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Abstract: The study seeks to investigate a failure of laminated composite structure subjected to a 
thermomechanical loading. Failure analysis of composite structures is an important design 
requirement. The stacking sequence of the structure investigated is restricted to ten thin layers. The 
fiber orientation, stacking sequence and material properties influence the response from the 
composite structure. Formulas are presented which are used to estimate the response of 
multi-layered composite structure to thermomechanical loads. A failure analysis is performed 
based on some known failure criteria. The values of the engineering properties for multi-layered 
composite structure and the results of the stress and strain distributions subjected to the forces and 
bending moments are presented. The numerical results were computed by using MATLAB script. 
Selected results of the numerical analysis have been presented. 
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1. Introduction 

The composite materials are more important in internal combustion engines, machine 
components, thermal control and electronic packaging, automobile, train and aircraft structures [1]. 
They are also important for mechanical components such as brakes, pressure vessels, draft shafts, 
flywheels and tanks. Despite their significant advantages, composite materials suffer from different 
types of damage mechanism, such as fiber breakage, matrix crack, fiber matrix debonding, edge 
cracking and many more [2]. High performance-to-weight-ratio makes laminated composites 
contribute to a greater use in critical engineering structures which may be subjected to aggressive 
environments such as extreme temperatures [3,4]. A number of laminated composites consist of 
multi-directional layers of laminates to achieve certain mechanical properties and design 
requirements [3]. The laminates are formed by stacking two or more laminae with varying fiber 
orientations. This enables the structure to respond to complex states of stresses [5]. It is therefore 
crucial to have knowledge of the mechanical performance of these laminated composites when 
subjected to thermomechanical loading. 

Quadratic failure theories such as Hoffman, Tsai-Wu and Tsai-Hill criteria are widely 
acknowledged for orthotropic materials [6]. For the purpose of this study, Tsai-Hill, Tsai-Wu and 
Hoffman theories are used for failure analysis in multi-layered graphite/epoxy structure exposed to 
thermomechanical loading. Interfiber failure or interfiber fracture (IFF) has been formulated 
depending on the Tsai-Wu and Chang-Chang failure theories. IFF analysis was considered in this 
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study to account for delamination or matrix failure and also to predict the realistic behavior in 
graphite/epoxy material. 

2. Mathematical Modeling 

The approach used in this study relies on the classical lamination theory. It is therefore 
necessary to outline the elastic constants of a lamina and relate them to the engineering constants. 
The stress-strain relation of a composite lamina can be properly written in the matrix form ࢐࢏ࡽ 
defined in terms of Young’s modulus, shear modulus and Poisson’s ratio [7] ܳଵଵ = ଵ1ܧ − ߭ଵଶ߭ଶଵ , ܳଶଶ = ଶ1ܧ − ߭ଵଶ߭ଶଵ , ܳଵଶ = ߭ଶଵܧଵ1 − ߭ଵଶ߭ଶଵ , ܳ଺଺ = ଵଶ (1)ܩ

where ܧଵ,ଶ	 are Young’s Moduli in directions 1 and 2; ܩଵଶ is the shear modulus in the 1-2 plane, ߭ଵଶ,ଶଵ are Poison’s ratios in the 1-2 and 2-1 planes. Thus, using the തܳ௜௝ the lamina stress-strain 
relations can be given in a compact form as [6] ሾߪሿ௞ = ሾ തܳሿ௞ሾߝ଴ሿ ൅ ௞ሾݖ തܳሿ௞ሾߢሿ (2)

where തܳ௜௝ is given in terms of ܳ௜௝ stated in Equation (1) as follows തܳଵଵ = ܳଵଵܿସ ൅ ܳଶଶݏସ ൅ 2ሺܳଵଶ ൅ 2ܳଶ଺ሻݏଶܿଶ (3a)തܳଵଶ = ሺܳଵଵ ൅ ܳଶଶ − 4ܳ଺଺ሻݏଶܿଶ ൅ ܳଵଶሺܿସ ൅ ସሻ (3b)തܳଵ଺ݏ = ሺܳଵଵ − ܳଵଶ − 2ܳ଺଺ሻܿଷݏ − ሺܳଶଶ − ܳଵଶ − 2ܳ଺଺ሻܿݏଷ (3c)തܳଶଶ = ܳଵଵݏସ ൅ ܳଶଶܿସ ൅ 2ሺܳଵଶ ൅ 2ܳ଺଺ሻݏଶܿଶ (3d)തܳଶ଺ = ሺܳଵଵ − ܳଵଶ − 2ܳ଺଺ሻܿݏଷ − ሺܳଶଶ − ܳଵଶ − 2ܳ଺଺ሻܿଷݏ (3e)തܳ଺଺ = ሺܳଵଵ ൅ ܳଶଶ − 2ܳଵଶ − 2ܳ଺଺ሻݏଶܿଶ ൅ ܳ଺଺ሺݏସ ൅ ܿସሻ (3f)ܿ = cosߠ and ݏ = sinߠ. The laminate’s extensional stiffness, ܣ௜௝, coupling stiffness, ܤ௜௝ and bending 
stiffness, ܦ௜௝ are given respectively as follows [8] ൫ܣ௜௝			ܤ௜௝			ܦ௜௝൯ = න തܳ௜௝௛ ଶൗି௛ ଶൗ ሺ1			ݖ			ݖଶሻ݀(4) ݖ

where ݅, ݆ = 1, 2 or 6. The forces per unit length, ௫ܰ, ௬ܰ and ௫ܰ௬ and moments per unit length, ܯ௫,ܯ௬ and ܯ௫௬ are considered. Using the forces per unit length and the moments per unit length, 
the vector of the mid-plane strains and the vector of mid-plane curvatures can be derived from the 
following equation [9]. ቄߝ଴ߢ ቅ = ቂܾܽ			ܾ݀ቃ ൜ܰ ൅ ܯ்ܰ ൅்ܯൠ (5)

with ்ܰ  being the thermal load vector ൣ ௫்ܰ , ௬்ܰ , ௫ܰ௬்൧் ்ܯ ,  is the thermal moment vector ሾܯଵଵ்,ܯଶଶ்,ܯଵଶ்ሿ்  and ቂܾܽ			ܾ݀ቃ  is the inverse of ቂܤܣ			ܦܤቃ . At this stage the stress-strain relation, 

accounting for mechanical and thermal effects can be outlined in the form [8] 

൝ ௬߬௫௬ൡߪ௫ߪ = ൥ܳଵଵ ܳଵଶ ܳଵ଺ܳଵଶ ܳଶଶ ܳଶ଺ܳଵ଺ ܳଶ଺ ܳ଺଺൩ ቐ
௫ߝ − ௬ߝ௫்ߝ − ௫௬ߛ௬்ߝ − 	௫௬்ቑߝ (6)

where ߝ௫் = ௫Δܶߙ ௬்ߝ , = ௬Δܶߙ ௫௬்ߝ , = ఊೣ೤೅ଶ = ௫௬Δܶߙ , Δܶ  gives the temperature change and ൫ߙ௫, ,௬ߙ  ௫௬൯ are the thermal expansion coefficients given by [10]ߙ

൥ߙ௫ߙ௬ߛ௫௬൩ = ൥ܿଶ ଶݏ ଶݏܿݏ2− ܿଶ ܿݏܿݏ2 ܿݏ− ሺܿଶ − ଶሻ൩ݏ ቈߙଵߙଶ0 ቉	 (7)
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and ܶ  is the temperature distribution. The laminate constitutive equations are obtained by 
integrating Equation (6) over the thickness and used to obtain the mid-plane strains and mid-plane 
curvatures as follows: 

ێێۏ
ێێێ
ۍ ۑۑے௫௬ߢ௬ߢ௫ߢ௫௬଴ߛ௬଴ߝ௫଴ߝ

ۑۑۑ
ې =

ێێۏ
ۍێێ
ܽଵଵܽଵଶܽଵ଺ܾଵଵܾଵଶܾଵ଺

ܽଵଶܽଶଶܽଶ଺ܾଵଶܾଶଶܾଶ଺
ܽଵ଺ܽଶ଺ܽ଺଺ܾଵ଺ܾଶ଺ܾ଺଺

ܾଵଵܾଵଶܾଵ଺݀ଵଵ݀ଵଶ݀ଵ଺
ܾଵଶܾଶଶܾଶ଺݀ଵଶ

ܾଵ଺ܾଶ଺ܾ଺଺݀ଵ଺݀ଶଶ ݀ଶ଺݀ଶ଺ ݀଺଺ۑۑے
ېۑۑ
۔ۖۖەۖۖ
ۓ ௫௬଴݇௫݇௬݇௫௬ۙۘۖۖߛ௬଴ߝ௫଴ߝ

ۖۗۖ −
۔ۖۖەۖۖ
ۓ ௫ܰ ൅ ௫்ܰ௬ܰ ൅ ௬்ܰ௫ܰ௬ ൅ ௫ܰ௬்ܯ௫ ൅ܯ௫்ܯ௬ ൅ܯ௬்ܯ௫௬ ൅ ௫௬்ۙۘۖۖܯ

ۖۗۖ	 (8)

where ቂܽ ܾܾ ݀ቃ is the inverse of ቂܤܣ  ቃ. The thermal stress and moment resultants on the right-handܦܤ

side of Equation (8) can be stated in the form 

቎ ௫்ܰܰ௬்௫ܰ௬்቏ = ෍቎ തܳଵଵ തܳଵଶ തܳଵ଺തܳଵଶ തܳଶଶ തܳଶ଺തܳଵ଺ തܳଶ଺ തܳ଺଺቏௞
௡

௞ୀଵ ቎ ௫௬்቏௞ߛ௬்ߝ௫்ߝ ሺ݄௞ − ݄௞ିଵሻ	 (9)

and 

቎ܯ௫்ܯ௬்ܯ௫௬்቏ = ෍቎ തܳଵଵ തܳଵଶ തܳଵ଺തܳଵଶ തܳଶଶ തܳଶ଺തܳଵ଺ തܳଶ଺ തܳ଺଺቏௞
௡

௞ୀଵ ቎ ௫௬்቏௞ߛ௬்ߝ௫்ߝ 12 ሺ݄௞ଶ − ݄௞ିଵଶ ሻ	 (10)

respectively. The local stresses can be related to the global stresses by the following equation 

൝ ଶ߬ଵଶൡߪଵߪ = ൥ܿଶ ଶݏ ଶݏܿݏ2− ܿଶ ܿݏܿݏ2 ܿݏ− ሺܿଶ − ଶሻ൩ݏ ൝ 	௬߬௫௬ൡߪ௫ߪ (11)

3. Failure Analysis Criteria 

3.1. Tsai-Hill Failure Criterion 

Tsai-Hill equation for failure theory is stated in the form [11] ቀߪଵܺቁଶ ൅ ቀߪଶܻቁଶ ൅ ቀ߬ଵଶܵ ቁଶ − ቀߪଵߪଶܺ ቁଶ > 1 (12)

where ܺ and ܻ are ߪଵ ൒ 0 ⟹ ܺ = ܺ௧, ଵߪ < 0 ⟹ ܺ = ܺ௖, ଶߪ ൒ 0 ⟹ ܻ = ௧ܻ, ଶߪ < 0 ⟹ ܻ = ௖ܻ. 
If ߪ௬ = 0  and ߬௫௬ = ௫ߪߛ , then the local stresses in Equation (11) can be written as ߪଵ =ሺܿଶ − ௫ߪሻܿݏߛ2 ଶߪ , = ሺݏଶ ൅ ௫ߪሻܿݏߛ2  and ߬ଵଶ = ൫ܿݏ ൅ ሺܿଶߛ − ௫ߪଶሻ൯ݏ . Applying the above to the 

Tsai-Hill failure theory the equation will possess only the global stress in the ݔ direction. 

3.2. Tsai-Wu Failure Criterion 

This failure criterion is based on total strain energy failure theory where failure is assumed to 
occur if the following condition is satisfied in the lamina [12]; ܨଵߪଵ ൅ ଶߪଶܨ ൅ ଶߪଵߪଵଶܨ2 ൅ ଶߪଵߪଵଶܨ ൅ ଵଶߪଵଵܨ ൅ ଶଶߪଶଶܨ ൅ ଺߬ଵଶܨ ൅ ଺଺߬ଵଶଶܨ > 1 (13)

where ܨଵ = ቀ ଵ௑೟ − ଵ௑೎ቁ , ଶܨ	 = ቀଵ௒೟ − ଵ௒೎ቁ , ଵଶܨ = −ට ଵ௑೟௑೎ × ଵ௒೟௒೎	, ଵଵܨ	 = ቀ ଵ௑೟ − ଵ௑೎ቁ , ଶଶܨ	 = ቀଵ௒೟ − ଵ௒೎ቁ , ଺ܨ	 = ቀଵௌ − ଵௌቁ , ଺଺ܨ = ଵௌమ. 
3.3. Hoffman Failure Criterion 

Hoffman’s theory can be used for an orthotropic lamina with unequal tensile and compressive 
strengths where the equation is given by [13,14]. ߪଵଶܺ௧|ܺ௖| ൅ ଶܺ௧ܺ௖ߪଵߪ ൅ ڿଶଶ௧ܻߪ ௖ܻۀ ൅ ൬ 1ܺ௧ ൅ 1ܺ௖൰ ଵߪ ൅ ൬ 1ܻ௧ ൅ 1ܻ௖൰ ଶߪ ൅ ߬ଶଶܵଶ ൒ 1 (14)
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The equation for the interfiber failure can be derived as follows 

ଶߪ = ଵܵଶඨ1 − ଵଵଶܺଶߪ ൅ ଶଶܺଶߪଵଵߪ − ଶଶଶܻଶߪ 					 (15)

The Tsai-Wu failure equation for the case of the interfiber failure/fracture where ߪଵଵ = 0 is 
given as 

ଶߪ = ଵܵଶඨ1 − 1௧ܻ ௖ܻ ଶଶଶߪ	 − ൬ ௖ܻ − ௧ܻ௧ܻ ௖ܻ ൰  (16)					ଶଶߪ

The IFF Chang-Chang equation for the tensile fiber mode where ߪଵଵ ൒ 0 can be reduced to 
ଵଶߪ [15,16] = ଵܵଶඨ1ߚ ቆ1 − ൬ߪଵଵ௧ܻ ൰ଶቇ	 (17)

where ߚ = 0.7 and 1 while that of the compressive matrix mode where ߪଶଶ ൑ 0 can be written as 

ଵଶߪ = ଵܵଶඨ1 − ൬ ଶଶ2ߪ ଵܵଶ൰	ଶ 		− ௦ܻ ଶଶ௖ܻߪ 	 (18)

4. Numerical Experiment 

An orthotropic graphite/epoxy lamina made up of ten layers is considered. The stacking 
sequence of the plies is [90;0;45;−45;90;90;−45;45;0;90]. The engineering constants and strength 
properties for this composite material are given in Table 1 below. The thickness of each ply is 
assumed to be 0.277 mm. 

Table 1. Table showing the stiffness and strength properties of a graphite/epoxy structure. 

Stiffness Properties ࡱ૚	ሾ۵܉۾ሿ ࡱ૛	ሾ۵܉۾ሿ ࣏૚૛ ۵૚૛	ሾ۵܉۾ሿ	    
 181 10.3 0.28 7.17    

Strength Properties ࢚ࢄ	ሾ܉۾ۻሿ ࢉࢄ	ሾ܉۾ۻሿ ࢚ࢅ	ሾ܉۾ۻሿ ࢉࢅ	ሾ܉۾ۻሿ ࡿ	ሾ܉۾ۻሿ ࢻ૚	ሾ°۱ሿ ࢻ૛	ሾ°۱ሿ 
 1500 1500 40 246 68 0.02 × 10ି଺ 22.5 × 10ି଺ 

The orthotropic graphite/epoxy layer is assumed to be loaded by combined axial and shear 
stresses. Using the Tsai-Hill criterion, the strengths of the ply as a function of the fibre orientation is 
determined at r = 0.05. 

5. Results and Discussion 

Figure 1 shows that at 0଴ ௧ߪ , = 7.098 × 10଼ Pa and ߪ௖ = 1.469 × 10ଽ Pa. The two values 
compare favourably with the health of the composite material since they are smaller than that of the 
ultimate strengths. However, when ߠ ് 0଴, the tensile and compressive loading are decreasing 
exponentially until at angle of 90°. 
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Figure 1. Comparison of tensile and compressive loading as the function of angle ߠ. 

The results obtained after calculating for the Tsai-Hill, Tsai-Wu and Hoffmann failure criteria 
are shown in Table 2. Failure occurs when the set conditions are equal or greater than 1 for Tsai-Wu, 
Hoffman and Tsai-Hill failure criteria. From the results obtained, the structure will not fail according 
to Tsai-Wu and Hoffman as the values are less than 1. However, according to Tsai-Hill criterion, the 
graphite/epoxy structure will fail under the given strength and elastic properties. 

Table 2. Results obtained from the Tsai-Hill, Tsai-Wu and Hoffmann failure theories. 

Tsai-Hill Tsai-Wu Hoffmann 1.3037 −1.5433 −0.7441 

Figure 2a shows that Tsai-Wu at ߪଶଶ > 0 has a maximum value of ߪଵଶ = 9.802 × 10଻ Pa at ߪଶଶ = 1.02 × 10଼ Pa For Chang-Chang at ߪଶଶ < 0, the maximum value of ߪଵଶ = 8.02 × 10଻ Pa while 
that of ߪଶଶ = 6.728 × 10଻ Pa at ߪଶଶ > 0. 

  
(a) (b) 

Figure 2. Chang-Chang and Tsai-Wu interfibre fracture; (a) Comparing failure criteria for IFF when ߪଶଶ < 0 and ߪଶଶ > 0. (b) IFF when ߪଵଵ > 0. 

For the Chang-Chang at ߪଶଶ < 0 and ߪଶଶ > 0, the curves complement each other to form a 
curve similar to that of Tsai-Wu. The area outside the envelope indicates that interfibre failure occurs 
while the area inside the envelope indicates that interfibre failure does not occur. In Figure 2b, the 
value of ߪଵଶ = 8.128 × 10଻ Pa when ߪଵଵ = 0 and ߪଵଶ = 0 when ߪଵଵ = 4 × 10଻ Pa. 
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6. Conclusions 

Failure analysis of multi-layered composite structure has been studied in the present work. The 
laminate considered for the present failure analysis is a ten-layered ply. The Tsai-Hill and Hoffmann 
failure criteria are in good agreement since the graphite/epoxy structure will not fail under the given 
set conditions. The results obtained indicate that the failure criteria used are good and can be used to 
predict interfiber failure in multi-layered composite structure. 
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