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[T I N R

Abstract: Many researchers have defined the g-analogous of differential and integral operators
for analytic functions using the concept of quantum calculus in the geometric function theory.
In this study, we conduct a comprehensive investigation to identify the uses of the Saldgean g-
differential operator for meromorphic multivalent functions. Many features of functions that belong
to geometrically defined classes have been extensively studied using differential operators based
on g-calculus operator theory. In this research, we extended the idea of the g-analogous of the
Séldgean differential operator for meromorphic multivalent functions using the fundamental ideas
of g-calculus. With the help of this operator, we extend the family of Janowski functions by adding
two new subclasses of meromorphic g-starlike and meromorphic multivalent g-starlike functions. We
discover significant findings for these new classes, including the radius of starlikeness, partial sums,
distortion theorems, and coefficient estimates.

Keywords: quantum (or g-) calculus; g-derivative operator; Sildgean g-differential operator;
meromorphic multivalent g-starlike functions; Janowski functions

MSC: Primary: 05A30; 30C45; Secondary: 11B65; 47B38

1. Introduction and Definitions

Currently, researchers have given more attention to the study of g-calculus due to
its applications in the fields of physics and mathematics. Before Ismail et al. [1] looked
into the g-extension of the class of starlike functions, Jackson [2,3] was the first to consider
some applications of g-calculus and define the g-analogue of the derivative and integral.
After that, several scholars carried out great studies in geometric function theory (GFT).
The g-Mittag-Leffler functions were specifically researched by Srivastava and others, and
the authors of [4] also studied the class of g-starlike functions and looked into a third
Hankel determinant. A recent survey-cum-expository review conducted by Srivastava [5]
is also beneficial for researchers studying these subjects. In this review study, Srivastava [5]
discussed applications of the fractional g-derivative operator in geometric function theory
and provided some mathematical justifications. In their paper [6], Arif et al. defined and
explored the g-derivative operator for multivalent functions, and [7] Zang et al. defined
a generalized conic domain and then investigated a novel subclass of g-starlike functions
using the definition of subordination and g-calculus operator theory. Recently, many
well-known mathematicians have used g-calculus and studied some subclasses of analytic
functions and their properties (see, for example, [8,9]). Recently, several authors published
a series of studies [10-12] focusing on the classes of g-starlike functions connected to
Janowski functions [13] from various angles.

The above works serve as the main inspiration for this article, which will first define a
new g-analog of the Sildgean differential operator for meromorphic multivalent functions.
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By taking this operator into consideration, a new subclass of meromorphic multivalent
functions related to Janowski functions is defined and studied, along with its geometric
properties such as sufficient coefficient estimates, partial sums, distortion theorems, and
the radius of starlikeness.

The set M (p) contains all meromorphic multivalent functions # that are analytic in
the punctured open unit disk

U'={c:¢€C and 0<|¢| <1},

and have the following series of representation:

1 ad :
h(g) = ? + Zai+pgl+pr (p eN= {1/ 2/ }) (1)
i=0
In particular, if p = 1, then
1 & :
h(g) ==+ ) aig, 2)
S i3
In other words, we have
M(1) =M,

which is the set of meromorphic univalent functions that are analytic in the punctured open
unit disk.
A function h € MS*(p) is called a meromorphic multivalent starlike function if

h € M(p) satisfies the inequality
GWG))
Re| — > 0.
( h(c)

A function h € MS*(p, «) is called a meromorphic multivalent starlike functions of
the order a (0 < & < 1)if h € M(p) satisfies the inequality

gl (g)
Re( ()

) >, (0<a<p)
In particular, we have
MS*(p,0) = MS*(p).

A function h € MC(p) is called a meromorphic multivalent convex function if
h € M(p) satisfies the inequality

o’ (c)
Rel —| 1+ = >0. (0<a<p)
(-(-5)) '
A function h € MC(p, a) is called a meromorphic multivalent convex function of the
order a (0 < a < p) if h € M(p) satisfies the inequality

e ch'(c) .
o (-2 .
MC(p,0) = MC(p).

The basic ideas of these classes started in 1959 when Cluin [14] studied meromorphic
schlicht functions. In 1963, Pommerenke [15] defined a class of meromorphic starlike
functions and investigated coefficient estimates, and in [16], Royste studied meromorphic
starlike multivalent functions for the first time and also found the same type of coefficient
problems for the class of meromorphic starlike multivalent functions. In 1970, Miller [17]

In particular, we have



Fractal Fract. 2023, 7, 438

3of 14

defined a class of meromorphic convex functions and investigated some generalized
coefficient problems and other useful characteristics of meromorphic convex functions.

Cho and Owa [18] examined the partial sum for meromorphic p-valent functions, while
Aouf et al. [19] determined a class of meromorphic p-valent functions and investigated the
partial sums for meromorphic p-valent functions. In 2004, Srivastava [20] suggested some
new classes of meromorphic multivalent functions and described some helpful features
of meromorphic functions. Frasin and Maslina [21] investigated positive coefficients for a
class of meromorphic functions.

A function ¢(z) is said to be in the class P[F, K] if it is analytic in U* with ¢(z) = 1

and
14+ Fz

7)< Tk
Equivalently, we can write

KCEEp

F—Ko(z)
Recalling certain definitions of the g-calculus operator theory would be helpful because

they are essential for understanding this article. Unless otherwise stated, we assume the
following throughout the article:

ge(0,1), -1<K<F<1 and peN

Definition 1 ([22]). The g-number (], is defined by

—gb
= (geQ),
[Clg = '
Yo" ((=ieN),
and for any non-negative integer i, we have
. [i]qli — 1]g[i — 2]4---[2]4[1]4, i>1,
mq! =
1, i=0.

Definition 2 ([2,3]). Let A be the set of all analytic functions h in the open unit disk
U={c:ceC and [g| <1}
and have the following series representation.
hg) =¢+ Y aic.
i=2

The q-derivative (or q-difference) Dy is defined by

h(g)—h(q¢) (¢ #0)
a=qe + 675
(Dgh) () = e @)

h(0), (¢=0).

Equation (3) shows that if h is differentiable at ¢, then

Jim (Dgh)(6) =¥ (¢)-
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For h € A, and from Equation (3), we have
(Dgh)(g) =1+ Z[i]qaigi’l.
i=2

Definition 3 ([23]). The Saligean q-differential operator for h € A is defined by

SI(e) = hle), Sihle) = cDyhle) = NEI=HE)

Syh(s) = qu(sylh(g>):h<g>*(g+ imgﬂgl),
= o+ Liljac

Mahmood et al. extended the concept of the g-difference operator for h € M and
constructed a new subclass M S [F, K] of meromorphic functions using the analogue of
Definition 2:

Definition 4 ([24]). For h € M, the q-derivative (or q-difference) Dy is defined by
h(g) — h(g¢)
D,h =227 4)
(Bah)e) = == g)e
For h € M, and from Equation (4), we have

[e9)

(D) (&) = 3 + Llilyme’™, Ve e U ©)
i=1

Using Equations (1) and (4), we extend the idea of the Sildgean g-differential operator
for meromorphic functions as follows:

Definition 5. Let h € M. Then, the Siligean q-differential operator for a meromorphic function

is given by
h —h
Sh(c) = h(c), Sth(c) :th(g)=W'
Si'h(g) = Dq(‘st;nflh(g))
. -1 & -
s! hg) = q?+i:1[l]q aic L. (6)

Definition 6. Let h be a meromorphic multivalent function given by Equation (1). Then, the
Siligean q-differential operator is given by

Spphlc) = hlg), Sql,ph(g):th(g):(_i

Spuh(e) = Dy(Si ()

— 0 .
o T ;)[i + Pl aips P )
1=

Sgph(c)
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Remark 1. By taking p = 1 in Equation (7), then we have the Siligean q-differential operator for
h € M, which is given by Equation (6).

In the case of the recently introduced Salagean g-differential operator h € M, we intro-
duce a novel subclass of meromorphic g-starlike functions connected to Janowski functions.

Definition 7. A function h € M belongs to the class MSy[m, F, K] if

(/C_l)(_g(‘%"h

g(S'”h
(K +1) (-,g(g

We provide a novel subclass of meromorphic g-starlike functions connected to Janowski
functions in the context of the recently introduced Séldgean g-differential operator h € M (p).

Definition 8. A function h € M(p) belongs to the class MS; ,[m, F, K] if

(,C_l)(_g(sifg))(o)_(F_D_ o
e ) R R ]

Remark 2. It can be easily observed that
MS;1(LE, K) = MS,(F,K),
which was introduced and studied by Mahmood et al. [24].

Remark 3. It is clear that

Jlim M [, E, K] = MS'[F, K],

which was introduced and studied by Ali et al. [25].
Remark 4. Forq -+ 1—,m=1,F =1, and K= —1, then

lim MSy[1, 1] = MS*,
qg—1— !

where MS™ denotes the class of meromorphic starlike function.

The sufficient condition for h € MS,’;,p[m, F, K] is examined in Theorem 1, which
can be used as a supporting result to research further findings. We will also look into
the relationship between a function h of the type (Equation (1)) and the partial sums of
its series

1 & ,
h(g) = o + Zai+pgl+pr (keN), 8)
i=0

when the coefficients are sufficiently small.
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2. Main Results
2.1. Sufficient Condition

Theorem 1. Ifa function h € M(p) of the form in Equation (1) satisfies the following condition,

then h € MS, ,[m, F,K]:

[e0]

Z (li+ply+1) + [+ 1)l + ply —

< |IC+1)

(F=1)[q"]ais|

(F+1)gP|+2(1—47).

Proof. Supposing that Equation (9) is satisfied, then it is enough to prove that

(IC+1)<_‘5(‘%°’1)(€))_(F+1) T—q| “1=¢

Now, we have

—
I
2=
~—
+
I ™e
—
—_
+
+
=,
~—

T
<
"

41
—(F=D)aygitr| 1T

(qi];l) + lgo (1 +li+ p]q )aerpQ p q
=2 = + 1
(K+1) 5 — (F+1) = L ((K+D[i+pli + (F+1))az pc 7 —1

I
S

7 =10+ 5 (1 [+ 917 )|

< 2 = + -1
|(’C+1)—(F+1)q7’\—EOH(’CJrl)[iJFPW—(F—l)}fl”}

”i-&-p‘

1—9¢

©)

. (10)
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The inequality in Equation (10) is bounded by 11751 if

[e0]

L 2(li+plf + 1) +[ (€ Dl = (F = 1]l

i
(K4+1)— (F+1)g°| +2(1—q").

<

Thus, this completes the proof of Theorem 1. [

Corollary 1. Ifafunctionh € M(p) of the form in Equation (1) belongs to the class MSy ,,[m, F, K],

then [(K+1)— (F+1)g"| +2(1—qP)

Ajgp < . : , (1eN). (11)
2([i+ply +1) + [+ 1)li + ply — (F=1) g7
This equality will satisfy the function
1 K+1)—(F+1)q7| +2(1 —4* itp—
o) — (1) = (P10 +20=9") iy,

o ([i+ ply 1) +[0C+ DL+ ply — (F= 1]y

Theorem 2. Ifa function h € M of the form given in Equation (2) satisfies the following condition,
then h € MS;[m, F,K]:

[e9)

E2(li+ 17 1) + (K + D+ 17 = (F = D]glass,|

< |(K+1)—=(F+1)g|+2(1—gq). (12)

By taking p = 1 and m = 1 in Theorem 1, then we have following known result, which
was introduced in [24]:

Corollary 2 ([24]). If a function h € M of the form in Equation (1) satisfies the following
condition, then h € MS;[F, K]:

Y A, F,K,q)|ai] <Y(F,K,q),
i=1
where
AG,F ) = 2([i,+1) + (K + D), — (F=1)g
and

Y(F,K,q)=|(K+1)—(F+1)q|+2(1—gq).

2.2. Distortion Inequalities
Theorem 3. Ifh € MS; ,[m, F, K], then

1 (K4+1) = (F+1)g7| +2(1 —¢P)
"o plp 1)+ (K D[+ ply— (F=1)|gP
C olels_ MKED-Eaflr0-g)
([ plp 1) [+ D ply = (F—1)|gp

rP

This equality holds for the function

1 [(K+1) = (F+1)gP[ +2(1 - ¢P)

h(g) = cP +2([1+PW+1) + ‘(K+1)[1+P]31_(F_1)‘qp

¢P atg=ir
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Proof. Leth ¢ MS;,p [m, F, K]. Then, in light of Theorem 1, we have

2([1+p]g“+1) +‘(’C+1)[1+P]g[(Fl)‘qp2’”i+p’
< iz([i+p];”+1)+‘(K+1)[i+p];"—(F—l)‘qp\aiﬂ;f

< [(K4+1)=(F+1)gP| +2(1—4qP),

which yields
1 & S R
lh(g)| < ITPJF;’”H;?”’ §r7+7 X;‘ﬂi+p’
1= 1=
_ p —gP
< 1 [(K+1)— (F+1)g”| +2(1 —gP) »

7”+2([1+p]$+1) + ](’C+1)[1+P]Z1—(F—1)\q”

Similarly, we have
1 & i—p
he)l = = = Y [aisp|r
o3

1 (o]
> 7 _rp£|ai+p|
1 (K +1)— (F+1)g”| +2(1 —gP)

= W 2([1+ply +1) + |[(K+ D1+ ply = (F=1)|g?

rP.

Thus, this completes the proof of Theorem 3. [
Theorem 4. Ifa function h of the form in Equation (2) belongs to the class MSg[m, F, K|, then

|[(K+1) = (F+1)q|+2(1—9)

2Ry +1) + |+ Dl - (F-D)g

1 [(K+1) = (F+1)q] +2(1 —q)

< = T.
r 2([2]m+1)+‘(K+1)[2]{1”7(P71)‘q

< |h(g)] +

This equality holds for the function

he) = Ly K+ —(F 1) 420 —g)

° 2([2]Z1+1) + ‘(IC+1)[2]31 _ (F_l)‘qg atg = ir.

Proof. Here, we omit the proof of Theorem 4. It is similar to that of the proof of Theorem 3. [

For p =1 and m = 1 in Theorem 3, then we have the known corollary given in [24]:
Corollary 3 ([24]). Ifh € MS; [F, K], then

1 |(’C+1) (F+1)g[ +2(1—¢)
ro 2(Rlg+ 1) +[(K+1) = (F=1)lg
1 (K+1)— (F+1)(1—q)

= MOl o+ [+ DRl - - Dl




Fractal Fract. 2023, 7, 438 9 of 14
This equality holds for the function
1 (K+1)— (F+1)q| +2(1—q) .
h(g) = -+ ¢ at¢=1ir.
¢ 22+ 1) +|(K+1)[2)y = (F=1)q
Theorem 5. Ifh € MS, ,[m, F, K], then
1 (prDI(K+1) — (F+1)gP[ +2(1 —¢7)
+1
P ([ plp 1)+ [(CH D ply = (F 1)
1 +D(K+1) = (F+1)g7| +2(1 —g°
< W< o CHVESD P20 gy

2([1+ply +1) + (K + D1+ plyr = (F=1)g?”

Proof. Here, we omit the proof of Theorem 5. Its proof is similar to that of the proof
Theorem 3. [J

For p =1 and m = 1, then we have a known corollary introduced in [24]:
Corollary 4 ([24]). Ifh € MSG[F, K], then

1 2[(K+1)— (F+1)gq|+2(1—9q)
2 2R+ D)+ [(K+ D)2, — (F=1)|q
, 1 2[(K+1) = (F+1)g| +2(1—9q)
SO 222y 1)+ (K D)2l — (F-1)]g

, (gl =7).

r2

2.3. Partial Sums for the Function Class MS; ,[m, F, K]

In this section, we study the ratio of a function of the form in Equation (1) to its
sequence of partial sums

1 & ,
h(g) = o + Y a6
i=0

when the coefficients of 1 are sufficiently small to satisfy the condition in Equation (9). We
will investigate the sharp lower bounds for

o 1) m(©) g, Syph(c) and Re Syl (6)
K (hk(g))’ <h(9) ) K («%hk(g)) a R <S;fph(g) )

The sequence of partial sums of /i is denoted by

1 ¢ :
hie(¢) = o + ) a6
i=0

Theorem 6. If a function h € M(p) of the form in Equation (1) satisfies the condition in
Equation (9), then

h(@)) 1
Re >1-— VeelU 13
(hk(g) N Xk+p+1 (ve ) (13)
and

hk(@)) Xk+p+1

Re > , Ve € U), 14

() = S (9

where

2k ply 1) + (K + Dk ply = (F= 1)
Kerp = (K+) = FE+Dg[+20-97)

(15)
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Proof. For the proof of the inequality in Equation (13), we set
h(c) 1
Xitp+1| 77 — | 1=
e [hj(g) Xk+p+1
k . 0 .
T+ Y aipG P 4 Xpapr1r L aigpg P
_ i=0 i=k+1
= p {
L+ ¥ ajy ettt
i=0
_1+am(9)
1+ q2(6)
If we fix
1+q1(6) _ 1+w(g)
T+g(g)  T-w(g)
then after some simplification, we obtain
91(6) — 92(6)
w(g) = .
R E NGRS
We find that -
Xkips1 L AippG Pt
i=k+1
w(g) = : ‘ - '
2+2) ai+p§l+p+1 + Xitpt1 X ui+pgl+p+l
i=0 i=k+1
and -
Xk+p+1 )y ‘ﬂi+p|
i=k+1
w(e)| < —— —
2-2Y |aisy| = Xerps1 L |aisp]
i=0 i=k+1
Now, one can see that
w(g)| <1
if and only if
o0 k
2krpi1 Y @iy £2-2) |aig,),
i=k+1 i=0
which implies that
k S
Z|ai+p’ + Xk+p+1 2 |ai+p| <L (16)
i=0 i=k+1

Finally, to prove Equation (13), it is enough to show that the L.H.S. of Equation (16) is

, which is equal to

bounded above by )Of Xi+p|ﬂz‘+p
i=0

k ©

Y (1= Xisp)|@icp| + ) (Xk+p+1 - Xi+p) |ai4p| > 0. 17)
i=0 i=kt1

Hence, the proof of the inequality in Equation (13) is complete.
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For the proof of the inequality in Equation (14), we fix
hi(g) _ Xktp
1 _
( - Xkﬂ)) < h(g) 1+ Xkyp

k 0
i+p—1 i+p—1
T+ X aipG P = Xkiprr L aigpg' P
i=0 i=k+1

1+ X ‘11'+p€i+pi1
i=0

where .
(1 +Xk+p+1) T aigy|
i=k+1
w0(e) < —— < (18)
2-2 1 Jaiy| - (xkepia—1) T faiy

The inequality in Equation (18) is equivalent to

Z|az+p’ + Xk+p+1 Z |az+p| <1l (19)
i=0 i=k+1

Finally, we can find that the L.H.S. in Equation (19) i

and thus we have completed the inequality in Equation (14). Hence, the proof of Theorem 6
is complete. O

Theorem 7. Ifh € M(p) of the form in Equation (1) satisfies the condition in Equation (9), then

Re( Sqph(6) >>1_[k+p];"’ (Vg e U)

qp pk(g) Xk+p+1

and

q.p pk > Xk+p+1 VeeU
( Syh(g ) Xkrpe1+ [k+plpt’ (Ve el

where Xy p is given by Equation (15).

Proof. Here we omit the proof of Theorem 7. It is similar to that of Theorem 6. [

2.4. Partial Sums for the Function Class MS;[m, F, K]

We will study the ratio of a function of the form in Equation (1) to its sequence of
partial sums

1 & :
he(g) ==+, a;16
5 20
when the coefficients of & are sufficiently small to satisfy the condition in Equation (9). We
will investigate the sharp lower bounds for

h(s) hi(¢) Sy'h(¢) Sp'hie(6)
Re<hk(g))’ (h(G) ) Re(&;”hk(g)) and Re( Sith(c) )
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The sequence of partial sums of /i is denoted by

1 & ,
hi(g) = < + 2”i+1€1+1-
i=0

Theorem 8. If we let h € M of the form in Equation (2) satisfy the condition in Equation (12),

then he) .
G
Re >1—- — VceU
(hk(g)) T Xk (vecl)
and (o)
Re k€>> Xk+2 Ve e U),
(h(g) T 14 Xk (ve )
where

201 = w) ([k+ 107+ 1) + [ (K + 1)k + 1] = (F=1)]q
Ak = [(K+1) = (F+1)q+2(1—q)

(20)

Proof. Here, we omit the proof for Theorem 8. It is similar to that of the proof for Theorem 7. [

Theorem 9. If we let h € M of the form in Equation (2) satisfy the condition in Equation (12),

then © : |
S"h(c k1)
Re| =2 —" | >1———T  (YVcelU
(Sﬁhk(€)> - Xk+2 (Ve el)
and ©
SMhy (¢ Xk
Re| —Z > +2 , (Ycel),
<Sg"h<g>> % et vy EEY)

where X1 is given by Equation (20).
Proof. Here, we omit the proof for Theorem 9. It is similar to that of the proof for Theorem 6. [

2.5. Radius of Starlikeness

In the next result, we obtain the radius of starlikeness for the class M Sy, [m, F, K]:

Theorem 10. Let the function h with Equation (1) belong to the class MS ,[m, F, K]. If

inf
i>1

[(10c)2([i+p];”+1) + ‘(K+1)[i+p]g1_(F_1)‘qp T -

(i+p+1—-a)[(K+1) = (F+1)gP| +2(1—qP)
is positive, then the function h is p-valently meromorphically starlike to the order a in |g| < r.

Proof. To prove the above result, we have to show that

’gh’(g)
h(g)

From the above inequality, we have

+1’§1a, (0<a<1) and [g] <r1.

Yitoli+p+ 0‘)“i+p€i+p
glp + X2 ai+pgl+p

o Lio(itpta)jaipllel™”

B B 3 [P 1< [

‘gh’(g)

h(g) H‘:’

(21)
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Hence, Equation (21) holds true if
L (i+p+a)a,|le"" < (1-a) (1 - Z|az-+p||gi+">- (22)
i=0 i=0
Now, we can set the inequality in Equation (22) as follows:
o (i+p+1—u ;
Z( T )laiw\lsll” <1 (23)
i=0
With the help of Equation (9), the inequality in Equation (23) is true if
11—«
(1 —a)2<[i+p]gl +1) + ’(’C-ﬁ-l)[l‘—l—p]y —(F— 1)’(17”
< . 24
: T+ (F+ D]+ 20— ) (’
By solving Equation (24) for |g|, we have
1
(1= @2([i+ply+1) + [+ 1)+ ply = (F=1)|g"\ ™7
< . . 25
D\ Tk A ) - Fr D 20— ) @)

This completes the proof. [

3. Discussion

This section serves as an introduction to the conclusions section, we will specifically
highlight the relevance of our primary findings and their applications. With a primary
motive to consolidate the study of the famous convex function with starlike and convex
functions, Govindaraj and Sivasubramanian in [23] involved the g-calculus operator and
defined the Sildgean g-differential operator for analytic functions. However, the mero-
morphic functions and meromorphic multivalent functions could not be defined with the
other geometrically defined subclasses of M and M (p) using the same meromorphic
g-analogue of the Sildgean differential operator. For the functions in M and M(p), we
smartly established a Sdldgean g-differential operator in this study so that normalization
could be preserved.

When considering the Silagean g-differential operator for h € M, the family of
functions M S [m, F, K] (see Definition 7) is defined to include g-starlike functions, and the
other family of functions M S ,[m, F, K] (see Definition 8) is defined by using the Salagean
g-differential operator for h € M(p).

Another notable difference from earlier research is the fact that we found criteria for
the classes of MS;[m, F, K] and MS; ,[m, F, K] that are more broadly applicable. Hence,
if we let p = 1 and m = 1, then some of our results in Section 2 will reduce to results for
the class of g-starlike functions introduced in [24]. The approach used by different authors
in this paper in arriving at solutions to the challenges of the classes is the same. However,
several novel and traditional results can be obtained as a special case of our main findings.

4. Conclusions

The extension and unification of various well-known classes of functions were the
main objectives of this paper. In this article, we used the g-calculus operator theory,
introduced the Séldgean g-differential operator for meromorphic multivalent functions
and defined two new subclasses of meromorphic multivalent functions in the Janowski
domain. We investigated some interesting properties, such as coefficient estimates, partial
sums, distortion theorems, and the radius of starlikeness. The technique and ideas of this
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paper may stimulate further research in the theory of multivalent meromorphic functions
and further generalized classes of meromorphic functions can be defined and investigated
for several other useful properties such as Hankal determinants, Feketo—-Sezego problem:s,
coefficient inequalities, growth problems, and many others.
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