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Abstract: The Hermite-Hadamard inequalities for k-Riemann-Liouville fractional integrals (R-LFI)
are presented in this study using a relatively novel approach based on Abel-Gontscharoff Green’s
function. In this new technique, we first established some integral identities. Such identities are
used to obtain new results for monotonic functions whose second derivative is convex (concave) in
absolute value. Some previously published inequalities are obtained as special cases of our main
results. Various applications of our main consequences are also explored to special means and
trapezoid-type formulae.
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1. Introduction

Fractional calculus is a branch of mathematics that investigates the possibility of
using a real or even a complex number as a differential and integral operator order. This
theory has gained significant prominence in recent decades due to its wide applications
in mathematical sciences. Samraiz et al. [1,2] explored some new fractional operators
and their applications in mathematical physics. Tarasov [3] and Mainardi [4] explained,
in detail, the history and applications of fractional calculus in mathematical economics
and finance. The reader might also explore the literature [5-10] for further information on
fractional calculus.

Convexity theory has a long history and has been the subject of significant research
for more than a century. Many researchers have been interested in the various speculations,
variants, and augmentations of convexity theory see, e.g., the books [11,12] and the arti-
cles [13,14]. This idea has aided the advancement of the concept of inequality prominently.
Wu et al. [15] presented the Hermite-Hadamard inequalities for R-LFI, and Khan et al. [16]
explored the inequalities by involving Green’s function. This theory has been widely
studied by various researchers [17-20].

Hermite (1822-1901) sent a letter to the journal Mathesis. An extract from that letter
was published in Mathesis 3 (1883, p. 82). This inequality asserts that for a convex (concave)
function F, we can write
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Definition 1 ([11]). A function [ : I — R is said to be convex (concave) on I convex subset of R
if the inequality

F(vBir+ (1 —=v)p2) < (Z)vF (B1) + (1= v)F (B2)
holds for all 0 < v < 1and Bq,B2 € L

Definition 2 ([16]). The left-sided and right-sided RL fractional integrals Ig F and IS_F of order
1 2
0 > 0 on a finite interval [0, 03] are defined by

G
1
Q - - _ o1

e ©) = gy [ Wy, 6> 0,

51

and .
I3 _F(g) = L /Z(v —¢)" F(v)dv, ¢ <
% (o) J ’ ’

respectively. The symbol T'(o) represents the usual Euler’s gamma function of o defined by
I'(o) = /inle*Vdv. 1)
0

Definition 3 ([15]). The «-fractional integrals of order ¢ with x > 0 and ¢ > 0 are defined as

9
1 Q
0K _ RN |
IﬂrF(g) - KFK )/(g V) F(V)dvl Q > 191/
1

and

~—

L))

1

0,k _ . = —1

B = g/(” OF (W), ¢ < By,

where T'(0) represents the k-gamma function of ¢ defined by Diaz et al. in [21] with the following
integral representation

o0
I'c(0) = /v‘?_le%mdv.
0
It is to be noted that x = 1 gives the classical gamma function given in (1).

The Abel-Gontscharoff polynomial and theorem for the ‘two-point right focal” problem
are referenced in [16]. The Abel-Gontscharoff interpolating polynomial for the ‘two-point’
problem can be stated as

L)

Fle) = F(80)+(c—00)F/(82) + [ Gle,0)F " (v)av, @
(41

where G(¢, v) is Green’s function for the two-point right focal problem.
Mehmood et al. in [22] introduced the following four functions by keeping Abel-
Gontscharoff Green’s function for the two-point right focal problem

191_0/191§U§X/

h—-—x.x<v< @)

Gilxw) = {
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_ X_ﬁ2/l9]§l)§x/

G230 ) = { v—1,x <v < s @)
_ X_l91/l91§U<X/
_ 192_0/191§U§X/

G4(X/U> - { 192_)(/)( <v< 192‘ (6)

Sarikaya et al. established in [20] the right and left R-LFI of the following Hermite-
Hadamard type inequality.

Theorem 1. Let F : [01,82] — R be a positive function with 0 < 91 < O, and F € L[, 9,).
If F is convex function on [0, 0|, then the following inequalities for fractional integrals hold:

F(”l*‘”) < @ (18 o) + 12 p (o)) < HOELE@L )

2 - 2(192 - 191)
with ¢ > 0.

The motivation behind this study is to explore the Hermite-Hadamard inequalities
using Green’s functions presented above together with Abel-Gontscharoff interpolating
polynomial corresponding to the choice n = 2.

2. Main Results

In this section, we establish Hermite-Hadamard inequalities for left generalized
fractional integral via Abel-Gontscharoff Green’s function for the two-point right focal
problem (3).

Theorem 2. Let | be a twice differentiable and convex function on [0y, ;| that satisfying the
relation given in (2). Then, the double inequality

®)

F Ql91 + Kﬁz S FK(Q + K)Q IsfF(l? ) < QF(ﬂ]) + KF(192>
0+x (0 —By)% U g+«
holds, where o, x > 0.

9192)%192 in an Abel-Gontscharoff polynomial for the

two-point right focal problem interpolating the polynomial presented by (2), we obtain

F(wﬁw%>=FWQ+<M%_vaWM

Proof. By making a substitution ¢ =

o+« o+«
T (0t +x0
QU T K7 "
G| —, dv. 9
+/ ( ot x v)F(v)v )
51
o
Multiplying both sides of (2) by % and integrating with respect to ¢, we obtain
K2 —U1) %
192 192
qQ ¢ q ¢-1
— & (=) (Qdc = ——— [0 =) T (8))d
ﬂ%_%ﬁZ<zg><@g ﬂ%_my<!u QU (81)dg

(%53 9 0o
+/wy¢ﬁ1@—mﬁ%mx+//cmwwrwﬁlﬂwmwQ
1.91 1.91 191
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2
0 e X F'(82)(82 — 1)
= | EE(81) (82— 91)F
(l%—t%)x( (Bu){82 = 8% + oo +x)
6 0
+ [ [elev)@ - )dvdg)
o
This can also be written as
I(e+x) o kF'(82) (92 — 01)
———= T F () =F (%) +
(192_191)% 19]+ ( 2) ( 1) (Q+K)
0 Oy
//G ¢, v) (% —g)gle”(v)dvdg. (10)
192—191
Subtracting (10) from (9)
1253
ot + kb, I(o+x) ox / ot +xtp
F — I F %) = G ,U
( ¢+ ) (82— 01)% 1 ) F ( Q+K )
1
L)
0 ¢_1 "
-— Gt -o) dg)F (v)dv. a
K(l92—l91>l< &
Clearly,
8, )
o_ K 4 0
[ Glev)02 =0 e = s (02— 0)F (- 0)F), )
151
where

001 + kb H—v0 <v< Qﬂéi,’zﬂz,
G Q +K /U = K(l91—192) Ql91+K192

(13)
ofx 7 otk SUv< b
Ifh <v< Qﬁéizﬂz, then by utilizing (12) and (13), from (11), we obtain

G Qtrh ) g/c 6, V) (8 —¢)* dg
o+ 192—191 :

K<(l92 — )it — (8 — 191)§+1>
:ﬁl—l}— .
(8, — 0))*

(0 +x)
Now, let

K((ﬁz — )it — (9 — 191)§+1>
191 —U—

(192—191)%(Q+K) I
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This proved that g is a decreasing function; therefore, we can write
9 + K8 i
o] AL %/G(g,v)(ﬂz —¢)F ldg < 0. (14)
Q+K K(ﬁz*ﬁl)Kﬂ
1

If Qﬂé%ﬂz < v < O, then making use of (12) and (13), from (11), we obtain

9

001 + k0 0 i 2_q

Gl s " —7,/63(91})(192—9)% dg
QTK K(l92—l91) &

S

k(01— 02) 0 <"2(<‘92—U)5“ - (192—191)§+1>>

0FE k(0 — 8)) o(o+x)

x(y -ty K020 (20
o+x (89, — 9% (0 + &)
k(= (82— 91) (82— 01)F — (9 — 0)¥+1 + (9, — 81)+1)
(62— 1) (0 + %)
"( — (0 — 01)F 1 — (0 — v) ¥+ + (8, — 191)%*1)
(82 — ﬂl)g(e—ﬂc)
—k(0, — v)&+!

= . <0. (15)
(82 —01)x (e +x)

Since F is convex, therefore f ”/(v) > 0 and by using (14) and (15) in (11), we obtain

001 + xth ['c(0+x) 0K
F < IV F (97), (16)
< o+x ) (192—191)§ o (82)

which is the left half inequality of (8).
Next, we prove the right half inequality of (8). For this purpose, we choose ¢ = ¢ in
Equation (2), and we obtain

F(82) = F(81)+ (92— 00)F'(82) + [ G(02,0)F " (v)do.

Adding 2f (%) on both sides and then dividing by (£ + 1), we obtain

oF (81) +xF (%2) _ F (o) + K(02 —01)F'(8,)

)3
K "
0+ Q+x * Q+Kl9/G(l91’U)F (v)dv.  (17)
1

Subtracting (10) from (17), we have

OF (81) +F (82) _ Tele %) jox, (g 7 (KG(ﬁz,v)

0+« (0 — 07)% o1 ; 0+«
1

L)
_ 9 Glc,v) (8 — ¢)i~Ydc | F" (v)dv. 18
sz_ﬂl)gﬂ/ (V)82 =) g)F(u)v (18)
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Using the value of Green's function (¢; — v) for #; < v < ¢, and Equation (12), we
can write

KG(opv) ("2((192—105“—(192—191)$+1>>
Q+K k(8 — )% oo +x)
Ko —v)  F((2— 0P = (- 0)FH)
etr (82— )% (0 +x)
K((191*U)(1927191)§ 7(1927U)§+1+(192*191)§+1)
(82— 1)% (0 +x)
k(02— 0) (82 = 01)% = (8, — v)¥+1)
- > 0. )
(192_191) (0+x)

Now, using the convexity of / and (18) in (19), we obtain

of (81) +xF (82) _ Tx(e+x) 1o
otx (192—191)§ +F(l9> (20)

Finally, by combining (16) and (20), we arrive at required result. [J

The following remark proved the generalization of Theorem 2.

Remark 1. Substituting x = 1 in inequality (8), we find the following results presented in ([16],
Theorem 2.2).

Ql91+l92 < r(Q-‘rl) 0 QF(191)+F<192)
I H) <~ =7
F( 0+1 )‘(192191)9 ot (%2) = ¢+l

In next result, we consider the absolute value of difference presented in (18) and
utilizing (19) along with additional conditions on F .

Theorem 3. Let F be a twice differentiable function on [01, 03] and o,x > 0. Then, we have the
following inequalities

(i) If|F"| is an increasing function, then

2
0K F”(ﬂz) % — 0
0+x (8, —8)r U1 2(0+x)(0 +2x)
(ii) If |F"| is decreasing function, then
"(01)[(8 — 0 ’
o (00) +x (8) _ Tulo+n) por, | O/ (B m0)
o+« (9 — )+ oy 2(¢ +x) (0 +2x)
(iii) If |F"| is a convex function, then
1 1 2
eF (00) +xF (8) | Tule+5) joxp o] max ([ @) £ () ox (02 — #1) (23)

o+x (9 —07)% 01 B 2(0 +x) (0 +2x)
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Proof. (i) From (18) and (19), we can write

of (01) +xF (82)  Tx(o+x) o

_ TF (9
e Tk el
1)
< r 9 — 0) (% — Oy)*
i wz—m)ﬁ(q“u/(( e
— (%= 0)F ) F(v)dv. (24)

Since (8, — &) (8, — v) — (8, — v)* L > 0 and |F"|is an increasing function, this
implies

ofF (01) +xF (82)  Tx(e+K) ox

- 0 Il9+ (192)
e+« (0 —01)x ™1
R

_ _ ¢ RS SS|
(192_191)g(Q+K)1!((192 (8= 8)F = (02— ) o

<

=

_ K‘Fu(l%)‘ (0 — 9% (9 — %)% k(8 — 8y)5 2
N 2  o+2x

(
)| (o2 - 0))
- 2(0+x)(0 + 2x) !

which is inequality (21).
(i) Again, using (18) and (19) and by following the same procedure as in case (i), we obtain

K‘F”(ﬁl)‘g(ﬂrﬁl)z
2(0+x)(0+2x)

oF (81) +xF (82) FK(Q+K)Q Igf (8)] <
Q+x (0 —01)r ™

(iii) By wusing (21) and (22) and the fact that f” is bounded above by
max (‘ F" (%) ‘, ‘ F" (%) D being a convex function on the interval (191, 192), we find

K max ‘F”(ﬂl)‘, ‘F”(ﬂz)‘g(ﬂz — 191)2
2(¢ +x) (0 +2x) '

of (1) +xF (02) rx(g+;c)0 If,’ff(ﬁz)
¢t (2 —01)x &

<

O

The following remark relates the above theorem with the published results in [16].

Remark 2. With a choice x = 1 in inequalities (21)—(23), we find the following results presented
in ([16], Theorem 2.3).

2

o (0) 41 (8)  Tlo+1) #(82)]e (2~ )
P R s T L] e T Ry

2

oF (9)+1(8)  T(o+1) 7 00)]o(22 - #1)
lQ+1 : _(192—191)@151*“192) = 2D+
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max (‘F”(ﬁl) , (192)‘>Q(192—191)2
2(0+1)(e+2) ’

oF (1) +F (%) T(e+1)

0+1 (0 — 07)° +F(ﬁ )| <

Using Green’s function from (13) and some additional features on /-, we obtain the
following theorem.

Theorem 4. Let F be a twice differentiable function on [0, 03] and o, x > 0. Then, the following
statements holds.

(i) If|F"| is an increasing function, then
1% (5 T

p Qe ) Llet ) oxp ()
Q-+ (8 —81)r 71

k() E T3 (0, — ,, K
el e

it 0
(Q(Q+K —2(e) +)>+’F”(ﬂ2)‘(§)K+2>.

2k (k) 1

(ii) If |F"| is a decreasing function, then

Q+K (192*191)9 o
< K( )@.,_3(192_191)) (‘F”(ﬁﬂ‘

(0+x)xT3(0+ 2K

o((o+x)x+ —2(g)x*! 242
(e 2O (e (0)7).
(iii) If |F"| is a convex function, then

. K(K)%+3(l92 —91)?
" (o + 1) (0 +2¢)

o+ o

9 —d)r 7
X <max <‘F”(191)

4 max (\F/f(@ﬂéjgﬂz)

‘F<Ql91+1(l92> B (FK(Q+K) 19K (19 )

4

F//(Qﬁl +K192) D (Q((Q—I—K)ﬁﬂ —Z(Q)ﬁ"_l))

0+ K 2K(1<)§+1

F//(ﬂZ)D (§)$+2>

7
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Proof. (i) By using (11)—(13), we can write

Q01+K192
o+K
0t +xdh T'v(o+x) o / ot +xdh
I %) = Gl—=,
F( 0+x ) (192_191) 19+F( 2) J ( 0+xK v)
% 8 + K0
—7/G c,0) (% — )ﬁ—ldg>F”(v)dv+ / <G(Q 11£ z,v)
K(B2 —01)* o8y 25y Q
o+x
—— [ Glg ) (8 —¢)F g | F"(v)dv
K(0 — 191 “/
9191+K192
o+kK +K
K / 241 241 (@
== (O —v)x ™ — (G —Oy)r " —
<e+x><ﬁz—ﬁl>ﬁ< ] ( (57
L)
X (05 — 1) (% —v))F"(u)du+ / (ﬂz—u)iﬂf"(u)dv>. (25)
Q191+K192
o+K
This can also be written as
091 + kb I'v(o+x) ox
— I 9
F( 0t x ) (192_191)% 191+F( 2)
001 +xdy
o0+K 0 0
[ : xtl etl
< () (#0) (e
(@ +x)(B2—0)F \ ]
0+x i
K //
—( p )(192—191) (191—U‘F ’dU
+ / z—v ; ’ ”(v)‘dv)
001 +x0p
otK 087 +xby
K i (QV1 + kb ‘o 1
< o )| [ (2-v)
(04 %) (8 —O)* 0+x 5

=l

(o) () (o) (0o

% .
!
+ ’F"(ﬂz)’ / (192 — v) dv)
001 +xdy
o+K
_ K r oty +xth (02 . 191> 2
(0+)(8 — 01)% Q+x

_ 412

" KQ(Q) LK __* K
(0+K)s2(o+2¢) €e+2c e¢+x  2(¢+x)

: ()2
el ()
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_ k(1) 543 (0, — )? <‘F//<Ql91 + Kﬁz)‘

(0+#)%+3(0 +2x) Q+x
o((o+m)F+! —2(q)+ ! } g
(e 20 )1

Part (ii) can be proved by the same procedure as above.
(iii) Since

+

F(gﬁl—i—Kﬂz) ( T(o+x) IQK (192)‘

QrK B — B1)*
001 +xbp
o+K Q+1
< - Q (( / (19270);(
(Q+K)(l92 - ﬁl)K 191

- (# —191)%+1 - (% +1) (82 —191)% (o —v)) |77 (v)]av
+ / z—v ? ‘ ”(v)’du).

01 +xb
o+x

Since every convex function F defined on an interval [0, 8] is bounded above by
max{f (81), F (02)}. Therefore, we have

Ql91+Kl92 (Q+K) 0,
I O
F( Q+K ) (192_191)@ 19+F( 2)

4

< K <max< e
= Qim0 o) e

081 +x8y

F//<Ql9; i iﬁz) D
oFK

| «w—@*ﬂm%—mf“—@+o

41

<192—191 191_0 >d0+max< ”(M)

7

0+ K

F”(l%)‘)

1)
X / (0 —v) +1dv>

081 +xbp
o+xK

_ x(K)* 139, — 9))?2 (max(

(Q+K R 3( (0 + 2x)

(e((e+1<)

7

Fu(@ﬁéiiﬂz)o

)) + max <|r"(f“91+’“92)

o+x

7

which is the desired inequality. [

Remark 3. Let x = 1, and we obtain the following results presented in ([16], Theorem 2.5).
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The following theorem involves the change of variables in Theorem 4.

Theorem 5. Let F be a twice differentiable and |F"'| be a convex function on [¢1, 9z]. Then, the
inequality

001 + kb Ie(o+x) ox
— I %
‘F( 0t r ) (192_191)% 191+F( 2)

< it (e (£ e

(7(0%) + 170K + 12x2?)
0+ 2k '

+ ‘F"(ﬁz)’

holds for any o,x > 0.

Proof. Equation (25) can be written as

0t +xdr\  Ti(e+x) ox
( 0+x ) (192_191)§1191+F(l92)
007 +xdp
K ( o +x 4
_ / 0 (19 -9 )f
= 2=t
(0+m)(82—81)% \ ] ((5)

081 +xbp
[E3

LetT € [0,1] and v = T8 + (1 — T)9,, then

001 + kb T(0+%) ox

— I %

( 0+« ) (9 — Oq)* ”TF( 2)
0

B X oK 0 i : )
N (Q"‘K)(ﬁz—ﬁl)% ( 1/ ((K +1)(192 191) (191 ™™

~(1-0t) ~ (62— 10— (1 1)) w1

+ (0= 80) ) (T0+ (1= 7)8s ) (%1 — 62 )dr

_ /O (192 — 1 —(1— T)l92) %HF” (Tl91 +(1- T)192>

Q

o0+K

x (81 - 192>dr>

o (eriiﬁil)ﬁ;)f < 1/ (-a-a(i+1)+1) (26)
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< F"(to+ (1= 1)t )dr — [ T (201 + (1 - 1), ) de

+ [ petlp (wl +(1- T)ﬂz)dr>

1
S (@)ere- D (oo 0w

O\/_z_‘@

o+K
1

- /T%“F” (Tl91 +(1—- T)l92)dT>.

0

Taking the absolute on both sides and using the convexity of |F”|, we obtain

Ql91 + k% (Q + K) 0,x
I 9
F( T x ) - o ﬁﬂgﬂ+F(ﬁ

k(% — ;)2 /
<[ (@D

F" (wl +(1- 7)192) ‘dr
1

441

-I—O/T
1

< (@ -
x( '
+/ +1

SKWI—mV<K

X

F" <T191 +(1- T)ﬂz) ‘dT)

F'(81)|+ (1 =)

F”(ﬁz)DdT

r( 191 —7) | (8) Ddr)

F”(l?l)‘ (30+2¢)  #2|r"(82)
(0+x) 6+n7 | 6la+n?
KEren] ||
0+ 3x * (Q+2K)(Q+3K)>
K3 (8 — 01)?
~ 6(0+x)3(0+3k)
F"(m)] (7(e?) +170x +12¢2) )
+ .
0+ 2x

F”(ﬂl)‘ (9(%2) + 230+ 12K)

Hence, the proof is done. [
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Remark 4. By setting x = 1, we obtain the following result presented in ([16], Theorem 2.7).

+F(l92)

o + 90 (Q+1)
F g1+12> (62— 6,0

(82 — )2
~6(e+1)3(e+3)

(7(0®) + 170 + 12)
ﬂ‘ 0+2 )

(‘F”(ﬁl) ‘ (9(¢*) +230+12)

+ |0
Theorem 6. Let F be a twice differentiable and |F " | be a convex function on [0, 0;]. Then, the
inequality

of (81) +xF (82)  Tx(e+x) o
0+x (% — 017 ° +F(l9)|

KQ(ﬂZ - 191 // // Q +5K)
3(0 + 1) (0 + 3%) (‘F 0|+ 2+ 29

holds for any o, x > 0.
Proof. From Equation (18), we can write

oF (01) + xF (82) _ T'c(o +K)Q Ing(ﬁz)
o+ x (05— 0)F O
253

- (192—1911)(§(Q+K){9/ ((02-) (192_191);

— (= ) (v)dv.

For T € [0,1], substituting v = 79 + (1 — 7)%,, we obtain

oF (01) + «F (82) _ I'v(o+x)
QtK (62— 01)*

K(8 — 91) / ;
B <ﬂz—ﬁ21>$(e1+x>o/(<ﬂz_ﬁl> S

— ((t - 191)%“)) F (wl (- T)ﬁz)dr,

_ (19;+K2/1 TKH) r (Tﬁl +(1- r)ﬁz)d (27)
0

By using the convexity of |F"”|, we obtain

Q+K (192 —191)
1
192 *191 2 7+1 "
i / )|F7 (01 + (1= )8, ) |ar,

0
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i £t ‘F” %) ‘ (1—7)]#/(:92)’)(17,

1
O (e
_ k(0 — 07)? <’F"(l91)’< Y )

0+« 3(0 + 3x)

" (0> + 50x)
+]r7(82) (6(9 +26)(0 +3K)>>

ok (0 — 01) // " (0 +5x)
(g+;§)(g+13;< <‘F ‘Jr’F (82) 2(g+2;<)>‘

This completes the proof. [

Remark 5. Corresponding to the choice x = 1, in Theorem 6, we obtain the following result
explored in ([16], Theorem 2.9)

F (%) + F (%) T(o+1)
: l(’+1 : (192Q— 1)@ 19+F(l92)
Q(l9 — 0 )2 // // (Q+5)
< et 0t <‘F (60)]+ | (o ’2(Q+z)>‘

The next theorem is a combination of Equation (26) given in Theorem 5 and the
well-known Jensen’s inequality.

Theorem 7. Let | be a twice differentiable and |F"| be a concave function on [01, 0] Then, the
inequality

0t +xth I(o+x) ox
F I F (9
( 0+x ) (192_191)9 o ( 2)

k(8 — ;)2 < x
0+« 2(0+x)

n [ 3001 + 201k + ok
3(0+x)

)

Proof. Equation (26) can be rewritten in the following way

_r
0+ 2k

17 Qﬂl + 21917( + 1927{
0+ 3x

holds for any o, x > 0.

9 k¥ ( K) 0K
A(* éiK )- (ﬁzﬁ—;)o o F %)
1
82 ([ (1) B om0

1
— /T%+1F" (1'191 +(1- T)ﬂg)df).
0
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By using the condition of absolute value and then Jensen’s integral inequality, we find

F(Qﬁl +1<192) B (FK(Q—l-K)

ot x I97F (92)

192*191)% 1 ‘

<HEOP] [ (1(241)- D

()
/ ("L'(g +1)— g)dr

:d%—mﬁ< x
0+x 2(0+x)

n [ 3091 + 201k + ok
3(0+x)

) |

Remark 6. Letting x = 1in Theorem 7 gives the following result presented in ([16], Theorem 2.11).

LoE
0+ 2k

i [ 001 + 201k 4 Shx
0+ 3x

O

0t + 9 (Q+l)
‘F( 0+1 )~ (192—191)

S(%—mﬁ( 1

o+1 2(0+1)

r o +2% + &
0+3 ’

Theorem 8. Let F be a twice differentiable and |F"| be a concave function on [81, 0] . Then,
for any o,x > 0, we have the inequality

3(0+1)

. (3@91 120, + 192>

1

+Q+2

oF (91) +xF (82), _ T(e+%) rox
oEx ) — 5 —00)" gLyt f(O )‘

n [ 2010 + 00y + 401k + Stk
3(0 + 3x) '

K0(8 — 01)?
2(0+x)(0+2x)

Proof. Equation (27) can also be expressed by the following relation.

of (01) +xF (82)  Tk(o+ ;c)

K
F(82)
Q+K (8, — 81)% 19;
1
192*191 2 7+1 //
) / (7191 +(1- T)l?z)dr,

0
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By using the condition of absolute value and then Jensen’s integral inequality, we find

QF(191) + KF(192) FK(Q + K)

— 1% F (0
QT K (8 — 81)% WF( 2)’
1
, 1 f(r—r%“) (Tl91+(1—T)l92)dT
< k(0 —0) /(T—T%-H)d”f A
GRS (e o)

J(t—7ct)dT
0

_ ko(% — )2 o [ 2001 + 00, + 4Kk + 5k,

2(0+x)(0+2K) 3(0 + 3x) ’

Hence, the desired result is proven. O

Remark 7. If we choose x = 1 in Theorem 8, we obtain the following result presented in ([16],
Theorem 2.13).

oF () +F (%) T(e+1) ,
- 19, F (9
0+1 (02— 01)¢ or £ (52)
0(8 —01)? |, (20104 09 + 40 + 59,
~2(e+1)(e+2) 3(0+3) '

3. Some Applications to Special Means

(i) The arithmetic mean:

A=A, 0) = 252 g,0,50 (28)
(i) The logarithmic mean:
=t
L(61,0) = Ind, —Indy’ O # 05 01,02 > 0.

(iii) The generalized logarithmic mean:

193+1 _ 19711+1
(Tl + 1)(192 — 191)

L(81,8) = ( ) ,n€Z\{=1,0}, 0 £ 0, 01,0, >0. (29)

Proposition 1. Let 91,8, € RT, 81 < 0y, then we have the following inequalities.

% (19 _8 )2
AP o82) — (B o) < E\W2 7 U1
(e /€ ) (e /€ ) — 12 ’

191 19 719 )2
0 L\ 0 )| < € (82 1
A(e”,e") — L(e™,e%) S—1

max (601,6192) (192 — 191)2
12

A(e®,e%) — L(e%,e%)| <
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and

% — 191)2(6191 + 8192)
Aleh, ) — L(eh, %) < ¢ :
(e ’e ) (e /€ ) — 24

Proof. Using Theorem 3 and making some simplification, we can write

o " 2
of (%1) +xF (%) 0 i 81 QK‘F (192)’ (192 B 191)
eE x(800) / B2 =0 ] = ot ote+ 29

By substituting 0 = «, F (¢) = ¢’ and using simple calculation, we obtain

e (192 - 191)2
12 '

K (e%) +x(e%2) K y K1, ¢
- RN G
%

K+ K k(% — %

This can also be written as

% (192 - 191)2

eh et ef2 et
<
12

2 (0 — 1)

Now, making use of (28) and (29), we arrive at the result

< e%2| (8, — 0;)?

A, e%) — L(e®,e%)| < 5

By using the same procedure in part (ii) and part (iii) of Theorem 3 and Theorem 6,
we find the remaining inequalities. [

Proposition 2. Let 81,0, € R, 81 < 0y, then the inequalities

_ 9.2
A(8Y,87) — Ly(81,82)| < W(‘n(ml)‘(ﬁq‘—erﬂg—z))l

(9 —191)2‘11(71 —1)|en-2
A(BY,97) — Ly(81,82)| < - ,
(82— 81)2|n(n —1)| 042
A(81,87) — Ly(81,82)| < o
and
max (‘n(n — 1[92, |n(n—1) 19372) (0 — 01)?
A(87,07) — Ly (81, 82)| < 3 :

are true for n € Z with [n(n —1)| > 2.
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Proof. Using Theorem 6 and making some simplification, we obtain

53
of (1) +xf (82) Q R
0K K(192191)§Z(l92 ¢)=F (g)dg
k(8 — 8 )2 " 1 (0 + 5x)
< St a3 (’F ()] + [ (192)‘2(Q+2K)>

By substituting ¢ = « and F (¢) = 9", where ¢ > 0 and ‘n(n - 1)’ > 2, we obtain

/3
19? +l9,'721 1 n (192 — 191)2 n—2 n—2
_ < N2 T _ _
2 (192—191)19/(@) dg| < =5 [nn = D[y~ + nin - D052 ),
1
(ﬂ?) + (193) ﬁngl — 19?+1 (192 — 191)2 n—2 n—2
— < - )
2 n+1)(0,—0y)| = 24 ‘”(” 1)‘ T

Now, by using Equations (28) and (29), we obtain the desired result. Similarly by using
the same polynomial function in Theorem 3, we obtain the rest of the inequalities. [

4. Conclusions

The bounds of various functions are studied in optimization theory—a branch of
mathematics. The innovative fractional Hermite-Hadamard type inequalities established
in this research are based on functions whose second order derivatives with absolute
values are convex (concave). A new technique is used to explore the main results by
involving Green’s function and Abel-Gontscharoff interpolating polynomials for two-point
problems with a combination of x-R-LFI. Jensen’s inequality is capably utilized with wide
applications in optimization theory. Some applications of our main findings are presented
to special means. This study motivates the researchers to establish the various Hermite-
Hadamard inequalities by using the other Green’s functions G,, Gz, and G4 with more
general fractional operators.
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