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Abstract: Here we extended our earlier fractional monotone approximation theory to abstract frac-
tional monotone approximation, with applications to Prabhakar fractional calculus and non-singular
kernel fractional calculi. We cover both the left and right sides of this constrained approximation.
Let f € CP([-1,1]), p > 0 and let L be a linear abstract left or right fractional differential operator
such that L(f) > 0 over [0,1] or [—1, 0], respectively. We can find a sequence of polynomials Q,, of
degree < n such that L(Q,) > 0 over [0,1] or [—1,0], respectively. Additionally f is approximated
quantitatively with rates uniformly by Q, with the use of first modulus of continuity of f(?).

Keywords: monotone fractional approximation; abstract fractional calculus; fractional linear
differential operator; Prabhakar fractional calculus; non-singular kernel fractional calculi
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1. Introduction

The topic of monotone approximaton initiated in 1965, Ref. [12] by O. Shisha, and
became a major trend in approximation theory. The original problem was: given a pos-
itive integer k, approximate with rates a given function f whose kth derivative is >0 by
polynomials (Qy ), .y having the same property.

In 1985, Ref. [2], the author and O. Shisha continued this study by replacing the kth
derivative with a linear differential operator of order k involving ordinary derivatives,
again the approximation was with rates.

Later, in 1991, Ref. [3], the author extended this kind of study in two dimensions, etc.

In 2015, Ref. [4] (see chapters 1-8) went a step further, by starting the fractional mono-
tone approximation, in that the linear differential operator is a fractional one, involving left
or right side Caputo fractional derivatives.

To give a flavor of it, we need:

Definition 1 ([5], p. 50). Let « > 0and [a] = m € N ([-] is the ceiling of the number). Consider
f € C™([—1,1]). We define the left side Caputo fractional derivative of f of order a as follows:

H" T () at, 1)

-1

1 X
[ — .
(D*flf) (x) - F(ﬂ’l _ lX) / (X
forany x € [—1,1], where T is the gamma function. We set
DY_1f(x) = f(x), DIif(x) = f"(x), Vxe[-1,1].
In addition, to motivate our work, we mention:

Theorem 1 ([4], p. 2). Let h, k, p be integers, 0 < h < k < p and let f be a real function, with
FP) continuous in [—1,1] and first modulus of continuity w; (f(p),5>, where 6 > 0. Let aj(x),
j=hh+1,... kbe real functions, defined and bounded on [—1,1] and assume for x € [0,1]
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that ay(x) is either > some number & > 0 or < some number p < 0. Let the real numbers
ap=0<a; <1< <2<...<ap < p. Here Di‘j_lf stands for the left Caputo fractional
derivative of f of order aj anchored at —1. Consider the linear left fractional differential operator

k .
Li=) a(x)| D] @
j=h
and suppose, throughout [0, 1],
L(f) = 0. ®G)
Then, for any n € N, there exists a real polynomial Q,(x) of degree < n such that
L(Qn) > 0 throughout [0,1], 4)
and .
— k=p () =
max () - Qu()] < P (5,2, ©)

where C is a constant independent of n or f.
As you see the monotonicity property here is true only on the critical interval [0, 1].

We will use the following important result:

Theorem 2 (see: [6] by S.A. Teljakovskii and [7] by R.M. Trigub). Let n € N. Be given a real
function g, with g'P) continuous in [—1,1], there exists a real polynomial q,(x) of degree < n
such that

—1<x<1

max g(])(x) _qig])(x) S anj_pCU1 (g(p)lrll>’ (6)
j=0,1,...,p, where Ry is a constant independent of n or g.

In this article, we perform abstract fractional calculus, left and right monotone ap-
proximation theory of Caputo type, and then we apply our results to Prabhakar fractional
Calculus, generalized non-singular fractional calculus, and parametrized Caputo-Fabrizio
non-singular fractional calculus.

Next, we build the related necessary fractional calculi background.

2. Fractional Calculi

Here, we need to be very specific in preparation for our main results.

2.1. Abstract Fractional Calculus

LethkeZy,pe N:0<h<k<p. LetalsoN Z aj >0,j=1,...,p, such that
p=0<a <1<ap<2<a3<3<...<...<ay<p. Thatis [zx]-] =jj=1,...,p
|—060-| =0.

Consider the integrable functions k; := Ky, [0,2] - Ry, j=0,1,...,p. Here,
g € C(|-1,1)).

We consider the following abstract left side Caputo type fractional derivatives:

(5D 8) () = [ 1 ki(x — g (1)dt, @

j=1,...,pVxe[-11].
Similarly, we define the corresponding right side generalized Caputo type frac-
tional derivatives:

(kaff;g) (x) := (-1)]’/1 ki(t—x)g\)(t)dt, ®)

X

j=1,...,pVxe[-11].
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We set o 0 o -
iD,_,g)(x):=g"(x); ("D;_g)(x):=(-1)g"(x),
(D] _18) (x) = 8P (x); (D] g) (%) == (~1)/g (x) ©)

forj=1,...,p, and also we set

(kngflg) (x):= (kOD(l)ig> (x) :=g(x), (10)

Vxe[-1,1].
We will assume that

1
/ ky(z)dz > 1, when h # 0. (11)
0
In the usual Caputo fractional derivatives case, it is

Zj—Dé]‘—l

and (11) is fulfilled, by the fact that I'(h — aj, + 1) < 1, see [4], p. 6.

2.2. About Prabhakar Fractional Calculus

Here, we follow [8,9].
We consider the Prabhakar function (also known as the three parameter Mittag-Leffler
function), (see [10], p. 97; [11])

= (V)k k
Eip(z) = k;) K (ak + B)~ (1)

where I' is the gamma function; a, § > 0,7 € R,z € R,and (), = y(y +1)...(y +k—1).
Itis E) 4(z) = ﬁ

Leta,b e R,a <band x € [a,b]; f € C([a,b]). The left and right Prabhakar fractional
integrals are defined ([8,9]) as follows:

(hnawacf) @) = [ = 0" B — 0] f(00, (14)

and ,
(G F) ) = [ =0 Byt =0 (0 5

wherep,u > 0; v,w € R.

Functions (14) and (15) are continuous, see [8].

Next, let f € CN([a, b]), where N = [u], ([-] is the ceiling of the number), 0 < u ¢ N.
We define the Prabhakar-Caputo left and right fractional derivatives of order u ([8,9]) as
follows (x € [a, b]):

(CDg,y,w,a+f) (x) = /ax(x - t)N*MflEp_’XFy [w(x— t)P]f(N) (t)dt, (16)
with DYy o f o= f°D) o f = fN), N €N, and
b
(DY o f) ) = (DN [t =)V Lot =2 M (e, 7)

: N
with D)y oy = fiD) y oy f 1= (=1) fN),N eN.
One can rewrite (16) and (17) as

(D ionsf) @) = (ki poar /M) (), (18)
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and N
(CD7 s £) ) = DN (e s M) ), (19)
Vxeab].
Clearly, the functions (18) and (19) are continuous.
By [8], we have that
v I Ly R G 0" PV
(Fusoaf) @) = [ (x=1) (kzo ok @ =0 )f(t)dt
= i M /x(x _ t)(pk+y)7lf(f)df, (20)
k=0 k!r(pk + V) a
Vx € [a,b].
That is
X
v _ p\(oktp) =14,
(ep,y,a),a+ ) Z k[l—' Pk+ ;l/l) / (x t) dt
Z kwk (x — a)(PkH/l) _ ) (7)kwk (x— a)(Pk+H) _ a2
k'F pk+y) (pk + 1) = KT (pk +p+1)
VR L ) SR JVEPAT. N Y.
(x ﬂ) kgok'r(Pk‘f‘,u‘i‘l) [(U(x ﬂ) :I (.X ﬂ) }t+1( (x a) )
So, we have proved that
(o) () = (x = )"E] 1y (w(x = a)), (22)
Vxeab].
Similarly, we have
b
Y Nk -1 5
(¢ o 1) () 2 k'F pk+ m / (£ — x) Pk gy
k s
Z (b— x)(P +1) _ (7) b x)(kary) _ )
k'T pk—i—y) (ok + u) = KT (ok +p +1)
k L
9" & gy (€0~ = =Bl ),
So, it holds
(eg,y,w,bfl) (x) = (b— X)P’EZIHJrl (w(b—x)"), (24)
Vx € [ab].
Next, we take [a,b] = [-1,1].
Thus,
(a1 1) () = G4 DEL (e +1)), 25)
and
(7 heon 1) () = (1= ) E] 4 (w(1 = %)), (26)
Vxe[-1,1].
Clearly, then we get
(A po1:1) () = G+ DV PET L (w(x+ 1)), 27)
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and
(eﬂ_,;(’—%w,l—l)() (1-x)"" "E, N (@ (1= %)), (28)

Vxe[-1,1].

Here, itis N — u > 0. By assumption we take p > 0, 7 < 0 and, for convenience, we
consider only w > 0.

Therefore, we derive the basic Hardy type inequalities:

- N-—
H €5 N—pt,w,—1+ Hoo[ 11] <2 HE,DN y+1(2pw)r (29)
and
-7 N—
Hep,ny,w,lfl 1, ] <2 MEpN pu+1 (Zpa)). (30)

2.3. From Generalized Non-Singular Fractional Calculus
We need

Definition 2. Here, we use the multivariate analogue of generalized Mittag-Leffler function,
see [12], defined for A, Vi, Pj, Zj € C, Re(pj) >0( =1,...,m)in terms of a multiple series of
the form:

E('yf)

(p]-),A(Zl""’Z’”) =E

’A(zl,...,zm) =

kl km

i (YD, - (Ymk, 21t
k ....k 1
k1, km=0 F<A+ g k]p]> 1
j=1

where ('y]) is the Pochhammer symbol, T is the gamma function. By [13], p. 157, (31) converges
for Re(p )>0]_1

(31)

(Y1rerYm)
E(pf 40)A

noted by E(( ))A[wltp,...,wmtp], where 0 < p < 1,t > 0,A > 0, 7 € R with (7f)kj =

Y(+1) . (rj+k—1), w0 e R—{0}, forj=1,.,m

Let now f € C"*([a,b]),n € Z.

We define the Caputo type generalized left fractional derivative with non-singular
kernel of order n + p, as

In what follows, we will use the particular case of [witf, ..., wpytf], de-

n+pf( ) = ( ])(w/)Dg:rp'/\f(x) =

A —Wm n
1(2/,1 B [1“”5 (=), T2 (x| £ (1), (2)

Vx € [a,b].
Similarly, we define the Caputo type generalized right fractional derivative with
non-singular kernel of order 1 4 p, as

Dy P f(x) = (7/)( )DZ:LP'Af(x) =

n A b — —Wm n
(1) *11(_’2/3?55)[1-15( =) = | D e, (3

vV x € [a,b].
Above A(p) is a normalizing constant.
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The above derivatives (32), (33) generalize the Atangana-Baleanu fractional deriva-
tives [14].
We mention the following Hardy type inequalities:

Theorem 3 ([15]). All as above with 7 >0,j=1...m;A=1 Then

(Ioses|Jges) < Cai
E((;)j,g “w_l'z(b —a)f,..., |;Uf|5(b _ a)P} Hf(n+1) Hoo < o0, -

wheren € Z.
We also mention:
Theorem 4 ([15]). All as above with v > 0,j=1,...,mand A > 0,0 < p <1, etc. Then
Dy f, Dy P f € C([a,b]), n € Zy.

~1,1).

We rewrite (32) and (33), and for [a,b] = |
=n € N Thatis0 < 1—-n+4+pu < 1, and let

Let p > O with y ¢ N and [u]
f € C*([—1,1]). Then, we have

DL f(x) = (0 PMAS () =

A(l—n x ] —w(l—n y
(”_lj_y) /—1 E((l’yi)”‘*‘ﬂ)/\ [W(x — t)l oL, (35)
_Cdm(l —n+ V) (X B t)l—n-‘rliil f(n)(t)dt,
n—pu
" " ._ CA HA o
Di_f(x) = (1) () P12 f(3) :
W = U
_wm(nl_—: + V) (t _ x)ln+y:| f(n)(t)dt,
Vxe[-1,1].

We will set D° . f = f, DY f = f,and D" f = f"), D" f = (—1)"f"), when
m € N.
We make

Remark 1. Fractional Calculi of Sections 2.2 and 2.3 are special cases of abstract fractional calculus,
see Section 2.1. In particular, the important condition (11) is fulfilled.

So, we will verify fol kp(z)dz > 1,1 # 0.
(T) First, for Section 2.2:
We notice that

1
N—pu—-1p—7 0 —
/0 b4 EP,N_H(wz )dz
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(herep, N—u > 0,7 <0, w > 0)

1 > (=)
N—u—1 Tk kg —
zZ wzZ z =
/0 kZ:O KT (pk + N — y)( )

[ee)

(=7 AN—j—1pk 1, _
Zm/ " = 7)

e}

(_V)kw (pk+N)—pu—14, _
Zk'l"(pk—l—N y)/ z dz =

[ee)

(—7)w —
>
Z:k'l"(pk—FN p+1) EPN y+1( )>1,

for suitable w > 0.
(I) Next, for Section 2.3:
Herey; >0,j=1,..., m;A=1LNZu>0,[pl=neN,w; <0,j=1,...,m
Without loss of generality we assume that A(1 —n + ) > 0.
We have that

A(l—n+p) /1 E(’yj) _wl(l_n+l’l)zl—n+;t
n—p o C(-nip) n—p ’

_wm(l_n+y)zlfn+y dz =
. r—
(here0<1—(n—pu)=1-n+pu<1)

Al—n+pu) 1 — (Y )k, -+ (rmy,

nowh kl,...,k,,,_or<1 + (f kj) (1 —n+u>>
j=1

n —w;(1—n+p) ki (1=ntp) g kj
T
j=1
kil ! dz
_(AQ=n+p)
_ —
AT ORN
I (—2=)
& (Y1) -+ (Ym)i,, -1\ 1 (1-ntp) © &
L mkl : — /OZ Tz (39)
j=1
1wt \
_ <A(1—”+V>> i (Y, - (Ym)i, 1131< )
1’1—}1 k

ket k!
1,...,km:O 1—.<2+ <g k]> (1 N n+‘u)) 1 m
j=1

A(17n+y)E() —w1(1—n+u) —wp(1—n+p) > 1 (39)
77—14 (1 11+],l)2 n_y Ry Tl—]l =~ 1,

for suitable w; <0, forj=1,...,m
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We also need

Definition 3. Let f € C"([-1,1]),NZu >0, [u| =n € Nyw <0.Thatis0 < 1—n+u < 1.
The parametrized Caputo-Fabrizio non-singular kernel fractional derivatives, left and right of order
U, respectively, are given as follows (also see [16]):

/ " exp (-“‘”“‘)“’(x - t)) FOO ()t (40)

—1 }’1—}1

CFnyH —
w D71+f(x> T n—u

of )= S e (<O ) e,

Vxe[-1,1].
Equations (40) and (41) are special cases of (7) and (8).

We make

Remark 2. We want to evaluate

1 _
o> / exp<_(1n+ﬂ>wz)dz
0 n—u

(call § := — 101,

n—uy
k
Y5
1 1 1 | w L |
0z 0z 11 ) k=0
/oe 2= 5" 5("’ ) 5 5 o5 5 (42)
k—1
1-n+pu k-1
0 (5k71 ) ( = ) (—a))
=Y 0 L o >1,

for suitable w < 0.

So, again condition (11) is fulfilled.

3. Main Results
We give

Theorem 5. Let h,k, p be integers, 0 < h < k < p € Nand let f be a real function, f ) is
continuous in [—1,1] with modulus of continuity wq (f(V),(S), 5> 0. Letaj(x),j = hh+

1,...,k be real functions, defined and bounded on [—1, 1] and assume for x € [0,1] that ay(x) is
either > some number o > 0 or < some number B < 0. Let the real numbers ng = 0 < a1 <
1 <ap <2< ...<ap<p. Here, weadopt the abstract fractional calculus terminology and

assumptions from above. So, ki DiL 1f stands for the abstract left Caputo type fractional derivative
of order aj anchored at —1. We consider the linear abstract left fractional differential operator

k
Li=Y a(x) ["/ijﬁl} (43)
j=h

and suppose, throughout [0, 1],
L(f) > 0.

Then, for any n € N, there exists a real polynomial Q,(x) of degree < n such that

L(Qn) > 0 throughout [0,1], (44)
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and

max_|f(x) — On(x)| < Cr~Peoy (f””,i), (45)

—1<x<1

where C is independent of n or f.

Proof. Let n € N. By Theorem 2 given a real function g, with g(p ) continuous in [—1,1],
there exists a real polynomial g, (x) of degree < n such that

max ‘g(j) (x) — q,gj)(x)‘ < anf*pwl <g<p>, 111>, (46)

—1<x<1

j=0,1,...,p, where R, is independent of  or g.
We notice that (x € [-1,1])

(9018) 0 - (401 100) )| =
‘/ ki(x = 1)gV(t )dt—/" ki — g0 (¢ )dt’ _
’/ (=) (500 — g (1))t
[ k= ng00) - o] € .
(=0 ren (1) =
</0x+1 4 (Z)dZ)RP”jP‘”l (8“’%) < ( / i k]-(z)dz) Ryni Py <g(p), 1 )

We have proved that

<

|(9D118) (0 = (9D 4 ) ()] < (48)

2 ,
(/o kj(z)dz) Ry Py <g(p),3l), Vxel[-1,1].

max | (D} 1g)(x) = (YD 140 ) (x)| <
|(70%8) ) = (VDag0) )

—1<x<1

2 . RN
(/0 kj(z)dz>an] pan(g”,ﬂ), i=1,...,p.

That is:

So, we have

5D — (kDY Ryni—Peo (g, L
s (055) 0 () o] e (40.2).
where )
Aji= /O ki(2)dz, j=1,...,p. (50)
Inequality (49) is valid when j = 0 by (46), and we can set Ag = 1.
Put
sj = sup ‘tx;l(x)tx]«(x) , j=h...k (51)
—~1<x<1
and

Ny 1= Rpw1< ) (Z SiA; i~ p) (52)
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L. Suppose, throughout [0,1], a;(x) > a > 0. Let Qu(x), x € [—1,1], be a real
polynomial of degree < n so that
ki p®i a1 = (5DY 0 ‘(42)
“max [D7 (f(x) + () 2") = (5DY,Qu) ()] <
ARl P » 1 53
iRpn P | f ) (53)
j=01,...,p.
In particular, (j = 0) holds
_ ©3) 1
L) — -p () —
max [(70 ) )~ Qu)| R v (49 1), o
and .
-1 _
a1~ QuCl < )+ Ry e (£, 1) =
k
(1) 'Ry (f(”) )(ZsjAjnf r’) + Ry Py (f(’”) i) < (55)
j=h
) 1Y,k 1y
Rpw1<fp,n>1’l P 1+(h') ZhS]/\] .
]:
That is:
1
-1 k—
“max |f(x) = Qu(x)] <Rp<1+ ZS; ]>n ”w1<f(’7),n), (56)
proving (45).

Here,

k
L=Y a(x)[D7 ],
j=h

and suppose, throughout [0,1], Lf > 0. So over 0 < x < 1, using (52) and (53), we have

@, (1) L(Qu(x)) = a () L(f(x)) + % D X

Y, ()i(x) DL Qux) = MDY () — 7 DI "] >

(57)

k
- 1
%thi;ilx (ZI‘;S].A].HJ p>Rpw1(f(p),n> 'Zl” ku pi lx —n=:¢
]:

(if h =0, thenaj, =0, and ¢ = 0).
If h # 0, then

§0:77n<th;l!1x 1) :nn(/xlkh(xt)dt 1) =
Un(/oxﬂkh(z)dz —1> > 77;1(/01kh(z)dz —1> >0

by the assumption (11): fo ky(z)dz > 1, when h # 0.

(58)
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Hence, in both cases, we get
L(Qu(x)) >0, x € [0,1]. (59)

II. Suppose, throughout [0, 1], aj,(x) < B < 0. In this case let Q,(x), x € [-1,1], be a
real polynomial of degree < n such that

. ) (49)
ki v . 1 h ki %
max (9D (£(x) = ma(ht)"'x") = (9D, Qu) ()] <
AR, P [ £P) 1 60
ip 1| f ) (60)
j=01,...,p.
In particular, (j = 0) holds
B ©@ 1
max [ (7)) ) - Qo) 'S R (47 1), o
and
max [£(3) = Qu(®)] < () "+ Rynaor (0,2 ) @)
—1<x<1 Qu = Ml P ! "n o

k
Rpwl (f(ﬁ), i) leip (1 + (l’l')i1 Z S]/\]> .
j=h

That is, (45) is again true.
Again suppose, throughout [0,1], Lf > 0. Alsoif 0 < x < 1, then

0 (6)L(Qu() = o (¥)L(F(x)) = T BoDi 2
n (60)
Zah [JDlen()_ ]Djlf() 7] kD* 1x] <
7771 th’Xh x + is')t«njfp R,w1q f(P) 1 — _ﬂl k],D X _'_77 _ l/}
h! = 177 P - i w1 o=

(if h =0, thenay, =0, and i = 0).
If h # 0, then

th“’ilx x
lp:ﬂn[l—h!l :Un[l—/_lkh(x_t)dt] = (63)

T {1—/0%+1 kh(z)dz} < 1 [1—/01 kh(z)dz] <0

Hence, again, in both cases
L(Qu(x)) >0, Yx€[0,1]. (64)
O

We also present

Theorem 6. Let h, k, p be integers, 0 < h < k < p € N, where h is even, and let f be a real
function, f\P) is continuous in [—1,1] with modulus of continuity w, (f(”), 5), 0> 0. Let aj(x),
j=hh+1,...,kbe real functions, defined and bounded on [—1,1] and assume for x € [—1,0]
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that ay,(x) is either > some number & > 0 or < some number B < 0. Let the real numbers
ag=0<a; <1<ap <2< ...<wap < p. Here, we adopt the abstract fractional calculus
terminology and assumptions from above. So kaf’; f stands for the abstract right Caputo type
fractional derivative of order aj anchored at 1. We consider the linear abstract right fractional
differential operator

k .
Li= Y a(x)[D} ] (65)
j=h
and suppose, throughout [—1,0],
L(f) > 0.
Then, for any n € N, there exists a real polynomial Q,(x) of degree < n such that
L(Qn) > 0 throughout [—1,0], (66)
and .
— k=p () =
max () - Qu()] < G Pan (5,2, )

where C is independent of n or f.

Proof. Let x € [—1,1], we observe that

/1 kit — x)gU) (£)dt — /1 kit — x)q,@(t)dt‘ -

X

[ kit (500 - )| <

1 , .
[ k(=g (1) — g (1) ar < (68)
' b (o) L
</x kj(t — x)dt) Ryn/ Py (g P 'n) =
1—x . 1 2 ) 1
(/0 kj(z)dz) Ryn!/ Py <g(”), n) < (/0 k]-(z)dz) Rpn/ =Py <g(”), n>'

That is, we have derived

max ‘(kaT/;g) (x) — (kai‘j,Qn) (x)’ <

—1<x<1
2 .
0
We call )
Vo= [Tk@dz =1 (70)
Therefore, we can write
k: o k: o - ].
max |(907g) ) = (VD7) )] < ARl e (50, 2), o
forj=1,...,p.
Inequality (71) is valid when j = 0 by (6), so we can set Ay = 1.

Put
, J=h...k (72)

— -1
sj= sup ‘txh (x)aj(x)
—1<x<1
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and )
1 ,
fn == Rpw; (f(p), n) (Z sj/\jn]_p> : (73)
j=h

L. Suppose, throughout [—1,0], a;(x) > a > 0. Let Qu(x), x € [—1,1], be a real
polynomial of degree < 7 so that

o B o (71)
-, [908 (60 ) ) = (97 Q) )] <
AR P 01 74
] P 1 f /n 7 ( )
j=01,...,p.
In particular (j = 0) holds
B (74) - 1
max [ (7)) ) - Qo] < R (47 1), 0
and, as earlier,
k
_ -1 A | nkp » 1
_{ré?élv(x) Qu(x)] < Ry (1 + (h!) ];5])\]> n- rwi <f ’ n)/ (76)
proving (67).

Here,
k ki <&
L=Y a(x) [ JDH,
j=h
and suppose, throughout [-1,0], Lf > 0. So over —1 < x < 0, we get

6 (OL(Qn(0)) = a5 (VL)) + T BoDf o

k
Y o (1) () [D7 Qu(x) = BIDYf(x) = T Dy x| > (77)
j=h '

k
_ 1
RIS (Z}%S;‘)\j"’ ”) Rpws (f(”), n) D — gy =
]:

(if h =0, thenay, = 0,and ¢ = 0).
If h # 0, then

¢= Un(thg!hXh —1> = 1711((—1)’1/x1 kh(t—x)dt—l) =
T (/xlkh(t—x)dt—1> Iﬂn</olxkh(z)dz —1> >

1
n </0 ky(z)dz — 1) >0, (78)

by the assumption (11): fol ky(z)dz > 1, whenh # 0.
Hence, in both cases, we get

(h is even)

L(Qu(x)) >0, x € [~1,0]. (79)
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II. Suppose, throughout [—1,0], a(x) < B < 0. Let Qu(x), x € [—1,1], be a real
polynomial of degree < n so that

s _ - 71
-, [IPE (£ =) = (07 Q) ()] <
ARy Pan ( o), i) (80)
j=01,...,p.
In particular (j = 0) holds
_ (80) _ 1
(£ -0 7) —@ut| S R (£, e

and, as earlier,

<R.[1+ (L - A | nkp () 1 82
max [£() = Qu()] < Ry (1 (1) Losyhy ) Pon (70, 1), 62

—1<x<1 j=h

proving (67).
Again, suppose, throughout [—1,0], Lf > 0. Also if —1 < x < 0, then

i (FL(Qu(x)) = o (¥)L(f(x)) = T DR 2+
Zoc [JD T Qu(x) — iji‘f_f(x)+%iji‘j_xh < (83)

1
_% thth X" (25]/\ /- p>Rpw1 <f(P),n> :_% thth A 7

th-ichxh
:’7”<1_ 7 )Z‘P

(if h =0, thenay, = 0,and p = 0).
If h # 0, then

P =1n (1 - /xl ki (t — x)dt> =1ln (1 - /OH kh(Z)dZ> < (84)
r]n< / kh(z)dz> <0

Hence, in both cases, we get,again

L(Qu(x)) >0, ¥ x € [~1,0]. (85)
m

Conclusion 1. Clearly Theorem 5 generalizes Theorem 1, and Theorem 6 generalizes Theorem 2.2,
p. 12 of [4]. Furthermore, there, the approximating polynomial Q,, depends on f, 4y, h; which 1,
depends on n, Rp,n,k,s;j, Aj; which A; depends on k;. Le. polynomial Q, among others depends on
the type of fractional calculus we use.
Consequently, Theorem 5 is valid for the following left fractional linear differential operators:
(1)

k
Ll = Z oaj(x) [CD(’)Y,aj,w,—l-‘r}’ (86)
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where p > 0,y < 0, and w > 0 large enough (from Prabhakar fractional calculus, see (16));
2)

k .
Lr:= Y aj(x) {fol*}, (87)
j=h
(see (35)) where v > 0,j=1,...,m A = 1; and small enough wj < 0,j=1,...,m (from

generalized non-singular fractional calculus);
and (3)

k .
Ls:= ) o5(x) [S7DY, |, (39)
j=h
with w < 0, sufficiently small (from parametrized Caputo-Fabrizio non-singular kernel frac-

tional calculus).
Similarly, Theorem 6 is valid for the following right fractional linear differential operators:

()"
* £ CrY
Li ==Y (x)[°D Mj,wrl_], (89)
j=h
where p > 0,y < 0, and w > 0 large enough (from Prabhakar fractional calculus, see (17));
(2)*
k o
Ly =) w;(x) [DY ], (90)
j=h

(see (36)) where 7 >0j=1....mA=1 and small enough w; <0,j=1,...,m (from
generalized non-singular fractional calculus);
and (3)*

k .
L= Y aj(x) [ani‘f_ } (91)
j=h

with w < 0, sufficiently small (from parametrized Caputo-Fabrizio non-singular kernel frac-
tional calculus).

Our developed abstract fractional monotone approximation theory with its applications in-
volves weaker conditions than the one with ordinary derivatives ([2]) and can cover many diverse
general cases in a multitude of complex settings and environments.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Shisha, O. Monotone approximation. Pac. |. Math. 1965, 15, 667-671. [CrossRef]

2. Anastassiou, G.A.; Shisha, O. Monotone approximation with linear differential operators. J. Approx. Theory1985, 44, 391-393.
[CrossRef]

3. Anastassiou, G.A. Bivariate Monotone Approximation. Proc. Am. Math. Soc. 1991, 112, 959-964. [CrossRef]

4. Anastassiou, G.A. Frontiers in Approximation Theory; World Scientific Publ. Corp.: Hackensack, NJ, USA; Singapore, 2015.

5. Diethelm, K. The Analysis of Fractional Differential Equations, 1st ed.; Lecture Notes in Mathematics; Springer: New York, NY, USA;
Heidelberg, Germany, 2010; Volume 2004.

6.  Teljakovskii, S.A. Two theorems on the approximation of functions by algebraic polynomials. Mat. Sb. 1966, 70, 252-265. (In
Russian); Am. Math. Soc. Trans. 1968, 77, 163-178. (In English)

7. Trigub, RM. Approximation of functions by polynomials with integer coefficients. Izv. Akad. Nauk SSSR Ser. Mat. 1962, 26,
261-280. (In Russian)

8. Anastassiou, G.A. Foundations of Generalized Prabhakar-Hilfer fractional Calculus with Applications. 2021, submitted.

9.  Polito, F; Tomovski, Z. Some properties of Prabhakar-type fractional calculus operators. Fract. Differ. 2016, 1, 73-94. [CrossRef]


http://doi.org/10.2140/pjm.1965.15.667
http://dx.doi.org/10.1016/0021-9045(85)90089-9
http://dx.doi.org/10.1090/S0002-9939-1991-1069682-2
http://dx.doi.org/10.7153/fdc-06-05

Fractal Fract. 2021, 5, 158 16 of 16

10.

11.

12.

13.

14.

15.
16.

Gorenflo, R; Kilbas, A.; Mainardi, F.; Rogosin, S. Mittag-Leffler Functions, Related Topics and Applications; Springer: Heidelberg,
Germany; New York, NY, USA, 2014.

Giusti, A.; Colombaro, I.; Garra, R.; Garrappa, R.; Polito, E; Popolizio, M.; Mainardi, F. A practical Guide to Prabhakar Fractional
Calculus. Fract. Calc. Appl. Anal. 2020, 23, 9-54. [CrossRef]

Saxena, RK.; Kalla, S.L.; Saxena, R. Multivariate analogue of generalized Mittag-Leffler function. Integral Transform Special Funct.
2011, 22, 533-548. [CrossRef]

Srivastava, H.M.; Daoust, M.C. A note on the convergence of Kompe’ de Feriet’s double hypergeometric series. Math. Nachr.
1972, 53, 151-159. [CrossRef]

Atangana, A.; Baleanu, D. New fractional derivatives with nonlocal and non-singular kernel: Theory and application to heat
transfer model. Therm. Sci. 2016, 20, 763-769. [CrossRef]

Anastassiou, G.A. Multiparameter Fractional Differentiation with non singular kernel. 2021, submitted.

Losada, J.; Nieto, J.J. Properties of a New Fractional Derivative without Singular Kernel. Progr. Fract. Differ. Appl. 2015, 1, 87-92.


http://dx.doi.org/10.1515/fca-2020-0002
http://dx.doi.org/10.1080/10652469.2010.533474
http://dx.doi.org/10.1002/mana.19720530114
http://dx.doi.org/10.2298/TSCI160111018A

	Introduction
	Fractional Calculi
	Abstract Fractional Calculus
	About Prabhakar Fractional Calculus
	From Generalized Non-Singular Fractional Calculus

	Main Results
	References

