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Abstract: The exact three-dimensional analysis of a large group of geometries is accomplished here
using the same formulation written in orthogonal mixed curvilinear coordinates. This solution
is valid for plates, cylindrical shells, cylinders and spherical shells. It does not need specialized
equations for each proposed geometry. It makes use of a formulation that is valid for spherical shells
and automatically degenerates in the simpler geometries. Second order differential equations are
reduced of an order redoubling the number of variables, and then they are solved via the exponential
matrix method. Coefficients of equations vary through the thickness when shells are considered.
M mathematical layers must be introduced into each physical layer to approximate the curvature.
The correlation between M and the order of expansion N for the exponential matrix is analyzed in
this paper in order to find their opportune combined values to obtain the exact results. As their effects
may depend on different parameters, several geometries, lamination sequences, thickness ratios and
imposed half-wave numbers are taken into consideration.

Keywords: plates; shells; static analysis; 3D elasticity solution; exact method; exponential matrix
method; convergence study; mathematical layers

1. Introduction

Structural analysis in aerospace, mechanical and civil fields often considers complex geometries
with any kind of boundary and load conditions, materials and, in the case of multilayered structures,
lamination sequences. These problems have the possibility to be solved by means of even more refined
numerical models, whose target is to draw more and more precisely the behavior of the structure
taken into consideration, emphasizing its salient characteristics, thus allowing a parallel decrease
of the weights involved and an increase in safety. A certain degree of confidence is acquired by
a numerical model once it has been deeply validated by means of an opportune juxtaposition with
an exact 3D model [1,2]. Plates and shells are the common geometries used by these exact models
because of their particular simplicity and specific load and boundary conditions. They allow the
closed solution of the differential equilibrium equations that govern the phenomenon. The closed
solution is essential in this validation process as it is the only way to obtain a punctual description of
displacement, strain and stress fields without any numerically-related deviations. Several 3D solutions
for plates and shells have been proposed in the literature; however, all of them are characterized by
a dedicated solution for the specific geometry involved. The present 3D solution poses the problem
in orthogonal mixed curvilinear coordinates, thus allowing a unique formulation for the equations
of motion for rectangular and square plates, cylindrical and spherical panels and closed cylinders.
No simplifications are introduced; the equations are written and solved in the most general case,
the spherical panel, and they automatically degenerate into the ones for simpler configurations.
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The differential equations are solved using the exponential matrix method [3,4]. This approach needs
constant coefficients. Several mathematical layers must be introduced in shell geometries to consider
constant curvature-related terms.

Some of the most important 3D models proposed in the literature were developed for specific
geometries. Pagano deeply analyzed the problem of the mechanical response of composite laminated
structures. The cylindrical bending of composite laminated plates was studied in [5] while an exact
solution for rectangular and square, composite and sandwich plates was proposed in [6], where
the maximum stresses and deflections were investigated. More general load cases in cylindrical
bending were considered in [7]. Demasi [8] found the exact three-dimensional solution for isotropic
rectangular plates using the mixed form of Hooke’s law, and he showed the closed form expression
for stresses and displacements of a rectangular plate under sinusoidal load. Fan and Ye [9] analyzed
the statics and the dynamics of plates with orthotropic layers overcoming the problem of increasing
the number of equations to be solved with the number of the layers. Actually, the free vibration
analysis of multilayered plates was proposed by several authors. Srinivas et al. [10] proposed
a three-dimensional solution for the free vibration of simply-supported, homogeneous and thick
laminated rectangular plates made of isotropic materials. Circular and annular plates were studied
by Taher et al. [11]; the first frequencies were found for different thickness ratios and boundary
conditions. Hosseini-Hashemi et al. [12] used two different displacement fields to study the in-plane
and the out-of-plane vibrations of a rectangular homogeneous plate, coated by a functionally graded
layer. Messina [13] used the exponential matrix method to solve the three-dimensional equations
of equilibrium, written in a Cartesian coordinate system, for cross-ply laminated rectangular plates.
The free vibration frequencies, stresses and deflections were presented. On the other side, Ye [14]
preferred to start from the recursive solution proposed in [9] to study the free vibration of cross-ply
plates. Other authors proposed different formulations valid for shells with an unavoidable increase
in complexity with respect to the ones developed for flat cases. Varadan and Bhaskar [15] studied
the effects of harmonic loads applied to cross-ply cylinders; Fan and Zhang [16] looked for an exact
solution of the equations of elasticity in a curvilinear coordinate system. Also in these cases, several
solutions have been proposed for the free vibration analysis. The free frequencies of simply supported
composite mono and doubly-curved shells were found by Huang [17] using the power series method.
A further example for the use of the exponential matrix method to solve the 3D equilibrium equations
may be found in [18], where Soldatos and Ye wrote the equations in cylindrical coordinates, in order
to calculate the free frequencies of angle-ply multilayered cylinders. Khalili et al. [19] solved the free
vibration problem for isotropic cylinders with different boundary conditions by means of the Galerkin
method and writing the equations using the Hamilton’s principle.

Although several solutions were already proposed, all of them were written for a specific kind of
geometry, with a lack of universality. In the present 3D solution, the equilibrium equations are written
in orthogonal mixed curvilinear coordinates. The first author’s past works extensively described all
the details of the proposed 3D formulation used for the free vibration analysis of one-layered and
multilayered spherical, cylindrical and flat one-layered panels [20,21]. The same idea was extended
to the static problem of shells subjected to harmonic loads on the top and bottom surfaces in [22].
More general load combinations were considered in [23]. In conclusion, this formulation can be
used for the static and dynamic analysis of plates, cylinders and cylindrical/spherical shell panels.
The method involves some parametric coefficients that depend on the radii of curvature and on the
thickness coordinate z. These coefficients allow the equations to degenerate into the ones for simpler
geometries when one or both the radii of curvature are infinite. The exact/closed solution is obtained
assuming a harmonic form for displacement components and loads, and considering the structure as
simply supported. A simple stratagem of redoubling the number of variables allows the reduction to
a system of first order partial differential equations. The exponential matrix method is then used to
solve the reduced equation system across the thickness coordinate z. In order to reach the solution,
an opportune expansion order N must be chosen for the exponential matrix. This method has constant
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coefficients for the first order partial differential equations in the plate case. When at least one radius
of curvature is different from infinite, the parametric coefficients become functions of the thickness
coordinate z, and the coefficients for equations in each physical layer vary in z. In these cases, several
mathematical layers M must be introduced to approximate the curvature terms and to solve the system.
A convergence analysis for the introduced number M of mathematical layers and for the order N used
in the expansion of the exponential matrix in the case of plates and shells (with different dimensions,
thickness ratios, lamination sequences and geometries) is proposed in this paper. A similar study
was already proposed for the free vibration analysis of sandwich and multilayered plates, cylinders
and cylindrical/spherical shell panels in [24] and for functionally graded plates and shells in [25].
Theopportune combination of M and N values is essential in order to guarantee the convergence and
to optimize the model in terms of convergence speed. As shown in [25,26], the use of mathematical
layers is also useful when functionally graded materials are taken into consideration because it allows
for better considering the evolution of the mechanical properties through the thickness.

2. Three-Dimensional Equilibrium Equations for Static Analysis

Notations, reference systems and geometrical parameters for shell structures in the most general
case are indicated in Figures 1 and 2. Ω0 is the middle surface of the shell, defined as the locus of
points that fall midway between the bottom and the top surfaces. The reference system (α, β, z) is
mixed curvilinear and orthogonal. Its origin is located in a corner. z is normal to the middle surface,
heading towards the upper surface. α and β lie on it. h is the thickness of the shell, z varies from
–h/2 to h/2. For shells with constant radii of curvature in both directions, the following parametric
quantities can be defined:

Hα = (1 +
z

Rα
) = (1 +

z̃− h/2
Rα

) , Hβ = (1 +
z

Rβ
) = (1 +

z̃− h/2
Rβ

) , Hz = 1. (1)

In Equation (1), Rα and Rβ are the radii of curvature referred to the mid-surface evaluated in α and
β directions, respectively. Hα and Hβ continuously vary across the thickness following the thickness
coordinate z or z̃.

Ω0
β

α

z

h

Rβ Rα

Figure 1. Notations, reference system and geometrical parameters for shell structures.
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Figure 2. Thickness coordinates z and z̃, and reference systems for shell structures.

Using the above coefficients, the static analysis of a spherical shell with a constant radii of
curvature in α and β directions, made of a generic number NL of layers, can be done writing for each k
layer the following differential equations of equilibrium:

Hβ
∂σk

αα

∂α
+ Hα

∂σk
αβ

∂β
+ HαHβ

∂σk
αz

∂z
+ (

2Hβ

Rα
+

Hα

Rβ
)σk

αz = 0, (2)

Hβ

∂σk
αβ

∂α
+ Hα

∂σk
ββ

∂β
+ Hα Hβ

∂σk
βz

∂z
+ (

2Hα

Rβ
+

Hβ

Rα
)σk

βz = 0, (3)

Hβ
∂σk

αz
∂α

+ Hα

∂σk
βz

∂β
+ HαHβ

∂σk
zz

∂z
−

Hβ

Rα
σk

αα −
Hα

Rβ
σk

ββ + (
Hβ

Rα
+

Hα

Rβ
)σk

zz = 0. (4)

k indicates the physical layer, so it may vary between 1 (at the bottom) and NL (at the top); symbol ∂

stands for the partial derivatives. (σk
αα, σk

ββ, σk
zz, σk

βz, σk
αz, σk

αβ) are the six stress components. Rα, Rβ and
Hα, Hβ have been described before. A less specialized form of Equations (2)–(4), valid for shells with
variable radii of curvature, may be found in [2,27]. In order to write Equations (2)–(4) in displacement
form, the geometrical relationships and the constitutive equations must be introduced. A simplified
expression of the geometrical relationships in orthogonal mixed curvilinear coordinates (see [27,28]) is
possible when they are written for shells with constant radii of curvature. (εk

αα, εk
ββ, εk

zz, γk
βz, γk

αz, γk
αβ)

are the six strain components when the three displacement components u, v, and w in direction α, β, z,
respectively, have been introduced:

εk
αα =

1
Hα

∂uk

∂α
+

wk

HαRα
, (5)

εk
ββ =

1
Hβ

∂vk

∂β
+

wk

HβRβ
, (6)

εk
zz =

∂wk

∂z
, (7)

γk
βz =

1
Hβ

∂wk

∂β
+

∂vk

∂z
− vk

HβRβ
, (8)

γk
αz =

1
Hα

∂wk

∂α
+

∂uk

∂z
− uk

HαRα
, (9)

γk
αβ =

1
Hα

∂vk

∂α
+

1
Hβ

∂uk

∂β
. (10)

The field covered by Equations (5)–(10) is wide. They are written for a generic spherical shell
with constant radii of curvature. When one of the two radii of curvature Rα or Rβ is infinite (Hα or
Hβ equal to 1), they automatically degenerate into equations for cylinders and cylindrical shells.
When Rα = Rβ = ∞ (so Hα = Hβ = 1), they work for the plate case. The connection between
the six stress components and the six strain components is obtained by means of the linear elastic
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constitutive equations. A closed form solution of Equations (2)–(4) is possible only considering
orthotropic materials, with fibre orientation angle θ equal to 0◦ or 90◦ in the structure reference system.
These conditions lead to a simplified link between stress and strain vectors:

σk
αα

σk
ββ

σk
zz

σk
βz

σk
αz

σk
αβ


=



Ck
11 Ck

12 Ck
13 0 0 0

Ck
12 Ck

22 Ck
23 0 0 0

Ck
13 Ck

23 Ck
33 0 0 0

0 0 0 Ck
44 0 0

0 0 0 0 Ck
55 0

0 0 0 0 0 Ck
66





εk
αα

εk
ββ

εk
zz

γk
βz

γk
αz

γk
αβ


. (11)

Details about the full version of the matrix of elastic coefficients may be found in [29,30].
For the closed solution of the Equations (2)–(4), a harmonic form for the three displacement

components is assumed:

uk(α, β, z) = Uk(z)cos(ᾱα)sin(β̄β) , (12)

vk(α, β, z) = Vk(z)sin(ᾱα)cos(β̄β) , (13)

wk(α, β, z) = Wk(z)sin(ᾱα)sin(β̄β) . (14)

Uk, Vk and Wk, are the displacement amplitudes in α, β and z directions, respectively. a and b
are the shell dimensions, evaluated in the mid-surface Ω0, in α and β directions, respectively. p and q
are the half-wave numbers in the same directions. The coefficients of the two trigonometric functions
are defined as ᾱ = pπ

a and β̄ = qπ
b . Combining the constitutive Equation (11) with the geometrical

relations (5)–(10) and the harmonic form of the three displacements (12)–(14) into Equations (2)–(4),
a displacement form of the equilibrium equations may be obtained in terms of the amplitudes of the
displacements and their appropriate derivatives. Expressing in a compact form the partial derivatives
∂

∂α , ∂
∂β and ∂

∂z with the subscripts α, β and z, the differential equations of equilibrium in displacement
form for a generic n layer are:

(−
Cn

55Hβ

HαR2
α
−

Cn
55

RαRβ
− ᾱ2 Cn

11Hβ

Hα
− β̄2 Cn

66Hα

Hβ
)Un + (−ᾱβ̄Cn

12 − ᾱβ̄Cn
66)V

n + (ᾱ
Cn

11Hβ

HαRα
+ ᾱ

Cn
12

Rβ
+

ᾱ
Cn

55Hβ

HαRα
+ ᾱ

Cn
55

Rβ
)Wn + (

Cn
55Hβ

Rα
+

Cn
55Hα

Rβ
)Un

,z + (ᾱCn
13Hβ + ᾱCn

55Hβ)Wn
,z + (Cn

55Hα Hβ)Un
,zz = 0 , (15)

(−ᾱβ̄Cn
66 − ᾱβ̄Cn

12)U
n + (−

Cn
44Hα

HβR2
β

−
Cn

44
RαRβ

− ᾱ2 Cn
66Hβ

Hα
− β̄2 Cn

22Hα

Hβ
)Vn + (β̄

Cn
44Hα

HβRβ
+ β̄

Cn
44

Rα
+

β̄
Cn

22Hα

HβRβ
+ β̄

Cn
12

Rα
)Wn + (

Cn
44Hα

Rβ
+

Cn
44Hβ

Rα
)Vn

,z + (β̄Cn
44Hα + β̄Cn

23Hα)Wn
,z + (Cn

44Hα Hβ)Vn
,zz = 0 , (16)

(ᾱ
Cn

55Hβ

HαRα
− ᾱ

Cn
13

Rβ
+ ᾱ

Cn
11Hβ

HαRα
+ ᾱ

Cn
12

Rβ
)Un + (β̄

Cn
44Hα

HβRβ
− β̄

Cn
23

Rα
+ β̄

Cn
22Hα

HβRβ
+ β̄

Cn
12

Rα
)Vn + (

Cn
13

RαRβ
+

Cn
23

RαRβ
−

Cn
11Hβ

HαR2
α
−

2Cn
12

RαRβ
−

Cn
22Hα

HβR2
β

− ᾱ2 Cn
55Hβ

Hα
− β̄2 Cn

44Hα

Hβ
)Wn + (−ᾱCn

55Hβ − ᾱCn
13Hβ)Un

,z+ (17)

(−β̄Cn
44Hα − β̄Cn

23Hα)Vn
,z + (

Cn
33Hβ

Rα
+

Cn
33Hα

Rβ
)Wn

,z + (Cn
33Hα Hβ)Wn

,zz = 0 .

As already seen for the geometrical relationships, the field covered by Equations (15)–(17) is
wide because they are written for a generic spherical shell, but when one radius of curvature Rα or
Rβ is infinite (Hα or Hβ equal to 1), they automatically degenerate into equations for cylinders and
cylindrical shells. Likewise, when Rα = Rβ = ∞ (Hα = Hβ = 1), they work for the plate case.
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The whole formulation that leads to Equations (15)–(17) takes into consideration the shell geometry
via the parametric coefficients Hα and Hβ, which depend on the thickness coordinate z. As a result,
the coefficients that multiply displacements and their derivatives in z are not constant. Just in the
plate case, as both the radii of curvature Rα and Rβ are infinite and Hα = Hβ = 1, the coefficients of
Equations (15)–(17) become constant and the exponential matrix method may be used directly to solve
the system. In order to calculate Hα and Hβ, each physical layer k is divided in a certain number M of
mathematical layers j. This makes the structure being constituted by T = NL ×M layers, where total
index may be expressed by n = k× j. The coefficients are thus constant as they are evaluated with
Rα and Rβ measured on the mid-surface of the whole shell Ω0, and Hα and Hβ are calculated in the
middle of each n layer. An example of the introduction of mathematical layers into the shell geometry
is presented in Figure 3, a three layered shell (three physical layers) is shown considering a number
M = 1 and M = 5 of mathematical layers for each physical layer.

k=1

k=2

k=3

n=1

n=15

3 physical layers: NL  = 3

1 mathematical layer (M=1) per each physical layer

T = 3: total layers

5 mathematical layers (M=5) per each physical layer

T = 15: total layers

n=3

n=1

Figure 3. Three-layered structures, examples for the use of M mathematical layers.

3. Use of the Exponential Matrix and Mathematical Layers in the Solution of 3D
Equilibrium Equations

Assigning to each block in parentheses of Equations (15)–(17) a coefficient An
s (with s varying

from 1 to 19), the system may compacted as:

An
1Un + An

2 Vn + An
3Wn + An

4Un
,z + An

5Wn
,z + An

6Un
,zz = 0 , (18)

An
7Un + An

8 Vn + An
9Wn + An

10Vn
,z + An

11Wn
,z + An

12Vn
,zz = 0 , (19)

An
13Un + An

14Vn + An
15Wn + An

16Un
,z + An

17Vn
,z + An

18Wn
,z + An

19Wn
,zz = 0 . (20)

These equations constitute a system of second order differential equations. A simple method of
reducing its order to the first one is described in [3,31] and it may be summarized as a redoubling of
the involved variables. In the first author’s past works [20,21], a detailed description of this approach
can be found. The compact form of the reduced system of first order partial differential equations is:

Dn ∂Un

∂z̃
= AnUn , (21)

where ∂Un

∂z̃ = Un ′ and Un = [Un Vn Wn Un ′ Vn ′ Wn ′]. A further development of Equation (21) is:

Un ′ = An∗ Un , (22)

where An∗ = Dn−1 An.
Equation (22) is a system of first order differential equations that can be easily solved as shown

in [31,32] with the exponential matrix method:

Un(z̃n) = exp(An∗ z̃n)Un(0) with z̃n ε [0, hn]. (23)
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z̃n is the thickness coordinate of each mathematical layer and it varies from 0 at its bottom to hn at its
top (see Figure 2). The exponential matrix for each n layer, with constant coefficients An

s , is calculated
with z̃n = hn:

An∗∗ = exp(An∗hn) = I + An∗ hn +
An∗2

2!
hn2 +

An∗3

3!
hn3 + . . . +

An∗N

N!
hn N . (24)

I is the 6 × 6 identity matrix. The fast convergence ratio for increasing values of N and its low
computational time consumption were shown in [4].

The relation in Equation (23), evaluated at z̃n = hn, allows for linking the displacements
(and their derivatives) within the bottom and the top of the same layer n. The interlaminar continuity
of displacements and transverse shear and normal stresses may be imposed at each interface.
These quantities evaluated at the bottom of the n layer must be the same as those evaluated at
the top of the (n− 1) layer:

un
b = un−1

t , vn
b = vn−1

t , wn
b = wn−1

t , (25)

σn
zzb = σn−1

zzt , σn
αzb = σn−1

αzt , σn
βzb = σn−1

βzt . (26)

Conditions in Equations (25) and (26) may be expressed via NL ×M− 1 transfer matrices Tn−1,n

calculated for each interface. Details about their determination can be found in the first author’s past
works [20–26].

Plates and shells taken into consideration are supposed to have simply supported edges;
moreover they can be loaded at the top (subscript t) and/or at the bottom (subscript b) of the whole
laminated structure:

w = v = 0, σαα = 0 for α = 0, a , (27)

w = u = 0, σββ = 0 for β = 0, b , (28)

σzz = pzb, σαz = pαb, σβz = pβb for z = −h/2 or z̃ = 0, (29)

σzz = pzt, σαz = pαt, σβz = pβt for z = +h/2 or z̃ = h. (30)

Grouping the loads applied on the bottom and the ones applied on the top in two separate vectors
and specifying the stresses in terms of displacements and their derivatives, Equations (29) and (30),
may be written as:

BT(hT)UT(hT) = PT
t , (31)

B1(0)U1(0) = P1
b , (32)

where

PT
t =

PT
zt

PT
βt

PT
αt

 P1
b =

P1
zb

P1
βb

P1
αb

 , (33)

and U1(0), UT(hT) are U vector calculated at the bottom of the whole mutilayered structure (which
means layer 1 and coordinate z̃1 = 0), and at the top of the entire structure (which means layer T
and z̃T = hT).

Introducing recursively Equations (25) and (26) into Equation (23), Equations (31) and (32) may
be grouped into a general algebraic system:

EU1(0) = P, (34)
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with P = [PT
zt PT

βt PT
αt P1

zb P1
βb P1

αb ]T .

Equation (34) allows for finding the vector U1(0), containing the values of the three displacement
components and their respective derivatives at the bottom. The values assumed by vector U can be
calculated at each value of the thickness coordinate z by means of Equations (23), (25) and (26). All of
the details and the missing steps to reach the final solution may be found in the first author’s past
works [22,33].

4. Results

The results presented in this section are given in order to find the best combination between the
order of expansion N of the exponential matrix An∗∗ and the number M of mathematical layers used
to solve the differential equations written for shell geometries with assumed constant coefficients.
Depending on the case, the structure may have a certain number of physical layers; each physical
layer can be divided into M mathematical layers, having the same thickness. An example on how
a three-layered structure may be divided into a certain number of mathematical layers is presented
in Figure 3.

Results are presented in terms of no-dimensional displacements and/or stresses, with a specific
factor for each case. When the present 3D solution converges, the results are indicated in bold. The cases
presented hereinafter consider simply supported rectangular plates, cylindrical shell panels, cylinders
and spherical shell panels. A summary of the loads, geometrical data and materials for the analyzed
cases can be found in Tables 1 and 2. All these geometries have been considered as multi-layered
embedding a fibre reinforced composite material, whose properties are indicated in Table 1. Different
lamination sequences were considered, a symmetric cross ply laminate is taken into account in Cases 1,
3 and 4; an antisymmetric case is investigated in Case 2.

Table 1. Material data for the employed composite layers.

Composite for Cases 1–4

E1[psi] 25× 106

E2[psi] 1× 106

E3[psi] 1× 106

G12[psi] 0.5× 106

G13[psi] 0.5× 106

G23[psi] 0.2× 106

ν12 0.25
ν13 0.25
ν23 0.25

Table 2. Load and geometrical data for the analyzed cases. Case 1 takes into consideration the rectangular
composite plate proposed by Pagano [6], Case 2 is about the composite laminated cylindrical panel
proposed by Ren [34], Case 3 regards the composite laminated cylinder by Varadan and Bhaskar [15],
and Case 4 deals with the composite laminated spherical panel proposed by Fan and Zhang [35].

Parameter Case 1 [6] Case 2 [34] Case 3 [15] Case 4 [35]

a[in] 1 π
3 Rα 2πRα 10

b[in] 3 1 40 10
Rα[in] ∞ 10 10 10
Rβ[in] ∞ ∞ ∞ 10

h1 h/3 h/2 h/3 h/3
h2 h/3 h/2 h/3 h/3
h3 h/3 - h/3 h/3

lamination 0◦/90◦/0◦ 90◦/0◦ 0◦/90◦/0◦ 0◦/90◦/0◦

Pz[psi] 1 (top) 1 (top) 1 (bottom) 1 (top)
p[-] 1 1 8 1
q[-] 1 0 1 1
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Case 1 was proposed by Pagano in [6] for the exact 3D solution of a simply supported rectangular
composite laminated plate. The material properties are indicated in Table 1. The load, the geometry
and the lamination scheme are indicated in the first column of Table 2. Results are expressed in terms
of no-dimensional displacements and stresses:

(w̄) =
100Ecomp

2 w
Pzh(a/h)4 , (35)

(σ̄αz) =
σαz

Pz(a/h)
. (36)

Case 2 was proposed by Ren in [34] for the exact 3D solution of a simply supported composite
laminated cylindrical panel. The dimensions, thickness values, load conditions and lamination scheme
are proposed in the second column of Table 2. Each layer has the elastic properties as proposed in
Table 1. Results are shown in terms of no-dimensional displacements and stresses:

(w̄) =
10Ecomp

2 w
Pzh(Rα/h)4 , (37)

(σ̄αα) =
σαα

Pz(Rα/h)2 . (38)

Case 3 was investigated by Varadan and Bhaskar in [15] for the exact 3D solution of a simply
supported composite laminated cylinder. The in-plane dimensions, the considered thickness values,
the mechanical load and the given values of half-wave numbers (p, q) are shown in the third column
of Table 2. Table 1 shows the material properties. Results are calculated in terms of no-dimensional
displacements and stresses:

(w̄) = −
10Ecomp

1 w
Pzh(Rα/h)4 , (39)

(σ̄zz) = −σzz. (40)

The last considered geometry for the Case 4 was proposed by Fan and Zhang in [35] for the
exact 3D solution of a simply supported composite laminated spherical shell. The radii of curvature,
the in-plane dimensions, the considered thickness values, the mechanical load and the half-wave
numbers (p, q) are proposed in the fourth column of Table 2 (see Table 1 for elastic material properties).
Results are expressed in terms of no-dimensional displacements:

(w̄) =
103Ecomp

2 h3w
Pza4 . (41)

Table 3 shows the displacement w̄ and the stress σ̄αz for the three-layered rectangular plate. Both of
the quantities are given as dimensionless values and calculated in the middle. The displacement
is evaluated for a plate whose thickness ratio is a/h = 4, while the stress is for a structure with
a/h = 10. In this case, the introduction of M mathematical layer is unnecessary. Actually, when
M = 1, the convergence is reached just by means of an opportune increase of the order of expansion
N. For the thinner plate, N = 5 is sufficient for the stress to reach the convergence; the thicker plate
needs an higher value (N = 8). The introduction of a certain number M of mathematical layers helps
to reduce the expansion order N. However, for the computational point of view, the first procedure
is more convenient. The comparison underlines the fact that an increase in N value is needed as
the thickness increases with respect to the shell dimensions. The convergence of the stress σ̄αz with
increasing values of M is shown in Figure 4 for several orders of expansion N.
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Table 3. Case 1. Rectangular laminated composite plate. Displacement w̄ for thickness ratio a/h = 4
and stress σ̄αz for thickness ratio a/h = 10, both evaluated in the middle and given as dimensionless
values. Each physical layer (NL = 3) is divided into M mathematical layers. 3D reference solution by
Pagano [6].

w̄(a/2, b/2, 0); a/h = 4

N = 1 N = 2 N = 3 N = 4 N = 5 N = 6 N = 7 N = 8 N = 9 N = 10 N = 11 N = 12

M = 1 3.07 1.82 3.31 2.60 2.89 2.80 2.83 2.82 2.82 2.82 2.82 2.82
M = 2 2.82 2.64 2.84 2.81 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82
M = 5 2.83 2.80 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82
M = 10 2.83 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82
M = 20 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82
M = 40 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82
M = 60 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82
M = 80 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82
M = 100 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82 2.82

σ̄αz(0, b/2, 0); a/h = 10

N = 1 N = 2 N = 3 N = 4 N = 5 N = 6 N = 7 N = 8 N = 9 N = 10 N = 11 N = 12

M = 1 0.474 0.324 0.431 0.417 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420
M = 2 0.432 0.396 0.421 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420
M = 5 0.422 0.416 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420
M = 10 0.421 0.419 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420
M = 20 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420
M = 40 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420
M = 60 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420
M = 80 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420
M = 100 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420 0.420
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Figure 4. Case 1, simply supported rectangular laminated composite plate with thickness ratio
a/h = 10. Stress σ̄αz vs. number M of mathematical layers introduced for different orders of expansion
N for the exponential matrix. REF means a 3D solution by Pagano [6].

The displacement w̄ and the stress σ̄αα for the two layered cylindrical shell are shown in Table 4.
The displacement is considered in the middle, and the stress is on the top surface of the shell. A thick
(Rα/h = 4) and a moderately thick (Rα/h = 10) panel are considered. All the values are given as
dimensionless. This case remarks on the need for the introduction of mathematical layers when the
curvature is introduced. In both cases, an increase in the order of expansion N of the exponential
matrix until 12 is totally ineffective until M = 10 mathematical layers are introduced into each physical
layer. Under these circumstances, N = 3 is then sufficient to get the exact result for both moderately
thick and thick shells. Convergence speed seems to be the same for different thickness ratios, while
a slower convergence would have been expected for the thicker shell. This effect is tempered by the
fact that the comparison is made on two heterogeneous quantities. As the displacements are a direct
output of this formulation, they would generally converge faster than the stresses, which come from
a combination of displacements and their derivatives. The results presented in Table 4 are shown in
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Figure 5 for the stress σ̄αα with a progressive increase of the order of expansion for the exponential
matrix until N = 6.

Table 4. Case 2. Composite laminated cylindrical shell. Displacement w̄ for thickness ratio Rα/h = 4
evaluated in the middle and stress σ̄αα for thickness ratio Rα/h = 10 evaluated at the top, both given as
dimensionless values. Each physical layer (NL= 2) is divided into M mathematical layers. 3D reference
solution by Ren [34].

w̄(a/2, b/2, 0); Rα/h = 4

N = 1 N = 2 N = 3 N = 4 N = 5 N = 6 N = 7 N = 8 N = 9 N = 10 N = 11 N = 12

M = 1 2.39 0.209 −2.26 0.432 1.41 0.730 0.894 0.834 0.851 0.846 0.847 0.847
M = 2 0.794 0.633 0.905 0.834 0.856 0.851 0.852 0.852 0.852 0.852 0.852 0.852
M = 5 0.868 0.827 0.852 0.850 0.850 0.850 0.850 0.850 0.850 0.850 0.850 0.850
M = 10 0.864 0.849 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854
M = 20 0.859 0.852 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854
M = 40 0.856 0.853 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854
M = 60 0.855 0.853 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854
M = 80 0.855 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854
M = 100 0.855 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854 0.854

σ̄αα(a/2, b/2, h/2); Rα/h = 10

N = 1 N = 2 N = 3 N = 4 N = 5 N = 6 N = 7 N = 8 N = 9 N = 10 N = 11 N = 12

M = 1 −25.44 0.381 3.883 1.928 2.241 2.185 2.195 2.194 2.194 2.194 2.194 2.194
M = 2 4.943 1.541 2.317 2.219 2.232 2.232 2.232 2.232 2.232 2.232 2.232 2.232
M = 5 2.947 2.122 2.246 2.243 2.243 2.243 2.243 2.243 2.243 2.243 2.243 2.243
M = 10 2.563 2.214 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245
M = 20 2.397 2.238 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245
M = 40 2.319 2.243 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245
M = 60 2.294 2.244 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245
M = 80 2.282 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245
M = 100 2.274 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245 2.245
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Figure 5. Case 2, simply supported composite laminated cylindrical shell with thickness ratio
Rα/h = 10. Stress σ̄αα vs. number M of mathematical layers introduced for different orders of
expansion N for the exponential matrix. REF means 3D solution by Ren [34].

The results presented in Table 5 are quite interesting. The considered case is the three-layered
cylinder, with two different thickness ratios, which are Rα/h = 4 and Rα/h = 10. The dimensionless
displacement w̄ and stress σ̄zz are considered in the middle. These results show a faster convergence
than that seen for the cylindrical panel. The moderately thick shell does not need the mathematical
layers to be introduced, being convergent with just an expansion order of N = 6. At the same
time, the solution for the thick cylinder converges with just M = 5 mathematical layers coupled with
an expansion order equal to N = 4. On the contrary, the cylindrical panel needed M = 10 mathematical
layers coupled with N = 3 for the displacement and the stress to be convergent. For these effects,
an important role is played by the symmetry of the cylinder geometry and its related bigger rigidity
due to the closed geometrical form. The effect of the thickness in the convergence speed is clear in this
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case despite the fact that heterogeneous quantities are investigated. Some of the results of Table 5 are
also shown in Figure 6 for the thinner shell. The curves were drawn for different and increasing values
of order of expansion N.

Table 5. Case 3. Composite laminated cylinder. Displacement w̄ for thickness ratio Rα/h = 4 and
stress σ̄zz for thickness ratio Rα/h = 10, both evaluated in the middle and given as dimensionless
values. Each physical layer (NL = 3) is divided into M mathematical layers. 3D reference solution by
Varadan and Bhaskar [15].

w̄(a/2, b/2, 0); Rα/h = 4

N = 1 N = 2 N = 3 N = 4 N = 5 N = 6 N = 7 N = 8 N = 9 N = 10 N = 11 N = 12

M = 1 4.436 1.668 6.346 2.967 4.578 3.820 4.085 3.999 4.023 4.017 4.019 4.018
M = 2 3.701 3.593 4.093 3.982 4.017 4.011 4.012 4.012 4.012 4.012 4.012 4.012
M = 5 3.952 3.974 4.012 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009
M = 10 3.983 4.001 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009
M = 20 3.997 4.007 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009
M = 40 4.003 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009
M = 60 4.005 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009
M = 80 4.006 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009
M = 100 4.007 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009 4.009

σ̄zz(a/2, b/2, 0); Rα/h = 10

N = 1 N = 2 N = 3 N = 4 N = 5 N = 6 N = 7 N = 8 N = 9 N = 10 N = 11 N = 12

M = 1 −1.72 −0.97 −1.35 −1.25 −1.28 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27
M = 2 −1.41 −1.20 −1.28 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27
M = 5 −1.32 −1.26 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27
M = 10 −1.29 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27
M = 20 −1.28 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27
M = 40 −1.28 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27
M = 60 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27
M = 80 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27
M = 100 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27 −1.27
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Figure 6. Case 3, simply supported composite laminated cylinder with thickness ratio Rα/h = 10.
Stress σ̄zz vs. number M of mathematical layers introduced for different orders of expansion N for the
exponential matrix. REF means 3D solution by Varadan and Bhaskar [15].

Table 6 is for the last case about a three-layered spherical shell. Only the displacement w̄ is
investigated. The dimensionless values are given for a thick (h/Rα = 0.1) and for a thin (h/Rα = 0.03)
structure. An increase in the expansion order of the exponential matrix is not sufficient without the
introduction of a certain number of mathematical layers. As the investigated quantity is the same in
both cases (the displacement), this study easily investigates the effect of the thickness. The coupled
values of M and N needed to obtain a better description of the phenomenon increase with the thickness.
When the thickness is small (compared to the shell dimensions), M = 2 mathematical layers coupled
with N = 3 allows for the solution to be reached. On the other side, the thicker shell needs at least
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M = 5 mathematical layers with an expansion of the exponential matrix equals N = 5. Figure 7
confirms the trend shown in Table 6 for the displacement w̄ of the thinner shell: the results move close
to the exact value as the order of expansion is increased.

Table 6. Case 4. Composite laminated spherical shell. Displacement w̄ for thickness ratio h/Rα = 0.03
and for thickness ratio h/Rα = 0.1, both evaluated in the middle and given as dimensionless values.
Each physical layer (NL = 3) is divided into M mathematical layers. 3D reference solution by
Fan and Zhang [35].

w̄(a/2, b/2, 0); h/Rα = 0.1

N = 1 N = 2 N = 3 N = 4 N = 5 N = 6 N = 7 N = 8 N = 9 N = 10 N = 11 N = 12

M = 1 3.8504 3.3701 3.8261 3.7507 3.7658 3.7642 3.7644 3.7644 3.7644 3.7644 3.7644 3.7644
M = 2 3.7907 3.6788 3.7708 3.7652 3.7660 3.7659 3.7659 3.7659 3.7659 3.7659 3.7659 3.7659
M = 5 3.7732 3.7534 3.7666 3.7663 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664
M = 10 3.7693 3.7633 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664
M = 20 3.7678 3.7657 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664
M = 40 3.7671 3.7662 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664
M = 60 3.7669 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664
M = 80 3.7668 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664
M = 100 3.7667 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664 3.7664

w̄(a/2, b/2, 0); h/Rα = 0.03

N = 1 N = 2 N = 3 N = 4 N = 5 N = 6 N = 7 N = 8 N = 9 N = 10 N = 11 N = 12

M = 1 0.4726 0.4540 0.4625 0.4623 0.4623 0.4623 0.4623 0.4623 0.4623 0.4623 0.4623 0.4623
M = 2 0.4665 0.4603 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624
M = 5 0.4638 0.4620 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624
M = 10 0.4631 0.4623 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624
M = 20 0.4627 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624
M = 40 0.4625 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624
M = 60 0.4625 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624
M = 80 0.4625 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624
M = 100 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624 0.4624
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Figure 7. Case 4, simply supported composite laminated spherical shell with thickness ratio h/Rα = 0.1.
Displacement w̄ vs. number M of mathematical layers introduced for different orders of expansion N
for the exponential matrix. REF means 3D solution by Fan and Zhang [35].

5. Conclusions

In this paper, a 3D solution for the static analysis of simply supported multilayered plates,
cylinders and spherical/cylindrical shell panels is proposed. The three-dimensional equilibrium
equations, written in mixed orthogonal curvilinear coordinates, are solved using the exponential matrix
method and the assumption of a harmonic form for the displacement components. For a flat geometry,
the coefficients of the differential equations are constant, allowing for reaching the solution by using just
an opportune order of expansion N for the exponential matrix. When the curvature for shell geometries
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is introduced, an increase in the order of expansion N is not sufficient because the coefficients of
the differential equations depend on the thickness coordinate z. For this reason, an opportune
value M of mathematical layers must be introduced in each physical layer. This feature allows
for solving differential equations with constant coefficients for each mathematical layer. An opportune
combination of M and N values is necessary. Various parameters play a role in the definition of this
optimum: the geometry, the thickness ratio, the material, the lamination sequence and the imposed
half-wave numbers. For plates, there is no need for mathematical layers; the use of an order of
expansion N for the exponential matrix equal to 12 allows for finding the correct solution even in the
thicker cases. For shells, the partition of the physical layers into mathematical ones is the only way to
calculate the curvature, and this feature is also useful for reducing the order of expansion N. As the
co-role played by the various parameters in the convergence of the solution follows an unpredictable
path, a conservative (but cost-effective) coupling of N = 3 and M = 30 may be used. With these
proposed values, all of the investigated cases reach convergence for each arbitrary configuration.
A significative influence of the thickness in the convergence speed is shown. As it increases, a higher
value of N and/or M is needed. Convergence does not follow the same path for displacements and for
stresses because the first ones are directly calculated from the equilibrium equations.

Author Contributions: Salvatore Brischetto implemented the analytical code; Roberto Torre analyzed the data;
Salvatore Brischetto and Roberto Torre wrote the paper.
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