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Abstract: This paper presents an approach to model a ski jumper as a multi-body system for an 
optimal control application. The modeling is based on the constrained Newton-Euler-Equations. 
Within this paper the complete multi-body modeling methodology as well as the musculoskeletal 
modeling is considered. For the musculoskeletal modeling and its incorporation in the optimization 
model, we choose a nonlinear dynamic inversion control approach. This approach uses the muscle 
models as nonlinear reference models and links them to the ski jumper movement by a control law. 
This strategy yields a linearized input-output behavior, which makes the optimal control problem 
easier to solve. The resulting model of the ski jumper can then be used for trajectory optimization 
whose results are compared to literature jumps. Ultimately, this enables the jumper to get a very 
detailed feedback of the flight. To achieve the maximal jump length, exact positioning of his body 
with respect to the air can be displayed. 

Keywords: trajectory optimization; ski jumping; nonlinear dynamic inversion; nonlinear reference 
models; multi-body simulation; optimal control; modeling; muscle models 

 

1. Introduction 

Within this paper, the development of a multi-body simulation model (MBS) [1] for the optimal 
control (OC) of a ski jumper is presented. This model features a nonlinear dynamic inversion (NDI) 
feedforward-feedback controller approach [2] with nonlinear reference models to control the bodies 
[3]. Basically, the NDI approach will provide an interface between the reference models for the 
movement that are based on the muscle dynamics of each body and the overall dynamics of the MBS. 
This structure has the benefit of providing both the capability to model the complex interaction 
between the muscle movement and the movement of the bodies, while it also retains a simple 
representation for the OC as the NDI controller circuit linearizes the behavior from the muscle 
movement to the body movement. 

Current models of ski jumpers are mainly based on simple representations given by a point-
mass or a rigid-body: The first model was invented by Straumann [4] and features a simple symmetric 
point-mass approach to get an insight into the dynamics of the jump and its influence parameters. 
Study [5] provides a symmetric rigid-body model for the trajectory optimization of a ski jumper 
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considering the maximal jump length with wind. A four-link model of a ski jumper is developed in 
[6] and was compared to experimental data. Finally, the study in [7] provides a large scale MBS of 
the in-run and take-off for a ski jumper. 

This paper illustrates the development of a MBS for the flight phase of a ski jumper suitable for 
OC. We develop the model as a MBS since only by this we can show an influence characterization 
and give valuable insights for the athletes in a sophisticated way. Therefore, we combine a model of 
the movement kinematics of a ski jumper with the muscle activation dynamics by a NDI controller 
approach. This framework represents the jumper’s movement, while maintaining a structure that is 
easy to solve for the OC task. This OC tasks will be carried out by the MATLAB-based toolbox 
FALCON.m [8]. 

The paper is organized as follows: Section 2 introduces the MBS, Section 3 the NDI control 
approach, and Section 4 the OC problem formulation. An illustrative result is shown in Section 5, 
while Section 6 gives some conclusive remarks and an outlook. 

2. Multi-Body Model 

Using the Principle of Jourdain [1] and the coupled equations of motion (EoM) of a rigid-body [2], 
we get the following systems of equations, which represents the MBS: 

෍

⎣
⎢
⎢
⎢
⎢
⎢
⎡
ቀ்ܬ,ఎ஻௜ ቁ஻௜஻௜
ቀܬோ,ఎ஻௜ ቁ஻௜஻௜ᇣᇧᇧᇤᇧᇧᇥ
ቀ௃ആಳ೔ቁಳ೔ಳ೔ ⎦

⎥
⎥
⎥
⎥
⎥
⎤
்

⎣
⎢
⎢
⎢
⎢
⎡

ቈ
஻௜஻௜݉஻௜ܧ 0

0 ൫ܫ஻௢௜൯஻௜஻௜
቉

ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
൫ெெ൯ಳ೔ಳ೔∈ℝ

ల×ల

቎
൫ܽ⃗௄ீ௢஻௢௜൯஻௜

ீ஻௜

൫⃗ߙ௄ீ஻௜൯஻௜
஻௜ ቏ + ൥

݉஻௜൫Ω෩௄ீ஻௜൯஻௜஻௜൫⃗ݒ௄
ீ௢஻௢௜൯

஻௜
ீ

൫Ω෩௄ீ஻௜൯஻௜஻௜൫ܫ
஻௢௜൯

஻௜஻௜
൫ ሬ߱ሬ⃗ ௄ீ஻௜൯஻௜

൩
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

ቀకሬ⃗ ቁ
ಳ೔
∈ℝల×భ

− ൥
൫்⃗ܨ஻௢௜൯஻௜
൫ܯሬሬ⃗ ்஻௢௜൯஻௜

൩
ᇣᇧᇧᇤᇧᇧᇥ
൫௞ሬ⃗ ൯ಳ೔∈ℝ

ల×భ ⎦
⎥
⎥
⎥
⎥
⎤

௡್೚೏೔೐ೞ

௜ୀଵ

= 0ሬ⃗  (1) 

The symbols are defined as: ܧ the unity matrix, ݉஻ is the mass of the body ܤ (frame ܤ and 
origin ݋ܤ  for each body ݅ ), ൫ܫ஻௢൯

஻஻
∈ ℝଷ×ଷ  the moment of inertia matrix, ൫ܯܯ൯

஻஻
 the mass 

matrix, (ܽ⃗௄ீ௢஻௢)஻ீ஻ ∈ ℝଷ×ଵ the linear, and (⃗ߙ௄ீ஻)஻஻ ∈ ℝଷ×ଵ the rotational acceleration. The forces are 
൫்⃗ܨ஻௢൯஻ ∈ ℝ

ଷ×ଵ, the moments ൫ܯሬሬ⃗ ்஻௢൯஻ ∈ ℝ
ଷ×ଵ, the rotational velocity ( ሬ߱ሬ⃗ ௄ீ஻)஻ ∈ ℝଷ×ଵ with its skew-

symmetric matrix ൫Ω෩௄ீ஻൯஻஻ ∈ ℝ
ଷ×ଷ , and the linear velocity is (⃗ݒ௄ீ௢஻௢)஻ீ ∈ ℝଷ×ଵ . ቀ்ܬ,ఎ஻௜ ቁ

஻௜஻௜
∈ ℝଷ×௡ആ 
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஻௜஻௜

∈ ℝଷ×௡ആ are the jacobians for translation and rotation respectively. The body index is 

݅ with ݊௕௢ௗ௜௘௦  being the maximal number of bodies in the system. 
Using a dependence between the generalized and physical coordinates, ⃗ݍ ∈ ℝ௡ആ×ଵ , and 

velocities, ⃗ߟ ∈ ℝ௡ആ×ଵ, we end with a coupled systems of ordinary differential EoM [1]: 
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It should be noted that the body properties, e.g., inertia or mass, are dependent on the human 
body model introduced in [9]. The aerodynamics are based on the models provided in [10,11]. 

Equation (2) is used to set up the EoM. Figure 1 gives an example for a set of four bodies (torso, 
leg, arm, and ski) and their movement as a symmetric MBS. This model is used for the OC with the 
following generalized coordinates and velocities: 
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(3) 

Here, ߶, ,ߠ ߰ are the relative orientation angles (roll, pitch, yaw) between the bodies. The local 
earth frame ܩ is fixed on the take-off table (the x-axis points in hill direction, while the z-axis points 
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up). The distances to the table are given by (ீݔ௢஻௢ଵ)ீ  and (ீݖ௢஻௢ଵ)ீ  with their velocities (ݑ௄ீ௢஻௢ଵ)஻ଵீ  
and (ݓ௄ீ௢஻௢ଵ)஻ଵீ  respectively. The derivative of the first body angle is the pitch rate (ݍ௄ீ஻ଵ)஻ଵ, while 
the other body angles are directly differentated with respect to time. 

 
Figure 1. MBS model of ski jumper with several bodies and movement directions. 

The muscles are modeled using a Hill-type model [12], including tendon, elastic, and contractile 
element [13–15]. Figure 2 illustrates the workflow of the nonlinear reference model, including the 
muscle model that commands the NDI controller of Section 3. 

 

Figure 2. Subsystems and interactions between parts of nonlinear reference model based on Hill-type 
muscle model. 

3. Nonlinear Dynamic Inversion 

NDI is a well-established theory in aircraft control: Its main feature is the provision of a nonlinear 
control law that renders linear behavior between input and output of the system [2]. The usage of the 
NDI strategy in OC applications has recently been proven to be successful in order to make the 
solution of large systems more efficient [16]. Generally, NDI introduces a pseudo-control ⃗ߥ that the 
dynamic model must follow. In our approach, the pseudo-control will be the acceleration of the 
relative angles, e.g., ̈ߠ஻ଵଵ஻ଵ, between the body parts, whose movements will be shaped by the muscle 
models of Section 2. Note that we will use a feedforward-feedback NDI in this work, which is 
illustrated in Figure 3. Within the feedforward control (dashed, orange box), we evaluate the model 
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at the current state to calculate the left- and right-hand side of the EoM and use this to incorporate all 
the current physical movement capabilities within the model. By this, the controller is relieved of 
heavy duty as the ski jumper is an underactuated system and therefore, couplings are imminent. The 
feedback part solves the EoM at the current pseudo control for all controllable elements of the 
dynamics (ctrl): 

ℎሬ⃗ ௖௧௥௟ = ߥᇱ⃗ܯ − ℎሬ⃗ ᇱ (4) 

If we are already achieving the desired trajectory, the control deficiency ℎሬ⃗ ௖௧௥௟  is zero. The 
control deficiency is added to the right-hand side, when solving the EoM in the last step of Figure 3. 
This leads to a feasible trajectory and achieves the desired trajectory: 

ߟ̇⃗ = ଵିܯ ൭−ቆℎሬ⃗ − ቈ 0ሬ⃗
ℎሬ⃗ ௖௧௥௟

቉ቇ൱ (5) 

Here, the zero vector is of appropriate size for the non-controllable states and symbolizes the 
underactuation of the system. Note that inserting the calculation of the control deficiency (Equation 
(3)) in the augmented EoM (Equation (4)) directly yields the desired linear decoupling property of 
the NDI for the controllable states. Further on, we augment our pseudo control with standard PD 
error controllers to account for disturbances and model uncertainties [2,16]. The proportional gain is 
chosen to be ݇௉ = ଶ, while the derivative gain is ݇஽ݏ/1	100 =  .ݏ/1	20

 
Figure 3. Structure of feedforward-feedback NDI control approach with nonlinear reference model 
for the MBS ski jumper OC model. 

4. Optimal Control 

In general, the model developed in Sections 2 and 3 is used to solve the following OC problem: 

min ܬ = ݁൫⃗ݔ, ሬ⃗ݑ , ௙൯ݐ + න ,ݔ⃗)ܮ ሬ⃗ݑ ݐ݀(
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ሬ߰⃗ ,ݔ⃗) ሬ⃗ݑ ) = 0ሬ⃗  

(6) 

In Equation (5), the cost functional is depicted by ܬ, including Mayer term ݁ and Lagrange term 
the equality constraints are ሬ߰⃗ ,ܮ ,	while the inequality constraints are ܿ⃗. Additionally, the optimized 
trajectory must fulfill the state dynamics ⃗̇ݔ, which are represented by the MBS EoM in this work 
(Section 2.1). These are depending on the states ⃗ݔ (containing ⃗ݍ and ⃗ߟ) and controls ݑሬ⃗  (containing 
the muscle activations ⃗ݍ௠௨௦). The symbols ݐ଴ and ݐ௙ are the initial and final time respectively. 

We model the EoM within the FALCON.m framework [8] and use a direct collocation method 
to transcribe the problem into a NLP [17]. This problem will then be solved using the NLP solver 
IPOpt [18] with tolerances of 10ିହ. We examine a cost functional that is trying to achieve a maximal 
flight length, while also trying to minimize the control effort. This minimal control effort symbolizes 
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the jumper’s desire to fly as calm as possible to achieve a high judge score. The number of collocation 
points is linearly spaced and 101. The following initial condition that corresponds to the beginning 
of the flight phase at Okurayama hill in Sapporo is used [5] (ݐ଴ = 0.4	s): 

௜௡௜௧ݍ = ቂ10.7݉12.5°
2.3݉
0°

20°
17.5°

10°
−7°

						0.5°ቃ
்
,  

௜௡௜௧ߟ = ൤22.4	m/s0	°/s
16.42	m/s	

0	°/s
−20	°/s
0	°/s

0	°/s
0	°/s

					0	°/s൨
்
 

(7) 

5. Illustrative Example 

Figure 4 depicts an illustrative example for the OC results of the developed MBS (jumper mass: 
70	kg; jumper height: 1.84	m). In Figure 4a the optimized trajectory (solid blue) on Okurayama hill is 
shown. The dashed lines symbolize the length of K-point (K), hill size (HS), and hill record (HR) 
respectively. We can see that the optimized trajectory is slightly further than the hill record. This 
shows the capabilities of OC. Part (b) of the figure illustrates the time development of the body angles 
and the upper body rate. These angles are similar to the results published in [5], which confirms the 
validity of the developed model. From Figure 4b we see that the upper body angle (solid blue) 
decreases over time by the angular rate (solid magenta) such that the jumper in the end is almost 
parallel to the jumping hill. During this period the jumper decreases the arm angle such that the arms 
are parallel to the upper body. This increases his surface area and therefore the lift. He also closes the 
gap to the skis (solid green), while the ski opening angle (dashed-dotted red) remains almost 
constant. 

 
(a) (b) 

Figure 4. Optimized trajectory (a) and body angles and upper body rate over the flight time (b) for 
four-body MBS on Okurayama hill. 

6. Conclusions and Perspective 

This paper proposed a multi-body modeling technique for the OC of a ski jumper. The technique 
is based on the formulation of the MBS of a ski jumper by the constrained Newton-Euler-Equations. 
The model was combined with a NDI approach that linked the nonlinear muscle reference models 
with the dynamic movement of the ski jumper. The nonlinear muscle models provided a physical 
trajectory that the dynamic ski jumper followed due to the NDI control law. The OC was conducted 
using the Matlab-based toolbox FALCON.m. The setup allowed an easy solution of the OC problem, 
because the NDI decoupled the dynamics. Additionally, it provided a meaningful trajectory. The 
results showed that a MBS model is superior to the standard point-mass or rigid-body models, which 
are normally used for OC, as we gain a more detailed insight into the jumper’s movement. 

Further research is directed into the development of a more sophisticated multi-body model: 
Here, at first the influence of a different number of bodies should be considered and the most realistic 
combination for the ski jumper should be described. Additionally, a system identification, for the 
aerodynamics and body properties, must be conducted to enhance the performance of the multi-body 
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model. With this enhanced model, the conduction of a sensitivity analysis should be considered to 
get an even more detailed characterization of the influences. 

Supplementary Materials: FALCON.m is available from www.falcon-m.com. 
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