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Abstract: In this study, a simplified approach that can be used for the selection of the design
parameters of carbon and glass fiber reinforced composite beams is presented. Important design
parameters including fiber angle orientation, laminate thickness, materials of construction, cross-
sectional shape, and mass are considered. To allow for the integrated selection of these parameters,
structural indices and efficiency metrics are developed and plotted in design charts. As the design
parameters depend on mode of loading, normalized structural metrics are defined for axial, bending,
torsional, and combined bending-torsional loading conditions. The design charts provide designers
with an accurate and efficient approach for the determination of stiffness parameters and mass of
laminated composite beams. Using the design charts, designers can readily determine optimum
fiber direction, number of layers in a laminate, cross-sectional shape, and materials that will provide
the desired mass and stiffness. The laminated composite beams were also analyzed through a
detailed finite element analysis study. Three-dimensional solid elements were used for the finite
element modelling of the beams. To confirm design accuracy, numerical results were compared
with close-form solutions and results obtained from the design charts. To show the effectiveness
of the design charts, the simplified method was utilized for increasing the bending and torsional
stiffness of a laminated composite robotic arm. The results show that the proposed approach can
be used to accurately and efficiently analyze composite beams that fall within the boundaries of the
design charts.

Keywords: composite beams; finite element analysis; glass fiber; carbon fiber; polymer matrix

1. Introduction

Numerous researchers have spent a significant amount of effort to study the behavior
of composite beams and structures when subjected to various loading conditions [1–10].
These studies have included a wide range of composite materials ranging from lami-
nated polymer matrix composites [1–4] to steel reinforced grout composite-concrete struc-
tures [9,10]. The studies outlined in [5–8] have considered the static and dynamic behavior,
vibration of composite structures, damping characteristics of composite materials, thermal
effects, and effects of boundary conditions such as bolted joints. As part of the extensive
research effort regarding structures constructed using composite materials, several ap-
proaches and methodologies have been proposed for the selection of the parameters and
variables that are important in their design. These parameters include fiber angle orien-
tation, layup sequence, layer thickness, number of layers, geometrical dimensions, and
constituent material properties. Various approaches including two and three-dimensional
finite element analysis (FEA), genetic algorithm (GA), and particle swarm optimization
(PSO) have been utilized for the selection of the optimal parameters of composite beams
and structures [11–13]. It should be noted that, even though these methods can be used for
determining the optimal design variables and parameters, the methods are time-consuming,
computationally expensive, and can be difficult to implement. The development of a simpli-
fied approach and design charts will allow engineers and scientists to more readily observe
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the impact of the numerous parameters that govern the static and dynamic performance of
composite structures.

A simplified approach using beam elements and finite element (FE) modelling for the anal-
ysis and design of thin-walled T-joint connections has been proposed by Moazed et al. [14,15].
In their studies, the authors considered the behavior of the T-joints subjected to in-plane
and out-of-plane loading conditions. It was shown that, with the use of certain normalized
correction factors, one-dimensional beam elements can be used to accurately predict all
the important information regarding the structural performance of these connections. Im-
portant information of the structural analysis included the stresses, deformations, reaction
forces, and natural frequencies. Without the proposed correction factors, scientists and
engineers need to develop complicated and computationally expensive FE models using
two-dimensional plate and shell elements and three-dimensional solid elements. Other
studies that have considered proposing simplified approaches for structural analysis in-
clude Pasini [16] and Ashby [17,18]. In Ashby’s study, it is shown that structural properties
can be mapped, displaying the ranges of static and dynamic performance that they offer.
In each map, some spaces are filled, and some gaps exist. These gaps can be further
investigated for developing materials with new properties [18]. It should be noted that the
proposed approaches in the above-mentioned studies have been limited to structures made
of traditional isotropic materials.

Studies and research work by Kollar et al. [19] provide an extensive evaluation of
the mechanics of composite structures and the parameters that impact the structural per-
formance of laminated composite beams. These parameters include the layup sequence,
number of plies, cross-sectional shape, and materials of construction. Based on the works
of [19], An et al. [20] and Pasini [21] provide structural efficiency metrics for the inte-
grated selection of layup, materials, and cross-sectional shape of laminated composite
beam structures. These authors have developed selection graphs for laminated composite
beams subjected to bending and torsional loading. The performance selections graphs
were used to study the strength of the structures using the Tsai–Wu failure criterion [20].
Buckney et al. [22] studied the behavior of members subjected to asymmetric bending and
showed that shape factors are a useful tool to assess the structural efficiency of various
structural shapes. Wanner [23] developed a systematic materials selection procedure for
spatially limited, light-weight structural components. This approach led to a specific class
of objective equations and performance indices. Pasini [24] introduced a material and
shape selection method to reduce the challenges and effort involved in the selection of ma-
terials and cross-sectional shapes in applications involving flexural vibrations. The author
developed certain parameters such as shape transformers and performance indices to map
the beams’ mechanical properties. This method was used to assess flexural vibrations in
multilayered resonators (MRs). The developed shape transformers can be used to predict
the impact of cross-sectional shape, symmetry, number of layers, and material properties
on the vibration of MRs [24]. In future studies, the authors devised shape transformers for
different loading scenarios such as bending, torsion, shear, and combined loading [25]. The
methods and charts were generalized for single and multi-criteria selection of light-weight
shafts subjected to a combination of bending, shear, and torsional loading [26].

Laminated composite beams have been used in structures as well as mechanical
systems. Application of composite beams in the construction of mechanisms includes
linkages of robotic manipulators. Robotic manipulators can perform repetitive work at
much higher speeds and efficiency than human operators [27]. The steel and aluminum
manipulator designed by Zhang et al. [28] has a maximum reach of 3 m and can carry
weights of up to 15 kg. Even though manipulators constructed using conventional materials
(e.g., aluminum and steel) benefit from a high, axial, bending, and torsional stiffness, the
mass of the manipulator is also typically high. The mass of the robot linkages affects
the mechanism’s dynamic performance and a higher mass results in larger motor power
consumption. Utilizing thin-walled members and lighter materials of construction (with
high specific strength and stiffness ratios) for the robot’s structure can improve the robot’s
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dynamic performance and lower the power consumption requirements. Materials with
a high specific strength and specific stiffness include polymer matrix composites (PMCs)
such as glass fiber reinforced plastic (GFRP) and carbon fiber reinforced plastic (CFRP).
These materials have been used for the construction of robotic manipulators to successfully
reduce the weight by up to 70% compared with steel materials [29,30]. Other researchers
such as Yin et al. [31] have designed hybrid structures for manipulators using composites
and aluminum beams. The manufactured prototype of the manipulator in [31] showed that
the hybrid structure has a higher operational speed and lower settling time in start-stop
operations. Lee et al. [32] designed a composite wrist to replace the aluminum version. The
intent of the study was to design the composite wrist such that the dynamic performance
is improved, and deflection and mass are minimized.

In this study, the recent research works performed by An et al. [20] have been further
extended to include design charts for two different envelopes. The first envelope has
a square shape, and the second envelope has a rectangular shape. Compared with the
envelopes used in the studies performed by [20], these envelopes allow for the assess-
ment of a larger number of cross-sectional types and sizes. In this paper, the behavior
of laminated composite beams subjected to axial and bending loadings (about the two
principal directions Y and Z) and torsional loadings are considered. The works performed
by [20] were also limited to single cell beams. In this paper, in additional to single open
and close-loop cross sections, the applicability of the developed design charts for multi-cell
beam design is investigated. The results of the study show that the proposed axial and
bending design charts can also be used for the parameter selection and design of multi-cell
laminated composite beams. The effects of beam thin-walledness are also studied in this
paper. For this purpose, the bending and shear deformation effects are considered, and the
effects of different boundary conditions are investigated. A detailed three-dimensional FEA
using solid elements is performed. The results of the numerical simulations are compared
to the analytical results and those predicted by the design charts for various loading condi-
tions. Finally, the design charts are used to design the linkages of a robotic manipulator
using thin-walled laminated composite beams. It is shown that the simplified approach
and design charts can be an effective tool for the design of laminated composite beam
structures. The proposed charts help in reducing the inherent complexity involved in the
selection of the numerous design variables of laminated composite beams. The simplified
approach also allows the designer to accurately predict the deflections and rotations of
the aforementioned beams without the need to develop detailed and computationally
expensive FE models.

2. Laminated Composite Beams—Structural Efficiency Metrics and
Performance Indices

The static and dynamic performance of a given laminated composite prismatic beam
(e.g., shown in Figure 1a) depends on the number of layers, fiber angle orientation, layup
sequence, materials of construction (e.g., CFRP, GFRP), the cross-section shape (open
or closed section), and the geometrical dimensions. By assigning the elastic material
properties to the composite beam, normalized shape transformer parameters ϕG can
be defined for a given geometric quantity (G). These geometric quantities can include
parameters such as area (A), volume (V), and the second moment of area (I). For example,
ϕG = I

Ire f
is the second moment of area transformer, where I is the second moment of area

of the cross-section and Ire f is the second moment of area of a defined reference envelope.
Equations (1) to (4) present the normalized axial stiffness (ϕEA), bending stiffness (ϕEI),
torsional stiffness (ϕGJ), and mass ratio index (ϕm).

ϕEA =
EAθ

(EA)Re f
(1)

ϕEI =
EIθ

(EI)Re f
(2)
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ϕGJ =
GJθ

(GJ)Re f
(3)

ϕm =
(ρA)θ

(ρA)Re f
(4)

Figure 1. (a) Prismatic Beam, (b) square envelope, and (c) rectangular envelope. Note: all dimensions are in mm.

In Equations (1)–(4), subscript (Ref) indicates the reference beam properties and
subscript (θ) indicates the beam with a certain fiber angle direction. That is, (EA)Re f is
the reference beam’s equivalent axial stiffness, (EIRe f ) is the reference beam’s equivalent
bending stiffness, (GJ)Re f is the reference beam’s equivalent torsional stiffness, and (ρA)Re f
is the reference beam’s mass. In turn, (EA)θ , (EI)θ , (GJ)θ , and (ρA)θ are the axial, bending,
torsional stiffnesses, and mass of the cross-section under consideration, respectively. In
this study, the fiber angle direction is assumed to be constant for all laminae. The square
and rectangular envelopes utilized in this study are presented in Figure 1b,c. For the
square envelope, the bending stiffness in the Y-direction and, for rectangular envelope,
the bending stiffnesses in the Y and Z directions are analyzed. All of the parameters
are normalized to a reference cross section; for the square envelope, the reference beam
is a CFRP hollow square beam made of 16 plies with fibers oriented in the 0◦ direction
(measured from the X-axis). Similarly, for the rectangular envelope, the reference cross-
section is a CFRP hollow rectangular beam with 16 plies in the 0◦ direction (measured from
the X-axis). The equivalent axial, bending, and torsional stiffnesses in Equations (1)–(4) are
calculated using the close-form equations provided in Table A1 in the appendices. This
applies to the reference composite beam cross sections as well as sections with various
ply angles. Interested readers are referred to the works of [19,20] for more details and
derivation of these equations. Several performance parameters corresponding to different
loading conditions are defined for the purpose of developing design charts and comparing
the structural and mechanical performance of the composite beams. These performance
indices are outlined in Equations (5)–(8) as follows:

The performance index for axial stiffness:

Pa =
ϕEA
ϕm

=
EAθ

(EA)Re f

(ρA)Re f

(ρA)θ

(5)

The performance index for bending stiffness:

Pb =
ϕEI
ϕm

=
EIθ

(EI)Re f

(ρA)Re f

(ρA)θ

(6)

The performance index for torsional stiffness:

Pt =
ϕGI
ϕm

=
GJθ

(GJ)Re f

(ρA)Re f

(ρA)θ

(7)
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The performance index for combined torsional-bending stiffness:

Ptb =
ϕGI
ϕEI

=
GJθ

(GJ)Re f

(EI)Re f

EIθ
(8)

Equations (5)–(8) are used in the next section to map the structural and mechanical
performance indices of six types and sizes of laminated composite beams. The correspond-
ing beam cross sections are shown in Figure 2. As mentioned above, two envelopes were
considered for mapping the performance indices. The envelope sizes are 60 mm × 60 mm
for the square envelope, which is larger than the 50 mm × 50 mm envelope size proposed
by An et al. [20]. This will allow for the application of the design charts to beams with larger
cross sections. To study beams of various cross sections and sizes, a second envelope was
also introduced in this study. This envelope has a rectangular geometry with dimensions
of 40 mm × 60 mm. The dimensions of this envelope were chosen to correspond with the
dimensions of the aluminum beams used in the robotic manipulator presented in [28].

Figure 2. Beam cross sections used to fill the square and rectangular envelopes.

In Section 3, design charts are developed for laminated composite beams with ply
numbers ranging from 4 to 24 with a symmetric and balanced layup.

3. Thin-Walled Laminated Composite Beam Design Charts

The in-plane and out-plane behavior of beams, more specifically their static and
dynamic response, strongly depends on their stiffness and mass. In beams constructed
using traditional isotropic materials (e.g., steel, aluminum, and other metals), the relevant
stiffnesses can readily be determined using standard engineering formulas. However,
for beams constructed using laminated composite materials, the designer must select
several parameters that govern the final stiffnesses of the beams. This can be a challenging
and cumbersome engineering effort. The design charts presented in this section were
developed to provide engineers and scientists with a means to easily observe the effect of
these parameters on the stiffness and mass of composite beams. For this purpose, design
charts for axial stiffness, bending stiffness, and torsional stiffness were developed and the
results are presented in Figures 3–6. Each point on these charts corresponds to a laminated
composite beam with a defined number of layers, fiber orientation, mass, and a specific
loading condition. For ease of reference to the design points, the following labeling format
is used throughout this paper: “XN−FD

M ” where “X” refers to the cross-sectional shape; “FD”
refers to the fiber direction; and “N” and “M” present the number of layers and materials,
respectively. Moreover, for labeling the cross-sectional shapes, the letter “R” refers to a
rectangular beam, “I” to an I-beam, “O” to an oval beam, “S” to a square beam, and “C” to
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the circular beam. All material properties (e.g., CFRP and GFRP) are provided in Table A2
in the appendices. It should be noted that the developed design charts apply to thin-walled
beams (for which shear deformation effects are small), assuming linear elastic material models
and small deformations (i.e., geometric and material nonlinearities are not considered).

Figure 3. Normalized axial stiffness versus mass ratio index for CFRP materials of construction: (a) square beam, (b) circular
tube, and (c) I-beam.

Figure 4. Normalized bending performance index: (a) square CFRP cross section, (b) performance comparison for different
cross-sectional shapes using CFRP materials, (c) performance comparison for different cross-sectional shapes using GFRP
materials, and (d) performance comparison for various cross-sections constructed from CFRP and GFRP materials.
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Figure 5. Normalized torsional performance index: (a) comparison of square and circular cross-sections using CFRP and (b)
comparison of square and circular cross sections with CFRP and GFRP materials.

Figure 6. Normalized bending stiffness versus mass ratio: (a) in the Y-direction and (b) in the Z-direction.

Figure 3a–c depict the normalized axial stiffness versus the mass ratio index for the
square, circular, and I-beam cross sections. The results in these figures show that the square
cross section has a higher axial efficiency (ϕEA = 1.46) when compared with the circular
tube (ϕEA = 1.14), and the I-beam (ϕEA = 1.12) is the least efficient beam when subjected
to axial loading. As expected, the axial stiffness performance index (and off-axis strength)
decreases by increasing the fiber direction from 0◦ to 90◦, and a rapid decrease in axial
stiffness is observed between the 10◦ to 40◦ fiber orientation. A further increase in fiber
angle orientation (i.e., between 40◦ and 90◦) does not result in a significant decrease is the
axial stiffness. This behavior shows that the optimum values for designing a laminated
composite beam subjected to axial loading conditions is for a fiber angle orientation
between 0◦ and 10◦, where a significant decrease in axial stiffness is not observed.

Figure 4a shows the normalized bending ratio versus the mass ratio index for the
square cross section. A similar trend to that observed for the axial loading conditions and
axial stiffness can be seen. By increasing the fiber angle from 0◦ to 50◦, the normalized
bending stiffness changes from 1.39 to 0.18, which is a decrease of approximately 90%.

For ease of comparison and owing to space limitations and constraints, except for the
results shown in Figure 4a for the square cross section, the results for the other cross sections
are grouped into the same design charts. For example, Figure 4b provides the results for
the I-beam, square, and circular cross sections with CFRP material properties. Plotting the
results for the different cross sections on the same charts also allows the designer to select
the cross-sectional shape of the beam while simultaneously considering parameters such
as number of layers, fiber orientation, materials of construction, and mass. The results in
Figure 4b show that S24−0

CFRP has the highest normalized bending stiffness ratio in comparison
with I24−0

CFRP and C24−0
CFRP. More specifically, S24−0

CFRP is 1.11 times stiffer and 1.30 times heavier
than I24−0

CFRP and 1.71 times stiffer and 1.28 times heavier than C24−0
CFRP. Depending on the
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beam selection criteria (e.g., lower deflection vs. lower mass), the designer can readily
choose the most appropriate beam for the application. For example, the S24−0

CFRP beam will
have a higher stiffness and hence lower deflection, but at the same time, will have a larger
mass. Using the results from Figure 4b, the designer can also determine the “family”
of cross sections and parameters that provide the desired normalized bending stiffness.
For example, if a normalized bending stiffness of 0.6 is desired, the following beams can
readily be identified: I10−0

CFRP, I16−20
CFRP , S14−20

CFRP , S10−10
CFRP , and C16−0

CFRP. Similarly, if the designer
is concerned about the mass of the beams, the mass ratio index (ϕm) can be specified.
For example, if a mass ratio index of 0.8 is desired, the following beams have the closest
values: I16−0

CFRP, I16−20
CFRP , S12−0

CFRP, C16−0
CFRP, and C16−20

CFRP , and all satisfy the design criteria.
Figure 4c,d show the effect of materials of construction (GFRP vs. CFRP) on the

normalized bending stiffness and mass ratios. In Figure 4c, the same parameters as that
of Figure 4b are used, but the CFRP material properties are replaced with GFRP material
properties. The figures show that, for identical parameters, beams with GFRP material
properties are significantly heavier and less stiff than the corresponding beams fabricated
using CFRP materials. For instance, the normalized bending stiffness and mass ratios for
S24−0

CFRP are equal to 1.39 and 1.46, respectively. The corresponding values for S24−0
GFRP are

0.38 and 1.8, respectively. This shows that S24−0
CFRP is 3.66 times stiffer and 1.23 lighter than

S24−0
GFRP. Considering that lower deflection and weight are important factors in material

selection, the developed design charts can serve as a valuable tool in the design of laminated
composite beams.

The normalized torsional stiffness (ϕGI) versus mass index ratio (ϕm) and the per-
formance index for combined torsional-bending stiffness (Ptb) are shown in Figure 5a,b,
respectively. The design charts were developed for the closed cross sections using the
square envelope with CFRP and GFRP materials properties. A general observation from
the design charts is that square cross sections have a better torsional performance than cir-
cular cross sections when subjected to pure torsion as well as combined torsional-bending
loading. As expected, the highest torsional efficiency is achieved when the fiber direction
is 45◦. For design points with a constant fiber direction, increasing the number of layers
from 0 to 24 will result in an increase in Ptb. Another observation is that, as the fiber orien-
tation increases from 0◦ to 45◦, the normalized torsional stiffness and torsional-bending
performance index also increase. As the fiber orientation is further increased from 45◦

to 90◦, there is a rapid reduction of the normalized torsional stiffness and Ptb. Consequently,
for design purposes, these design charts can be separated into two sections, namely, the
section to the right of 45◦ and the section to left. In the case that the composite beam will
be subjected to torsional loading, design points in the left section of these charts should be
avoided owing to the rapid decrease in the values of ϕGI and Ptb.

A further observation that can be made based on the results presented in Figures 4 and 5
is that S24−45

CFRP and C24−45
CFRP have the highest torsional efficiency, while S24−0

GFRP and C24−0
GFRP

have the highest bending efficiency. The torsional stiffness for S24−45
CFRP is 7.54 higher than

the reference cross section (i.e., S16−0
CFRP). Regarding the performance of CFRP and GFRP

composite beams subjected to combined torsional and bending loads, Figure 5b shows that
the torsional efficiency of S24−45

CFRP is 3.3 times higher than that of S24−45
GFRP .

The rectangular envelope of 40 mm× 60 mm was used to develop design charts for
rectangular, oval, and I-beams with unequal flange and web dimensions. For these beams,
the bending stiffness is different in the cross-section’s principal directions (i.e., Y and Z
directions). Figure 6a,b show the normalized bending stiffness in the Y and Z directions
versus the mass index ratio.

4. Three-Dimensional Finite Element Analysis and Numerical Simulations

In this section, the results obtained analytically using the equations provided in
Table A1 [19] (and plotted in the design charts) are compared with the FEA results. It
should be noted that the analytical solutions and design charts do not take into account
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shear and warping deformations, while the developed FE models include the effects of
shear and warping deformations due to torsion.

The numerical modelling of the composite beams is performed using the commercial
finite element analysis package, ANSYS [33]. The developed FE model geometry, applied
loading, and boundary conditions are shown in Figure 7. The cantilever beam shown in this
figure is 1200 mm long and has a square cross section with dimensions of 60 mm × 60 mm
(corresponding to the square envelope). A concentrated load of 120 N in the Z-direction
and a torque moment of 3600 N.mm were applied at the free end of the cantilever. The
developed FE models are based on linear elastic material models, static loading conditions,
and small deformations (i.e., geometric and material nonlinearities were not considered).
Quadratic and linear solid elements were used for the meshing of the composite beams.
More specifically, Solid185 and Solid186 from the FEA software element library were
selected. These elements are three-dimensional elements and have been shown [14,15] to
be effective for the three-dimensional modeling of structures. The elements have three
degrees of freedom at each node: translations in the nodal x, y, and z directions, and are
either linear and defined by eight nodes (Solid 185) or are higher order (i.e., quadratic)
defined by 20 nodes (Solid 186).

Figure 7. Finite element model geometry, applied loading, and boundary conditions (developed FE
models consist of up to ~72,000 nodes and ~68,000 elements depending on laminate thickness).

For the purposes of comparison, the maximum deflection in the Z-direction (δmax) and
angle of twist around the X-direction (θmax) were obtained from the FEA. The normalized
bending and torsional numerical stiffness ratios obtained from the FEA are defined as
( EI

EIRe f
)

FEA
and ( GJ

GJRe f
)

FEA
and are calculated as follows:

(
EI

EIRe f
)

FEA
= (

δRe f

δmax
)

FEA
(9)

(
GJ

GJRe f
)

FEA
= (

θRe f

θmax
)

FEA
(10)

The analytical and finite element analysis results and normalized stiffness ratios
that are defined in Equations (9) and (10) are summarized in Tables 1–3. The results
are presented for fiber directions of 0◦, 10◦, and 20◦ with the number of layers ranging
from 8 to 24. The results for other fiber directions were also obtained but are not presented
here. In the tables, the following equations are used to analytically determine the deflections
and rotations for further confirmation of the FEA results:

δmax (analytical) =
PL3

3EI
(11)
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Table 1. Bending and torsional results obtained using analytical and FEA approaches (FD = 0◦).

No. of
Layers

θmax
FEA (rad)

δmax
FEA (mm)

θmax
Analytical (rad)

δmax
Analytical (mm)

(
θref

θmax

)
FEA

(
GJθ

GJRef

)
Design Charts

(
δref

δmax

)
DEA

(
EIθ

EIRef

)
Design Charts

8 2.17 × 10−3 2.80 1.99 × 10−3 2.43 0.5 0.53 0.50 0.53
12 1.43 × 10−3 1.87 1.37 × 10−3 1.68 0.76 0.77 0.75 0.77
16 1.09 × 10−3 1.41 1.07 × 10−3 1.31 1 1 1 1
20 9.04 × 10−4 1.16 8.92 × 10−4 1.08 1.21 1.20 1.21 1.21
24 7.76 × 10−4 0.99 7.72 × 10−4 0.94 1.4 1.38 1.42 1.39

Table 2. Bending and torsional results obtained using analytical and FEA approaches (FD = 10◦).

No. of
Layers

θmax
FEA (rad)

δmax
FEA (mm)

θmax
Analytical (rad)

δmax
Analytical (mm)

(
θref

θmax

)
FEA

(
GJθ

GJRef

)
Design Charts

(
δref

δmax

)
FEA

(
EIθ

EIRef

)
Design Charts

8 1.44 × 10−3 2.94 1.35 × 10−3 2.66 0.75 0.80 0.48 0.49
12 9.81 × 10−4 1.95 9.27 × 10−4 1.83 1.11 1.17 0.72 0.71
16 7.44 × 10−4 1.49 7.20 × 10−4 1.42 1.47 1.51 0.94 0.92
20 6.10 × 10−4 1.23 5.97 × 10−4 1.17 1.79 1.82 1.14 1.11
24 5.23 × 10−4 1.06 5.17 × 10−4 1.01 2.08 2.10 1.33 1.28

Table 3. Bending and torsional results obtained using analytical and FEA approaches (FD = 20◦).

No. of
Layers

θmax
FEA (rad)

δmax
FEA (mm)

θmax
Analytical (rad)

δmax
Analytical (mm)

(
θref

θmax

)
FEA

(
GJθ

GJRef

)
Design Charts

(
δref

δmax

)
FEA

(
EIθ

EIRef

)
Design Charts

8 7.80 × 10−4 3.77 7.48 × 10−4 3.63 1.40 1.48 0.37 0.36
12 5.32 × 10−4 2.54 5.09 × 10−4 2.48 2.05 2.18 0.55 0.52
16 4.10 × 10−4 1.96 3.94 × 10−4 1.92 2.66 2.81 0.71 0.68
20 3.37 × 10−4 1.61 3.27 × 10−4 1.59 3.23 3.39 0.87 0.82
24 2.88 × 10−4 1.39 2.82 × 10−4 1.37 3.78 3.92 1.01 0.95

The deflections calculated using Equation (11) include only the deformation due to
bending. In this equation, P is the applied load, L is the length, and EI is the equivalent
bending stiffness of the composite beam.

θmax (analytical) =
T

GJ
(

sinh(µL)
µ× cosh(µL)

(cosh(µL)− 1) + X− sinh(µL)
µ

) (12)

Equation (12) is used to determine the rotations (i.e., angle of twist) and includes the ef-
fects of warping [34]. In this equation, T is the applied torque; GJ is the equivalent torsional
stiffness; L is the length of the beam; X is the distance from the fixed support boundary
condition; and, for the case of a square cross-section, µ2 = 12G

Ea2 , where E is the equivalent
elastic modulus and a is the dimension of the side length of the square section [34].

The results presented in Tables 1–3 show that the FEA results are in close agreement
with the results obtained from closed form analytical solutions that take into account the
effects of warping. The close agreement between the analytical and FEA results validate
the developed FE model.

The difference between the design charts and FEA results is summarized in Table 4.
The % difference values were determined as follows:

% di f f erence =
∣∣∣∣Design chart result− FEA result

Design chart result

∣∣∣∣ (13)

In Table 4, D0
GJ , D10

GJ , and D20
GJ correspond to the percent differences between the

normalized torsional stiffness values for the 0◦, 10◦, and 20◦ fiber orientations obtained
using the FEA and analytical approaches. In turn, D0

EI , D10
EI , and D20

EI correspond to the
percent differences between the normalized bending stiffness values for the 0◦, 10◦, and
20◦ fiber orientations, respectively, obtained using the FEA and analytical approaches.



J. Compos. Sci. 2021, 5, 220 11 of 21

Table 4. Difference between the FEA and analytical method.

Layers
D0

GJ
(% Difference)

D10
GJ

(% Difference)
D20

GJ
(% Difference)

D0
EI

(% Difference)
D10

EI
(% Difference)

D20
EI

(% Difference)

8 5.66 6.25 5.40 5.66 2.04 2.77
12 1.29 5.12 5.96 5.60 1.40 5.76
16 0 2.64 5.33 0 2.17 5.88
20 0.83 1.64 4.72 0 2.70 6.10
24 1.45 0.95 3.57 2.15 3.9 6.31

The values for the % difference provided in Table 4 range from nearly zero up to
6.31%. These differences are due to some of the assumptions that are inherently included
in the design charts. For instance, the design charts do not take into account the effects
of shear and warping deformations. In using the design charts, designers should remind
themselves that the results and graphs are provided for thin-walled beams, and the under-
lying assumption is that the layer thickness is small. For reference, the individual lamina
thicknesses used in this study were taken as 0.18 mm.

To investigate the effects of shear deformation on the design charts, the shear deformation
(δs) and bending deformation (δb) were determined using the equations provided in Table A3
in Appendix B. As can be seen in the table, in addition to the geometric parameters of the
beam, shear deformation effects (and their contribution to the total deformation) also depend
on the beam end boundary conditions. The results reported here correspond to the laminated
composite hollow square beam and I-beam with 24 layers and fiber orientation ranging from 0◦

to 90◦. Figure 7 and S1–S3 refer to the square beam with boundary conditions corresponding to
cases 1, 2, and 3 in Table A3, respectively. In turn, I1, I2, and I3 refer to an I-beam with boundary
conditions corresponding to cases, 1, 2, and 3 in Table A3, respectively.

From Figure 8, it is observed that, for beams with angle ply layup and fiber angle
direction ranging between approximately 30◦ and 60◦, the effect of shear deformation is
lower than that of fiber angle orientations between 0◦ and 30◦. This is expected as the shear
stiffness has higher values when the fiber orientation is between 30◦ and 60◦. On the other
hand, for angle ply layups with fibers oriented between approximately 0◦ and 30◦, the
shear deformation effect is significantly higher. The same observations can be made for
both the square and I-beam cross sections. Furthermore, observations from Figure 8 show
that the effects of shear deformation are significant for boundary conditions other than
cantilever beams (Case 1) and lower fiber angle orientations. That is, the effect of shear
deformation contribution for fiber orientations between approximately 0◦ and 30◦ and
simply-simply supported boundary conditions (case 2) and clamped-clamped boundary
conditions (case 3) can be close to 60%.

Figure 8. Ratio of shear deformation to total deformation.
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The results presented in this section show that the developed design charts can be
used for the design of laminated composite beams if the effects of shear deformation are
not significant (i.e., less than approximately 10%). The designers can use the results of
Figure 8 (and similar plots) to determine the percent contribution of shear deformation. In
the case that the shear deformation contribution is larger than 10%, the design charts can
have significant inaccuracies and should not be used. The use of the design charts for the
design of laminated composite beams is investigated in Sections 7–9 of this paper.

5. Application of Design Charts for the Analysis of Multi-Cell Beams

Laminated composite beams with closed cross-sections that have more than one cell
occur in many engineering applications, including aircrafts, ships, and oil rigs, as well as
robotic manipulators. Two composite beams with rectangular and I cross sections that fit
within the rectangular envelope presented in Section 2 are shown in Figure 9. The cross
sections were used to create a three-cell composite beam. These thin-walled multi-cell
beams can be analyzed by an extension of the single-cell analysis approach and design
charts described in the previous sections. For a multi-cell composite beam, the equivalent
normalized bending ratio can be calculated using Equation (14) as follows:

ϕEImulticell =
∑N

i=1 EIYi

∑N
i=1 EIRe f i

(14)

where EIYi is the equivalent bending stiffness for each cell with respect to the Y-axis and
EIRe f i is the equivalent bending stiffness of the reference beam. It is assumed that all cells
have the same geometrical sizes, number of laminae, thicknesses, and material properties,

that is, EIY1 = EIY2 = . . . = EIYN . Therefore,
N
∑

i=1
EIYi = N · EIYi. Similarly, we can write

the denominator of Equation (14) as
N
∑

i=1
EIRe f i = N · EIRe f i. Substituting these expressions

back into Equation (14), the following equation is obtained:

ϕEImulticell = ϕEI (15)

Figure 9. Multi-cell composite beams with rectangular and I-beam cross sections. Each of the single cells has the dimensions
of the rectangular envelope (40 mm by 60 mm).

Equation (15) shows that a multi-cell beam’s bending stiffness ratio is equal to the
beam bending efficiency ratio with respect to the Y-axis (defined in Section 2). Therefore,
the bending efficiency design charts can be applied to multi-cell beams with the same
limitations and constraints that govern their use for single cell sections.

Similarly, the mass ratio index for single cell beams can be extended to multi-cell
beams as follows:

ϕmmulticell =
∑N

i=1 ρAi

∑N
i=1 ρADi

→ ϕmmulticell = ϕm (16)
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The same conclusions do not apply to the cross-sectional properties with respect to
the Z-axis (e.g., Z-direction bending stiffness), because the centroidal Z-axis of each cell
does not coincide with the centroidal Z-axis of the multi-cell cross section. As a result, in
the Z-direction, the design charts for a single cell beam cannot be used for the design of
multi-cell beams. This also applies to the torsional stiffness as the shear center for each cell
does not coincide with the shear center of the multi-cell beam. However, the axial stiffness
plots can be used for the analysis of the multi-cell beams subjected to axial loading.

An example of multi-cell beams used in robotic applications is the plant phenotyping
robot, which is partially shown in Figure 10 [28]. The robot is only partially shown as it is
currently being patented. The robot is a long-reach 5-DOF manipulator and is designed
and manufactured at the University of Saskatchewan. The robot has one prismatic joint
that extends its reach to approximately three (3) meters. Each of the two top links are
made of three aluminum beams with L = 1200 mm and with a rectangular cross section of
40 × 60 mm. Therefore, the resulting multi-cell beam has dimensions of 120 × 60 mm. The
robot carries several sensors with a total mass of 15 kg at its end-effector. The manipula-
tor’s tip displacement at the end effector affects the sensors’ performance; therefore, the
designer is concerned with designing a robot with minimum tip deflections. As mentioned
previously, the robot in [28] was fabricated using aluminum and steel materials. To reduce
the mass of the structure and beam deflections (i.e., manipulator’s tip deflections), in this
study, the authors have examined the effectiveness of using laminated composite beams
for the materials of the manipulator. The design charts presented in the previous sections
were utilized for this purpose. Results of this work are presented in Sections 7 and 9.

Figure 10. 5-DOF robot manipulator used in plant phenotyping.

6. Simplified Approach and Methodology for Utilizing the Design Charts

This section outlines the simplified approach and methodology for using the design
charts. The methodology can be itemized as follows:

1. Select appropriate design chart—As there are different design charts corresponding to
the different modes of loading, the designer must first determine the type of loading so
that the appropriate design chart(s) can be utilized. The design charts were developed
for axial, bending, torsional, and bending-torsional loadings.

2. Calculate mass, deflections, and rotations of reference beam—Once the type of loading
is identified, the designer must then calculate the mass and deflections/rotations
when the reference beam is subjected to the applied loadings. The reference beam(s)
utilized for the development of the design charts are presented and discussed in
Section 2. It should be noted that beams other than the reference beam can be used
for these calculations. That is, any beam that corresponds to a design point on the
design charts can be used for this purpose.

3. Specify desired decrease in mass, deflections, and rotations—Once the deflections and
rotations of the reference beam have been determined, the designer must then specify
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the desired decrease in deformations and rotations (i.e., increase in axial, bending, or
torsional stiffness) or reduction in mass relative to the reference beam(s). That is, the
designer specifies the desired normalized axial stiffness (ϕEA), bending stiffness (ϕEI),
torsional stiffness (ϕGJ), and mass ratio index (ϕm) as appropriate.

4. Select a “family” of design points that satisfy requirements—Based on the desired
normalized parameters in step 3, a “family” of cross sections with the number of
layers, fiber angle orientation, mass, and materials of construction that satisfy the
design criteria can readily be determined from the design charts.

Figure 11 is a flow chart depicting the required steps for utilizing the design charts.

Figure 11. Methodology for utilizing the design charts.

To determine the number of layers, the designer can select any arbitrary lamina
thickness for the individual plies. That is, there are no constraints regarding the individual
lamina thicknesses as long as the laminated composite beam remains thin-walled and the
design chart assumptions discussed in Section 4 are not violated (e.g., shear deflection
contribution remains lower than approximately 10%).

In the next sections, the above design methodology is utilized to determine the appro-
priate cross-sectional shape, layup, and fiber angle orientations for laminated composite
beams. Three general case studies were completed. More specifically, in the first case study,
the design charts corresponding to the rectangular envelope are used for the design of
multi-cell beams for the robotic arm shown in Figure 10. In the second case study, the de-
sign charts corresponding to the square envelope are examined. The laminated composite
beams are subjected to bending loads in both case studies. In the third case study, tortional
loads are applied to the laminated composite beam made up of a single cell rectangular
cross section.

It should be noted that the aluminum robotic arm presented in Figure 10 has a
maximum deflection of 2 mm when subjected to a 150 N force in the negative Z-direction at
its tip [28]. To improve the performance of the robot and accuracy of sensor measurements,
designers can consider increasing the beam stiffness while decreasing the mass using the
design charts provided in this paper.

7. Case Study 1

In the first case study, a concentrated load of 150 N is applied to the free end of a multi-
cell laminated composite beam. As the beam is subjected to in-plane bending, the bending
efficiency design charts will have to be utilized. The design aims to decrease the beam tip
deflection by increasing the laminated composite beam’s Y-direction equivalent stiffness.
The notation used to identify the multi-cell beams will be as follows: three rectangular
beams (RRR), three oval beams (OOO), and three I-beams (III). The following design point
RRR12−20

CFRP was selected as the starting design beam and used to calculate the relevant
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information. It should be noted that any other point on the design charts could have been
chosen for this purpose. From Figure 6a, this beam has a bending efficiency of 0.53. To
utilize the design charts, two design scenarios are considered. In the first scenario, ϕEI is
increased from 0.53 to 0.8, and in the second scenario, it is increased from 0.53 to 1.2. Using
the design charts provided in Figure 6a, the design points for scenario one can be I I I16−10

CFRP ,
RRR12−0

CFRP, RRR14−10
CFRP , and OOO24−0

CFRP, and those for scenario two can be I I I24−0
CFRP, RRR20−0

CFRP,
and RRR22−10

CFRP . Therefore, using the design charts provided in Figure 6a, the designer can
estimate the decrease in deflection without performing a detailed and computationally
expensive FEA as follows:(

ϕEI−desired
ϕEI−reference beam

)
=

(
δmax−reference beam

δdesired

)
→ 0.8

0.53
=

2 mm
δdesired

→ δdesired ≈ 1.32 mm (17)(
ϕEI−desired

ϕEI−reference beam

)
=

(
δmax−reference beam

δdesired

)
→ 1.2

0.53
=

2 mm
δdesired

→ δdesired ≈ 0.88 mm (18)

For purposes of verification and comparison, a detailed FEA of the beams correspond-
ing to the selected design points from the design charts was completed in Ansys. The
beams were meshed using the Solid 185 (8-noded linear) element from the FEA software
element library. For the purposes of verifying the convergence of the FE results, the beams
were also meshed using Solid 186 (20-noded quadratic) element. Figure 12 shows the
loading and boundary conditions on these multi-cell beams. The FE models consist of
up to ~168,000 nodes and ~158,500 elements depending on the number of layers and
laminate thickness.

Figure 12. Proposed multi-cell beams (based on the design charts) subjected to bending loads. Cross sections are three
rectangular beams (RRR), three oval beams (OOO), and three I-beams (III).

The numerical results and corresponding percent difference with the results obtained
using the design charts are summarized in Table 5. As can be observed, there is a very
close agreement between the design charts and the deflections predicted by the detailed
three-dimensional FEA. It can be seen that, for all of the proposed multi-cell cross sections,
the difference between the deflections predicted by the design charts and FEA is less than
8%, which is reasonable. The differences between the results obtained using the design
charts and FEA are due to some of the assumptions and limitations of the design charts.
For instance, as discussed previously, the design charts do not take into account the effects
of shear deformations. In using the design charts, designers should keep in mind that the
results and performance indices are provided for thin-walled beams, and the underlying
assumption is that shear deformations are negligible.
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Table 5. FEA results—maximum deflections under bending loading for the proposed multi-cell
beams (using rectangular envelope).

ϕEI=0.53→0.8 ϕEI=0.53→1.2

δI I I16,10
CFRP

= 1.30 mm 1.51% difference

δRRR12,0
CFRP

= 1.37 mm 3.79% difference

δRRR14,10
CFRP

= 1.27 mm 3.79% difference

δOOO24,0
CFRP

= 1.31 mm 0.76% difference

δI I I24,0
CFRP

= 0.81 mm 7.95% difference

δRRR20,0
CFRP

= 0.86 mm 2.27% difference

δRRR22,10
CFRP

= 0.85 mm 3.41% difference

8. Case Study 2

In this case study, the effectiveness of the design charts developed using the square
envelope are examined. The same loading and applied boundary conditions as that of case
study 1 are considered. However, laminated composite beams with square and circular
cross-sections that fit the square envelope are examined. The same approach as that of
case study 1 was followed to utilize the design charts shown in Figure 4. The notation
used to identify the multi-cell beams is as follows: three square beams (SSS), three circular
beams (CCC), and three I-beams (III). The following design point SSS20−40

CFRP was arbitrarily
selected with a bending efficiency of 0.25. To utilize the design charts, two design scenarios
are considered. In the first scenario, ϕEI is increased from 0.25 to 0.4, and in the second
scenario, it is increased from 0.25 to 0.8. Using the design charts provided in Figure 4a,
the design points for scenario one can be I I I8−10

CFRP, SSS16−30
CFRP , and CCC12−10

CFRP , and those for
scenario two can be I I I16−10

CFRP and CCC24−0
CFRP. Similar to the first case study, the designer can

estimate the decrease in deflection without performing a detailed and time-consuming
FEA as follows (using design charts in Figure 4):(

ϕEI−desired
ϕEI−reference beam

)
=

(
δmax−reference beam

δdesired

)
→ 0.4

0.25
=

2.1 mm
δdesired

→ δdesired ≈ 1.31 mm (19)(
ϕEI−desired

ϕEI−reference beam

)
=

(
δmax−reference beam

δdesired

)
→ 0.8

0.25
=

2.1 mm
δdesired

→ δdesired ≈ 0.65 mm (20)

A detailed FEA of the beams corresponding to the selected design points from the
design charts was also completed. Table 6 shows the FEA results. It can be seen that, for
all of the proposed square and circular multi-cell cross sections, there is a good agreement
between the deflections predicted by the design charts and FEA.

Table 6. FEA results—maximum deflections under bending loading for the proposed multi-cell
beams (using square envelope).

ϕEI=0.25→0.4 ϕEI=0.25→0.8

δI I I8−10
CFRP

= 1.30 mm 0.76% difference
δCCC12−10

CFRP
= 1.32 mm 0.76% difference

δSSS16−30
CFRP

= 1.38 mm 5.34% difference

δI I I16−10
CFRP

= 0.67 mm 3.08% difference
δCCC24−0

CFRP
= 0.69 mm 6.15% difference

9. Case Study 3

In addition to bending loads, the laminated composite beams in structures and mecha-
nisms can be subjected to torsional loads. For instance, if the sensors at the tip of the beam
are installed at a location that is not in-line with the shear center of the cross section of
the beam, the beam will be subjected to torsional loading. In this section, the torsional
efficiency design charts for the square envelope were used to increase the torsional stiff-
ness of the beam, and hence decrease the angle of twist of the beam. For this purpose, a
torsional moment of 36,000 N.mm. was applied at the free end of a cantilever beam with a
length of 1200 mm. The cross-sectional dimensions of this beam are such that it fills the
square envelope defined in Section 2. A detailed FEA was also completed on the beam
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to determine the angle of twist. The developed FE model, meshing, applied boundary
conditions, and loading are shown in Figure 13.

Figure 13. Applied boundary conditions and loading of beam subjected to torsional loading (FE models consist of up to
~61,000 nodes and ~57,400 elements depending on laminate thickness).

As the developed torsional efficiency design charts cannot be applied to multi-cell
beams, only single cell beams are considered here. To utilize the design charts, several
design points are considered. The beam corresponding to the design point S20−0

CFRP with
ϕGJ of 1.2 was arbitrarily selected as the starting beam. The aim is to choose a laminated
composite beam with a certain fiber angle orientation, mass, and cross section that can
provide the required stiffness and normalized mass index ratio ϕM, without performing a
detailed and time-consuming FEA on numerous laminated composite beams. The design
charts provided in Figure 5 are utilized using the same approach as that in case studies 1
and 2 to determine the angle of twist for various beams with higher stiffness than the
starting reference beam. These beam cross sections are outlined in Table 7. In practice, the
desired angle of twist (and mass) will be specified, and the designer can readily choose a
laminated composite beam from the design charts that will provide the require stiffness
(and mass) to meet the specified criteria.

Table 7. Maximum angle of twist for single cell beam subjected to torsion.

Beam
Cross-Section and Layup ϕGJ ϕM

Angle of Twist—Design Chart
(rad)

Angle of Twist—FEA
(rad) % Difference

S24−40
CFRP 7.35 1.46 1.50 × 10−3 1.60 × 10−3 6.67

C20−40
CFRP 5.00 0.96 2.10 × 10−3 2.30 × 10−3 9.52

S16−30
CFRP 4.29 1 2.50 × 10−3 2.70 × 10−3 8.00

C12−30
CFRP 2.61 0.59 4.10 × 10−3 4.30 × 10−3 4.88

S20−0
CFRP 1.20 1.23 8.90 × 10−3 9.00 × 10−3 1.12

The results obtained from the designed charts and FEA are shown in Table 7. Note
that the difference between the angles of twist calculated using the design charts versus
FEA is less than 10% for all cases.

As can be observed, the design charts can be a very useful tool for determining a
“family” of possible beams with the desired stiffness that meet the deflection or rotation
criteria. The final selection of an appropriate beam from the range of possible options
depends on application, ease of fabrication, costs, and available manufacturing machines
and technologies. Regarding the robotic arm, it can be observed how the design charts can
aid in selecting a laminated composite beam with similar or better structural performance
than the aluminum beam (e.g., higher stiffness and lower mass).
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10. Conclusions

In this study, structural efficiency metrics and performance indices were defined
for the integrated selection of the design parameters that govern the static and dynamic
performance of laminated thin-walled composite beams. Important parameters in the
design of laminated composite beams include the number of layers, thickness of laminate,
fiber angle orientation, materials of construction, and cross-sectional shape. Based on
these design parameters, performance indices such as normalized axial stiffness, bending
stiffness, torsional stiffness, combined torsional-bending stiffness, and the mass index ratio
were defined and are summarized in design charts. The developed design charts are a
useful tool for comparing the structural performance of laminated composite beams of
various cross-sections, fiber angle orientation, and materials. To analyze cross sections
of various types and sizes, results are generated for two envelopes. The proposed charts
assist the designer in the design variable selection process and analysis of beams with
square, rectangular, circular, oval, and I-beam cross sections. In addition to single cell
beams, the application of the design charts was extended to multi-cell beams for certain
loading conditions.

Three-dimensional finite element models using linear and quadratic solid elements
were developed and the numerical simulation results were compared to the closed form
solution and design chart results. It was observed that the design charts can be used to
assist engineers and researchers to accurately and efficiently predict the structural behavior
(e.g., stiffnesses, deflections, and rotations) of laminated composite beams that fall within
the boundaries of the design charts. It was observed that the two main factors that impact
the accuracy of the results predicted by the design charts are shear deformation and
warping effects. The results show that, for cases where the shear deformation contribution
to total deformation is below 10%, the design charts provide an accurate prediction of the
behavior of the composite beam.

The simplified approach for parameter selection and analysis of laminated composite
beams was summarized in a series of steps. The design charts and simplified approach were
then used as a tool for selecting laminated composite beam(s) with the required stiffness
and mass to replace an aluminum robotic arm. It was observed that the proposed approach
can be used in the design of laminated composite beams without the need to create detailed
FE models that are time-consuming to develop and computationally expensive.
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Appendix A. Equivalent Axial, Bending, and Torsional Stiffness Equations and
Material Properties

Table A1. Equivalent axial, bending, and torsional stiffnesses [19].

EA = 2bf
(a11)f

+ 2bw
(a11)w

EIyy = bf
(a11)f
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2 + 2bf
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+ 2b3
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Table A2. Properties for the CFRP and GFRP lamina, values adopted from [33].

Property CFRP GFRP

Density, p, g/cm3 1.60 1.97
Longitudinal modulus, E1, GPa 147.0 41.0

Transverse in-plane modulus, E2,GPa 10.3 10.4
Transverse out-of-plane modulus, E3,GPa 10.3 10.4

In-plane shear modulus, G12,GPa 7.00 4.30
Out-of-plane shear modulus, G23,GPa 3.70 3.50
Out-of-plane shear modulus, G13,GPa 7.00 4.30

Major in-plane Poisson’s ratio, v12 0.27 0.28
Out-of-plane Poisson’s ratio, v23 0.54 0.50
Out-of-plane Poisson’s ratio, v13 0.27 0.28
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Appendix B. Comparison of FEA Results and Shear to Bending Deformation Ratios

Table A3. Bending and shear deformation equations, formula adopted from [19].

Boundary Conditions Bending Deformation δb Shear Deformation δs
δs
δb

Case 1
PL3

3EI
PL
S

3EI
L2S

Case 2
PL3

48EI
PL
4S

12EI
L2S

Case 3
PL3

192EI
PL
4S

48EI
L2S
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