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Abstract: The fractional powers of generators for analytic operator semigroups are used for the
proof of the existence and uniqueness of a solution of the Cauchy problem to a first order semilinear
equation in a Banach space. Here, we use an analogous construction of fractional powers A7 for
an operator A such that —A generates analytic resolving families of operators for a fractional order
equation. Under the condition of local Lipschitz continuity with respect to the graph norm of A”
for some 7y € (0,1) of a nonlinear operator, we prove the local unique solvability of the Cauchy
problem to a fractional order quasilinear equation in a Banach space with several Gerasimov-Caputo
fractional derivatives in the nonlinear part. An analogous nonlocal Lipschitz condition is used to
obtain a theorem of the nonlocal unique solvability of the Cauchy problem. Abstract results are
applied to study an initial-boundary value problem for a time-fractional order nonlinear diffusion
equation.
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1. Introduction

Differential equations with fractional derivatives have attracted increasing interest
among researchers over the last few decades, both from a theoretical point of view [1-6]
and because of their importance for the study of many applied problems (see, e.g., [7-11]).
In this paper, we study the quasilinear equation

D*z(t) + Az(t) = B(t, D¥z(t), D®2z(t), ..., D%z (t)) 1)

in a Banach space Z with Gerasimov—Caputo fractional derivatives DPz with 8 > 0 and
Riemann-Liouville fractional integrals DPz with B<0.Herem—1<a<meN,neN,
ap < wp < --- <@y < . Alinear closed operator — A in Z belongs to the class A, (6, a9),
which is introduced into the consideration in [12] for the study of linear Equation (1) (with
B = 0) by the methods of the resolving families of operators. The corresponding inho-
mogeneous linear equation (B = f(t)) was researched in [13,14] in the cases of Holderian
or continuous forms in the graph norm of the operator A function f correspondingly.
Equation (1) with a linear operator B, which is called a multi-term equation, was studied
in [15] for the equation with bounded operators, and in [16] in the case of unbounded
operators at the lower order fractional derivatives. The issues of the unique solvability for a
class of nonlinear equations of the form (1) with an operator —A € A, (6, a9) in the linear
part and with a nonlinear operator B, which is continuous in the graph norm of the operator
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A and Lipschitz continuous with respect to the phase variables, is studied in [17]. Ob-
tained results were used to investigate initial-boundary value problems for some nonlinear
systems of partial differential equations modeling viscoelastic media thermoconvection.

However, the used conditions for the operator B in [17] do not allow general results to
be applied for partial differential equations with spatial derivatives in the nonlinear part.
In the operator semigroup theory [18-20], the consideration of integer order equations with
such nonlinearities in the framework of first order equations in Banach spaces is possible
due to using fractional powers A7, ¢ € (0,1), of a continuously invertible generator —A of
an analytic resolving semigroup of operators and spaces Z, as the domains of A" with the
corresponding graph norms. If an operator B is locally Lipschitz continuous with respect
to the norm in Z,, the local existence of a unique solution of the Cauchy problem for a
semilinear first order equation with the operator A in the linear part is proved. In [21],
these results were extended to the case of the Cauchy type problem for Equation (1) with
Riemann-Liouville fractional derivatives. To this end, fractional powers of an operator A,
such that —A € A,(6p, a9), were constructed and their properties were investigated. In
this work, we use the results on fractional powers for the study of the Cauchy problem
for semilinear Equation (1) with Gerasimov-Caputo derivatives and with a Lipschitz
continuous with respect to the norm in Z., operator B, ¥ € (0,1). We use the abstract
results to prove the existence of a unique solution of an initial-boundary value problem
for a partial differential equation with a nonlinear part, which contains partial derivatives
with respect to spatial variables.

Let us note the works [22-25], in which other approaches are used in the study of
initial problems for nonlinear equations with fractional derivatives in Banach spaces.

The structure of this work is as follows. Section 2 contains preliminaries on sectorial op-
erators and complex powers A" for such operators. Note that the auxiliary results obtained
in [21] and listed here, including some estimates on the operators of resolving families and
fractional powers of the operator generating them, are similar to the corresponding results
of the theory of semigroups of operators but much more complicated in technical terms. In
Section 3, the proof of the local unique solvability of the Cauchy problem to Equation (1)
with a nonlinear operator B, which is locally Lipschitz continuous with respect to the norm
in Z,, is obtained. Section 4 contains an analogous result on the nonlocal existence of a
unique solution for the Cauchy problem to Equation (1) with a Lipschitzian with respect to
the norm in the Z, nonlinear operator. Abstract results are applied for the consideration of
an initial boundary value problem for a time-fractional order nonlinear diffusion equation.

2. Complex Powers of a Fractional Sectorial Operator

Let Z be a Banach space. For t) € R, h : (ty, 00) — Z, the Riemann-Liouville integral
of order § > O is

DPh(t) == [Pl = 1"(1,8) [t=9ns)ds, > 1

JOn(t) := h(t). Form € N, B € (m — 1,m] the Gerasimov—-Caputo derivative of the order 8
has the form

mym— = k (t — to)k
D‘Bh(t) =D"] p (l’l(f) — Z D h(to)k'>, t > tp.
k=0 :

Leth: Ry — Z, w e R, H: {y € C:Rey >w} — Z. We denote the Laplace
transform by £[h] and the inverse Laplace transform by £~![H]. For g > 0 it is known that
(see, e.g., [1])

m—1

S[JPn)(u) = pPelnl(u),  LIDPH)(u) = uPLlh] (n) — k;) P~ £ D R (0).
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Denote by CI(Z) the set of all linear closed operators in a Banach space Z, which
are densely defined in Z. Let A € CI(Z), denote by D, the domain of A, which is
endowed by the graph norm || - |[p, = || ||z + [|A-||z; p(A) := {p € C: Ry(A) :=
(ul—A)t e L(2)}, 0(A) := C\ p(A), Sgya, := {A € C: |arg(A —ag)| < 6, A # ag},
Yy:={te€C:|argt| < ¢, T #0}.

For some « > 0, 6y € (71/2,7), ag > 0 denote by A, (6p,a0) a set of all operators
A € CI(Z), such that the following hold:

(i) For all A € Sy, we have A* € p(A);

(ii) For every 6 € (71/2,6p), a > ag there exists K = K(60,a) > 0, such that

K(6,a)

VA €Sg, [[Ra(A)llg(z) < TAT(A —a)

Hereafter, for a power function, its main branch is taken.

Ii is known [12] that operators from A, (6p, a9) with & > 2 are bounded. If « € (0, 2),
an operator A € A, (6p, ap) is often called sectorial, and it generates an analytic in a sector
Yg,— /2 resolving the family of operators for the equation D*z(t) = Az(t) [12].

Leta € (0,2), —A € Ax(69,0) and 0 € p(A); then, p(—A) contains a neighborhood of
zero cut along the negative semi-axis in which Ry« (—A) is bounded. Hence, for a small
a>0and 6 € (1/2,6),

K
Fr1>0 I >0 VAE S UfpeC:ful <} [IRu(=A)lez) < 77 |1A|a'

For a sufficiently small ¢ > 0 and for w € (& ;90 , 73 ) denote a contour C := C4 UCyUC_,
which goes from top to bottom, where Cy. := {z = re™*“ : r € (ag, )}, C := {z = aee'? :
¢ € [—aw,aw]}, and operators

1

A= /z‘“’(zl ~A)ldz, Rey > 0. @)
C

Since at some K, > Qforallz € C

_ _ K,
[z77(z] — A) 1||L(Z) < WI

the integral (2) converges in the operator norm.

Lemma 1 ([21]). Leta > 0, —A € A4(69,0), 0 € p(A). Then, for Rey > 0, the operator A~
is bounded and injective.

For Rey > 0, define the operator A” := (A~7)~! with the domain D4y = imA~7 :=
{y = A 7x:x € Z}. We also define the operator A? := I.

For Rey = 0, define A” := A7 PAP with D4y := D 44 for some B > 0. The indepen-
dence of B > 0 of this definition can be proved easily (see [21]).

Theorem 1 ([21]). Leta > 0, —A € Ay (6p,0), 0 € p(A). Then, the following hold:
(i)  The family {A~7 : Rey > 0} forms an analytic semigroup, while for any 0 € (0,7/2),
z € Z,we have the equality lim A7 7z =1z
7—0
|argy|<6

(ii) Fory € C A" is a closed operator;
(iii) IfRey > Ref >0, then Dy C D ,p;
(iv) Day = Z for every Rey > 0;
(v) Ify,B € C, then A Pz = AV APz for every z € Day N D 45 N D 4ysp;
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(vi) IfO < Rey <1,z € Dy, then
arz =22 /t“r—lA(tH A)~ Lz,
0

Ifa >0, —A € Ay(fp,a0), T ;=T UT_UTy, Ty :={peC:p= a+ret® r ¢
[0,00)}, To:={peC:u=a+0d? ¢ c (—6,0)}ford >0,a > ay, 0 € (11/2,6p), then
the operators

1
Zg(t) == ﬁ/;{“‘wa(—A)eﬂfdy, teR,, PER,
T

are defined [26]. These satisfy the inequalities for every a > ag (see [26]):
1Zs(D)ll(z) < Cp6,@)e™ (¢ +a)P, t>0, p=>0, ®)
1Zg(t)ll 22y < Cp(6,a)et P, t>0, B<O. (4)

Theorem 2 ([21]). Let « > 0, —A € Ay (0o, a9). Then, forall p < 1,6 < 1,s,t >0

1 t _
Zp(s)Zs(t) = —~ Zpys(s +1) + ﬁ/l‘“ TPPR e (—A) Eg1—s(u*t*)el*dp+
r

sP —146 t
+277'[l'/‘ya ™ Rya(—A)Eall,ﬁ(y"‘s”‘)eF d]l
r

It is known that for « = 1, {Zy(t) € L(Z) : t € R4} is an analytic semigroup of
operators [18-20,27,28]. Consider Theorem 2 « = 1, f = 6 = 0 and obtain the semigroup
property Zo(t)Zo(s) = Zo(t +s), t,s > 0. Thus, Theorem 2 gives some generalization of
the semigroup property for resolving families of operators, which are generated by an
operator from the class A, (6y, ap).

Theorem 3 ([21]). Leta > 0, —A € Ay(6p,0),0 € p(A). Then, the following hold:
(i) Zg(t): Z — D(A") forall B € R,Rey € [0,1),t > 0;

(i) Zp(H)AYz = AYZ4(t)zfor BE R, 7 € C,z € D(AT);

(iii) For B € R,Rey < 1, t > 0 the operator A”Zﬁ(t) is bounded;

(iv) For B <1,Rey € (0,1)

- & sin 7Ty T v B—1
AT = — /H*ﬁ Zg(b)dt;
(el + BN (@ + ) / N

(v) ForpeR, t>0|AZg(t)llgz) < Ct*F;
(vi) For B € (—aRey,1),Rey € (0,1),t >0 [|A7Zg(t)[|z(z) < Ct o Rer=B;
(vii) For p <1,Rey € (0,1),z € D(A7)

ID™PZg(1)z — 2]l z < Cot*ReY|| Az 2.

3. Local Solvability of Quasilinear Equation
Consider the Cauchy problem

DFz(tg) =z, k=0,1,...,m—1, (5)
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for a quasilinear equation
D*z(t) + Az(t) = B(t, D*1z(t), D*2z(t), ..., D*"z(t)), (6)

wherem—1<a<meNneNy<am< - <a,<am-1<a <meEL,
I=1,2,...,n. Some of x; may be negative.

Lety € (0,1), Zy := D4y is a normed space with the norm || - ||, := ||AY - || z. Itis
a Banach space, since A7 is a continuously invertible closed operator. Let U be an open
subset of R x Zg, a mapping B : U — Z is given; for every point (t,x1,x,...,X,) € U,
there exists its neighborhood V C U and constants C > 0, § € (0,1] such that for all
(s,y1,Y2,---,Yn), (t,01,02,...,0n) €V

n
IB(s,y1,Y2, -+ yn) = B(t, 01,02, 0n) 2 < C(IS — 0+ Y My —Ul”“r)- )
=1

A function z € C((to,t1); D), such that z € C"([to, t1]; Z), D*z € C((to, 11]; Z),
D%z, D%z,...,D*z € C([to, t1]; £), is called a solution of the Cauchy problem (5), (6) on a
segment [fo, 1], if it satisfies conditions (5) forall t € [to, t1] (D*1z(t), D*2z(t),..., D*z(t)) €
U and for all t € (tp, t1] equality (6) holds.

The next theorem on the unique solvability of the Cauchy problem for an inhomo-

geneous linear equation was proved in [13] for a Hoélderian function f € CY([ty, T|; Z),
v € (0,1], and for the case f € C([to, T]; Z1) in [14].

Theorem 4 ([13,14]). Let « > 0, —A € Ax(69,a0), f € C([to, T); Z21) UCY([to, T]; Z), v €
(0,1). Then for all zo,z1,...,2m—1 € D4 the function

m—1

2(t) = Y Z,k(t—to)zk—f—/Zl,a(t—s)f(s)ds, t> t,

k=0 7

is a unique solution of Cauchy problem (5) for the equation D*z(t) + Az(t) = f(t).
Lemma 2 ([29]). Let p—1 < B < p € N. Then
AC>0 VheCl(fto,tl; Z) IDPhlc(pynlz) < Clibllcr(tyn]:2)-
Fort) > tg, a1 < ap < -+ < ay < «, define the space
Cm’l'{“’}([to,tl];Z) ={z e C" Y[ty t1]; Z) : DYz € C([to, h]; Z), 1 = 1,2,...,n}
and endow it by the norm
n
12l emvtwrd (1 3.2) = N2 N em1(it9,101,2) +z—21 1Dz ([t 11);2)-

Denote ;1 := min{l € {1,2,...,n} : 0y > m — 1}, if theset {l € {1,2,...,n} : a; >

m — 1} is not empty, otherwise, I,,,_1 := n+ 1. Due to Lemma 2 the norm ”ZHC"”L{"‘I}([tO 4]:2)

is equivalent to

n
Izllem-1(trz) + 2o 1D 2llc(ton);2)-
I=ly 4

Hence, C" A%} ([tg, t1]; Z) = C"1([to, t1]; Z), if and only if &, < m — 1.

Lemma 3. The normed space C" 1A%} ([ty, t,]; Z) is complete.
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Proof. Take a fundamental sequence {x,} from the space C" 1%} ([ty, t1]; Z); then, there
exist limits x € C"~1([to, t1); Z) for {x,} in the space C"([to, t1]; Z), y for the sequences
{D%xp}in C([to,t1]; Z),1 =1,2,...,n. Hence, for t € [to, t;] we have

m—=1 (i‘—t )]
o : ) Ty 1 Ji 0 _
Ty (t) = phrgo] ID"xp,(t) = phrr.}o (xp(t) jZEO D’xy(to) i =

m—1 — )
—x(0) - ¥ Dix(ty) ],fO) .y =DYxeC(ltot; Z), 1=1,2,...,n.
= :

Thus, C" 4%} ([ty, t,]; Z) is a Banach space. [

Lemmad. Let B € (0,1), h, DPh € C([to, t1]; Z). Then h € CP([to, t1]Z), moreover, there exists
C > 0, such that for all t, T € [to, 1]

()~ ()| < it

|t — 7P

Proof. Fortg <t <t <1y,
Ih(t) — h(7)||z = |JPDPh(t) — JPDPh(T)| 2 <

< (t—to)P — (T — to)P
- r(g+1)

Here, we use the decreasing function

(t—7)f
IDPR (o ):2) < mHDﬁhHC([to,tl]z)'

(t—to)P — (T —to)P
(t—1)P

of T € [to,t) forp € (0,1). O
Denote

(t—t)"!

Z(t) =2z + (t - tO)Zl +-+ Wzm—lr

Z):=D"z%(ty), 1=1,2,...,n.

Ifay =m; =ke{0,1,...,m—1}, then Z; = z, otherwise, z; =0,/ =1,2,...,n.
Theorem 5. Let w € (1,2], 01 < ap < -+ < ay <, —A € Ax(6p,0), 0 € p(A), a mapping

B : U — Z satisfies condition (7) with v € (0,1), 20,21 € 214+, (to,Z1,22,...,2n) € U. Then,
for some t1 > to, there exists a unique solution of problems (5) and (6) on [to, t1].

Proof. For (ty,21,22,.-.,%n) € U choose t; > ty and € > 0, such that on the set
Vi={(t,x1,x2,...,%,) ERX Zl; ctefto, il l|lx —Zi|ly <e1=1,2,...,n}

inequality (7) holds with some C > 0, > 0.
By the construction of C*{} ([ty, t1]; Z), we have DM x|t 11]:2) < C||x||C1,{a,}([
1=1,2,...,n. Therefore, a subset

to,t1;2)’

Sy, = {x € CY«([ty, t]; Z) : DUx(ty) = A%, |DYx(t) — AVE)|z <e 1=1,2,...,1n}
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of the Banach space C1{%} ([to, t1]; Z) is closed. Hence, St, is a complete metric space with
the metric d(x,y) = ||x — y”cl/{“l}([to H12) For x € S¢,, define a mapping

1 t
Fx(t):= Y. z,k(t—to)mzk+/mzl,,x(t—s)sx(s)ds,
k=0 i
where B*(s) := B(s, A-"D"1x(s), A~"D*2x(s),..., A~—"D*x(s)).
In the proof of Theorem 4, it was shown that for k = 0,1 Dkzl_a(O) = 0; hence,
forx € &, DkFx(tO) = ATz, forl=1,2,...,n,

mlfl 1
DYFx(t) = Y Zy kot —t0) ATz + Y Zy i(t—to) AVzi+
k:O k:m,

t
[ Ay (= 5)B (5)ds.
to

Therefore, for a; > 0

t
DY Fx(to) = Zay—m (0) A7z + / AVZy ) (E— $)B(s)ds| =gy = AVZ),
to

sincea; —k —a < 0,07 —k <O0fork =my,1, Zy 1, (0) = 0 for a; < my, Zy,—,(0) = I for
a; = my. If oy < 0, then D¥Fx(ty) = 0 = A7Z;. Theorem 3 (vi) implies that

[ AT 21 it = 9)BE@)s|| = || [ AHATHIZY (= ) (B s) — Bs))ds| +

to z [’0 z

t
+ /A751A7+‘5’Z1,,X+,x1(t—S)B(s)ds <

to z
t
< C1(Cen + Cp) / (t—s)* 17070 s = Ca(ty — bo)* 17007,
to

where §; € (1 — “ 1 — 4 — &) s chosen, since the mapping B is continuous, B(s) :=

B(s,21,22,...,2n), ||B(s)||z < Cy for s € [to, t1]. Thus, for every x € St,, wehave Fx € S,

if t; is close enough to ty. Note that we can choose t; regardless of x.

FOI'X,yG St1/t€ (tO/tl}/(le’l-‘rl S (1777%/177)r52n+2 S (1777%/1*77%)

t
[Fx(t) — Fy(t)]|z < / |AT ot ATH21 7y (8= 5)|| o2 B¥(5) — BY(s) | zds <

to
< Caltr — 1) (T o), ) < Zd (),

t
ID'Fx(t) = D'Fy(t)| 2 < / |A= 2 AT 22 7)o (t = 5) | £z | B (5) — BY(s)]| zds <

to

< Gyt — b)) (2, y) < %d(x,y),
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t
IDEx() = DMFy(B)|z < [ AT ATHZ) gy, (= 5) | o(2) | B(s) = BY(5)]| 2ds <

fo
< Culty — o) 1)y ) < 6ind(x, W, 1=12...n

Hence, d(Fx, Fy) < 1d(x,y) and by the Banach theorem, there exists a unique y € S, such

that y(t) = Fy(t), t € [to, t1].
Besides, fortg <t <t <t;,a; >0

ID%y(t) — DYy (7)||lz = D" Fy(t) — DY Fy(7)|z <

ml—l
< Z ”Zaclfkflx(t - tO)A’YJrle - Zﬂ(]*k*l)é(’r - tO>A7+lzkHZ+
k=0

1
+ Y D Zg, e (t — to) ATz — J*D* Zy (T — to) AVz|| 2+

k=m
T
n / AVZy i (£ —)BY (s)ds — / AYZy iy (T —8)BY(s)ds|| <
£y 0 z
1

sLm

max D2 Z, gt~ ) ATz 2t - |
O 1

+ max ||D 2" /mzl wiay (E—S)BY(s)ds|| [t —1| 2" <
te[tﬁrtl]
zZ

n—u
< E max o (t—to)A7+1zk||g|t—T|TI+
=ote to,tl] k==

+ max /A ‘)"“A'H‘S"HZ ew (t —s)BY(s)ds|| |

tE tOrtl
Z
a—a) ac(172'y—2¢5n+l)
<Glt—1]77 +Cot —to) 2 ] <Gl -1 T
_4 _4
if we take 6,1 € (l - = % -, ! 5 — ’y). Here, we used the Lagrange formula, inequal-

ities (4) and Lemma 4. Partially,

aug
1Zay—a(t = to) = Zoy—a(T = t0) |l £(2) ) S | max, D™ Zogalt = to)ll gzt — 7 2 =

= max HZ"‘I (t=to)llgz)lt — 17 <Gt —to) T -1 T <Gl -1 7
If oy <0, take B; = min{1, —a;} and §,,,; € (1 — H“T’Jrﬁ’ —,1— %ﬁ’ — 'y), then
ID*y(t) — D%y(7)||z = [|ID"Fy(t) — DYFy(7)| 2 <
< Z 1 Zay—k(t —to) ATz — Zy (T — to) AV2¢|| z+

/ AVZ1 o (t — 5)BY(s)ds — / ATZ1 (T = 5)BY(s)ds| <
to Z



Fractal Fract. 2023, 7, 385

9of 15

< Z max HDﬁ]Z“l (t*f())A’YZkHth*TVgLF
= teltoh]

+ max Dﬁz/mzl,w,(t—s)m(s)ds - |ft <

telto,t]
Z
1
< Y max || Zy g k(t—to) ATz ]| 2]t — TP+
k=0 t€ltot1]

—i—tér}a)t(] /A Ontt AYHonti 7, atay+p (t—8)BY(s)ds It —1|Pr <
Or 1
Z

< Cilt — T|Pr 4 Co(ty — o)1= 0ws)=1=Bi|t — |Br < Ca|t — 7|P1.
Therefore, for the fixed point y of the mapping F, we have BY € CV([ty,t;1]; Z) for some
v € (0,6) due to condition (7).

Theorem 4 implies that a solution of (5), (6) is a function z € CY4}([ty,t]; Z),
such that

z(t) = mil Z_p(t—to)zr + / Zy_o(t—s)B*(s)ds = ATTFA z(t) = A" "y(t), (8)

k=0 i

where y is a fixed point of F. Inversely, if a function z € C\A@}([to, 11]; Z) satisfies
Equation (8), then BA"?(s) = BY(s) = B'Y(s) satisfies the Holder condition, and due to
Theorem 4. z is a solution of (5) and (6). Thus, a function z € C*{%}([ty, t;]; Z) is a solution
of (5) and (6), if and only if y = A7z is a fixed point of F, the existence and uniqueness of
which is proved above. [

Theorem 6. Leta € (0,1], 01 < ap < -+ < ap <, —A € Ay(60p,0),0 € p(A), a mapping
B : U — Z satisfy condition (7) with y € (0,1), 20 € 214, (to,Z1,22,...,Zn) € U. Then, for
some ty > to, there exists a unique solution of problems (5) and (6) on [to, t1].

Proof. Take t; > ty and € > 0, such that on
V= {(tx1,x2,...,x1) ERX Zhte lto, 1], ||x1 — 21|y <& 1=1,2,...,n}
inequality (7) with some C > 0, § > 0 is satisfied. The set
Sy ={x¢€ COtad([tg, t1]; Z) : DMx(ty) = AYE;, ||DYx(t) — AV |z <e 1=1,2,...,n}

is a complete metric space with the metric d(x,y) = ||x — y||c0,{a,}([t0,t I

1:2)" For x € S,

define a mapping

t
Fx(t) = Zo(t — to) ATz0 + /A“Yzl_a(t — §)B¥(s)ds

to

with B*(s) := B(s, A="D"x(s), A~7D*2x(s),..., A~YD%x(s)). It is obvious that for x €
S, Fx(tg) = ATzg. Forl =1,2,...,n,in the case of a; > 0 we have

t
DYFx(t) = Zay—a(t — t) AT zg + / AVZy iy, (£ — 5)B¥(s)ds,

to
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D" Fx(ty) = Zs—a(0)AV2z9g = 0 = A7Z}, since o) — a0 < 0. Otherwise,

t
DY Fx(t) = Z, (t — to) ATzo + / AVZy_ g (t— 5)BX()ds,

fo

a; = 0 and D“Fx(ty) = AVzg = A"Z;, or oy < 0 and D%Fx(tp) = 0 = A7Z. By
Theorem 3 (vi) for t € (g, 1], x € Sy, we have

t t
/ ATZy g (t—5)B*(s)ds|| = / ATGATTRZ, L (t—5)BX(s)ds| <
fo z fo z

< Cy (b — to)*Amr=o) =,

where §; € (1 —y — 'X’;l, 1— —%). Thus, Fx € S, for every x € Sy, if t is sufficiently
close to fg.
Ifx,y € Sy, t € (to,t1], 6on1 € (1—y— 1,1 =), then

t
[Fx(t) = Fy(t)]z < / [AYZ1 - (t = 5)ll£(2)1B*(s) — BY(s) || zds <

fo

< it — )T (x,y) < Jd(xy),

t
ID%Fx(t) — DYFy(t)]|z < / IAYZ1 oy (E = 5)ll £(2)lIB*(s) — BY(s)[| zds <

to
< Gyt — to) T g (x ) < ﬁd(x, W, 1=12...n.

Therefore, d(Fx, Fy) < 1d(x,y), and there exists a unique y € S such that y(t) = Fy(t) for
all t € [to, i].
Further, fortg <t <t <t,a; >0

D%y (t) — DYy(7)||z = D" Fy(t) — D" Fy(1)]|z <

< ||Zoq—zx(t - tO)A7+1ZO - qu—a(T - tO)A7+1ZO||Z+

t T
n / AVZy i (E—5)BY (s)ds — / AYZy iy (T —$)BY(s)ds|| <
0

to z
ey " =
< max ||[D7ZT Zy ot —to) A" 2ol 2]t — T| T+
te[to,t1]

t
+ max D‘)‘%I/AVZPHM(t—S)BV(s)ds -7 <
telto,t1]

to z

a—e
< max [|Z aa (t—tg) AT zg| |t — 7| 2 +
2

telto,t]

t
+ max /A*‘SIA“V*‘S’Z w—a (t —s)BY(s)ds|| |t— T|a72ul <
telto,t1] ==

to z

a—ug a(1-29-26, 1)~ a—ug a—ug
<Gt =777 +C(t —to) 2 t—1| 7 < Glt—1]T
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Y N
with 6,4 € (l 5 — % —’y,l = —7). If o) < 0, then for f; = min{1, —«;} and §,,; €

1
(1 _ +‘Xli+ﬁl — 1 0(11'/31 _ 'Y)

D%y (t) — DYy(7)||z = D" Fy(t) = D" Fy(1)]|z <

<N Za, (8 = t0) AVzg — Zo, (T — t9) AV 20 || 2+

t T
+ /A”Zl,aﬂl(t—s)By(s)ds—/AWZl,,XJr,XI(T—s)BV(s)dS <
to 0 z

< max || DF1Za, (t — to) A"zo|| |t — T/Pi+
te[tO/tl]

t
+ max ||DP / AYZ1 gy (= 5)BY(s)ds|| |t —T|P <
te[to,t]] p
0 zZ

< max \|Za1+ﬁ;(f—to)AWZO||z|t—T|ﬁl+
te[to ]

t
+ max / ATDATIEZ, e (E—)BY(s)ds|| |t — T]Pr <
0/t1
to z

< Cilt = T|Pr 4 Co(ty — to)* 170w =a=Bi|p — |t < Ca)t — 7|Pr
Hence, D"y € C"([ty,t1]; Z) foralll = 1,2,...,n and due to (7) BY € C"([ty, t1]; Z) for
some v € (0,4].

Arguing as in the end of the proof of Theorem 5, we can obtain thatz € C O{ar} (to, t1; 2)
is a solution of (5) and (6), if and only if y = A7z is a fixed point of F. [

4. Nonlocal Solvability of Quasilinear Equation

Now, consider the Cauchy problem
DFz(tg) =z, k=0,1,...,m—1, )
for the quasilinear equation
D*z(t) + Az(t) = B(t, D*1z(t), D*2z(t), ..., D*'z(t)) (10)

on a given segment [tg, T]. Here, as before, m —1 <a <meN,neN,a; <ap <--- <
g <a,mp—1<oa;<me€Z1=12,... ,n Some of a; may be negative.

Let the mapping B : [to, T| x Z}} — Z be given; thus, there exist constants C > 0,
0 € (0,1], such that for all (s, x1, X2, ..., Xn), (t, Y1, Y2, - -, Yn) € [to, T] x 2}

n
IB(s,x1, %2, xn) = B(t,y1,y2,- - yn) ||z < C(IS — 0+ Y [lx — yz|7>. 11)
I=1

Theorem 7. Leta € (1,2], 01 < ap < --- < ap <, —A € Ay(60p,0),0 € p(A), a mapping
B : [to, T| x 2 — Z satisfies condition (11) with v € (0,1), 20,21 € 214 Then, there exists a
unique solution of problems (9) and (10) on [to, T).

Proof. Consider a mapping

t
Fx(t) := t z,k(t—to)mzﬁ/mzl,,x(t—s)BX(s)ds,

k=0 7
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with B*(s) := B(s, A="D%x(s), A~"D*2x(s),..., A~YD%x(s)). As in Theorem 5, it is not
difficult to show that Fx € CA%}([ty, t1]; Z) for every x € CMA} ([t t1]; Z).

For X,y S Cl'{al}([t(]/ t]/Z)r 521’1-&-1 S (1 -7 %/1 - ’Y)r 52n+2 S (1 -7 %11 -7 %)
and for all t € (to, T],

t
[Fx(t) = Fy(t)]|z < / |ATomst ATH1 7y (8= 5)|| o2 [ B¥(s) — BY(s) || zdds <
fo

<G(t— to)a(l*?*éznﬂ) [[x — y||C1,{a,}([t0,t];Z),

t
ID'Ex(t) — D'Fy(#)] 2 < / |A=C22 AT 0200275 (# = 5) || () |I1B¥ (5) — BY(s) | 2ds <

to

< Cl(t _ to)a(1*7*52n+2)*1 ||x — yHCI’{al}([tO,t];Z)'

t
ID%Fx(t) — DYFy(t)]|z < / IATHAT N Zy oy (t=5) |l £(2)|B*(5) — BY ()| zs <

to

< Ca(t—to) 770 x — y| gy 1=1,2,...,n

([tot):2)”
Here, §; € (1 — 7y — o‘l;l,l — vy — 4), as before. Take x = min{a(1 — 7y — dpy41),a(1 —
Y —0m+2) —La(l—7y—01) —ay,...,a(l =7y —dy) —ay}, then |[Fx — FyHClr{lX]}([tU,t];Z) <
Co(t — to)X||x — yHCl'{”‘l}([to,t];Z) and

t
IF2x(t) = Fy(1)]| 2 < / |A AT Z1 o (= 5) | (2 1B (5) = BV (s) | zds <

fo

t— )X
§C1Cz( 0)

S C] (t - to)“(lf')/*ol) ||Fx - Fy”cl/{[yl}([tolt];z) ﬁ ||x - y”cl/{al}([tolt];z)/

1 1 (t — )™
D Fx(t) — D Fy(t)]|z < ClCZﬁHx - yucl/{az}([to,t];g)r

t—tg)X
ID*Fx(t) — DYFy(t)||z < Clcz(XJrin = Yllcvtan gty 1,27

t—tg)2X
| F2x — FzyHCl'{“l}([to,t];Z) < C%( Xfi [|lx — y||C1,{,X,}([tO’t];Z). Analogously we can get the

inequalities

3., 3 5 (t—th) B
1% = Foleven oy2) < S maern 1° e go2) <

3 (t—tg)x
< CzW [l — y”clf{“l}([foff];z)’. o

p (T —to)P*
||pr — pr“Cl,{a,}([tolT];Z) S 2 m”x — yHcl’{al}([to,T];Z)' p € N.

Therefore, for a large enough p € N, the operator F? is a contraction, and there exists
a unique y € CY{}([ty,t]; Z) such that y(t) = Fy(t), t € [ty, T]. As in the previous
section, we can prove that BY € C"([tg,11]; Z), v € (0,6], due to condition (11), and that
z € CHul(tg, t; Z) is a solution of (9) and (10), if and only if y = A7z is a fixed point of
F. O
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Theorem 8. Leta € (0,1], 01 < ap < -+ < ap < a, —A € Ay(6p,0),0 € p(A), a mapping
B : [ty, T] x Z§ — Z satisfies condition (11) with v € (0,1), z9 € Z14+. Then, there exists a
unique solution of problems (9) and (10) on [to, T).

Proof. As in Theorem 6 and Theorem 7, we can prove that the mapping

Fx(t) := Zo(t —tg)ATzo + /A”Zl_,x(t —$)B(s, ATYD"x(s),..., A""D""x(s))ds

fo

has a unique fixed point y in the space C%{%}([ty, T]; Z) and a function z is a solution of
problems (9) and (10), ifand only if z = A™7y. O

5. Application

In a bounded region Q) C R3 with a smooth boundary 9(, consider a problem with
initial conditions

v(C,to) = v0(¢), Div(E, ) =01(8), €O, (12)

fora € (1, 2], or with a unique initial condition

U(g, tO) = Z]0(6)/ ‘::-r €qQ, (13)

in the case « € (0, 1], and with a boundary condition
v(,t) =0, €O, t> i, (14)

for an equation

“o(& t) = Av(E,t) +ZD“' v(&,t) Za—ng“l v(E,t), TeQ,t>t, (15)

where ¢ < ay < -+ < &y < @, D;'v are partial Gerasimov—Caputo fractional deriva-
tives for a; > 0, or Riemann-Liouville fractional integrals for a; < 0 with respect to ¢.
Take Z = [,(Q), A = —A, D4 = H?(Q) N H{(Q), then —A € A,(6p,0) ata € (0,2),
6o € (1t/2, ) (see Theorem 4 in [30] forn =0, Py =1, p = 1, Q1(A) = A). Reasoning as in
Theorem 8.3.5 ([19]), we can obtain that the nonlinear operator of the form

n 3 a
f(v1,09,...,04) :; 287

satisfies the conditions of Theorem 6 and Theorem 5 at v > 3/4. Therefore, for all vy €
D 4144, 0r 99,01 € D 4144, there exists a unique solution of problems (13)—(15) in the case of
a € (0,1], or problems (12), (14) and (15), if « € (1,2),in Q) X [to, t1] with some t; > t.
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