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1. Introduction

Fractional calculus is an expansion of Newton Leibniz’s integer order differential
and integral. In recent decades, a large number of definitions of fractional calculus op-
erators are generated with practical problem modeling requirements, such as the well
known Riemann-Liouville, Caputo, Erdelyi-Kober, and Hadamard versions [1-3], and
those forms play important roles in various interdisciplinary disciplines, like viscoelastic
mechanics, anomalous diffusion, control theory, bioengineering, etc. [4-6]. However,
many scholars discovered that some existing fractional operators may not well to describe
many phenomena in the real world. Hence, a whole newly general definition is proposed
recently, so-called {-Caputo-type fractional operator [7-9], which could combine the maxi-
mum number of definitions of fractional derivatives to a single one by depending upon
a nonsingular kernel. The kernel function can provide free arguments to better calibrate
a system [10-12]. Taking all these into account, we think that it is a promising topic for
further investigation to study fractional differential equations (FDEs for short) with the
generalized y-Caputo-type fractional operator.

Furthermore, the impulsive FDE can reflect the phenomenon that the state of a thing
changes suddenly after being disturbed instantaneously, which is an effective means to
depict the changing laws of objects. According to the duration of the change process,
the impulse can be divided into the instantaneous (the definition of classical one) and
non-instantaneous impulses. Most of the research on FDEs with instantaneous impulse
are studied [13-15]. In 2013, Hernddez and O’Regan first proposed the non-instantaneous
impulse concept based on pharmacokinetics [16], which refers to the behavior that the state
is disturbed at a certain time and produces sudden changes, and it maintains the active state
for a limited time interval. This work showed that the non-instantaneous impulse has more
advantages in describing the human body’s absorption, diffusion, and metabolism of drugs.
Since then, non-instantaneous impulsive FDEs received great attention [17-20]. In [18],
depending on the Weierstrass theorem, the existence of solutions was obtained for a class
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of instantaneous and non-instantaneous impulsive fractional Dirichlet boundary value
problems with perturbation. In view of the well known three critical points theorem due
to B. Ricceri, the existence of at least three solutions for the non-instantaneous impulsive
FDE was obtained in [19]. Because of the late development of non-instantaneous impulse
comparing with the instantaneous impulse, many theoretical results need to be enriched
and improved, so it has great potential research space and theoretical significance.
Motivated by above works, in this paper, we are concerned with a new class of instan-
taneous and non-instantaneous impulsive FDEs involving a ip-Caputo fractional derivative

A rl-a,
A(CD l”(lm Yo (t) = Lx()), i=1,2
cpy! (Iéj“'”’x)(t) = CpyY (Iéi“’wx)(ti*), te (tys], i=1,2,...,n, 1)
o, -, — &, -,
DY (1, %) (s7) = DY (1,7 x) (s7), i=1,2

where A > 0,0 <a <1, CDDT"ip and CDgiP denote the right and left -Caputo fractional

derivatives, Ié: wy is the left -Riemann-Liouville type fractional integral with order 1 — a.
¢(t) € CU0,T] is an increasing function with ¢/(t) # 0 for all t € [0,T]. I; € C(R,R),
fi € C((si,tix1] xR,R), 0 =59 < 11 < s1 < -+ < sy < ty41 = T, the instantaneous
impulse begins suddenly at the point ¢;, and the non-instantaneous impulse continues
during a finite interval (¢;, s;],

ACDYY (1, 2)) (1) = CDYY (1, Y x) (8) — DY (1, x) (1),

0+ 0+
, 1—a, . 1
DM ) (1) = lim DY (1, Vx) (1),
CDYY (1= ) () = lim DY (1= Y x) (8).

It is a new issue that has not been touched yet. Some existing results, which focus on
the classical fractional operators, such as [19,21,22], are improved and supplemented by
choosing special kernel functions in the derivative.

2. Fractional Integrals and Derivatives

This section introduces some essential definitions of fractional integrals and deriva-
tives, as well as relevant lemmas and theorems, whose involvements assist us to establish
variational construction and multiplicity results for impulsive FDE (1) successfully.

We deal mainly with the ip-Riemann-Liouville and ¢-Caputo fractional integrals and
derivatives in this paper, and the reader can refer to Res. [7-9] for more information. Let
@ >0, —o0 < a < b < +oo, f(t) is an integrable function and y(t) € C'[0,T] is an
increasing function, with /(t) # 0 for all t € [a,b]. The left ¢-Riemann-Liouville type
fractional integral and derivative of a function f with respect to another function i are,
respectively, defined as:

() = r(l) [ H @0 - 9@ @, @

1p/t ) dt

d s 1 C1odN" B I
D) it = ot (paa) [ @ - ey,

wheren = [a] +1fora ¢ N,n = a fora € N.
Similar definitions can be given for the right ¢-Riemann-Liouville fractional integral
and derivative:
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LY () P(E) L (8)dE, @3)

DY (1) = (gbé)i) OE r(nl_a)(—lp,l(t)i) [ V@@ - pw)yf@i

In particular, if 0 < & < 1, one has:

D ) = (G gt ) 10 = (1)(1,11()‘1) [ v@uo -y e @
D 0) = (o )10 = s () ¥/ ©0(@ - plo) @ ®)

It is worth noting that, if we choose the kernel () = Int or (t) = ¢, the -Riemann-
Liouville fractional integral and derivative can reduce into the well known Hadamard type
or Riemann-Liouville type fractional integral and derivative.

Definition 1 ([9]). Let n € N, —c0 < a < b < +oo, a > 0, f(t),9(t) € C'[0, T] are two
functions, such that (t) is an increasing function with ¢'(t) # 0 for all t € [a,b]. Then,
the left and right -Caputo type fractional derivatives of f with respect to another function  are,
respectively, defined as:

Dt = 1 (s ) 10 = s [V @0 —yor (o) f@

f
D0 =17 (- s ) F0 = s [ @@ - v (4 dd)

In particular, if 0 < & < 1, one has:

1

o) = 1 (i 1 )P0 =m0 @) ke, ©

D10 = (= S i )0 = ey [ 0O —p) @ )

Notice that the {-Caputo fractional derivative can reduce to the classical Caputo fractional derivative
by choosing the kernel P(t) =

Definition 2 ([9]). If f(t) € C"[a,b], —o0o < a < b < +oo,a >0, n = [a] +1fora ¢ N,
n=uwafora €N, then

Lo -yt (s 4) ),
( 1

k d\*
O () 70
In what follows, we will begin the process of building an appropriate variational structure for
the impulsive FDE (1). Before that, a fractional derivative space needs to be established.
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Definition 3. Define the p-Caputo fractional derivative space Eg,zp by the closure of C3°([0, T], R)
with weighted norm:

1

%] = (/ | x(t) [* dt+/ ¥/ (1) | CDy P x(t) |2 dt>2. 8)
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Obviously, the space ES,UJ implies that x(t) € L%[0, T] with CDgipx(t) € L?[0, T, and x(0) =
x(T) =0.

Lemma 1 ([11]). The space Eg’w is a reflexive and separable Banach space.

Lemma 2. Forany x(t) € Ey’ ¥ 1 <y <1, we have

0 72
e < ([ /0| DY) Pt ©)
Iz < MDY, (10
where )
o ) =gt o maneen (¥ (O}

T(@)(2(a—1)+1)2 T(a+1)
Proof. Based on Theorem 4 in [9] and the Holder inequality, we deduce:

o _ 1
lx(t)] =1, Dy x(t)| = )

([ [w@ton-ver] )’ (/0 e

)
<r((i§()(a1 - </ ¥ OIDGx( )|2dt> ’

The inequality (10) is immediately available according to [11]. The proof is completed. O

[ @ - por-oitxe

2

IA
Nj=

Dg‘i”x@)rda)

Lemma 3. Based on Definition 2 and x(0) = x(T) = 0, one obtains:
CDyYx(t) = Dy x(t), CDYYx(t) = DY¥x(t), Y0 <a < 1.

From (10) and Lemma 3, we confirm that the norm defined by (8) is equivalent to:

' :
Iollog = ([ /01 CD¥x0) Par), vt € 5. an

Lemma 4 ([11]). Let % < a < 1. Ifany sequence {xy } converges to x in Eg’lp weakly, then x; — x
in C[0, T] as k — oo, i.e., ||x — x||co — 0as k — co.

Based on the relevant definitions and lemmas introduced above, the definition of the weak
solution of FDE (1) can be given as follows.

Lemma 5. We say that x(t) € Eg’lp is a weak solution of FDE (1) if the following relationship holds:

T n i+1
L0108 D y(B)dt = Y Llx(t)y(t) = A Z / filtx(D)y' (y(Ddt vy(1) € ¥ (12)

Proof. In view of (6), Dirichlet’s formula and Lemma 3 yields:



Fractal Fract. 2023, 7, 206

50f13
T " N
JRZORREOR 0 (DY () (W(6) = p(€) " (§)dcat
1_a/ [ @D - v “d@}y()
i vy <¢><¢<5>—¢<t>>“d@]y'(t)dt
e R GE GO R e 13
Due to (4), (5) and (7) yields
A / @)Dyt <c><¢<c>—w<t)>“d@}y'(f)dt )
= | v @ - ¢<t>>“dé}y<>r*
e d[ / v (©) — p(t)*de] - yioy
L LW Lo LA e, =ty
“Y g YO0 -4 (M) Y (e vl |
oot -1 Li T , B 704 !X,lllx L
2 s () L] v owe - e wg} ()
= Y SO () ) iifl+2/ " DY (DY () (D (D,
i=0
and
(15)
i=1

— n 1 T / _ - Li 1*0{,1[]3‘_ . t:slf
=3 v L P OWE v (g ) o x@e ) [
Y Sii _71 T / _ — 1 d ] -
X[ g | P Ow@ - v (g e ) o @] e

= DS )y ! +f%/:im D (1T x( ())} y(t)dt.

Consequently, combining (13), (14), (15), and the impulsive conditions in FDE (1), one has:
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¢ (Do Y x(H)C Dy y (1)t

D (P x(D)y(t) [~ Q“+Z —CDYY (1 P ())y (1) [ +z U DY (DI x(1) g (1)y (t)dt

0+

DY (1" x(t; >>y<tr>fCD“T'i’%I;:"""’x(t;))y(t;)+zCD;’i”u;:“"”x(sf))y(sr)fCDT"’u;f"’ (s))y(s;) (1)

-

DY (1, ¥ x(0))y(0) —

o+

n

L+ Y [

i=0

Si

D () + Y [
DY (DY (1) ¢! (Hy(t)dt.

An equivalent form for FDE (1) can be derived by multiplying the first equation of (1)
with ¢/(t)y(t), and integrating on both sides from s; to t; 1, then summing from i = 0 to
i = n, according to (16), one has:

T . . n "t
Jy ¥ O DD 0t = L x(ev) =AY [T A0y (o

0

The proof is completed. [

Definition 4. A function

xe{xeAqaﬂi/M|ﬂﬂF+W(HcD x(t) [2dt < 4o0,i=1,2,.. }

5i

is called a classical solution of FDE (1) if x satisfies the first equation of FDE (1), the limits
CDDT"YJ (Ié: “p )(ti) and €D7 ,1/;(11 “"px)(s ) exist and satisfy the impulsive conditions in (1),
and boundary condition x(0) = ( ) = 0 holds.

Lemma 6 ([23]). Let E be a real reflexive Banach space, let |1 : E — R be a sequentially weakly
lower semi-continuous, coercive and continuously Gateaux differentiable functional whose Gateaux
derivative admits a continuous inverse on E*, and let | : E — R be a sequentially weakly upper
semi-continuous and continuously Gateaux differentiable functional whose Giteaux derivative is

compact. Suppose that there exist p € Rand x; € Ewith 0 < p < J1(x1), such that

(D) SUP, cj1(1_o ) J2(3) < L.

i o | Jilx) [ . _ . .
(ii) Forall A € B := L) ST T | the functional 1 — AJ, is coercive.

J=co0])
Then, for each A € B, the functlonul J1 — AJa possesses at least three distinct critical points
on E.

3. Proof of Theorems

In this section, the multiplicity of at least three distinct classical solutions for impulsive
FDE (1) is discussed depending on Lemma 6 and Definition 4.

For any x(t) € Eg'w, define the functional [, := J; — AJ,, where

nooex(t
1Dy x () 2dt — /
2 / 2 ® 1:21 0

() = f [ G0 (), a7
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(J1(x)

where Fi(t,x) = fox fi(t,&)d¢. Owing to the continuity of f; and I;, we can obtain [, J €
Cl(Eg’w,R) and

T n
R = [ 9O DO DFy (0t~ Y1)y )

n

By =Y ’“ﬁ(t ()9 (Hy(#)dt. (18)

i=0
Apparently, the critical point of ], is the weak solution of impulsive FDE (1).

Theorem 1. Assume that
(A1) 1;(0) = 0 and there exist d;, L; > 0 with max{M2Y" | L;, M>*YI" ; d;} < 1, such that

|:(G)] < dil¢| and | 1;(¢1) — L;(82) IS Li | 61— 82 |, VE, 51,972 eR.

2yn
(Ap) There exist a constant p > 0 and a function ¢(t), such that (; - w

")|g|w >0,

Fo Jot supeq, Filt, x(0)y (t)dt _ 25 SRt (¢ >>¢'<t>dt
p lgl12  — 20y f) 5i(

and

: (19)

where Oy = {x e R: (2M2 — Z,"Zldl) | x |2< p}.

(Aj3) there exist b;,c; > 0, 0; € [0,1), such that |f;(t,x)| < b; +c;|x|%, Vt € [0,T], x € R,
i=01,...,n
-2y &)d
Then, for each A € } lellay 21’ WL - £
ZZ}LO S Ei(te ()W( ' Yo ot Supyeq, Filbx(8)y' (H)dt
FDE (1) possesses at least three distinct weak solutions on EO v

, the impulsive

Proof. First, we are concerned with functionals J; and J,. Let {x;};>; be a weakly con-

vergent sequence to x in Eg'lp, then ||x||q,p < liminfi_, ||Xk||a,p- In view of Lemma 4 that
{xx} converges to x in C([0, T], R) uniformly. That is:

o . 1 2 1 xk(ﬁ){
liminf 1 (x¢) = liminf {nxku,lp -5 / e

> Sty =1 [ e = o),

which means that [; is weakly lower semi continuous. In what follows, we assert that J;
possesses a continuous inverse on (Ey’ ¥)*. By means of (18), (9) and (A;) yield:

RNy = [ 90 1 EDY(xl6) — y(6) Pt = 3o Ch(x(0) — ) (x(e) — w)

i=1

>|lx = ylldy — 30 1 LiCe(t)) = Li(y(t)) || x(t) — y(t) |
i=1
n
>lx = yl2p — 3 Li | x(t:) —y(t:) |?
i=1
2 2 4
>l =yliy — lx—yl% ) Li
i=1

n
>(1-MY L)llx—yliy >0 Vx#y,
i=1
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which shows that | { is strictly monotone. Based on the Theorem 26.A(d) in [24], we can

obtain that there exists an inverse of J{ on (Eg"/}) *, and the inverse is continuous. Obviously,

J1 is coercive. On the other hand, suppose that {x;} C Eg’l‘b, X — xin Eg’lp as k — oo. Then,
Xy — x uniformly on [0, T|, and

limsup Jo(x) < Z/ lim sup F;(t, xy (¢ t)dt = Z/Hl (t, x() ¢’ (t)dt = Jo(x),
S; s

k—o0 k—o0

hence, ], is sequentially weakly upper semi-continuous. Considering F; € C'((s;, t;41] X
R,R), then Fi(t, x,(t)) — Fi(t,x(t)) as k — co. According to the Lebesgue control con-

vergence theorem, J5(xx) — J5(x), i.e,, J} is continuous strongly on Eg’LP. So, J} is a
compact operator.

1 M? Zﬂzl d; 2
Takexg = 0,x1 = ¢. Dueto (A1) and (A), wehave J1(x1) > ( 3 — —F57— | [z >
p > 0and J1(xg) = 0. In view of (17), (9), and (A7), we have:

10— oop) = (€ B o) < py = xe £ < 3 [y ()1 DgA (Pt - z/ £))dz < p)
o 1 x(t:)
C {re Ey" s 3lxly - i; | dielaz <o)

1 i1 di 2
e | x(t) < p,t €[0,T]},

Q{XEES’¢:<

then

sup  Jo(x) = sup y / RO (< Y / Y sup E(tx(8) 9 (),
i=0"Si

xe]y ! (J—eo,0]) xefy (| —oo,p]) i=0"% *€Qp

that is

SUP et ()-eop) 2(¥) ?:offf“superpFiW(ﬂ)w’(f)df<22?: Jo Rt ot >>¢'<t>dt Ja(x1)
o - o g2 — 250 J5 ) 1( Ji(x)”

where (27) is used. Thus, the assumption (i) of Lemma 6 is satisfied.
In addition, for any fixed A € B, by means of (17), (A1), (A3), and (9), we obtain:

1 L x(ti) n ti+] , X ‘
B~ M) 2 i~ () aleiae) AL [y [ esitasar

i=1

SN (Hlxﬂifdi) A 9O L bl + 5 1147
(1 W)H 2y~ AT 9O Ml ( 30

i=0

n
9+1

':O

Since 0; € [0,1) and M2Y" ; d; < 1, we assert that | Hhm J1(x) — AJ2(x) = 400, which
Xl||a lp

implies that J; — AJ, is coercive. The condition (ii) in Lemma 6 holds. Consequently, the

impulsive FDE (1) possesses at least three distinct weak solutions on Eg’lp using Lemma

6. O
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Theorem 2. x(t) is a weak solution of impulsive FDE (1), if and only if x(t) is a classical solution
of FDE (1).

Proof. If x(t) is a classical solution of impulsive FDE (1), then x(t) also is a weak solu-
tion obviously. On the other hand, if x(t) € Egﬂlﬂ is a weak solution of FDE (1), then
x(0) = x(T) = 0 and the Equation (12) holds. Without loss of generality, choose a test func-
tion v;(t) € C3°(s;, tiy1) and v;(t) = 0 for t € [0,5;] U(tiy1,T], i = 0,2,...,n. Substituting
v;(t) into (12), from (16), we have:

i

tiv1 o tir o, o

[ DOty (toi(at = [y (0D DY oty
tit1 1

[y Dy x(n) Dy ot = A / filt,x(0)9 (Do (),
which shows that

CDIY(CDgx(t)) = Afi(t, x(1)), Yt € [si,tis1],i = 0,1,...,m. (20)

Because x € Eg’Lp C C[0, T] and 9(t) € C[0, T], then

[ %0 P01 SO () P < 4o

i

Based on Lemma 3, (4) and (7) yield:

DR (D) =Dy (Dfx(1) = DY | s S (1)

T T lpl(t) dt o+
__ L LAy T, () 1
i () [ O -y (i ) B @ @
_ 1 dichupd-ay
“a| )
Since ¢(t) € C0,T], fi € C((si,tir1] x R,R), according to (20) and (21), one obtains
CD“?’ Ié+alp (t) € ACJsj, ti11], which implies that the following limits exist:

1— . 1
Dy’ (I, 2 (s7) = lim “DFY (17 x)(8),

T 0+
t—s;

CDYY (1Y x)(t,) = lim CDYY (1, x) (1),

T- Yo+ i+1 e 0+
Substituting (20) into (12), one obtains:
T L i+1
| D (D y(de - Y- 1x(t)y ): / DY (CDYY x(0)y (1) (1)t = 0. @2
i=1

Uniting (13) with (14), we have:
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[ 0 D) Dty e

n tit1 L i
=% [ v oDy (0 Dyt + ) / Dy x(t) Dy y (bt
i=0""%i i=1
- 1-a, 1 , _
=X DT"’UOJ‘”’ ZCD x(t ) () 23)
i=0
2 Dy (D x(6) g (B)y ()t + Z / Dy x(t) DLy (1)t
Then, from (22) and (23), we obtain:
g - - _
) DR (1" ZCD“‘” )y ()
i=0
n
+Z/ Dy (1) DGy (1) ZI =0, 24)
Without loss of generality, assume v;(t) € Ci°(t;,s;] and v;(t) = 0 for t € [0,¢;] U(s;, T],
i=1,2,...,n. Substituting v;(t) into (24), from (15) we deduce:
1 .
2/ dt{ Y (1Y x (1) |0s()dt = 0,
because of the arbitrariness of v;(t), for t € (t;,s;], i = 1,2,...,n, we can obtain
CD?’?(I&;“’wx(t)) = Constant. That is:
A l-a, A l—a, A l—a, .
DY (1,7 x) (1) = CDYY (1,7 Y x) (1) = DY (1,7 Y x) (s7), t€ (b5l i=1,2,...,n. (25)

Substituting (25) back into (24) yields:

DY (1, P x(si))y(s;) —

ot i

Ca Y lfoup —
DT* (IO+ (tz+1 z+1 Zl Il
1=

, 1—a,
DY (17 Y x(E)y(si) = 0,

=

Ams
.M: g

1

0
# DL )~

i=1

then
¥ [CDRHxte) = DR UL x0;) 1))
- § oo ) D s [ <o
which implies that

1 1 1 1—a,
CDP (I (7)) = DY (I x (7)) = Li(x(1)), “DFY (I x(s7)) = D (1 Yx (1))
Combining with (25), we can obtain CDDT"ip(ISIa’lpx(sf)) = CD”}’?(I&:“’wx(s;)) fori =
1,2,...,n. Consequently, boundary conditions and impulsive conditions, as well as the first

equation in FDE (1), are all satisfied by x(t), which shows that x(t) is a classical solution of
FDE (1). O
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Example 1. Let & = 0.6, (t) = €', t € [0,1]. Concern with the following system is as follows:

Q=

DO (CDYS* (1)) = AxS (1), t € (0, 1] U(s1, 1],

ACDY (194 ) (1) = I (x(t1)),
CDYO (194 x)(1) = DY (194 ) (t), 1€ (1), 26)
CD(l)._é,ef(Igf,ef )(51_) CDO6e (1046 )(Si«—)’

x(0) = x(1) =0.

Put [;(x) = ﬁx. Clearly, d = L, = 1170. By direct calculation, we have M ~ 1.585,
M2Ly = M?d; ~ 0.025, the condition (Ay) in Theorem 1 holds. Choose ¢(t) = T'(1.2)e!, p = {5,
a direct calculation yields

1 M2
CpYoec(t) = <§( et =1)™, |gl2, ~ 1.576, (2— 21)9ﬁ¢%08>a
then
t; ¢
o Jy " suPen) Rt X)W/ (Ot _ (Jo' + [)3¢' suprea) ¥ S o055 /t1+ / Netdt < 09
0 0.1 ' -
and

Yio o Ei(t (1))

g(Odt 3(Jo + fo)e (T(12)e)Sdr

lls i,np

—2yr [ 1(s))ds <[ %%dh»

2 f51 r(.2 )gd t
> 3 ”g”; 1)) ~1z(/ +/> Sdt>12,

which shows that the condition (Ajy) holds. From Theorem 1, the system (26) possesses at least three
distinct classical solutions for each A €]0.8,1.1].

Example 2. Let &« = 0.75, ¢(t) = ct witho > 0and ¢ > 1, t € [0,1]. Concern with the
following system is as follows:

CD(lz);75,Ct‘7 (CDO.ZS,Ct'jx(t))

o Af(tx(t)), t € (0,t2] U(s1, 1],
A(CDg‘ZS’Ct (1835,61‘ JC))

AP (856 ) (1) = I (x(1)),
CD(l).—S’CtU(Ig. S’Ctax)(t) — CDO 5,ct7 (18 5,ct x)(t?_)/ te (f1,51], (27)
CD(l)._75,Ct (18:35,Ct x)(sl—> D075Ct (1025Ct x)(si&-)l

x(0) = x(1) = 0.
Obviously, if one chooses ¢ = 1, i.e., Y(t) = t7, the system (27) can reduce into the well known
Caputo-Erdélyi-Kober type fractional differential system. Define f(t,x) = S cmixd In(t+1),
36
11 . By direct calculation, we have M ~ 1.15c%, M?2L, =

10c2
M?d; =~ 0.132 < 1. Choosing ¢(t) = F(0.25)c%t‘7, p = ¢, a direct calculation yields:

L(x) = f—oc’%x. Thend; = Ly =

. | 32 /1 M2
ORI ) =4t el = o (5 50 el ~ dee>

then
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i 1 _5 _55
o fsti“ SUP, (o) Ei(t, x(£))y' (t)dt _ ( Otl —i—fsl)cat“ SUP,cqy(p) 3 0C X3 In(t +1)dt - 1
0 c 500"

and

t 1 —
250 [ E(Lc()y (Dt 3%%1”2(0.25)0( o Jo )t In(t + 1)dt 1
. - =1 4
2 =200 J5) 1i(s))ds lellZ = fe ™ (c(h)? 100

so that the condition (Ay) holds. From Theorem 1, for each A €]100,5007], the system (27) possesses
at least three distinct classical solutions.

s

4. Conclusions

In this paper, we have investigated a new class of instantaneous and non-instantaneous
impulsive boundary value problem involving the generalized ip-Caputo fractional deriva-
tive. Based on properties of -Caputo-type fractional operators and the three critical
points theorem, the multiplicity results have been established. This problem is novel and
hasn’t been touched yet. By choosing special kernel functions in the {-Caputo fractional
derivative, some existing results which focus on the classical fractional operators have been
improved and supplemented.
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