogy to Ref. [129]. This is, however, more challenging than that in the pion sector
because the quark contraction diagrams are more complicated, the lattice observables
are much noisier, and the handling of excited-state contaminations are more challenging.
Preliminary results are expected within the next couple of years [245]. There is also
an alternative proposal to calculate M(0)

3 (1, Q2) using the Feynman-Hellmann theorem
(FHT) [246,247] on lattice [248], which states that the parity-odd structure function F3(x, Q2)
can be obtained from the second-order variation of the nucleon ground state energy upon
the introduction of a periodic source term into the Hamiltonian:

Hscr(t) = 2λ1

∫
d3x cos(~q ·~x)J2

em(~x, t)− 2λ2

∫
d3x sin(~q · x)J3

A(~x, t) . (174)
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The proposal was inspired by an earlier study of the parity-even structure func-
tions [249]. Some other applications of the FHT on lattice include the calculation of
hadronic charges and form factors [212,250], Compton scattering amplitude [251,252] and
hadron resonances [253].

Finally, it is worth pointing out that a future lattice calculation of �A
γW is equally

important, despite that it does not directly affect the |Vud| extraction. Given that �A
γW is

very precisely determined through the DR analysis, an extra lattice calculation of the same
quantity serves as an excellent avenue to cross-check the validity of the lattice methodolo-
gies which are also applied to �V

γW . In particular, through this procedure one could check
if there are any large systematic effects that are missed in the first-principles calculations.
This is a highly non-trivial issue, as we have recently seen cases with significant disagree-
ment between phenomenological and lattice determination of certain quantities, some of
which have profound impacts on the interpretation of the results of precision experiments.
A well-known example is the hadronic vacuum polarization contribution to gµ − 2 [53,254].

8. Superallowed Beta Decays

Our next example is the beta decay of JP = 0+ nuclei which is referred to as “su-
perallowed beta decay”. It is of particular interest as it provides by far the most precise
measurement of |Vud|. This is because:

• At tree level only the vector charged weak current is involved, whose matrix element
is exactly known assuming isospin symmetry;

• Experimental data of 23 superallowed transitions had been accumulated over five
decades [164,255–261], with 15 among them whose f t-value precision is 0.23% or
better; the large sample size leads to a huge gain in statistics [261]. In fact, this makes
it the only avenue where the experimental uncertainty in |Vud| is smaller than the
theory uncertainty.

However, the price to pay is that one needs to carefully account for the nucleus-
dependent corrections that enter each transition. A detailed description of all the nuclear
theory calculations is beyond the scope of this review, and here we will just briefly outline
the current situation.

The matrix element |Vud| is determined from superallowed decays through the fol-
lowing master formula:

|Vud|2 =
2984.432(3) s
F t(1 + ∆V

R )
, (175)

where F t is a nucleus-independent quantity which comes from the nucleus-dependent
f t-value after applying various nucleus-dependent corrections:

F t = f t(1 + δ′R)(1 + δNS − δC) . (176)

In the equation above, δ′R represents the nucleus-dependent outer corrections, δNS
entails the nuclear modifications of the single-nucleon RC, and δC is the isospin breaking
corrections. These three corrections together turn different nucleus-dependent f t-values
into a nucleus-independent F t-value. The only correction among them that is known to
satisfactory precision is the nucleus-dependent outer correction δ′R which is a function
of the charge Z f of the daughter nucleus and the electron end-point energy Em, and is
calculated to the order Z2

f α3 [64,262–264]. On the other hand, existing calculations of the
remaining two corrections are each plagued by their respective ambiguities and will be
discussed as follows.

8.1. The Nuclear Structure Correction

To rigorously define the nuclear structure correction term δNS, we start from the
nuclear γW-box diagram in the inner correction to the Fermi matrix element, which is the
only piece of the EWRCs that depends on details of the non-perturbative QCD. It can be
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written in a dispersive representation, in full analogy to Equation (143): (There is a mistake
in Ref. [178]: �nucl

γW should be defined as the full nuclear γW-box, instead of “per nucleon”.)

�nucl
γW =

α

πg̊nucl
V

∫ ∞

0

dQ2

Q2
M2

W
M2

W + Q2

∫ 1

0
dx

1 + 2r

(1 + r)2 F(0)
3,nucl(x, Q2) , (177)

with g̊nucl
V = Gnucl

V (0). One then performs an artificial splitting of the nuclear axial γW-box
diagram into two pieces:

�nucl
γW = �V

γW +
[
�nucl

γW −�V
γW

]
, (178)

where �V
γW is the single-nucleon γW-box we studied in Section 7. With the splitting above,

�V
γW then enters ∆V

R in Equation (175), whereas

δNS ≡ 2
[
�nucl

γW −�V
γW

]
(179)

describes the nuclear modifications to the single-nucleon γW-box diagram. The benefit
of such a separation is apparent: The contributions to �nucl

γW and �V
γW at high energies

are the same because in this region the gauge bosons mainly probe a single, free nucleon;
for instance, the large-Q2 contribution to both �nucl

γW and �V
γW take the same form of

(α/(8π)) ln(M2
W/Λ2). On the other hand, at low energies the two start to deviate because

(a) the single-nucleon absorption spectrum is distorted in the nuclear medium, and (b) the
two gauge bosons may probe two different nucleons in a nucleus.

8.1.1. Earlier Treatments

Early treatments of δNS mainly consist of calculating effects (a) and (b) mentioned
above with nuclear models, which add up to give:

δNS =
α

π
[Ca + Cb] . (180)

Refs. [264–266] estimated the size of Ca by considering the “quenching effect” of the
free-nucleon nucleon axial and EM coupling constants for spin-flip processes in the nuclear
medium [267–269]. That means, one starts from the Born contribution to the free-nucleon
box diagram,

�V
γW =

α

2π
Cfree

B + . . . , (181)

(where Cfree
B is given in Equation (148), with the free-nucleon form factors) and apply a

“quenching factor” q which is different for different nucleus, to obtain:

�nucl
γW =

α

2π
qCfree

B + . . . , (182)

and so,
Ca ≈ (q− 1)Cfree

B . (183)

Meanwhile, Cb (denoted in earlier literature as “CNS”) were calculated with nuclear
shell models in Refs. [270–272], which was further improved in Ref. [264] by incorporating
the same quenching effect, that is, CNS → Cquenched

NS . The final numerical results of

δNS =
α

π

[
(q− 1)Cfree

B + Cquenched
NS

]
(184)

for different superallowed transitions were summarized in Table VI of Ref. [264] and
appeared in several subsequent reviews by Hardy and Towner [258,260]. In particular,
with the theory inputs above, Ref. [260] quoted an average value of
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F t = 3072.27± 0.72 s, (185)

based on the lifetimes of fourteen best-measured superallowed transitions from 10C to
74Rb.

8.1.2. Recent Developments

Recent theory developments of the EWRC in beta decays, in particular the estab-
lishment of the DR formalism, cast doubts on the treatment above. This can be most
clearly seen through the artificial splitting of the full nuclear γW-box in Equation (178).
There is no approximation made in this splitting, however in practice the two terms at
the right hand side are calculated with completely different fashions. The free nucleon
term is evaluated under a fully relativistic framework of DR, making using inputs from
intermediate- and high-energy data (or lattice inputs), whereas the δNS term is calculated
within non-relativistic shell models. The artificial distinction in the treatment of these two
terms may lead to possible large systematic uncertainties.

Therefore, a more reasonable starting point is to treat�nucl
γW in the same footing with�V

γW ,
namely based on the fully relativistic dispersive representation in Equation (177). The disper-
sive integral depends on the the parity-odd nuclear structure function F(0)

3,nucl(x, Q2), which is
defined through:

V∗−1
ud
4π ∑

X
(2π)4δ(4)(p + q− pX)〈φ f (p)|J(0)µem |X〉〈X|Jν

A|φi(p)〉 = −
iεµναβqα pβ

2p · q F(0)
3,nucl(x, Q2) , (186)

where φi, f are the initial and final nuclear states in a given superallowed transition, and {X}
exhausts all on-shell intermediate nuclear states. Therefore, the study of δNS boils down
to the calculation of single-current nuclear matrix elements involving φi, f and the leading
contributors within {X}.

A rigorous, model-independent study of the many-body effects in Equation (186) may
involve sophisticated nuclear theory calculations, for example, with chiral EFT [273–288]
and its lattice implementations [289–292]. This is not yet attempted and is an important task
that needs to be carried out in the future. However, here we are still able to get a flavor of
some most important nuclear corrections by simply analyzing the idealized structure of the
virtual photoabsorption spectrum on a nucleus as depicted in Figure 15. At low energies,
a narrow peak is contributed by the elastic intermediate state and several smaller ones
are from discrete energy levels and the giant dipole resonance (GDR). After that, a broad
absorption peak around ω = Q2/(2mN) is observed; this is the so-called quasi-elastic (QE)
peak that was supposed to be a delta function for free nucleon, but broadened by nuclear
interactions. Above the pion production threshold ωπ = (Q2 + 2mN Mπ + M2

π)/(2mN),
the absorption spectrum starts to resemble that of a single nucleon, and so the contribution
to δNS vanishes.

  

Elastic

Discrete 
Levels

GDR

Quasi-
Elastic

Hadronic
Res.

Regge/DIS

Figure 15. Idealized structure of the nuclear absorption spectrum at low energy.
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With this picture, it is almost immediately apparent that the treatment in Section 8.1.1
did not account for the most important nuclear structure corrections. Since the quenching
factors q are obtained from spin-flip processes in Gamow-Teller (GT) transitions, the gauge
bosons are effectively probing deeply off-shell nucleons in the discrete energy levels at
the lower end of the nuclear absorption spectrum. On the other hand, the much more
important contribution from the QE nucleon is missing in this treatment (see Figure 16).
Ref. [178] estimated, for the first time, the contribution from the latter using a simple Fermi
gas model.

Figure 16. Comparison between the contribution to �nucl
γW (a) effectively accounted for in the

“quenching mechanism” and (b) from a QE nucleon in the nucleus. Figure taken from Ref. [178].

Apart from the above, there is yet another nuclear correction which was never pointed
out until recently [293]. In evaluating the axial γW-box diagrams for free neutron and
nucleus, one always take me, Ee → 0 and p′ → p. In free neutron, this approximation
is well-justified because the energy splitting between the ground state and the on-shell
intermediate state X is at least Mπ , so the energy-dependent effect is expected to scale as
(α/π)Ee/Mπ ∼ 10−5 which is negligible at the present stage. However, in nucleus, there
exists excited states with typical energy scale Λnucl of the order MeV, so (α/π)Ee/Λnucl
is no longer suppressed. In this case, a supposedly energy-independent nuclear “inner”
correction δNS generates an energy-dependent effect which is more commonly classified as
an “outer” correction represented by δ′R.

The two novel effects above are now known as the new nuclear corrections (NNCs)
to superallowed beta decays. Although there is currently no rigorous theory analysis of
their sizes, simple estimations using a Fermi gas model suggest that they are individually
sizeable, but carry opposite signs and partially cancel each other. As a net effect, this leads
to an increase of the theory uncertainty in F t [261]:

F t : 3072.27± 0.72 s→ 3072.24± 1.85 s . (187)

This large theory uncertainty is now the major limiting factor in the precise determi-
nation of |Vud|.

8.2. The Isospin-Breaking Correction

Finally, we briefly discuss the isospin-breaking correction δC although it is not a part
of the EWRC. This correction plays a central role in obtaining a universal F t-value from
different superallowed transitions, which is required by the conserved vector current (CVC)
hypothesis. However, it turns out that among all existing nuclear theory calculations of δC,
including shell-model with Woods-Saxon (WS) potential [258,264,266], Hartree-Fock wave-
functions [294,295], density functional theory [296], random-phase approximation [297],
isovector monopole resonance sum rule [298] and the Damgaard model [299], only the WS
calculation is able to achieve such an alignment and is taken as the standard input for δC.
Whether this indicates the success of this particular simplified nuclear picture, or rather
the existence of some unexpected new physics in Nature (e.g., second-class currents [139]),
is not yet clear.

It was recently pointed out [300] that it is possible to relate δC to experimental observ-
ables generated by the same isospin-breaking effect, such as neutron skins and differences
in nuclear charge radii within a given isomultiplet. Charge radii of stable daughter nuclei
are known to few parts in 104 [301], whereas those for unstable parent nuclei can be mea-
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sured at rare-isotope facilities, for example, the Isotope Mass Separator On-Line Device
facility (ISOLDE) and the Facility for Rare Isotopes Beams (FRIB). Meanwhile, the size
of the parity-violating asymmetry in electron-nucleus (e.g., 12C) scattering at backward
angles is largely affected by the neutron skin of the nucleus [300], so in principle future
parity-violating electron scattering experiments at Jefferson Lab [302] and at the Mainz
Energy-Recovering Superconducting Accelerator (MESA) [303] will allow one to extract
neutron skins of selected stable superallowed daughter nuclei to few per mille and there-
fore better constrain δC in a fully model-independent manner, provided that the theoretical
relations between these quantities are well-established.

9. Kaon Semileptonic Decays

So far we only discussed semileptonic decay processes that involve a u↔ d transition
and are attached to Vud. In this section we switch to the simplest semileptonic decay process
that involves a u ↔ s transition, namely the K → π`ν decay. It is commonly denoted as
K`3, which represents collectively six types of decay processes: KL

e3, KS
e3, K+

e3, KL
µ3, KS

µ3 and
K+

µ3. They are of great interest to both theorists and experimentalists as they provide one of
the most precise measurements of |Vus|. This is done via the following master formula:

ΓK`3 =
G2

F|Vus|2M5
KC2

K
192π3 SEW| f K0π−

+ (0)|2 I(0)K`

(
1 + δK`

EM + δKπ
SU(2)

)
. (188)

The focus of this review is on the EWRCs to the K`3 decay rate, which are contained
in the short-distance electroweak factor SEW (discussed in Section 3.4) and long-distance
EM correction δK`

EM. Before doing so, we shall briefly discuss all the other inputs that are
needed to extract |Vus| from Equation (188):

• ΓKł3 is the K`3 decay width. The kaon lifetimes, branching ratios and differential
decay widths are measured by BNL E865 [304], KTeV [305–309], KLOE [310–318].
KLOE-2 [319], NA48 [320–323] and ISTRA+ [324,325] over the past two decades.

• f K0π−
+ (0) is the K0π− charged weak form factor in the (unphysical) t → 0 limit,

with the general definition of the charged weak form factors in spinless systems given
in Equation (95). High-precision lattice calculations of this quantity were performed
over the past decade by the FNAL/MILC [326–328] and the ETM [329] collaborations
and showed perfect mutual consistencies and a steady improvement in precision.
The most recent Flavor Lattice Averaging Group (FLAG) online review (updated from
the 2019 version [330]) quoted the following average: Refs. [328,329]

| f K0π−
+ (0)| = 0.9698(17) . n f = 2 + 1 + 1. (189)

However, a recent calculation from the PACS collaboration based on a single lattice
spacing returned a somewhat smaller value [331].

• CK is a simple isospin factor defined through the value of f Kπ
+ (0) in the SU(3) limit:

|CK| = | f Kπ
+ (0)|mu=md=ms =

{
1 , K0

1/
√

2 , K+ . (190)

• I(0)K` is the tree-level phase space factor defined as: (Notice that a number of important

review papers, for example, Refs. [102,332], contain a typo in their formula for I(0)K` .)

I(0)K` =
∫ (MK−Mπ)2

m2
`

dt
M8

K
λ̄3/2

(
1 +

m2
`

2t

)(
1−

m2
`

t

)2[
f̄ 2
+(t) +

3m2
`∆2

Kπ(
2t + m2

`

)
λ̄

f̄ 2
0 (t)

]
, (191)
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with λ̄ =
[
t− (MK + Mπ)2][t− (MK −Mπ)2] and ∆Kπ = M2

K −M2
π . Here we have

defined the “scalar” form factor

f Kπ
0 (t) ≡ f Kπ

+ (t) +
t

M2
K −M2

π
f Kπ
− (t) (192)

which coincides with the “vector” form factor f Kπ
+ at t = 0. The normalized form

factors f̄+,0 are defined by factoring out their values at t = 0: f̄+,0(t) ≡ f Kπ
+,0(t)/ f Kπ

+ (0).
These form factors are obtained by fitting the K`3 differential decay rate to a specific pa-
rameterization. These parameterizations generally fall into two classes [333]: The Class
II parameterization that is based on a systematic mathematical expansion (e.g., the
Taylor expansion [332] and the z-parameterization [334]) and the Class I parameteriza-
tion that imposes additional physical constraints to reduce the number of independent
parameters (e.g., the pole [182] and dispersive parameterization [333,335,336]). A de-
tailed summary of the results from different parameterizations are given in Ref. [332],
and a recent update is provided by the NA48/2 collaboration [337].

• Finally, δKπ
SU(2) is defined as the isospin breaking correction to the f Kπ

+ (0) form fac-
tor at t = 0: (The appearance of the factor CK0 /CK is simply due to our choice of
normalization of the form factors in Equation (95).)

δKπ
SU(2) ≡

(
CK0

CK

f Kπ
+ (0)

f K0π−
+ (0)

)2

− 1 , (193)

which only resides in K+
`3 by construction. Upon neglecting small EM contributions,

it is completely fixed by the QCD quark mass parameters ms/m̂ and Q ≡ (m2
s −

m̂2)/(m2
d −m2

u). The value frequently quoted in reviews in the early 2010s [102,332]
is δK+π0

SU(2) = 0.058(8); with the latest lattice inputs one obtains δK+π0

SU(2) = 0.0457(20) [338].
At the same time, one also observes a slight discrepancy between the determinations
from lattice QCD and phenomenology [339].

9.1. Kinematics

The main difference between K`3 and πe3 or superallowed decays is that the initial
and final hadron are not nearly-degenerate. This means many terms that are suppressed in
the πe3 and superallowed decays may contribute significantly in K`3, at both tree level and
loops. Thus, to facilitate the discussion of the EWRC, we first briefly review the kinematics
in K`3.

We are interested in the decay process K(p)→ π(p′) + `+(p`) + ν`(pν) + nγ, where
` = e, µ and n ≥ 0. The inclusion of processes with emissions of real photons is necessary
to ensure the cancellation of IR divergences. When all the massless particles (neutrino and
photons) as well as the lepton spins are not undetected, the differential decay rate depends
only on three variables:

x ≡ P2

M2
K

, y ≡ 2p · p`
M2

K
, z ≡ 2p · p′

M2
K

, (194)

with P ≡ p − p′ − p`. Notice that for n = 0 one must have x = 0 due to momentum
conservation. Another possible set of independent variables are the usual Mandelstam
variables: s ≡ (p′ + p`)2, t ≡ (p− p′)2, u ≡ (p− p`)2. We also define rπ ≡ M2

π/M2
K and

r` ≡ m2
`/M2

K for future convenience, and denote the decay amplitude with n real photons
in the final state as M(n).

To O(GFα) precision, one needs only to include the n = 0 and n = 1 processes; the
former is calculated to one-loop and the latter at tree level. The total decay rate is then
given by:
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ΓK`3 = MK
256π3

∫
D3

dydz
{
|M(0)|2 + M2

K
32π3

∫ α+
0 dx

∫ d3k
Ek

d3 pν
Eν

δ(4)(P− k− pν)|M(1)|2
}

+
M3

K
8192π6

∫
D4−3

dydz
∫ α+

α−
dx
∫ d3k

Ek

d3 pν
Eν

δ(4)(P− k− pν)|M(1)|2 ,
(195)

with k the momentum of the real photon in M(1), and

α± ≡ 1− y− z + rπ + r` +
yz
2
± 1

2

√
y2 − 4r`

√
z2 − 4rπ . (196)

We have also defined two different regions in the y− z plane, namely:

D3 : a(y)− b(y) < z < a(y) + b(y) , 2
√

r` < y < 1 + r` − rπ

D4−3 : 2
√

rπ < z < a(y)− b(y) , 2
√

r` < y < 1−√rπ + r`
1−√rπ

,
(197)

where

a(y) =
(2− y)(1 + rπ + r` − y)

2(1 + r` − y)
, b(y) =

√
y2 − 4r`(1 + r` − rπ − y)

2(1 + r` − y)
. (198)

We see that |M(0)|2 only resides withinD3, while |M(1)|2 resides within a larger region
D4 = D3 +D4−3. Both squared amplitudes contain IR-divergences in D3, which cancel
each other in the first line of Equation (195); meanwhile |M(1)|2 is IR-finite in D4−3.

A lot can be learned from the squared amplitude of the n = 0 process at tree level:

|M(0)
0 |2 = 2G2

F|Vus|2M4
K

{
A(0)

1 (y, z)| f Kπ
+ (t)|2 + A(0)

2 (y, z) f Kπ
+ (t) f Kπ

− (t)

+A(0)
3 (y, z)| f Kπ

− (t)|2
} (199)

where

A(0)
1 (y, z) = 4(1− y)(y + z− 1) + r`(4y + 3z− 3)− 4rπ + r`(rπ − r`)

A(0)
2 (y, z) = 2r`(3− 2y− z + r` − rπ)

A(0)
3 (y, z) = r`(1− z + rπ − r`) .

(200)

We find that A(0)
2 and A(0)

3 are explicitly suppressed by a factor of r`. Recall that

re ≈ 1× 10−6 and rµ ≈ 0.05, we see immediately that the contribution from f Kπ
− to |M(0)

0 |2
is negligible in the case of Ke3 at tree level. The same is for the EWRC: One can show that
the one-loop virtual corrections can always be recast into a shift of the form factors:

f Kπ
± (t)→ f Kπ

± (t) + δ f Kπ
± (y, z) , (201)

so in Ke3 the only relevant quantity is δ f Kπ
+ (y, z). This is an important observation when

we discuss later the recent progress of the EWRC based on Sirlin’s representation.

9.2. ChPT Treatment of the EWRC

ChPT provided the first analysis of the EWRC in K`3 with a rigorous quantification of
theory uncertainties [91–93]. Here we will briefly discuss the main results without diving
into any detail.

The starting point of the ChPT calculation is the effective chiral Lagrangian we de-
scribed in Section 4.4. The active DOFs are the pNGBs, leptons and photons, while the
contributions from the heavy gauge bosons are contained implicitly in the LECs. Applying
the framework to O(e2 p2), one encounters two kinds of loop diagrams:
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• The mesonic loop diagrams depicted in Figure 17. They correct the form factors f Kπ
± (t)

that enter the phase space factor I(0)K` .
• The photonic loop diagrams similar to those in πe3 (see Figure 6). These diagrams

are IR-divergent and must be combined with the bremsstrahlung contributions in
Figure 4.

        

Figure 17. Meson loop corrections to K`3 in ChPT.

The loops above contain UV-divergences that are regulated using dimensional regu-
larization and reabsorbed into the O(p4) LECs {Lr

i } as well as the O(e2 p2) LECs {Kr
i , Xr

i }.
There is a technical detail here which is not fully intuitive and is worth pointing out, namely:
The meson loops not only describe pure QCD corrections, but also include short-distance
QED corrections from the O(e2) chiral Lagrangian (i.e., the term proportional to Z in
Equation (80)), which effects enter through the meson mass splitting and the four-meson
vertex. Similarly, one would naïvely think that all {Kr

i } are EM corrections and should all
enter δK`

EM, but in practice, a subset of them which describes the EM-induced π0 − η mixing
is categorized δK+π0

SU(2) instead. Interested readers may refer to Refs. [91,102] for more details.

The EWRCs are contained in two quantities: SEW and δK`
EM. The former, SEW =

1.0232(3) encodes the short-distance EWRC that is process-independent, whereas δK`
EM

describes the process-dependent, long-range EMRC. The full analytic expression of the
latter to O(e2 p2) can be found in Ref. [91] and will not be repeated here. There is, however,
a slight difference in its numerical implementation in different literature: Refs. [91,92]
adopted a partial resummation scheme where the structure-independent corrections from
soft photons are explicitly factored out. As a consequence, the resulting amplitude includes
an incomplete resummation of O(e2 p2n) EM corrections with n ≥ 2. On the other hand,
Ref. [93] presented the EM corrections at fixed order, O(e2 p2). The two methods agree
within error bars, but the fixed-order result is more frequently quoted in recent reviews.

The two sources of errors in the calculation above are (1) the neglected terms of the
order O(e2 p4), and (2) the poorly-constrained LECs. To estimate the theory uncertainties
and the correlations from the first source, Ref. [93] decomposed δK`

EM in the four independent
(in terms of EMRCs) channels as:

δK0e
EM = δ1 + δ2 + δ3 + δ4

δ
K0µ
EM = δ1 + δ2 − δ3 − δ4

δK+e
EM = δ1 − δ2 + δ3 − δ4

δ
K+µ
EM = δ1 − δ2 − δ3 + δ4 ,

(202)

where δ1 is common to all channels, δ2 is lepton-flavor independent but anti-correlated
in kaon isospin, δ3 is isospin-independent but anti-correlated in lepton flavor, and δ4 are
anti-correlated to both the isospin and the lepton flavor. Theory uncertainties from higher-
order chiral corrections to different δi are assumed to be uncorrelated, and are obtained by
multiplying the respective central values with M2

K/(4πFπ)2 ∼ 0.2.

In the meantime, the O(e2 p2) LECs that enter δK`
EM are Xr

1−3, X̃phys
6 and Kr

3−6 (see their

definitions in Section 4.4 and Equation (112)), where only X1 and X̃phys
6 contribute to δ f Kπ

+ .
These LECs are not constrained by chiral symmetry, and earlier estimations of their sizes
were based on large-Nc expansion [340] or resonance models [88,89,127]. Recent reviews of
mesonic LECs (e.g., Ref. [341]) often quote the results from Refs. [88,89]:



Particles 2021, 4 445

Kr
3 = 2.7, Kr

4 = 1.4, Kr
5 = 11.6, Kr

6 = 2.8, X1 = −3.7, Xr
2 = 3.6, Xr

3 = 5.0, X̃phys
6 = 10.4, (203)

in units of 10−3 at µ = 0.77 GeV. None of the above is accompanied by a rigorously-
estimated error, and in practice these values are used by assuming a 100% uncertainty.
Different LECs are also assumed to be uncorrelated.

With the procedures above, Ref. [93] presented the most updated ChPT determination
of δK`

EM, as summarized in Table 1. We observe that both the LECs and the higher-order
chiral corrections contribute to uncertainties of order 10−3, which sets a natural limitation
to the theory precision within the traditional EFT framework. There are recently some
proposals to compute the full K`3 RC, including both the virtual and real corrections,
directly from lattice QCD [342–344] using the similar approach that was proved successful
in the kaon leptonic decay K → µν (Kµ2) [345–348]. However, the generalization from Kµ2
to K`3 that involves one more hadron at the final state greatly complicates the problem.
A complete calculation with an overall per mille level precision is expected to take ten
years or more [349].

Table 1. Results of δK`
EM based on fixed-order ChPT calculations in Ref. [93].

δK`
EM(%)

K0
e3 0.99± 0.19e2 p4 ± 0.11LEC

K±e3 0.10± 0.19e2 p4 ± 0.16LEC

K0
µ3 1.40± 0.19e2 p4 ± 0.11LEC

K±µ3 0.016± 0.19e2 p4 ± 0.16LEC

9.3. Ke3 EWRC in Sirlin’s Representation

With the recent progress of the EWRC theory in pion, neutron and nuclei, it becomes
apparent that the Sirlin’s representation we described in Section 3 is also applicable to K`3
which enables one to overcome the natural limitations of the traditional ChPT framework.
The underlying principle is rather straightforward: The ChPT treatment contains a large
O(e2 p4) uncertainty because the entire RC, including both the numerically large and small
pieces, is subject to a chiral expansion. On the other hand, in the Sirlin’s representation the
most important pieces in the one-loop EMRC, namely

(
δM2 + δMa

γW

)
int

and δMb
γW , are

expressed in terms well-defined hadronic matrix elements involving a two-current product.
This allows us to evaluate them non-perturbatively without resorting to a chiral expansion,
and thus remove a large portion of the chiral uncertainty. Furthermore, the closed form of
δMb

γW permits a straightforward first-principles study using lattice QCD. This removes
substantially the theory uncertainty from the unknown hadron physics at q ∼ Λχ, which
translates into the LEC uncertainties in the ChPT description.

The idea above was first pioneered in Refs. [96,97], and was subsequently applied to
the study of the EWRC in Ke3 [350,351]. In what follows, we briefly outline the procedures
and discuss the main results.

9.3.1.
(

δM2 + δMa
γW

)
int

and δMb,V
γW

First, a generic one-loop correction to the Ke3 decay amplitude reads:

δMvir = −
GF√

2
Lλ Iλ . (204)

The loop integrals are contained in the quantity Iλ. Upon contracting with the lepton
piece and using the on-shell conditions, it simply translates into corrections to the form
factors:

Iλ → δ f Kπ
+ (y, z)(p + p′)λ + δ f Kπ

− (y, z)(p− p′)λ . (205)
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As we advertised before, in Ke3 only the correction δ f Kπ
+ is relevant.

The important hadronic quantities in Iλ are Tµν and Γµ defined in Equation (7),
with b = γ, φi = K and φ f = π. Recall that in Equation (102) we split the charged weak
current into the vector and axial piece. Accordingly, we may split:

Tµν = (Tµν)V + (Tµν)A , δMb
γW = δMb,V

γW + δMb,A
γW . (206)

From parity, (Tµν)A must contain an antisymmetric ε-tensor, while (Tµν)V does not
have such a tensor. It is easy to see that, in near-degenerate decays (e.g., πe3 and super-
allowed beta decays), δMb,V

γW is negligible because when p′ ≈ p and pe ≈ 0, there is no
structure that survives after contracting with the ε-tensor in the integrand. This is obviously
not the case in Ke3 so this term must be retained.

We start by discussing the loop integrals that only probe the physics at q′ ∼ p− p′ ∼
pe, namely

(
δM2 + δMa

γW

)
int

+ δMb,V
γW . Their combined effect reads:

Iλ
A = −e2

∫ d4q′

(2π)4
1

[(pe−q′)2−m2
e ][q′2−M2

γ ]

{
2pe ·q′q′λ
q′2−M2

γ
Tµ

µ + 2peµTµλ

−(p− p′)µTλµ + iΓλ − iεµναλq′α(Tµν)V

}
.

(207)

We may now ask: What are the hadron physics inputs needed to evaluate the integral
above to a satisfactory precision? In the most general terms, Tµν and Γµ are fully described
by two types of Feynman diagrams, namely (1) the pole diagrams Figure 5 and (2) the seag-
ull diagram in Figure 18. The former are completely fixed by the K and π electromagnetic
and charged weak form factors (remember q = p′ − p + q′): (We neglect the contribution
from the electromagnetic form factor of K0 which is numerically insignificant.)(

Tµν

K0π−

)
pole

= iV∗usFπ−
em (q′2) (2p′+q′)µ

(p′+q′)2−M2
π

[
f K0π−
+ (q2)(2p + q)ν − f K0π−

− (q2)qν
]

(
Tµν

K+π0

)
pole

= iV∗usFK+

em (q′2) (2p−q′)µ

(p−q′)2−M2
K

[
f K+π0
+ (q2)(2p′ − q)ν − f K+π0

− (q2)qν
]

(
Γµ

K0π−

)
pole

= V∗us
M2

K−M2
π

(p′+q′)2−M2
π
(2p′ + q′)µFπ−

em (q′2) f K0π−
0 (q2)(

Γµ

K+π0

)
pole

= V∗us
M2

K−M2
π

(p−q′)2−M2
K
(2p− q′)µFK+

em (q′2) f K+π0

0 (q2) ,

(208)

where
〈φ(p′)|Jµ

em|φ(p)〉 = Fφ
em(t)(p + p′)µ (209)

defines the electromagnetic form factor of spinless particles, with FK+

em (0) = 1 and
Fπ−

em (0) = −1. With the above, the pole contribution to Iλ
A can be straightforwardly cal-

culated using the experimental parameterizations of the form factors [27,337,352–355].
In particular, a monopole parameterization of the form factors allows one to perform the
loop integral analytically using the standard Passarino–Veltman reduction [356]. Notice
that (δ f Kπ

+ )A,pole is UV-finite even without the form factors, so the inclusion of the full
form factors only give rise to power-suppressed (instead of logarithmic) corrections.

The seagull diagram is required to ensure the gauge invariance, and it represents phys-
ically the collective effect from all non-elastic intermediate states. The precise evaluation of
its effect seems to be highly non-trivial, but fortunately, since Iλ

A only probes the small-q′

region, one needs to only consider some of the lowest intermediate states. For instance,
one may estimate the contribution from the 1−− and 1++ resonances using the resonance
chiral theory [357–359], and it effect is found to be less than 10−4.

To conclude, through the procedures above one can evaluate (δ f Kπ
+ )A to a high

precision. The main theory uncertainties come from the form factors and a conservative
estimation of the size of the seagull term contribution, which are both of the order 10−4.
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Figure 18. The seagull diagram in Tµν and Γµ. The black dot includes all possible diagrammatic
structures except for a single K or π propagator.

9.3.2. δMb,A
γ W

The second non-trivial integral is:

Iλ
B = ie2

∫ d4q′

(2π)4
M2

W
M2

W − q′2
εµναλq′α(Tµν)A

[(pe − q′)2 −m2
e ]q′2

, (210)

which comes from δMb,A
γW . It is IR-finite, but probes the physics from q′ = 0 all the way

up to q′ ∼ MW . In fact, this is nothing but the generalization of the forward axial γW-box
in Equation (105) to include non-forward effects due to the large K − π mass splitting.
Therefore, an efficient way to proceed is to first calculate the forward Kπ γW-box on lattice;
this single step captures all the dominant physics in Iλ

B. After that, the uncertainty due
to the non-forward effect may be estimated through standard power counting arguments.
Following the same procedure in Ref. [129], Ref. [360] performed the first calculation of the
forward Kπ γW-box diagram (recall the notations in Section 5.5):

�<
γW(K0, π−, Mπ) = 0.28(4)lat × 10−3 , (211)

from which �<
γW(K+, π0, Mπ) = 1.06(7)lat × 10−3 can also be obtained through a simple

chiral matching [97].
To connect the result above with Iλ

B, we first split the latter as well as ( f Kπ
+ )B into the

“>” and “<” components, which correspond to the integral at Q2 > Q2
cut and Q2 < Q2

cut
respectively. The matching in the “>” region is rather trivial:

(δ f Kπ
+ )>B = �>

γW f Kπ
+ (t) . (212)

Meanwhile, in the “<” region, we parameterize the integral as:

(Iλ
B)< = V∗us[g+(M2

K, M2
π , m2

e , s, u)(p + p′)λ + g−(M2
K, M2

π , m2
e , s, u)(p− p′)λ

+ge(M2
K, M2

π , m2
e , s, u)pλ

e ] ,
(213)

and we are only interested in (δ f Kπ
+ )<B = g+(M2

K, M2
π , m2

e , s, u). We observe that, g+ is
simply related to the lattice calculation upon taking the forward limit:

g+(M2
π , M2

π , 0, M2
π , M2

π) = �
<
γW(K, π, Mπ) f Kπ

+ (0) . (214)

Incorporating the non-forward corrections, we may write:

g+(M2
K, M2

π , m2
e , s, u) = g+(M2

π , M2
π , 0, M2

π , M2
π) +O

(
E2

Λ2
χ

)
(215)

with E an energy scale that characterizes the non-forward kinematics; we may take E = M2
K

as an upper limit. That leads to:

(δ f Kπ
+ )<B =

[
�<

γW(K, π, Mπ) +O
(

M2
K

Λ2
χ

)]
f Kπ
+ (t) , (216)
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where the uncertainty from non-forward corrections is estimated by multiplying the central
value with M2

K/Λ2
χ. Utilizing the procedures above, one is able to fix (δ f Kπ

+ )B to high
precision, with the theory uncertainty from both the lattice inputs and the non-forward
effects controlled at the 10−4 level.

Finally, in analogy to the discussion at the end of Section 5.5, the lattice calculation
of the Kπ-box diagram also allows us to determine a specific combination of the O(e2 p2)
LECs to high precision [360]:

− 8
3 X1 + X̄phys

6 (Mρ) = − 1
2πα

(
�γW(K0, π−, Mπ)− α

8π ln M2
W

M2
ρ

)
+ 1

8π2

( 5
4 − ãg

)
= 22.6(1.0)lat × 10−3 .

(217)

9.3.3. δFλ
3 (p′, p)

The next required input is δFλ
3 (p′, p) defined in Equation (45). To evaluate this quan-

tity we need to know the hadronic matrix elements T̄µ(δ p̄; p′, p) and D(δ p̄; p′, p) which,
according to their quark-level definitions in Equations (38) and (42), involve a product of
three currents which makes them very challenging for first-principles studies. Fortunately,
its contribution to δ f Kπ

+ is also smaller (apart from the IR-divergent pieces), so one may
resort to an EFT calculation without suffering from a huge loss in precision.

Ref. [96] outlined the full procedure to calculate iT̄µ(δ p̄; p′, p) and D(δ p̄; p′, p) in ChPT.
The starting point is the following matrix elements:

iT̄µ(δ p̄; p′, p) =
∫

d4xeiδ p̄·x〈π(p′)
∣∣T{Jµ(x)iδL(0)}

∣∣K(p)
〉

D(δ p̄; p′, p) =
∫

d4xeiδ p̄·x〈π(p′)
∣∣T{∂ · J(x)iδL(0)}

∣∣K(p)
〉

,
(218)

where the QED correction is represented schematically by iδL(0) instead of the explicit
product of two EM currents. The diagrammatic representation of these matrix elements
are given in Figure 19. To calculate them, we need the ChPT representation of the charged
weak current and its divergence, which can be derived from the mesonic chiral Lagrangian
in Section 4.4. The result reads:

Jµ = − iF2
0

8
√

2GF

〈
Qw†

L
(
[DµU†, U] + [DµU, U†]

)〉
+ . . .

∂ · J = − iF2
0

8
√

2GF

〈
Qw†

L
(
[χ†, U] + [χ, U†]

)〉
+ . . . ,

(219)

where the ellipses denote terms of higher chiral order. Here we have rewritten ∂ · J
using the equations of motion (EOMs), so that it satisfies the current conservation in the
SU(3) limit at the operator level. This is a necessary step to avoid inconsistencies in the
implementation of the Feynman rules (see discussions in Ref. [96]). Meanwhile, the effect
of iδL(0) is obtained by applying the Feynman rules derived from the chiral Lagrangian
with dynamical photons. Notice that it does not necessarily involve a photon loop, but can
as well be a local interaction that originates from short-distance QED effects (i.e., Le2

and

Le2 p2

{K} ).

Figure 19. Diagrammatic representation of iT̄µ(δ p̄; p′, p) and D(δ p̄; p′, p). An external wiggle line
represents an insertion of Jµ or ∂ · J, an external dashed line ended with a black dot represents an
insertion of iδL, and internal dashed line with gray blob represents a full single-particle propagator.
Figures taken from Ref. [96].
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As usual, δFλ
3 (p′, p) is expressed in terms of corrections to the two form factors:

δFλ
3 (p′, p) = V∗us

[
δ f Kπ

+,3(t)(p + p′)λ + δ f Kπ
−,3(t)(p− p′)λ

]
, (220)

and in Ke3 one only needs δ f Kπ
+,3. It is useful to split it into the IR-divergent and IR-finite

terms:
δ f Kπ

+,3 =
(

δ f Kπ
+,3

)IR
+
(

δ f Kπ
+,3

)fin
. (221)

Both terms were calculated to O(e2 p2) in Ref. [96]. The results read:(
δ f K0π−

+,3

)IR

e2 p2
= α

4π
p′ ·(p−p′)

2M2
π

[
ln M2

π

M2
γ
− 5

2

]
(

δ f K+π0

+,3

)IR

e2 p2
= − α

4
√

2π

p·(p−p′)
2M2

K

[
ln M2

K
M2

γ
− 5

2

]
,

(222)

and:(
δ f K0π−

+,3

)fin

e2 p2
= −8πZα

[
1
2 h̄K+π0(t) + h̄K0π−(t) +

3
2 h̄K+η(t)

]
(

δ f K+π0

+,3

)fin

e2 p2
= − 8πZα√

2

[
1
2 h̄K+π0(t) + h̄K0π−(t) +

3
2 h̄K+η(t)

]
+ Zα

2
√

2π

M2
K

M2
η−M2

π

[
1 + ln M2

K
µ2

]
− 4πα√

2

[
−2Kr

3 + Kr
4 +

2
3 Kr

5 +
2
3 Kr

6
]

− 8πα√
2

M2
π

M2
η−M2

π

[
−2Kr

3 + Kr
4 +

2
3 Kr

5 +
2
3 Kr

6 −
2
3 Kr

9 −
2
3 Kr

10
]

.

(223)

The definition of the loop function h̄PQ(t) can be found in Appendix D.
A direct numerical application of the results above is not possible due to the incom-

plete cancellation of IR-divergences. This is because all other IR-divergence terms (i.e.,
terms attached to ln M2

γ) in both virtual and real corrections (as we will discuss later) are
calculated exactly, except that in (δ f Kπ

+,3)
IR which is expanded to O(e2 p2). Fortunately, it is

easy to resum this term to all orders in chiral expansion by simply noticing that it originates
from the convection term contribution [351]. The resummed version reads:(

δ f K0π−
+

)IR
= − α

4π
p′ ·(p−p′)

2M2
π

[
f K0π−
+ (t) + f K0π−

− (t)
][

ln M2
π

M2
γ
− 5

2

]
(

δ f K+π0
+

)IR
= α

4π
p·(p−p′)

2M2
K

[
f K+π0
+ (t)− f K+π0

− (t)
][

ln M2
K

M2
γ
− 5

2

]
.

(224)

To summarize, we obtain:

δ f Kπ
+,3 =

(
δ f Kπ

+,3

)IR
+

{(
δ f Kπ

+,3

)fin

e2 p2
+O(e2 p4)

}
, (225)

where the first term at the right hand side is exact, and only the second term is associated
to a chiral expansion uncertainty. Furthermore, it was realized that (δ f Kπ

+,3)
fin
e2 p2 consists

of terms proportional to Z which are assigned to I(0)K` , as well as counterterms for the
electromagnetically-induced π0 − η mixing which are assigned to δK+π0

SU(2), in the standard

ChPT convention (recall our discussion in Section 9.2). This means that only (δ f Kπ
+,3)

IR

contributes to δKe
EM.

9.3.4. Bremsstrahlung Contribution

Finally, we briefly discuss the treatment of the bremsstrahlung contribution depicted
in Figure 4, of which amplitude is given by Equation (51). In traditional ChPT treatment,
the entire amplitude is evaluated to LO in the chiral expansion. However, here we can do
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much better. First of all, we retain the full charged weak matrix element Fµ. Next, we split
Tµν into two terms, which separately satisfies the EM Ward identity:

Tµν = Tµν
conv +

{
(Tµν − Tµν

conv)p2 +O(p4)
}

. (226)

The first term at the right hand side is the full convection term (see Equation (103))
that contains the full information of the IR-divergence, while the second is the difference
which is evaluated to O(p2):

(Tµν

K0π−
)p2 = iV∗us

[
(2p′+k)µ(p+p′+k)ν

(p′+k)2−M2
π
− gµν

]
(Tµν

K+π0)p2 = − iV∗us√
2

[
(2p−k)µ(p+p′−k)ν

(p−k)2−M2
K
− gµν

] (227)

and
(Tµν

K0π−
)conv

p2 = iV∗us

[
(2p′+k)µ(p+p′)ν

(p′+k)2−M2
π

]
(Tµν

K+π0)
conv
p2 = − iV∗us√

2

[
(2p−k)µ(p+p′)ν

(p−k)2−M2
K

]
.

(228)

In this way, we can split the bremsstrahlung amplitude into two pieces:

Mbrems = MA +MB , (229)

where MB consists of terms that depend on (Tµν − Tµν
conv)p2 , and all other terms go to

MA. This means MA is exact, and only MB involves a chiral expansion. Hence, when we
calculate the squared amplitude:

|Mbrems|2 = |MA|2 + 2Re{M∗AMB}+ |MB|2 , (230)

the only IR-divergent and the numerically-largest contribution |MA|2 will not carry a chiral
expansion uncertainty. This single change improves substantially the precision of the
bremsstrahlung contribution. We summarize in Appendix E all the relevant phase-space
integrals for the benefits of interested readers.

9.3.5. Results and Discussions

With the methods outlined above, Refs. [350,351] reported an improved determination
of the long-distance EMRC in Ke3:

δK+e
EM = 0.21(2)sg(1)rK (1)lat(4)NF(1)e2 p4 × 10−2

δK0e
EM = 1.16(2)sg(1)lat(1)NF(2)e2 p4 × 10−2 .

(231)

The sources of uncertainties are as follows:

• “sg” represents the very conservative estimation of the seagull diagram contribution
in (δM2 + δMa

γW)int + δMb,V
γW ;

• The uncertainties due to the form factor parameterization are mostly small. The only
piece that brings a ∼ 10−4 uncertainty is the uncertainty of the K+ charge radius rK

that only enters δK+e
EM ;

• “lat” represents the lattice uncertainty in the evaluation of the forward γW-box dia-
grams;

• “NF” is the estimation of the non-forward correction in δMb,A
γW ;

• Finally, “e2 p4” represents the (reduced) chiral uncertainty in the bremsstrahlung
contribution.
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These new results are consistent with the ChPT determinations in Table 1, but show
a substantial increase in precision by nearly an order of magnitude. They indicate the
great success of the Sirlin’s representation of EWRC, not only in the nearly-degenerate
decays but also in non-degenerate decay processes. However, its success in Ke3 relies
critically on the fact that only δ f Kπ

+ is relevant in the discussion. In its future application
to Kµ3 where δ f Kπ

− also starts to be relevant, a more complicated analysis of the theory
uncertainties is expected. A good news is that, even in Kµ3, the δ f Kπ

− contribution to the
squared amplitude is still suppressed by rµ ≈ 0.05, so a possible way to proceed is to
calculate the full δ f Kπ

− within ChPT, and estimate its associated uncertainty by the usual
power-counting argument. This is an interesting topic for future research.

10. Summary

In this work, we reviewed some recent progress in the calculation of the O(GFα)
EWRCs to semileptonic beta decays of strongly-interacting systems, which are important
avenues for precision tests of the SM. Combining the classical Sirlin’s current algebra
representation of EWRCs and non-perturbative techniques such as DR and lattice QCD,
a number of breakthroughs were made in pion, neutron, nuclei and kaon by reaching an
unprecedented level of 10−4 in precision:

• The first lattice calculation of the forward axial γW-box diagram πe3 has removed the
major theory uncertainty in its ERWCs, making it 3 times as precise as the previous
state-of-the-art determination from ChPT. This makes πe3 one of the theoretically
cleanest avenues to measure |Vud|. The major limitation is from the experimental error
of its branching ratio, which will be improved in next-generation experiments of rare
pion decays;

• The first DR analysis of the single-nucleon axial γW-box diagram with neutrino-
nucleus scattering data as inputs improved its precision by a factor 2 and revealed a
large systematic effect that was not captured in previous studies. It led to a reduction
of the |Vud| central value;

• A new theory framework for the EWRCs in K`3 was constructed to overcome the
natural limitations from the traditional ChPT formalism. Its first application to Ke3
has improved the existing theory precision by almost an order of magnitude.

Some of the progress above revealed new anomalies in beta decays associated to
the top-row CKM matrix elements, and some of them sharpened the existing ones. They
turned beta decays into a promising avenue to search for BSM physics. There are, however,
a number of unresolved problems that must be investigated in the future in order to make
further progress along this direction:

• The current DR treatment of the free neutron inner corrections suffers from low
precision of the experimental inputs and a residual model dependence in the matching
between the data and the nucleon γW-box diagram, so one still cannot claim with
full confidence that the outcome is free from detectable systematics. To resolve these
ambiguities, one should perform direct lattice QCD calculations of the nucleon γW-
box diagram;

• A similar DR analysis of the nuclear γW-box diagram revealed several potentially
large nuclear structure corrections that were failed to be incorporated in previous
nuclear model calculations. Ab-initio studies of these new effects are urgently needed.
The current results of the nuclear isospin breaking corrections should also be scruti-
nized by model-independent approaches to make sure no large systematic uncertain-
ties are hidden;

• The new theory analysis of the Ke3 EWRC should also be applied to Kµ3 to complete
the story. One expects a more complicated error analysis in the latter due to the
non-negligible contributions from δ f Kπ

− ;
• So far, the Sirlin’s representation has only been applied to semileptonic decays, but in

principle it is also valid for leptonic decays. Particularly interesting examples are
Kµ2 and πµ2 which measure the ratio |Vus/Vud|. The EWRCs in these channels were
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previously studied with ChPT and lattice QCD, and it is interesting to see if the new
method is able to further improve its precision. This also serves as another cross-check
of the Kµ2 − K`3 discrepancy in the |Vus|measurement.

Future progress in both theories and experiments of these topics could further sharpen
the existing beta decay anomalies and eventually lead to one of the earliest confirmed
signals of BSM physics, the impact of which on the fundamental science is far-reaching.

Funding: This work is supported in part by the Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation) and the NSFC through the funds provided to the Sino-German Collaborative
Research Center TRR110 “Symmetries and the Emergence of Structure in QCD” (DFG Project-ID
196253076-TRR 110, NSFC Grant No. 12070131001), and by the Alexander von Humboldt Foundation
through the Humboldt Research Fellowship.

Informed Consent Statement: Not applicable.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Acknowledgments: The author thanks Jens Erler, Xu Feng, Daniel Galviz, Mikhail Gorchtein, Charles
J. Horowitz, Lu-Chang Jin, Oleksandr Koshchii, Peng-Xiang Ma, William J. Marciano, Ulf-G. Meißner,
Hiren H. Patel, Jorge Piekarewicz, Michael J. Ramsey-Musolf, Xavier Roca-Maza and Hubert Spies-
berger for collaborations in related topics. The author is also grateful to the supermarkets in Bonn,
Germany for keep opening during the COVID-19 pandemic.

Conflicts of Interest: The author declares no conflict of interest.

Appendix A. Derivation of the Free-Field OPE Relation

Here we use a simple example to illustrate how the leading-twist, free-field OPE in
Equation (10) can be derived in a free-quark picture. Let us consider a β− decay involving
only u and d quarks, so the electroweak currents read:

Jµ
em = euūγµu + edd̄γµd , Jµ = Vudūγµ(1− γ5)d . (A1)

Now we study the following time-ordered current product at very large q′:∫
d4xeiq′ ·xT{Jµ

em(x)Jν(0)}

=
∫

d4xeiq′ ·xT{(euū(x)γµu(x) + edd̄(x)γµd(x))Vudū(0)γν(1− γ5)d(0)}

= Vud
∫

d4xeiq′ ·x{euū(0)γµ〈u(x)ū(0)〉γν(1− γ5)d(0)

+edū(0)γν(1− γ5)〈d(0)d̄(x)〉γµd(0)
}
+ . . . ,

(A2)

where we have used the Wick’s theorem in the last equality, and display only terms with
one contraction. We have also set x → 0 in the uncontracted field operators, because q′ is
large so the integral at large x vanishes due to the oscillating exponential factor. Next, we
use the free propagator of a massless quark:

∫
d4xeiq′ ·x〈ψ(x)ψ̄(0)〉 = i/q ′

q′2
(A3)

to get:
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∫
d4xeiq′ ·xT{Jµ

em(x)Jν(0)}

= i
q′2 Vudū(0)[euγµ/q ′γν − edγν/q ′γµ](1− γ5)d(0) + . . .

= i
q′2 Vudū(0)

[
(eu − ed)(q′µγν − gµν/q ′ + q′νγµ)− i(eu + ed)ε

µναβq′αγβ

]
(1− γ5)d(0)

+ . . .

= i
q′2
{

η
[
gµνq′λ − gνλq′µ − gµλq′ν

]
− 2iQ̄εµναλq′α

}
Jλ(0) + . . . ,

(A4)

where in the third line we have used the identity in Equation (20), and in the last line we
have used eu − ed = 1, eu + ed = 2Q̄ and η = −1 for β− decay. Finally, taking the matrix
element at both sides of the equation above returns the OPE relation of Tµν

(γ)
(q′; p′, p) in

Equation (10). Other OPE relations can be derived accordingly.

Appendix B. pQCD Corrections in �>
γ W

In this Appendix we prove that the pQCD corrections to �>
γW is identical to that to

the polarized Bjorken sum rule.
First, from the definition of �γW it is clear that only the component of Tµν with an

ε-tensor is probed. The polarized Bjorken sum rule originates from the following pQCD-
corrected OPE, where we only display the structure with an ε-tensor (See, e.g., Ref. [361],
but take into account the definition of γ5):∫

d4xqiq·xT{Va
µ Vb

ν (0)} = −εµνρσ
qρ

q2 CBj(Q2)dabc Acσ(0) + . . . . (A5)

In the above we have defined the vector and axial SU(3) currents:

Va
µ ≡ ψ̄γµ

λa

2
ψ , Aa

µ ≡ ψ̄γµγ5
λa

2
ψ , (A6)

from which the electroweak currents can be reconstructed (for notational simplicity, let us
concentrate on u↔ d transition, and neglect the factor Vud):

Jµ
em = Vµ

3 +
1√
3

Vµ
8 , Jµ

V = Vµ
1 − iηVµ

2 , Jµ
A = −Aµ

1 + iηAµ
2 , (A7)

and CBj(Q2) is the pQCD correction factor. Substituting Equation (A7) into Equation (A5)
gives: ∫

d4xeiq·xT{Jem
µ JV

ν (0)} = 1
3

εµνρσ
qρ

q2 CBj(Q2)Jσ
A(0) + . . . . (A8)

To further proceed, we perform the following chiral rotation to the quark field:

ψR → ψR , ψL → LψL , (A9)

where L = diag(1,−1,−1) is an SU(3)L matrix. This rotation is equivalent to d → γ5d,
s→ γ5s, which transforms the currents as:

Jem
µ → Jem

µ , JV
µ → −JA

µ , JA
µ → −JV

µ . (A10)

Now suppose chiral symmetry is a good symmetry, then Equation (A8) should hold
even after the chiral rotation. That means, we should similarly obtain:∫

d4xeiq·xT{Jem
µ JA

ν (0)} = 1
3

εµνρσ
qρ

q2 CBj(Q2)Jσ
V(0) + . . . . (A11)
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So, adding Equations (A8) and (A11) gives:∫
d4xeiq·xT{Jem

µ Jν(0)} =
1
3

εµνρσ
qρ

q2 CBj(Q2)Jσ(0) + . . . , (A12)

which reproduces the structure with an ε-tensor of our previous OPE relation in Equation (10),
together with the pQCD correction factor CBj(Q2) as a bonus. This completes our proof.

Appendix C. Crossing Symmetry of the Invariant Amplitudes

In this Appendix we outline a derivation of the crossing behavior of the invariant am-
plitudes T3, S1 and S2 under ν→ −ν using time-reversal invariance and isospin symmetry.
Notice that a similar derivation was shown in Appendix A of Ref. [178]. For definiteness
we take φi = n and φ f = p, but the derivation obviously applies to general I = 1/2
external states.

We start with the following identity involving the time-reversal operator T acting on
a matrix element of a generic current operator:

〈β|Jµ(~x, t)|α〉 = 〈α̃|TJ†
µ(~x, t)T−1|β̃〉 = 〈α̃|Jµ†(~x,−t)|β̃〉 , (A13)

where |α̃〉 and |β̃〉 are the time-reversed states of |α〉 and |β〉 respectively. The momentum
and spin in the external states should also transformed as pµ → p̃µ ≡ pµ and sµ → s̃µ ≡ sµ.
Furthermore, we decompose the electromagnetic current into isosinglet and isotriplet
components: Jµ

em = J(0)µem + J(1)µem and subsequently Tµν = T(0)
µν + T(1)

µν . With all the above,
we obtain the following identity for the forward generalized Compton tensor at q→ −q:

T(I)µν
ss (−q; p, p) =

∫
d4xe−iq·x〈p(p, s)|T[J(I)µ

em (x)Jν(0)]|n(p, s)〉

=
∫

d4xeiq̃·x〈n( p̃, s̃)|T[J(I)em
µ (x)J†

ν (0)]|p( p̃, s̃)〉

= −ξ(I) ∫ d4xeiq̃·x〈p( p̃, s̃)|T[J(I)em
µ (x)Jν(0)]|n( p̃, s̃)〉 ,

(A14)

where ξ I = −1(+1) for I = 0(1), and the third line is obtained through a simple isospin
rotation of the second line (or by applying the Wigner-Eckart theorem to the isospin space).

Now we may express both sides of the equation above in terms of invariant functions.
That gives (we suppress the Q2-dependence for simplicity):

−iεµναβ qα pβ

2p·q T(I)
3 (−ν) + iεµναβ qα

p·q

[
sβS(I)

1 (−ν) +
(

sβ −
s·q
p·q pβ

)
S(I)

2 (−ν)
]

= −ξ(I)
{
−iεµναβ

q̃α p̃β

2p·q T(I)
3 (ν) + iεµναβ

q̃α

p·q

[
s̃βS(I)

1 (ν) +
(

s̃β − s·q
p·q p̃β

)
S(I)

2 (ν)
]}

= ξ(I)
{
−iεµναβ qα pβ

2p·q T(I)
3 (ν) + iεµναβ qα

p·q

[
sβS(I)

1 (ν) +
(

sβ −
s·q
p·q pβ

)
S(I)

2 (ν)
]}

,

(A15)

where we have used ã · b̃ = a · b and εµναβ = −εµναβ. The equation above implies:

T(I)
3 (−ν, Q2) = ξ(I)T3(ν, Q2) , S(I)

1,2(−ν, Q2) = ξ(I)S(I)
1,2(ν, Q2) , (A16)

which is our required crossing relation.

Appendix D. ChPT Loop Functions

The loop functions h̄PQ(t) that appear in Equation (223) are defined as:
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h̄K+π0(t) = 1
64π2(M2

K−M2
π)

[
M2

π −M2
K + M2

π ln M2
K

M2
π

]
+

M2
K−M2

π−t
4t J̄Kπ(t)

h̄K0π−(t) = 1
64π2(M2

K−M2
π)

[
M2

π −M2
K + M2

K ln M2
K

M2
π

]
+

M2
π−M2

K−t
4t J̄Kπ(t)

h̄K+η(t) = 1
64π2(M2

K−M2
η)

[
M2

η −M2
K + M2

η ln M2
K

M2
η

]
+

M2
K−M2

η−t
4t J̄Kη(t) ,

(A17)

where J̄PQ is the standard mesonic loop function [111]:

J̄PQ(t) = 1
32π2

[
2 + ∆PQ

t ln
M2

Q
M2

P
− ΣPQ

∆PQ
ln

M2
Q

M2
P
− λ1/2(t,M2

P ,M2
Q)

t

× ln
(

[t+λ1/2(t,M2
P ,M2

Q)]2−∆2
PQ

[t−λ1/2(t,M2
P ,M2

Q)]2−∆2
PQ

)]
,

(A18)

with ΣPQ = M2
P + M2

Q, ∆PQ = M2
P −M2

Q, and λ(x, y, z) = x2 + y2 + z2 − 2(xy + yz + xz)
the Källén function.

Appendix E. IR-Divergent and IR-Finite Integrals in the Bremsstrahlung Contribution

In the bremsstrahlung process K(p) → π(p′)e+(pe)ν(pν)γ(k), there is only one IR-
divergent integral in the squared amplitude:

Ii(y, z) ≡
∫ α+(y,z)

0
dx
∫ d3k

(2π)32Ek

d3 pν

(2π)32Eν
(2π)4δ(4)(P− k− pν)

(
pe

pe · k
− pi

pi · k

)2
, (A19)

where i = K, π. Regularizing the IR-divergence with a photon mass, one can write:

Ii(y, z) = IIR
i (y, z) + Ifin

i (y, z) , (A20)

where the IR-divergent piece reads:

IIR
i (y, z) =

1
2πM2

K

{(
1− 1

βi(0)
tanh−1 βi(0)

)
ln

[
M2

K
M2

γ

]
− 1

2
ln

[
M2

K
m2

e

]}
, (A21)

and the IR-finite piece reads:

Ifin
i (y, z) = 1

4πM2
K

{(
1− 2

βi(0)
tanh−1 βi(0)

)
ln
[

M2
Kα2

+

4P2
0 (0)

]
+ ln

[
α2
+(y,z)

(1−z+rπ−re)2

]
− 1

βi(0)
Li2
[

2βi(0)
1+βi(0)

]
+ 1

βi(0)
Li2
[
− 2βi(0)

1−βi(0)

]
+ 2

βi(0)
Li2
[

βi(0)
1+βi(0)

(
P1(0)
P0(0)

+ 1
)]
− 2

βi(0)
Li2
[

βi(0)
1−βi(0)

(
P1(0)
P0(0)

− 1
)]}

− 1
2πM2

K

∫ α+(y,z)
0 dx 1

x

{
1

βi(x) ln
[

1+βi(x)
1−βi(x)

]
− 1

βi(0)
ln
[

1+βi(0)
1−βi(0)

]}
,

(A22)

with

βi(x) ≡

√
1−

M2
i m2

e

(pi · pe)2 , P0(x) ≡ pi · P
Mi

, P1(x) ≡ 1
βi(x)

(
P0(x)− pe · P

pi · pe
Mi

)
. (A23)

Of course all the quantities in Equation (A23) are functions of {y, z} as well. Notice
that Ifin

i includes a residual integral over x that exists only for i = π and can be easily
performed numerically.

There are also IR-finite integrals, which can be cast in the following form:

Im,n(p1, p2) ≡
1

2π

∫ d3k
Ek

d3 pν

Eν

δ(4)(P− k− pν)

(p1 · k)m(p2 · k)n , (A24)
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where m, n are integers. The analytic expressions of those appear in K`3 were first derived
in Ref. [77]:

I0,0(p1, p2) = 1

I1,0(p1, p2) = 1
β1

ln
(

α1+β1
α1−β1

)
I2,0(p1, p2) = 4

M2
1 M2

K x

I1,1(p1, p2) = 2
γ12 M2

K x
ln
(

p1·p2+γ12
p1·p2−γ12

)
I1,−1(p1, p2) = (p1 p2 :P)

β2
1

+
M2

K x(p2P:p1)

2β3
1

ln
(

α1+β1
α1−β1

)
I2,−1(p1, p2) = 2(p2P:p1)

M2
1 β2

1
+ (p1 p2 :P)

β3
1

ln
(

α1+β1
α1−β1

)
I1,−2(p1, p2) =

M4
K x2(p2P:p1)

2

4β5
1

ln
(

α1+β1
α1−β1

)
+

M2
K x(p1 p2 :P)(p2P:p1)

β4
1

+ α1(p1 p2 :P)2

2β4
1

+

[
β2

1β2
2−(p1 p2 :P)2

4β4
1

][
α1 −

M2
1 M2

K x
2β1

ln
(

α1+β1
α1−β1

)]
I2,−2(p1, p2) =

M2
K x(p2P:p1)

2

M2
1 β4

1
+

M2
K x(p2P:p1)(p1 p2 :P)

β5
1

ln
(

α1+β1
α1−β1

)
+ (p1 p2 :P)2

β4
1
−
[

β2
1β2

2−(p1 p2 :P)2

2β4
1

][
2− α1

β1
ln
(

α1+β1
α1−β1

)]
I−1,0(p1, p2) = α1

2 ,

(A25)

where
p2

i = M2
i

αi = pi · P
βi = (α2

i −M2
i M2

Kx)1/2

γij = [(pi · pj)
2 −M2

i M2
j ]

1/2

(ab : c) = (a · c)(b · c)− c2(a · b) .

(A26)
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