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Abstract: We look at estimates for the Green’s function of time-fractional evolution equations of
the form Dy, .u = Lu, where Dy, is a Caputo-type time-fractional derivative, depending on a
Lévy kernel v with variable coefficients, which is comparable to y~'=f for g € (0,1), and L is an
operator acting on the spatial variable. First, we obtain global two-sided estimates for the Green’s
function of Dg u = Lu in the case that L is a second order elliptic operator in divergence form.
Secondly, we obtain global upper bounds for the Green’s function of Dg u="Y(—iV)u where ¥ is a
pseudo-differential operator with constant coefficients that is homogeneous of order «. Thirdly, we
obtain local two-sided estimates for the Green’s function of Dg u = Lu where L is a more general
non-degenerate second order elliptic operator. Finally we look at the case of stable-like operator,
extending the second result from a constant coefficient to variable coefficients. In each case, we also
estimate the spatial derivatives of the Green’s functions. To obtain these bounds we use a particular
form of the Mittag-Leffler functions, which allow us to use directly known estimates for the Green’s
functions associated with L and ¥, as well as estimates for stable densities. These estimates then
allow us to estimate the solutions to a wide class of problems of the form D(()V’t)u = Lu, where D("/!)
is a Caputo-type operator with variable coefficients.

Keywords: Caputo derivative; Green’s function; Aronson estimates; two-sided estimates;
fractional evolution
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1. Introduction

The area of fractional evolution equations has become hugely popular in recent decades, due to
its ability to better model real-world phenomena compared to their non-fractional counterpart which
usually model local behaviour. The nature of fractional in-time operators (respectively in space) allow
us to model, for example, processes that exhibit some kind of memory (resp. non-local interactions).
The processes associated with time-fractional evolution models (in the case of a local spatial operator,
they are time-changed diffusion processes), possess some remarkable properties. For some motivation,
let us focus for the moment on the particular case of

Dfu = Au,

where Df is the Captuo fractional derivative in time, B € (0,1) and A is the Laplacian operator (a
second order uniformly elliptic operator). This time-fractional diffusion equation is widely used
to model anomalous diffusions which exhibit subdiffusive behaviour, which is due to the diffusive
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particles being trapped. Such fractional time diffusion equations also arise as a scaling limit of random
conductance models (random walks in random environments). This point of view is particularly
interesting, since the limiting process is a non-Markovian process which arises as the scaling limit of
Markovian process, see [1-3] and references therein for a probabilistic account of models related to
fractional calculus. Recently in [4], the authors discussed how a fractional kinetic process (with f = %)
emerges as the intermediate time behaviour of perturbed cellular flows. For an extensive account of
physical applications see [5], [6] or [7]. For early applications of continuous time random walks and
fractional calulus arising in finance, see the series of articles [8-10].

Recently much attention has been given to the Green’s function of fractional differential equations.
In [11], the authors obtain two-sided estimates for the Green’s functions of fractional evolution
equations, under the assumption that the Green’s function of the spatial operator satisfies global (in
time) two-sided estimates.

In [12], the authors explore the general structure of two-sided estimates for the transition
probabilities associated with local or non-local Dirichlet forms. They show that the bounds for
transition probabilities associated with local Dirichlet forms will always be of exponential type, and
for those associated with non-local Dirichlet forms the bounds will be of polynomial type. Even
more recently in [13] they give some exact asymptotic formulas for the Green’s function of fractional
evolution equations. The authors in [14] study error estimates for continuous time random walk
(CTRW) approximation of classical fractional evolution equations, for which the heat kernel estimates
for DPu = Au and DPu = ¢(—iV)u, where p(—iV) generates a symmetric stable process, are obtained
as a by-product.

In [15] the authors use the parametrix method (or Levi method) to study the equation DPu(t, x) —
Bu(t,x) = f(t,x), where the operator B is a uniformly elliptic second order differential operator
(which we look at in Theorem 3) with bounded continous real-valued coefficients. This is done by
looking first at the constant coefficient case then using these estimates to study the variable coefficient
case. In the articles [16,17], the authors study the long-time behaviour of the Cesaro mean of the heat
kernel of subordinated processes and for this they use a version of a Karamata-Tauberian theorem.
The long-time behaviour of solutions to space-time fractional diffusion equations are also considered
in [18]. In the articles [18-20], the authors consider the space-time fractional diffusion equation, which
involves a Caputo fractional derivative in time and a fractional Laplacian as the spatial operator.
This falls under the case of our Theorem 2, where we consider as the spatial operator a (non-isotropic)
pseudo-differential operator with symbol

Yo (@) = —IEI"w(E/1E]), TeR%, ae(0,2), we S,

see (11). Since this case involves constant coefficients, we could have used the machinery of the Fox H
function like they do in [19,20] (among many others that use them) or Laplace transform arguments.
However these approaches would not work for our other results, since the operators involved have
variable coefficients.

Diffusion processes in random environments are also closely related objects, and in fact there are
many works looking at estimates for the heat kernels of such processes; for example in [21], the authors
obtain sub-gaussian bounds for the transition kernel of a random walk in a random environment.

This article is structured as follows: in Section 2 we begin by recalling definitions that will be
used throughout the article. The topic of generalised fractional calculus is briefly covered, which
is motived by a probabilistic generalisation of Caputo fractional derivatives. We also recall some
important estimates, namely the Aronson estimates for the fundamental solutions of second order
parabolic equations and asymptotic estimates for stable densities. In Section 3 (resp. Section 4) we
obtain global estimates (resp. local estimates) for the Green’s function of fractional evolution equations
of the form

{ Dfu(t,x) = Lu(t,x), in(0,00) x R?
_ . d )
u(t,x) = Y(x), in {0} x R?,
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where L is some differential operator acting on the spatial variable x. In the final section we discuss
solutions to generalised evolution equations of the form

—DWAy(t,x) = Lu(t, x),

where D("1), acting on the time variable, is the generator of an increasing process, which is comparable
to a B-stable subordinator, and L is a generator of a strongly continuous contraction semigroup.
We then conclude by summarising the main results and commenting on some applications.

We summarise briefly some of the results obtained for various spatial operators.

e  Theorem 1: When the spatial operator is given by a second order uniformly elliptic operator in
divergence form,
Lu=V-(A(x)Vu),

we obtain the following two-sided estimates for the Green’s function G®#) (t,x,y) of (1). Ford > 3
and B € (0,1) we find:

_d(1-p 1
GP)(t,x,y) =< Cmin (tdzﬁng,tdZﬁQ 1(55) exp{—Cﬁ()21 }> , )

for (t,x,y) € (0,00) x RY x R? where Q) := |x — y|>t~P.
o  Theorem 2: When the spatial operator is a non-isotropic pseudo-differential operator ¥, with
homogeneous symbol of the form (cf. Equation (10))

Yo () = |E1"wu(E/1E]), EeR?, a€(0,2), wy € CK(STT),

we obtain two-sided estimates for the Green'’s function Gl(/ﬁ ) of (1). Ford > a > 0and B € (0,1):
q d
Gy (t,x — y) < Cmin (t_fﬂl‘iff‘fﬂ_l_g> 3)

for (t,x —y) € (0,00) x R, where Q) := |x — y|*t~P.

It is well known that the Green'’s functions of the above operators L and ¥ satisfy two-sided estimates
for all (¢,x,y) € (0,00) X R x R?, see [22] or [23] for the first case, [24] or [25] for the second. Note
that in the case of a lower bound for the Green’s function of ¥,, one also needs to assume that its
spectral density y is strictly positive, and restrict a € (0,2).

In Section 4 we consider more general spatial operators, whose Green'’s functions satisfy only
local (in time) estimates. We obtain local estimates for the Green’s function of (1) in the following cases:

o  Theorem 3: A general second order elliptic operator L with variable coefficients of the form

d d
Lu=)" a;(x)0x,0x;u + Y bi(x)0x;u + c(x)u.
ij=1 i=1

Unsurprisingly we find that the estimates are the same as (2) but only for (t,x,y) € (0, T) x R? x
R? for some fixed T > 0.

e Theorem 6: A non-isotropic pseudo-differential operator ¢, , with variable coefficients, with
homogeneous symbol of the form

Pax(x,8) = |§|“wy(x,§/|§|),

where wy, is for each fixed x a continuous function on the surface of the sphere S¢~1. Note again
that the spectral density associated with ¢, (for fixed x) must be strictly positive, in order to use
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two-sided estimates for the Green’s function Gy, x. Again we obtain the same estimates as (3) but
for (t,x,y) € (0, T) x R x R¥ for some fixed T > 0.

For each of the four cases above, we also obtain estimates for the spatial derivatives of the Green’s
functions of the fractional evolution equations.

Finally, in the last section we turn our attention to generalised fractional evolutions. This is when
one replaces the standard fractional time derivative with a weighted mixture of fractional derivatives,

DY) =~ [ (fle=s) = fe)wltas) - [ (7(0) ~ Ft)wit,ds).

t

The main result is that the solution to such generalised fractional evolutions can be estimated (by
means of our Green’s function estimates) by the solutions to classical fractional evolution equations.

2. Preliminaries

2.1. Estimates and Stable Processes

Throughout the article, we will use the notation f(x) =< g(x) in D, which means that there exists
constants C,c > 0 such that f satisfies the following two-sided estimate,

cg(x) < f(x) < Cglx), VxeD,
for some region D. The notation f(x) ~ g(x) for x — oo means that

f(x)

——~ —1, asx — oo.
g(x)

Then for each M > 0 there exists a constant C > 0 such that
cg(x) < f(x) < Cg(x), x € (M,o0).

Similarly, the notation f(x) ~ g(x) for x — 0 means
— =1, asx—0.

Then for each m > 0 there exists a ¢ > 0 such that

cg(x) < f(x) <cg(x), x € (0,m).

If both f and g on R are positive, bounded and satisfy f(x) ~ g(x) for x — oo (resp. x — 0),
then f(x) < g(x) in (M, c0) for any M > 0 (resp. in (0, m) for any m < oo). See the excellent De Bruijn
book [26] for more details on asymptotic analysis.

The fundamental solutions Z(t, x;7,i) of the Cauchy problem for the uniformly
parabolic equations

oru — {a;j(t, x)0x,0x;u + bi(t, x)9xu + c(t, x)ut =0, u(0,x) =6(x—¢)

with bounded and uniformly Hoélder continuous coefficients in x defined on (0, T] x R? are known, [27],
to satisfy the two-sided estimate

Z(t,x;7,8) =< (t— T)*d/z exp {—c(x_(:)z} .

t—t1
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We will assume that the coefficients do not depend on time, so that the fundamental solution is
just a function of ¢, x and y. On the other hand, Aronson [22] obtained global two-sided estimates for
the fundamental solution G(t, x,y) of the divergence equation

Oru = Oy, (ajj(x)0x;u). 4)
Assume that the coefficients satisfy the uniform ellipticity condition: there exists y > 1 such that
“He? < ay(x)§ig < plgl?,  forall§ € RY ©)

i < a;j(x)gi¢; < ul¢|5, fora .

Further assuming that the coefficients in (5) are continuous, then there exists constants Cq, C2, c1
and ¢, such that for (t,x,y) € (0,00) x RY x R?,

_yl2 _ 12
et~ 2 exp {—c2|xty|} < G(t,x,y) < Cit ™2 exp {—C2|xty|} . (6)

For a discussion on divergence and non-divergence equations, see for example [28].

Note that throughout C, C, ¢ or & denotes some constants. If we wish to stress what they depend
on, say a, B or T, we write Cy g 1 for example.

Let us recall some basic facts about stable densities; our standard references for these are [29,30].
The characteristic function of the general (up to a shift) one-dimensional stable law with index of
stability g € (0,2) (but B # 1) is given by

9p(y) = exp{—olylfe'3T8" 7}, yeR,
where the parameter v € [—1,1] measures the skewness of the distribution and ¢ > 0 is the scale

parameter. The probability density corresponding to the characteristic function ¢g, which we denote
by wg(x;7,0), is given by the following Fourier transform:

wp(x7,) = 5 [ exp{—ixy —clylPelE18 7} dy.

We will be using totally positively skewed (v = 1) normalised (o = 1) stable densities, which we
denote by wg(x) and they are given by

1 *© .
wp(x) = - [ exp{—ixy ~ [y} dy,

where R(z) is the real part of z € C. We will be using the asymptotic behaviour (as x — 0 and x — )
of the stable densities wg(x), so we state them now, [31] (Theorem 5.4.1).

Proposition 1. The stable densities wg(x) have the following asymptotic behaviour
x~ 176, as x — oo,

~ C 718
wﬁ(x) “p { fﬁ(x) = x_2<21*/3> exp {—cﬁx_lﬁﬂ } , asx—0, @)

where cg = (1 — /3)‘3%.
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A key point to note from the above asymptotic behaviour, is that since wg is bounded and strictly
positive for x > 0, this gives us a two-sided estimate for wg(x) for all x € (0,0). More precisely for
B € (0,1/2) we have

__2-B_ __B
wg(x) =< cgmin <x1/5,x 21-P) exp {—cﬁx 1-p }) , (8)
and for B € [1/2,1)
x~1-8, for x € (1,00),
w,s(X) =g x‘2(21_:ﬁﬁ) exp {_cﬁxlfﬁ } , forx e (0,1).

For a € (0,2), the general symmetric stable density in R? (up to a shift) has the form

outp) = exp {~Ipl* [, 1Gp/1pl,5) 1 utes) | ©

where the (finite) measure y on S%-1 s called the spectral measure, [32]. Let w be a function on §i-1
given by

wu(p) = [, 1(p.)*u(ds), 10)
so that
Yu(p) ==logdu(p) = —|p[*wu(p/Ipl), peR™ (11)

Note that ¢, is the symbol of a pseudo-differntial operator ¥, (—iV) which we will study later.
When y is the uniform measure on S~! we have w(p) = 1, and the operator ¥, (—iV) is just the
fractional Laplacian (—A)* with symbol ¢, (&) = —||*.

2.2. Fractional Derivatives and Their Extensions

Fractional derivatives ata € R of order B € (0,1) can be viewed probabilistically as the generators
of a B-stable process, interrupted on an attempt to cross a boundary point a. This interpretation was
extensively explored and extended in [33], and we recall some of the details here. For a broader
background in classical fractional calculus, see any text on fractional calculus [34-37], for example.

The fractional Riemann-Liouville (RL) integral of order g € (0,1) is given by

Px) = —— /x(x “HF ()AL, x> a,

and the Caputo fractional derivative of order g € (0,1) is given by

O S (e I 15 PO 1 B ()
D= meg kR e P

The fractional derivative in generator from, is written as

B © flx—z) — f(x)
DY f(x TP dz,
which equals the Caputo derivative for 4 = —co. A possible extension for these fractional derivative

operators which is widely used in the literature, are various mixtures of these derivatives, for example

N ey Py
Z "dxPi /dx/g‘u
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In this article we will look at weighted mixed fractional derivatives, given by
DYf() == [T (e =) = F0)ult, as),
with some positive kernel v(¢,-) on {s : t > 0} satisfying the one-sided Lévy-condition
sup /0 “ min(1,s)v(t, ds) < oo.

The — sign in the definition of Dg) is to comply with the standard notation for fractional

derivatives, so that Di = DS_V) withv(t,y) = =1/ [[(—B)y'F].
Notice that the Caputo derivative Df _ is obtained from Df_ by the restriction of its action on the
space C!([a,)) considered as the subpsace of C(R) by extending their values as constants to the left

)

of a. Then looking for a generalised Captuo derivative arising from D(: we define
t—a 00
DY) = = [ (Ft =) = fs)ult ds) = [ (Fla) = F(s))(t,ds).

These extensions were initially suggested by the second author in [33], on the basis of the following
probabilistic interpretation. It is well known that the fractional derivatives —df /dxf for g € (0,1)
generate of stable Lévy subordinators with the inverted direction (i.e., decreasing processes). Then the
Caputo derivatives Df » describe the modifications of the stable subordinators obtained by forbidding
them to cross the boundary x = a for some a2 € R. Applying this modification to the generalised
operators Dg) one obtains D[(:Q* which are then the generators of a Markov process interrupted on an
attempt to cross the boundary point a.

The corresponding generalised fractional integrals arising from the generalised fractional
derivative DS_V) can be defined in a few different ways depending on which point of view one chooses:
probability, semigroup theory or generalised functions/YDE theory. The objects end up being the
same, but we will stick to the semigroup theory prespective in this article, see the upcoming review [38]
for a full account. In terms of operator semigroups, the operator [ p « 18 the potential operator of the

semigroup generated by fDi. In other words, it is the limit of the resolvent operator
Ry = (A—DE)71,

as A — 0. Then since I is the reduction of I? « to the space Cyjjj(4)([a, 0)) of functions vanishing to
the left of a for any a € R, we define the generalised fractional integral 1] as the potential operator of the
semigroup generated by —D(:) reduced to the space Cyjyy(4)([a, 0)). For a background on potential
operators and measures, see [39] or [40] (or from a probabilistic point of view, [41]).

Let us denote by (T})¢>o the semigroup generated by the operator —DS_”). Then for f €

Criti(a) ([2,20)) N Co(R), the potential operator U™ of the semigroup T! is given by

s = [ B fdr

0

= /ODO /Ooof(t — )Gy (r,t,ds)dr
— [ - (/Om G (1,1, ds)> dr

0



Fractal Fract. 2019, 3, 36 8 of 38

where G(,(r,t,ds) are the transition probabilities of the process generated by D(j). The potential

measure is defined as the integral kernel of the potential operator, and by an abuse of notation, we

denote this measure by U")(t,ds). Thus the generalised fractional integral I,EV) is given by

Wp = [ fe-out s,

where the potential measure U(") (t,ds) is equal to the vague limit

o)

u®(t, M) = /O Gy (1, t, M)dr,

of the measures fOK G (r,t,-)dr, K — oo (see [39] (p. 63)). Furthermore the A-potential measure is
defined by

ul (e, M) = / ” e MGy (r,t, M)dr,

0

so thatif A > 0 and g € Cyjyy(s)([a,0)) N Cwo(R), the convolution (LI)(LV) * g)(t), which is given by

t—a oo
W et = [ gt=9) [T G0t as)ar, 2

is the resolving operator of the semigroup generated by —D(I). That is, f(x) = (U&V) * g)(x) is the
classic solution to the equation

DY f=DY.f=-Af+g.
This also holds for A = 0, and so the potential operator with kernel U")(t,dy),
(U xg)(x) = 13 g(x),
represents the classical solution to the equation
DiLf =g
on Cjy(a) ([a, b]).

Example 1. For the case v(t,dy) = —1/[T(—B)y'TF]dy, (12) says that

ft) = /Ot_ﬂg(t —5) /Ooo e*)‘rG/g(r,s)dsdr,

where Gg(r,s) are the transition densities of a B-stable subordinator, is the solution to the linear fractional
equation

DPf(x) = —Af(x) +8(x), f(a)=fa

On the other hand, it is well known that the solution to such linear fractional equations are given by

£(x) = Egl=A(x = )P)fo B [ 8(2)(x = 2P TEp(~Ax —2)P)dz

= Ep(-Ax—a))fa+ B [ glx— )P Ep(—AsP)y,
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where Eg(z) is the Mittag-Leffler function

o] Zk

Esz)=Y ——, zeC. (13)
p(2) kgor(kﬁﬂ)
Thus we have o

ub(t) :/0 eV Gy(r, t)dr = Bt 1Eg(—AtF),

which is equivalent to the Zolotarev-Pollard formula for the Mittag-Leffler function in terms of the transition
densities of stable subordinators, which is of great importance to this article,

Eg(s) = [13/0 esxxflfl/ﬁGﬂ(l,xfl/ﬁ) dx. (14)

For the rest of this article we will take a = 0 and write Dg = Dg L and Dév) = D((;Q* to simplify

formulas, but keep in mind that the boundary point 0 can be replaced with a € R by a shift in the
time coordinate.
As noted in [42], we can extrapolate from the case

Diu(t) = —Au(t), AR, u(0)=up,
to the Banach-valued version
Dfu(t,x) = Lu(t,x), u(0,x) = Y(x),

where L is some operator generating a Feller semigroup. One can expect that the solution to this
equation can be written in terms of an operator-valued Mittag-Leffler function,

u(t,x) = Eg (Ltﬁ) Y(x), (15)

where Eg(s) are Mittag-Leffler functions defined by (13). However, this series representation does not
allow one to define E ﬁ(L) for an unbounded operator L. In both [43] and [42] the authors find that
the most convenient way to overcome this difficulty is to use the formula (14) for the Mittag-Leffler
function. This connection between Mittag-Leffler functions, Laplace transforms and stable densities is
due to Zolotarev, [29,44,45]—although preliminary versions of this formula were also noted almost
a decade earlier by Pollard, [46]. Thus formula (14) could be called the Pollard-Zolotarev formula.
Notice that if an operator L generates a Feller semigroup with transition densities G(t, x,y), then

2y () = [ Gtz )Y (v) dy.
With the help of Fubini’s theorem, the solution (15) can be written as
u(t,x) = Eﬁ(tﬁL)Y(x)

= :‘3/0 eLtﬁZY(x)zflf%wﬁ(zf%) dy

B /Rd <113 /0°° G(#z, xfy)z_l‘%w/s(z‘%) dZ> Y(y) dy

. (B)
[, 6Bt % y)Y () av.
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Thus the main aim of this article is to obtain estimates for the Green'’s function given by,

1

Géﬁ)(t/ x,y) =: ;/000 G (tPz, x,y)zf1 ﬁwﬁ(z%) dz, (16)

where Gy (z, x,y) is the Green’s function associated with the spatial operator L, i.e., the fundamental
solution of
ot = Lu.

3. Global Estimates

We first look at global in time two-sided estimates for Géﬁ )in two special cases. Notice in (16) that
the integral over the time variable z ranges from 0 to co, and so in order to perform any estimates on
the term G (z, x,y) one can only use estimates that hold for all z € (0, 0). We begin with two such
cases, when one has global in time estimates for G;. Namely, when L is a second order uniformly
elliptic operator in divergence form or when L is a homogeneous pseudo-differential operator (with
constant coefficients).

3.1. Time-Fractional Diffusion Equation: Divergence Structure
In this section we consider the time-fractional diffusion equation given by

Dgu(t,x) = Lu(t,x) := V- (A(x)Vu(t,x)), u(0,x)=Y(x), (17)

where Dg is the Caputo fractional derivative acting on the time variable, and the spatial operator is a
second order elliptic operator in divergence form. For the conditions on the diffusion coefficient A
such that L generates a Feller semigroup, see [23]. Recall that the solution of (17) is given by

u(t,x) = Eﬁ(Ltﬁ)Y(x),

and the associated Greens function is given by
(8) L 1% (2 F
GW(t,x,y) = B/O G(tPz,x,y)z ~ Pwg(z F)dz, (18)

where G(t, x,v) is the Greens function associated with the second order elliptic operator in divergence
form, (4). We have the following two-sided estimates for the Green’s function G#), which are global in
time. In the following, we use the notation Q := |x — y|?*t~F.

Theorem 1. Assume that the function A(x) is measurable, symmetric and satisfies (5) for some p > 1. Then
there exists a constant C such that for (t,x,y) € (0,00) x R? x R, the Green’s function GP)(t, x,y) for the
time-fractional diffusion Equation (17) satisfies the following two-sided estimates,

° For) <1,

>y

7 d:l,
(|logQ+1), d=2, (19)
'3017%,

L™ N

-
G(ﬁ)(t,x,y) =C<{ t~
-

™}

° ForQ)>1,
( _dp J(ﬂ) 1
GP(tx,y) =< Ct 2Q 228 exp —CpQZF ¢ (20)
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Proof. Let us begin by using the estimate (7) for the stable density in (18),

GB) (¢ x,y) = ;/w G(thz,%,y)z " Fuwg(z F) dz

1 1

Acﬁ/ (tPz,x,v) dz+c5/ (tPz,x,y)z~ 7Efﬁ(zfﬁ)dz,

__2-p _ P
where fg(x) = x 209 exp{—cgx T }. Next we apply Aronsons estimates (6) to G(t’z, x,y),

1 © 4 _q_1 1
G® (1, x,y) = Ct~ % / z S exp{—Qz 1} dz + cr?/ 2 T exp{—0z 1} fy(z F) dz,
0 1
where Q) := |x — y|?t~P. Making a change of variables z = w™! so that dz = —w2dw,
#) -F [T i
GW(t,x,y) <Ct 2 / w2 “exp{—Quw} dw
-5 —1+1 1
e / w2 exp{—Ow} fy(wh) dw 1)
=1 + L.

We now estimate I and I, in two different cases, depending on the behaviour of ().
Case 1: () < 1. Making a further substitution of V = Quw in the integral I; gives us the simpler
form of
B d % _d
L =cttal-t / Vi-2exp{—V}dV.
Q

Now if d = 1, then we have the asymptotic behaviour

= Ct‘g, as () — 0,

Nl—=

L=t503 /: V3exp{-V1dV ~t 200"
and in particular for () < 1 there exists a constant C > 0 such that
L = Ct*g.
If d = 2, then we see logarithmic behaviour,
I =Ct P /: V- lexp{—V} CAV ~ tF(|logQ| +1), Q =0, 22)
and in particular for () < 1 there exists a constant C > 0 such that
I < Ct P (|log Q] +1).

If d > 3, then the integral is the so-called upper incomplete gamma function, and has the
asymptotic behaviour

d, o d,
11:Ct’7ﬁ01’%/ vilexp{—V}dVNCtfnli’r<g—1>, as Q — 0,
[@)

and in particular for () < 1 there exists a constant C > 0 such that the two-sided estimate

dp
L =Ci7Ql?,
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holds. Thus we have the following two-sided estimate for I,

5, d=1,
L <CS t7B(JlogQ| +1), d=2,
O, d>3

Turning to the integral I,

_ag (b _d_ g1 1
I, =Ct 2/ w 2 P exp{—Qu}fg(wf) dw
0
_dp b g 1 _1
—cr? / w 2R exp{—Ow — cpw A} dw 23)
0
d,
= Cd,ﬁti%;,
due to the fast decay of fg in a neighbourhood of 0. Thus combining the estimates for I; and I
gives (19).

Case 2: () > 1. In this case we use the Laplace method as described in Appendix A. Firstly for I,
using g(w) = wi 1, h(w) = wand b = 1in (A1) we have

_dp [ 4 _4 _4 4
L =Ct 2 / w2 exp{—Quw} dw ~t"2Q  exp{—Q},
1
and in particular the estimate
_dp
L <xCt 270 "exp{—Q}, Q>1.
For the second integral, we use Proposition A1 with N = % -1- 2(%5) and a = ﬁ,
1
B

L=Ctz /w 2 l+ﬁexp{ Quw} fg(w

~cr 20 H(5F) exp{—cary,

) dw

and again in particular, the two-sided estimate

B
L=<Ct 70

NI

(: ﬁ>exp{ Cﬂiﬁ}

Combinging the estimates for I; and I, shows (20), and we are done.
O

If one additionally assumes that the diffusion coefficients A(x) of (4) are twice continuously
differentiable, the following estimates hold for the spatial derivatives of the fundamental solution
of (4),

d _dil lx —y|?
— < "
‘axG(t, x,y)‘ <Ct 2 exp{ C n p (24)
for (t,x,y) € (0,00) x R x R?. We next have estimates for the spatial deriviatve of G#) (¢, x,v).

Proposition 2. Under the same assumptions as Theorem 1, assume additionally that A(x) is twice continuously
differentiable, then the following estimates for the spatial derivatives of the Green’s function G\ (t, x,y) holds
forall (t,x,y) € (0,00) x R? x RY,
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° For) <1,
) t=P(JlogQ|+1), d=1,
—GWP)(¢ <C
‘ax ( ,x,y)‘ < { P s
° ForQ)>1,

] _(@+np @) (1-p 1
’axG(ﬁ)(t,x,y)‘ga 20 2 <25)exp{—C5Q Zﬂ}.

Proof. Recall that

1

GB(t,x,y) = ;/O G(tﬁz,x,y)z‘l—%wﬁ(z_ﬁ) dz,

where G satisfies the global estimate (24). Using the triangle inequality after taking the derivative
inside the integral,

J1
%8 Jo
SC/oo iG(tﬁz,x,y)
0 |0x
(d+1
Ct™

d

B[ _(d+1) —1-1

z / P exp{—Qz 1}z ! Puwg(z
0

’aG(ﬁ)(t,x,y)‘ = G(tﬁz,x,y)zflféw/g(z

dJx

B) dz.

—1-1 1
z  Pwg(z P)dz

<

(d+1)p

_ 1 @+ 1
<Cpt 2 / z7 7 exp{—-Qz "} dz (25)
0
(d+1) ®© 11
+1[5/ 4 exp{—Qz 1}z ! Pfp(z

- / w T 2 exp{—Quw} dw

Igl’i %) dz

_(@+1p a4l g1 _1
+Cpt™ 7 / w 2 2P exp{ —Qw — cgw 7P} dw
0
=h+ 1D,

where in the above calculations, after using the estimates (24) and (7), we made the substitution
z = w~!. Note that the integrals I; and I, differ from those appearing in (21) only by replacing d
with d 4- 1. Thus the only change in the calculations is where the dimension dictates the behaviour
of the estimate, namely in the integral I; under the regime () < 1. In this case, make the substitution
wQ) =1V,

(d+1) o0
L =cr a4 / V2 exp{—V} dV.
Q
For d = 1, we are in the same situation as (22), thus
I ~Ct F(|logQ| +1), Q—0,

and in particular
I <CtP(|logQ| +1), forQ<1.

Otherwise for d > 2 we have
L <ct ol (dzl - 1) cit a4

For the integral I, replacing d with d + 1 in (23) does not spoil the estimate, thus

(d+1)B
L <Cyp

, forQ<1.
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This shows p
] t7P(|logQ|+1), d=1,
2B (¢ <C
‘ax ( /x/y)’ = { t_(d‘*'zl)ﬁ Ql—d%l/ d Z 2.

for () <1 as required. For ( > 1, the estimates follow again by using the Laplace method. Namely
taking ¢(w) = wF 1, h(w) = wand b = 1in (A1) we have

(d+1)
L <t~ 2 ﬁﬂfl exp{—Q}, forQ>1.

Finally using N = d%l -1- 2(%5) and a = ﬁ in Proposition Al gives us
_+np  _dil (ﬂ) 1
L<Ct 7T O 2\TF/exp {—CQZﬁ } , forQ>1.

Thus

0
axG(ﬁ)(t,x,y)‘ <h+h

(@d+1)p _ _d+l

B (ﬂ) 1
<Ct 7 O 2\ZFexp{-CQOTF},

as required. O

3.2. Time-Fractional Pseudo-Differential Evolution: Constant Coefficients
Next we turn our attention to another class of problems, where the spatial operator is a
homogeneous (constant coefficient) pseudo-differential operator. That is, for p € (0,1) and a > 0,
Dhu(t,x) = Yo (—iV)u(t,x), u(0,x) = Y(x), (26)

where ¥, is a pseudo-differential operator whose symbol is of the form

u(p) = —Ip[*wu(p/|pl),

where w, is a positive function on S4-1, see (11). To this end, we use known properties of the Green’s
function Gy, (t, x) of the evolution
ot = Yo (—iV)u. (27)

See for example [24] (Theorem 4.5.1) or [25] for the following estimates. Assuming that

e  The function w, belongs to C**+1+[a](§7-1),
The spectral measure y has a density which is strictly positive (see (9)).
a € (0,2),

then the Green’s function Gy, (, x — y) of the evolution (27) satisifies the following two-sided estimates
for (t,x,y) € (0,00) x R? x R,

d

. t _d
Gy, (t,x —y) < Cmin <|x—y|d+“’t a). (28)
Note that the restriction & € (0,2) and the positivity of the density of the spectral measure is required
for the lower bound of Gy, - the upper bound is still seen if we drop the strict positivity of the density
u and take any « > 0.
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If additionally w is (d + 1 + [a] + [)-times continuously differentiable, then Gy, (t, x) is I-times
continuously differentiable in x and for (t,x,y) € (0,00) x RY x R,

ak
WG%(W -Y)

(o (d+k)/ ;
<Cm1r1<t (d+k)/a |x—y|d+”‘+k>/ (29)

forallk <landij,: -, i Asdiscussed in the introduction, the solution of (26) is given by

u(t,x) = Eg($(=iV)t)Y (x),

where | oo X
Eg(s) = B/O eszz_l_ﬁwﬁ(zfl/ﬁ) dz.

Thus the corresponding Greens function Gfﬁf ) (t,x,y) of (26) is given by
1 /e 11 _1
Gfpi)(t,x,y) = B/O G%(tﬁz,x —y)z  Pwg(z P)dz.
In keeping with the previous section, we denote Q) := |x — y|*t~F. We have the following

two-sided estimate for the Green’s function Gl(pli ) (t,x,y).

Theorem 2. Let & € (0,2) and B € (0,1). Assume that w € CETIH)(SI1) and that w > wy > 0
for some constant wy. Further assume that the spectral measure y of the stable operator Y, has a strictly
positive density. Then there exists a constant C > 0 such that the Green’s function for the fractional evolution
Equation (26) satisfies the following two-sided estimates for (t,x —y) € (0,00) x R4,

e For)<1,
d
f77ﬁ, d<a,
Gfp’i)(f/x—y)xc tP(|logQ[+1), d=u, (30)
f_%ﬁﬁl_g, d> a.
e ForQ)>1,
_dp _q_d
Gl(pi)(t,x—y)th O (31)

Proof. We begin by splitting up the stable density using (7),

1-1

1 oo
Gl(,ﬁ)(tﬁz,x—y) = C,s/o Gy, (t,x —y) dZ-i-Cﬁ/l Gy, (tPz,x —y)z~ Ffﬁ(z’%) dz,

where fg (z) is defined in (7). Before using the estimates (28) for Gy, (with t = tPz), note that using the
notation Q = |x — y|*t~#, we have

dap d
d B _d Q1 hz, Q
min <t @ Qlaz,tzxza) = B4 z torz <2l (32)
Twzw, forz > Q.

Thus we have,
1 i p
Gl(/;/i)(t/x_y) XC./O mln (t_fﬂ_l_gzl _vcﬁz_i) dZ
[ee] d d B 71 1
+C/ min (tfﬂlizlt“ﬁzi)z VB (2 F) dz (33)
1

= Il + Ip.
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Now we deal with two cases.
Case 1: () < 1. Using (32), in this case the intergral I; equals

g Q a1
I = ct*TQ*P%/ z dz—f—ct*T/ z*g dz
0 [@)
c _dp a [l
oL +ctw / 27t dz.
2 Q
Note that for d = «, the integral over the interval (2, 1) is

1
t‘ﬁ/ z7ldz = t7P|log Q.
o)

On the other hand, for d # & we have

ap (1 _a
t’T/ z7kdz = e (l-Ql s
A St ta-ad
d,
t*Tﬁ, d<ua,
=C 4 a
e, d>a.
Thus in this case we have,
d
_Tﬁ, d < u,
L xC{ t7A(JlogQ|+1), d=aua,
_dp _q_d
e () e, d>u.

_1
Turning to I, note that the integral does not involve (), and is convergent since fg(z 7) is
bounded and vanishes as z — co. Thus

_dp [0 _d_q 1 -1 —a
I, = Ct rx/ z ¢ /3f‘5(2 ﬁ)dZXCﬁrdﬂt @,
1

Combining the estimates for I; and I, shows (30).
Case 2: () > 1. In this case, the integral I; is simply

dp a 1 c _dp d
L = ct*?Q*lﬁ/ zdz= -t Q &,
0 2

For the second integral, we have
_d_q_1 1

g g (1 1 _dp [ 1 1
L=ct %0 w/ z Pfg(z P)dz+ct w/ z 7 Pfg(z F)dz
1 Q

Note that the integral in the first term approaches a convergent integral (for large (2), while the
second can be dealt with by using the Laplace method, see Al,

_dp 717[1 © 1 _1 _ap o0 _1_1_;’_ 1 1
L =<ct 2 () E/ z ﬁfﬁ(z F)dz+ct 7/ z 2(1-p) exp{—cﬁzlfﬁ}dz
1 Q

ap 14 g _d_ 1 1
=Cpt Q7 Ta ot ) F 2 exp{—cQTF}
p d
=Ct e Q7g,

_d_ 1 1
where we have used (A1) with g(x) = x * " 20H and h(x) = x™F. Combining the estimates for [
and I proves (31), which completes the proof. [
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Proposition 3. Under the assumptions of Theorem 2, assume additionally that w € CH1+ [0+ (S41) Then
the following estimates hold,

e ForQ)<1,
" e d+k<a,
G (tx—y)| <CJ 1 P(|log(Q)| +1) dtk=uq, (34)
axil .. 'axik « ([d+k)p 1 _ (d+k)
x () « d+k > o,

forallk <landiy,--- i

e ForQ)>1,
o (B) _Hhp (@K
5. A t — < t « Q «
ax, —am, O (F Y| SC , (35)
forallk <landiq,--- iy
Proof. Using (7) and (29),
CANT) i o
axil...axikcw (t,x—y) _Ck,d,ac,ﬁ/o axil"‘axikG%( z,x—y)| dz
c[” AR 1=k () d
+ / Y- ' zZ,X — z z zZ
o Gn Pz w| e
<h+D,
where :
d+k d+k
L= C/ min (twﬁlwz,t(?)ﬁzw> dz,
0
and
R d+k d+k 1 1
I := C/ min <t< tc)ﬁ()*l*dTH(z,tfi( ?ﬁzﬂ%]‘) z 1 ﬁfﬁ(z ,3) dz. (36)
1

Again we are in the situation where these integrals are the same as those found in (33) after
changing d — d + k. Thus we have for () > 1,
Ct (d+k)p Q—l—%

I =t & ,
173

and

(@+0B 1 d+k KB dtk

B Q _1 _1 @+ ©  _dik_q_1 _1
L=ct = Q x / z Pfg(z F)dz+ct™ & /Q z Pfg(z F)dz
1

(d+k)B Qflf d+k (d+k)p  _d+k
[

__1 .
<Ct = +cotm @ Q¢ 2P exp{—cQT P}

_(d+kB 1 d+k
Scd,k,zx,ﬁt = Q) =%

Combining the estimates for I; and I, gives us (35). For (2 < 1 we have

(d+k)p [ _dtk_q_1 _1 (d+K)B
I =ct” / z @ ! ﬁf‘g(z 'B)dZSCi’_ a
1
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It only remains to check the estimate for [; when Q) < 1,

(d+k)B ik [ @+hp (1 vk
L =c @« Q1% / zdz4ct @ / % dz
0

Jo
c _(d+kp Ak @hp 1 g
i o Lt +ct” T« / z~ = dz.
2 Q
Thus we have
(d+k)B
t~ d+k<ua,

L <Cq t7B(JlogQ|+1), d+k=ua,

(d+k)B (d+k)
e O, d+k >

Combining the estimates for I; and I, for QO < 1 gives us (34). O

4. Local Estimates

18 of 38

In the following two sections we look at two other families of spatial operators which
extend the global estimates obtained in the previous sections. Firstly we consider a more general
second order elliptic operator (not necessarily in divergence form), then we consider homogeneous

pseudo-differential operators with variable coefficients. In both cases we provide local (i.e., small-time)

two-sided estimates for the Green’s functions of the associated fractional evolution equations. The key
point here is that for these spatial operators, we no longer have global (in time) estimates for the
associated Green’s functions. Before going to the new estimates, we describe how one turns local

estimates into global estimates. If for some Green'’s functions Gy(t, x,y), G1 (¢, x, y), one has the local

two-sided estimate for some constant ¢ > 0

%Gl(t,x,y) < Go(t,x,y) <cGi(t,x,y), (txy) € (0,T]x RY x RY,

for some fixed T > 0, then by taking convolutions and using the Chapman-Kolmogorov equations,

Go(2t,x,y) = /I;&d Go(t,x,2)Go(t,z,y) dz

< /d cGi(t, x,2)cGy(t,z,y) dz
Jr
= 2Gy(2t, %, y).

Repeating this procedure n-times,

Go(nt,x,y) = /Rd . /Rd Go(t,x,x1) -+ - Go(t, Xy, y)dxy - - - dxy

< /Rd~~/Rch1(t,x,x1)~~CG1(t,xn,y)dx1~~~dxn

= "Gi(nt, x,z).
By fixing t and setting T = nt (so that T =~ n for large values of n and T), we then get

Go(t,x,y) < ¢™'Gi(t,%,y)
= ¢7198°G (1, x,y)

~ e™G (T, x,y), Vr>0xy¢€ R,
Applying the same procedure to the lower bound gives us the global two-sided estimate

e TGi(t,x,y) < Go(t,x,y) < eTGi(T,x,y),

(37)
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for all (T,x,y) € (0,00) x RY x R4,

4.1. Time-Fractional Diffusion Equation: General Non-Degenerate

In Section 3.1 we derived global two-sided estimates for the Green’s function of fractional
evolution equations involving a fractional derivative in time and a second order elliptic operator
in divergence form as the spatial operator. The key point in that case is that Aronsons estimates provides
two-sided Gaussian estimates that hold globally for all time ¢ > 0. In this section we consider the case
that the spatial operator is any non-degenerate diffusion operator, which can generally be of the form

Lu(t, x) := a;j(x)0x,0xu(t, x) + bi(x)0x,u(t, x) 4 c(x)u(t, x). (38)

Assuming that a(x) is uniformly elliptic and continuously differentiable, b(x) and c(x) are
continuous, and the uniform bound holds:

SgpmaX(IVﬂ(x)I/ [b(x)], [e(x)]) < M.

Then the Green’s function associated with (38), satisfies the following local estimates:

d
. —y]? —yP
gexp{—cxty'} < G(t,x,y) <cr? exp{—C'JCtyl}, (39)
for (t,x,y) € (0,T) x R? x R? for some fixed T > 0. We also have the following estimates for the
spatial derivative of the Green’s function G,

12
’aaxG(t,x,y)‘ <c % exp{—Cxtm}, (40)

for (t,x,y) € (0,T) x R? x R, The main obstacle now is that the estimates for the Green’s function
of (38) are only for small-time, thus a serious problem seems to arise when trying to insert the local
estimate into the Pollard-Zolotarev formula, which involves integrating over all time z € (0, ).
However we use the trick described in the previous section to make the local estimates global, in (37).
To this end, the following two-sided estimate holds for G(t, x,y) for all (7, x,y) € (0,00) X R x R4,

—yl2 —y?
e T4 exp {CM} < G(T,xy) < T exp {CM} / (41)

for some constant ¢. In addition, for all (7, x,y) € (0,00) X R x R4,

2
‘aaxG(T, x,y)’ < et max('f%,l)T*% exp {_ery|} '

Alternatively we can split the estimates for the spatial derivative up into small-time and large-time
-fort € (0,1),

0 _d+1 \x—y|2
— < - C—J
‘axG(T, x,y)‘ < Ct™ 2 exp{ C - , (42)
and for T € (1,00),
9 4 x —y[?
— < pfT - C—Z
axG(T’ x,y)‘ <eTt2exp { C . ) (43)

Now we proceed to obtain estimates for the Green’s function of the fractional evolution

Dgu(t, x) = Lu(t, x),
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where L is defined as above in (38). The Green’s function for this fractional evolution equation is

given by
GP(t,x,y) = ‘[1%/ G(tPz, x,y)zflf%wﬂ(zf%) dz. (44)
0
Again let QO = |x — y|>t~P. We have the following local estimates for the Green’s function
G(P) above.

Theorem 3. Assume that a(-) € C'(R?) is uniformly elliptic and b(-),c(-) € C(R?). Suppose also that,

SgpmaX(IW(x)lf [b(x)], e(x)]) < M.

Then for a fixed T > 0, there exists constants C1, Cy, C3 such that for (t,x,y) € (0, T] x R x RY the
Green's function G\P)(t, x,y) defined by (44) satisfies the following estimates,

° For ) <1,
5, d=1,
G (tx,y) =1 { tF(|logQ|+1), d=2, (45)
T, >
° ForQ>1,
(8) _dp ,z(ﬂ) 1
GP(t,x,y) < Cot~ 7 Q) 2\2F) exp{—C307F}, (46)

where Cq, Cy depends on T,d, B and C3 depends on T and B.
Proof. First splitting up to the stable density,
1 ) -1 1
GB(t,x,y) = Cﬁ/o G(tPz,x,vy) dz + C/g/l G(tPz,x,v)z Pfp(z P)dz
=L+
Note that on using the estimate (39) in I;, we have the same integral of the same name appearing

in (21). Thus for Q <1,

1 1
L= Cﬁ/o G(tPz,x,y) dz =< Cﬂ‘ﬁ /0 22 exp{—Qz 1} dz

5, d=1,
=CQ t7B(JlogQ|+1), d=2, (47)
t—dTﬁQl—%, d > 3.
In addition for Q) > 1,
d,
I = Crt- 2O exp{—Q). (48)

Turning our attention to I, let us consider seperately the upper and lower bound.
Upper bound for I,
First applying the upper bound from (41) to G,

_dp [® _d_q_ 1 B 1 1
L <Ci 2 z 2 Pexp{ct’z—Qz "}fg(z F)dz
1

_ — 5 e _%_1+2(11, :B _ -1 _ 1%
=Ct 2 z Pl exp{ctPz — Qz cpz1 P} dz. (49)
1
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For () <1, we have

g [ _d_q__1 _ 1
L<c 7 / 237 exp{ctfz — TP } da
1
g o g1 1
< CtiT/ z 2 2(1-B) eXp{CTBZ—C‘BZl_ﬁ} dz
1
dp
:CT,d,ﬂt_T/

for t < T for some fixed T > 0. Combining this with (47) gives (45).
For Q) > 1, we use again that the decay of exp{—cﬁzl/ (1=B)} for large z is stronger than the
growth of exp{ctPz} for large z as long as t < T for some fixed T > 0. That is,

g [ —G—1+57m 1
L < Ct*Tﬂ / z 2 Hanp exp {—Qzl +cthz — cﬁzlﬁ} dz
1

1

g [0 _d_qyp 1o 1
<Ct 7 / z 2 o) exp {—Qz‘1 — CT,;SZ“S} dz
1

d 1

g (1 d_q__1 _1
=Ct= / w? © 20H eXP{—Qw—CT,ﬁw 1ﬁ} dw,
0

where we have made the substitution w = z~! in the last line. Now we apply Proposition A1 with

—d 1 _ 1
N_f_l_z(l—ﬁ) anda—m,

B _
L<Ct 20

NI

(%> exp{—CQﬁ I3

Note the constants in the above estimate depend on T. Combining this with (48) gives us the
required upper bound in (46).

Lower bound for I,

Using the lower bound from (41) in I,

B[ -1ty 1
L >ct™ 2 / z 2 LA (i) exp{—ctﬁz —Qz 1 - Cﬂzl—ﬁ} dz.
1

Firstly for ) <1,

d

Lz Cﬁr# /1oo Ry exp{—Qz~! —ctfz - cﬁzﬁ} dz
> Cﬁt*d%3 /1oo 2 exp{—ctPz — Cﬁzllfﬁ} dz
> Cﬁ,TF% /100 2t exp{—cTPz — cﬁzﬁ} dz
= Crpat~t.

Finally for Q) > 1,

i o _d_ 1 1
L = Cﬁt_Tﬁ /1 z 2 I =y exp{—Qz‘l — By — C‘BZl*nB} dz

$ [P —§-1t5ls 1
> G ¥ [T expl -0z (e 4+ )27}
J1

_dp [ _d_q4 1 1 1
> Cpt™ 2 / z 2 0P exp{—Qz ' — Crpz"F} dz,
1
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1
where we have used the fact that exp{—ctPz} > exp{—ctPzTF} for z > 1. After making the
substitution z = w~! we apply Proposition A1,

_dp 1o g1 1
L > Cpt 2 / w? 2P exp{—Qw — Crgw TF}dw
0

d(1-p

20-HED) -y
> Citm2Q 2\ F) exp{—C07F },

where C; depends on T, 8 and d, and C; depends on T and B. Combining this with (48) gives us the
lower bound in (46), as required. O

Next we look at estimating the spatial derivative of the Green’s function G(#), firstly for large-time
using (43) then for small-time using (42). As usual, let Q := |x — y\2t_/3. Firstly for large finite time,

Proposition 4. Under the same assumptions as Theorem 3, suppose further that a(x) is twice continuously
differentiable, and b(x), c(x) are continuously differentiable (with all derivatives bounded). Then for a fixed
finite T > 1, the following estimates hold for the spatial derivative of the Green’s function G\P)(t,x,y) for
(t,x,y) € (1,T) x RY x RY,

° For) <1,
0 t=F(|logQ|+1), d=1
_ (,B) < g ’ 7
’axG (t, x,y)‘ < Crap { Ix —y\l_d, q> (50)
° ForQ)>1,
d _d( =B 2
5G| < Cragly—y1 ) exp(—Crlr - 1), 61

Proof. We start as usual by first splitting up the integral into small and large z, and also use the
triangle inequality,

d o
Ravel) / ZG(tP
‘axG (t,x,y)’ <Cp ; ’axG(t z,x,y)‘ dz

_1— _1
z = Pfg(z P)dz.

|9
2 G(t8
—l—C/g/l ‘axG(t Z,X,1)

Note that ¢ € (1, T) means that t# € (T~F,1). Thus for z € (1,0) we have z > t—F. Now we use
the local estimate (42) for the first integral and (43) for the second,

1
‘aaxG(ﬁ)(t, x,y)’ < Ct_(g’zl)/5 / 7 exp{—Qz '} dz
0

g [ _d_q4y_1 _ 1
+Ct™ 72 / ) exp {—Qz_1 + ctfz — cpz! P } dz
1

=L+ Db.
Note that the integral in I is the same as (25), and thus for ) <1

(d+1)p d+1 t=P(|logQ|+1), d=1,

1
I :Ct’T/ - —Qz 1}dz <
1 ) 2 exp{—Qz "} z_{ t_(dzl)ﬁﬂl_%, is0

Note however that t € (1, T), which means that t—# € (T~F,1). Thus

t=P(|logQ|+1), d=1,
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ForO) >1,

(@d+1)
L <cr P exp{—Q} < Craplx —y| > v}

As for the integral I, this is the same one which appeared in the previous proof, (49), and thus for
a<l,

dp
L <Ct™ 7 < Crgp.
Combining this with (52) which gives both (50). Finally an application of Proposition Al gives for
a>1,

d, Sy 1
12:Ct*7ﬂ/ z 1+21 B) exp —|—ct/sz—cﬁ ﬁ} dz
1

e} 1
<cr® [T e { CT,gzﬁ} dz
1

1-p L

< %0 7(2 > exp{—CQ>F}
—d(=F 2
< Craglt — ‘) expl-crglr -y 771,
Combining this with the estimate for I, gives the estimate (51) for () > 1, as required. O

Next we have the estimates for small-time.

Proposition 5. Under the same assumptions as Theorem 3, suppose further that a(x) is twice continuously
differentiable, and b(x), c(x) are continuously differentiable (with all derivatives bounded). Then the following
estimates hold for the spatial derivative of the Green’s function G'P)(t, x,y) for (t,x,y) € (0,1) x R? x R,

e ForQ)<1,
3 t=F(|logQ|+1), d=1,
‘axc(ﬂ)(t,x,y)‘ < Cdﬁ{ d+21),501 d+1,
2-p
e ror1<a<iPH)

(d+1)p
2

(41 (=8
J G(/g)(t,x,y)‘ <Ct~ Q (4 )( ﬁ> exp{— CQLﬁ‘}

B
e rora> P,

i
2

Q

NI

(1 ﬁ)exp{ cO L15}

0
— (/5) < -
‘axG (t,x,y)‘ < Ct
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Proof. Splitting the integral up using the stable density then using the estimates (42) and (43),

(d+1)B d+1

d _@np 1 a4 1
‘axG(ﬁ)(t,x,y)’SCﬁt p /Oz T exp{—Qz '} dz

+cﬁ/1 max((##2)~3,1)z 27

d+1 1
= Cﬁt_< i / 7 exp{—Qz '} dz
0

(g (P 1 1
+ Cﬂti 2 / z ? Mg exp {_Qzl + ctBy — cﬁzl—ﬁ } dz
1

@ -4 L 1
+ CﬁFTﬂ / 52 2~ exp {—Qzl +cothz — cpz P } dz
L
=L+ 1+ Is.

Now we investigate the usual cases.
Casel1l: O <1
The integral in I;, being the same as the one in (52), has the upper bound

(d+1)p d+1 t=P(|log Q| +1), d=1,

1
h=ct T [ ep{-0z < C
1 A exp{—Qz '} dz < { ti(dél)ﬁﬂli%, Q>0

The other two integrals in I, and I3 approach convergent integrals for bounded (), so

@ P a1 1 1
L= Ct 2 / ;7 g exp{—Qz ! +cthz — cpzl P} dz
1
(d+1)B [0 _d+l 1 1
< Ct 2 /1 7 R exp{ctPz — cpzl P} dz
(d+1)B
< Gapt 7,

and

g (0 _d_q4 1 1
I3=Ct’7/ﬁz 7o exp{—QZl—FCtﬁZ—Cﬁzlﬁ} dz
-

_dp ©  _d_q4_1 1
< Ct 7/ 52 2 o) exp {ctﬁz—cﬁzlﬁ} dz
-

p— B __B
<7 2P exp{—Cgt TF}

ap
< Cd,’gt77.

Thus in this case,

5 t=P(|logQ|+1), d=1,
Rayel() <
‘8xG (t,x,y)’ = C{ e a1t S )

2

7

Case2: () >1
A direct application of the Laplace method gives

d+1
L < g exp{—Q}.
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For the second integral we have,

(d+1)p [ _d_ 1 1
L<Ct 2 / 7 2 ap exp{—Qz ' — CpzTF} dz
1

d+1

Qi(T)(;iw exp{— CQ%}

(d+1)
<cr

where we have used Proposition Al in the last estimate. Finally since ¢ € (0, 1), another application of
Proposition Al gives

g e gy L 1 1
Iy < Ct 2/ z 2 TR exp{—Qz " —CzTF}dz
1

< Ct~ %0 7(72>exp{ CQiﬁ}

Note that

1

(%) exp{—CQZF},

_ @+
2

NI

B
0~ () expi—carey < %o~

1(1=

when ¢~ ZQ 2<2 ﬁ> < 1. Thusfor Q) >t 'B( >

_4<M) 1
Q 2\2F) exp{—-CQOQZF},

NS

9
— (,B) < -
’axG (t,x,y)‘ < Ct

_p(%B
while for1 < Q) <t ﬁ(lfﬁ),

d 1-p
szj _%l(ﬁ>exp{ CQL/S}

X

O

4.2. Time-Fractional Pseudo-Differential Evolution: Variable Coefficients

Finally we derive two-sided estimates for the Green’s function of time-fractional stable-like
equations. Stable-like operators are homogeneous pseudo-differential operators with variable
coefficients (that depend on the spatial variable x, but not time). As noted earlier in (28) the
fundamental solution Gy of the evolution equation

ot = — P (—iV)u,

with ¢, (p) = |p|*w(p/|p|), satisfies the following two-sided estimate for all (t,x — y) € (0,00) x R,

. t _
Gwa(t,x - y) = len (x_y|d+0(’t d/lx> . (53)

When the coefficients of the operator ¢, depends also on the spatial variable, the same kind of
estimates hold for small-time. Let Gy, » denote the fundamental solution to the pseudo-differential
evolution equation

ot = —Pu(x, —iV)u,
with homogeneous symbol ¢, (x, p) = |p|*wy(x, p/|p|), where

wu(x,p) = [ 1(p,) [l ds).
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Theorem 4. Assume that wy,(x, p) is a y-Holder continuous function in the variable x taking values in a
compact subset of (0,00), v € (0,1]. Assume further that y has a strictly positive density. Then for some fixed
T > 0, there exists a constant C > 0 such that for t € (0, T) and x,y € R4,

1

CGlPa(t’x_y) S Gwmx(t’x’y) S CG‘Pa(t’x_y)‘

What this means is that the global in time estimates (53) for the Green’s function Gy, , also serve
as a small-time estimate for the Green’s function Gy, x. Indeed one would hope that operators with
variable coefficients can be approximated by the method of freezing coefficients. So we have the
following small-time estimate for t € (0,T), x,y € R4

1 . t _d . t _d

Emm (x — y|d+0t’t “) S G%,x(t/x/y) S Cmin <|x 7y‘d+tx’t ﬂt> 4 (54)
for some fixed 0 < T < co. We also have the following estimates for the spatial derivatives of the Gy, x,
see [24] (Theorem 5.8.3).

Theorem 5. Let « > 0, and denote by | the maximal integer less than «. Assume that y > g > 0,
for some positive number pg, and wy(x, p) is q-times differentiable in x and each of these derivatives be
(d+ 14 (I49q)(a+1))-times continuously differentiable in p and all bounds uniform in x, p. Then for a fixed
T>0andany k <1,

ak

WG%J(L x,Yy)

P t k)
_len W,t @ , (55)

for (t,x,y) € (0,T) x RY x R4,

Using the same technique as the previous section to extend these small-time estimates to global
estimates, we have the following two-sided estimates for T > 0, x,y € R4,

_ . T _d . T _d

e CTmm <|x—y|d+""T ”‘) < Glpa,x(T,x/]/) < eCTmln <|x—]/|d+“lT “) ’ (56)

and

ok cr _k . T _d
chu,x(T,x,y) S e maxXx (T "‘,1) min W,T & . (57)
Now consider the following fractional evolution equation,
Dﬂut,x:—ax,—iVut,x, u(0,x) = Y(x), (58)
0

with

Ya(x,p) = [pl*wyu(x, p/|pl), (59)

where wy satisfies the assumptions of Theorem 5. The solution of (58) is given by
u(t,x) = Eg(a(x, —iV)tP)Y(x),
where Ejg is the Mittag-Leffler function. The Green’s function of Equation (58) is then

1

Gy, (tx,y) = ;1;/000 Gyoe(tPz,x,y)2 " Fug(z F) dz. (60)

Let Q = |x — y|*tF.
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Theorem 6. Let a € (0,2) and p € (0,1). Assume that the function w, in (59) is y-Holder continuous
in the first variable and k-times continuously differentiable in the second variable. Assume further that the
spectral measure y has a strictly positive density. Then for a fixed T > 0 there exists constants C such that for
(t,x,y) € (0, T] x RY x R? the following two-sided estimates for (60) hold,

) For ) <1,
d

t‘Tﬁ, d <,

Gl (L xy) = CJ 1P(|log(Q)| +1), d=u,

t*%ﬁQl*x, d>u«
° For Q) > 1,

d
G (t,x,y) = CrvQE,

where the constants C depend on d, a, pand T.
Proof. We start by estimating the stable density with (7),

1 oo -1, 1
Glfbﬁ?x(t,x,y) xC,;/O G%,x(tﬁz,x,y) dz—f—Cﬁ/l G%,x(tﬁz,x,y)z ! Pfp(z P)dz.

In the first integral, we use the estimate (54), and for the second term we use the global version (56)
with T = tPz. Starting with the upper bound, we have

d

1
Gt(/;ﬁ)x(t/x/y) S CT/ mln <thlizl tazz) dz
o, 0

Recall that,

1

+ c/lOO min (f“QlZZ,t?ZZ> z_l_%edﬁzfﬁ(z_%) dz (61)
=0L+L7,
for the upper bound, and
G;ﬁ?x(t,x,y) > %/Ol min <t—”fo—1—Zz,t—az—Z) dz
+C /100 min (t_?ﬂ_l_az,t_az_g> z_l_%e_dﬁzf/g(z_%) dz
=6+,
for the lower bound. Note that the integral in I; is the as the one appearing in (33) and so, for t < T,
I~ d<ua,

L <Cr t7P(|logQ|+1), d=u,
_d4p _q_d
e (), d>u,
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for) <1,and
_dp 4 d
11 =t () 1 a,

for () > 1. For the remaining integral I, we have the usual two cases.
Case 1: Q) < 1. In this case we have

dp [ _d_qy 1 1
LY =Ct / z g exp{ctPz — cpz P } dz.
1

1
This integral converges as long as t < T, since exp{ctfz} < exp{CzT-F} for sufficiently large

z. Thus 05
LY < Cripat™*.

On the other hand, we have
g [ _d_q4 1 1
o =ct / z x g exp{—ctPz — cpz P } dz,
1
which is strictly positive for t < T, thus
ap

I¥ > Crapat™ *.

Combining these estimates with those for I; gives the estimates for Gt(pﬁ ?x for O < 1.
Case 2: () > 1. In this case we have

dp g Q1 1
L7 :Ct_fﬂ_l_E/ 2206 exp{ctPz — 2TF } dz
1
dg o _d_ 1 1
+Ct_7/0 z &g exp{ctﬁz—cﬁzlfﬁ}dz,

and
I = Ct*%ﬁﬂflfg /lnzﬁ exp{—ctﬁz — zﬁ} dz
o /Qoo ) exp{—ctPz — cﬂzl%ﬁ} dz.
Firstly we have,

B i Q1 1 dp d
a2 / 2206 exp{ctPz — cpzl P} dz < CT,d,/g,,xt_WQ_l_E,
1

and
ap
9

1 O 1 1 = ap 1-4d
N O /1 220-P) exp{ —ctPz —cpzl Pl dz> Crgpat « Q1w

Next note that exp{tPz} < exp{TPz} and exp{—tPz} > exp{—TFPz} fort < T. Thus,
d d © _d_ 1 1
LY < cra -t + cr / z & g exp{tPz — cpzl P} dz
o)
d d © _d_ 1 .
<cr ot o / 2 & TR exp{—CrpzTF ) dz 62)
o)

_dp __q_d dp_d_ 1 1
<Ct Q) « +Ct () » 20-p) exp{—CT,,gQH‘}

ap d
< CT,/S,zx,dtiyﬂiliar
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and
b>cr¥a 1"+Ct**/ 2 F T exp{— Bz — ¢z} dz
Q
d d 0
th*TﬁQﬂ*g—i—Ct*Tﬁ/ z ) exp{—Crpz™ 5}dz
Q
_dp 1 d _dap —d_ 1 —
>Ct o) T4 CtTw () * 20H) exp{—CT,IgQH;}
d
> CT,/s,a,alFTﬁ0717g

Thus for Q) > 1, we have

d
G('B)(t, x,y) = CT’dl/grat_TﬁQ_l_g,

as claimed. [

29 of 38

Next we look at the spatial derivatives, where we consider separately small and large (but

finite) time.

Proposition 6. Under the same assumptions as Theorem 6 and Theorem 5, the spatial derivatives of the Green’s

function Gl(pi?x(t, x,y) for (t,x,y) € (0,1) x R? x R¥ satisfy,

° For ) <1,

*M, d+k<a,
t=P(|logQ| +1), d+k=un,
—Wﬂl—%, d+k>a.

CARPN ()
ax, 0%, Gy (X y)| < C

forall k <1 and all indicies i;, - - -, if.
° For1<Q<t8,
ak
ox;, -+ - 0X, % (t x,Y)

(d+k)B (d+k)
<Ct =« QI

forall k <1 and all indicies i;, - - -, ig.
o TForQ>tF

* o

(t,x,v) <cr i
xj, -+ - 90X, pax\L O YY) S

forall k <1 and all indicies i;, - - - , .

Proof. Splitting up the stable density followed by using the estimates (55) and (57) we have

aikc(lg) (tx <c / 71((; (t‘Bzx )| dz
axil - 0X; Pa,x y B ale ox X, P, X ;XY
i A I
— G th B BV d
+C/5/1 axil ”,axik %,x( Z,X,]/) z f/g(z ) z
= Il + 12,
where X
Li k
L = C/ min (t‘< tckwﬂ‘l—‘%“fz,t_w,z_%ﬂ) dz,
0
and

dp d dp

(o] 1 1
L= c/1 max((##z) "%, 1) min (tmlaz,tazi> 2Ry (2F) dz.

(63)

(64)

(65)
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Now note that since t € (0, 1), the integral in I; is the same as that one appearing in (36), and thus
for O <1,

(d+k)p dtk (d+h)p T gk
L =Ct = Q*PT/ zdz+Ct™ / z7w dz
0 Q

_ (d+k)B

« o, d+k<a,
<Cq t7P(|logQ|+1), d+k=a,
SEE-EE ks

ForQ) > 1,

(d+k)p drk (1 C _ @tk (d+k)p
I = chQ**T/ zdz=—t =« Q' &
0

=—t" "« 0 T
> (66)

Turning to I, we need to consider some different cases.
Case 1: () < 1. In this case

(@+p [P
I e Wl exp{ci?/gz—c/gzl F}dz
1

_ﬁ 4
v ] Z DS exp{ct‘ﬁz—cﬁz1 Fldz
t=

o _dtk_
< Ct~ dtckﬁ/ ;% Ty 205 exp{—Cpz!~ ﬁ}dz
1

B35 exp ! Ct— B
+ Ct" 20-F) exp{—Ct TP}

_(d+hp
< Cpdait

Combining this with the estimate for I; shows (63).
Case 2: 1 < Q) < +P. In this case we have

(d+0p e Q1 1
L =Ct" Q=% / 220F exp{ctPz — cgz TP} dz
1

C@kp P _ask g, 1 1
@ / z v A exp{ctPz — cpz P} dz
Q

g [ _d_q, 1 1
+Ct / 2 &g exp{ctPz — cpz P} dz
t
(d+k)p d+k [ 1 A
T 0*1*%/ z20-) exp{ctﬁz—cﬁzlfﬁ} dz
1

(@+k)p [ _dik_q 1 1
T / zw exp{ctPz — cpzl P} dz
Q
bsp _cr
+ Ct" 20-F) exp{—Ct TF}

d+k)[30717%

< Cﬁt

(d+k)p  _d+k _

1
Q © 2-F) exp{— CQLﬁ}

+Cd,a,/3,1t7
__1 _ P
+ P exp{—Ct TR}

_ (d+6B _q_d+k
< Cpdait @

Combining this with (66) shows (64).
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Case 3: t P < Q.

(d+k)p

P 1 1
L=Ct & % /1 220F) exp{ctPz — cgz P} dz

_dp 4 _d Q 1 1

+ Ct v Q) E/ﬁzﬂl*ﬁ) exp{ctPz — cpzTP } dz

-
g [ _d_q4 1 _ 1

+ CFT/Q 7 & ) exp{ct’gz—crgzlfﬁ}dz

<cpt~ a1
dap
4 ot
ap _d__1 1
+ Cd,‘B,rx,lt_TQ v 20-p) exp{—CQOTF}
d
< Cd,/z,,x,kf_TQ_l_g-
Finally combining this with (66) shows (65). O

Next, for large (finite) time.

Proposition 7. Under the same assumptions as Theorem 6 and Theorem 5, then for fixed T > 0, the following
estimates hold for the spatial derivatives of the Green’s function Gl(/fi ?x(t, x,y) for (t,x,y) € (1, T) x RY x RY,

e ForQ)<1,
ok 1, d+k<a,
— TGP (Lxy)| < Crapax{ tF(llogQl+1), d+k=s, ©7)
axil e axik & | a—d—k
x—y| , d+k>ua,
forall k <1 and all indicies i;, - - -, ix.
° ForQ)>1,
o (8) aed
- - < _ @
axi1 . _axik Glpa,x(t/ X, y) —= C|X y| 4 (68)

forall k <1 and all indicies i;, - - -, ig.

Proof. As usual we first use 8,

A )
o, ox; Gy (t,x,Y)

1
<
<an |
+ C/g/l

Next, we use the estimate (55) for the first term and (57) for the second. Note that since
€ (1,T), then

ak
—_— B
axl-l e OX: Glpmx(t Z, x/y)' dz

Ik

ak

L p
o, - 0x;, Gy x (12,2, y)

1 1

zfl*ﬁfﬁ(zfﬁ) dz.

AR

! d+k (d+k)B Atk
ox: - --Ox; tx,y)<c i )%t Q% ) dz
ox;, - - 0x;, %,x( y)| < ./0 min (( ) )

oo d _1-1 -1
—|—c/ min <(tﬁz)z,tfﬂlzz) z ! ﬁeCtﬁzfﬁ(z F)dz
1

=1+ b.
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The integral in I; is the same as that one appearing in (36), and thus for () <1,

(@+1)p i1 [ @ 1 _an
L=C « Q% / zdz+Ct « / % dz
JO 9]

(4408
e d+k<a,

<C{ tP(JlogQ|+1), d+k=u,
Wk)ﬁ()l—%, d+k>a.

However in this situation t € (1,T), so t is away from both 0 and co. Thus, recalling that
Q=|x—y/t P

1, d+k<ua,
L <Crapiaq tP(llogQ+1), d+k=a,
|x — y|r—4=K, d+k>ua

ForO) >1,

(d+1)B a1 C _@+hp d+k
L =ct % Q—l—%/ zdz = 2O < Cpp g
0

—a—d—k
> | :

x —
Furthermore, the integral I, is the same as the one defined as Ig Pin (61), thus for ) <1,

dp
L<Cw < Capar

Sofor() <1,

5 1, d+k<a,
G (,xy)| <h+h<Craper{ tF(logQl+1), d+k=uq,
9x;, - 0xj, |x — y|*dk, d+k>a,

which thus gives (67). Finally for Q) > 1, using (62),
d
L<crea i< Crapalx —y| %

thus combining the estimates for I; and I, for () > 1 gives us (68). O

5. Generalised Evolution Equations

In this last section, we look at the following generalised evolution,
=D u(t;x) = Au(t,x), - (0,00) x B ©9)
u(0,x) = (), {0} x B,

v)

where D,

is the Caputo-type operator

DYt = — [ (£t =) = f)wte.dn) - (F0) = £(0) [ vit, ).

Here v(t, ) is a Lévy transition kernel that satisfies sup, [ min(1,7)v(t,dr) < co. The solution to
Equation (69) is given by
u(t,x) = Egy)1(A)¢(x),
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where E,,(A) is the operator-valued generalised Mittag-Leffler function which is defined by the
operator-valued integral

00 t
E(V),t(A) = /0 EASdS </ G(V) (S, t, d}’)) =1+ AH(]/I)q(t, [0, i’]), (70)
where H(*V‘)4 is the operator-valued potential measure of the semigroup Tt(v)etA generated by
(v)
(_DOY{—* - A)’

H@‘?(t,dr) :/0 eA%ds Gy (s, t,dr).

Then we can rewrite this solution to get the Green’s function,

Ena(A)9) = [ o) [ 64 exm g ([ 6 (st ) dsay
=/Rd¢<y)G§I)<f,x,y) dy,

)

where GS’ is the Green’s function of the evolution Equation (69) given by

[ee] a (o]
Gt x,y) :=/0 GA(s,x,y)g </t G(“)(s,t,dr)) ds.

We will use the following comparison principle from [38].
Theorem 7. Let v and ¥ be two Lévy measures satisfying

v(t,dr) > v(dr),
sup / min(L, r)v(t,dr) < oo, / min(1, 7)7(dr) < oo,
t J0 0

and v(t, (0,00)) = 7((0,00)) = oo. Then for any non-increasing function f we have the comparison principle
for the semigroups:
T'f = T,

(v)

where T,"” and T} are the semigroups generated by

and

DOf(E) == [7(F(t=r) = F(B)o(ar),
respectively. Moreover, the potential measures of the semigroups T} and T} satisfy the comparison principle,
u®(,jo,4) < u®[o, ).
A direct application of this comparison principle gives us the main result of this article.

Theorem 8. Let A be one of the spatial operators from (17), Theorem 2, (38) or (58) along with their relevant
assumptions. Let v(t,ds) be a Lévy transition kernel which has upper and lower bounds of B-fractional type,

(=1/T(—pB1))Cys 1 Prds < v(t,ds) < (—1/T(—Po))Cys *P2ds,
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for some Bq, B2 € (0,1) and C, > 0. Then

c2Ep, (AtP2)p(x) < Epy) (A)p(x) < e1Ep, (AF)(x),

for a non-increasing function ¢, where

Ew(A)9(x) = [ oG (tx,y) dy,

and
Eg(af)g(x) = [ o) (1) av.

Proof. This follows from the formula (70) and an application of the comparison principle for potential
operators. [

Thus the estimates obtained in Theorem 1, Theorem 2, Theorem 3 and Theorem 6 can be used to
estimate solutions of generalised evolutions (69).

Remark 1. In order to see why this result is expected, let us give some intuition behind the comparison principle.
The assumption that the Lévy kernel is bounded below by the Lévy kernel of a B-stable subordinator, means that
the Lévy subordinator generated by the operator

DOF(E) = = [ (=) — Fx)v(y),

has on average jumps that are larger than those of the process generated by

DEF(E) = [ (F(x =) = F(0)yPT(-p)) 7 .

So on the sample paths level, the jumps of XV) will typically be larger than those of XP, which means that
the inverse process of XV) will typically be constant for longer times than the inverse process of XP. Thus when
we subordinate the spatial process, Y (t), generated by the operator A by the inverse subordinator given by

S{:=inf{s > 0: X} > t},

and compare its paths to the spatial process subordinated by an inverse stable subordinator SP we will see that
Y (Sy) is dominated by Y(Stﬁ ) in the sense that Y (S} ) will have longer trapping times.

6. Conclusions

In this article, we have looked at two-sided estimates for the Green’s function of fractional
evolution equations of the form

DPu(t,x) = Lu(t,x), u(0,x) =Y(x).

The solution of such fractional evolution equations can be written with the help of operator-valued
Mittag-Leffler functions,

— [ v /OOG B2,x,y)2"!
L YW) | GL(tz 2, y)z

_ (B)
— RdY(y)GL (t,x,y) dz.
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We have given two-sided estimates for the Green’s function Géﬂ )(t, x,y) (and its spatial

derivatives) in several different situations. The situations can be split up into two broad cases:
when the Green’s function Gy associated with L does or does not have known global in time estimates.
In those two cases, we consider generators of diffusion processes in Theorems 1 and 3; and we consider
generators of stable and stable-like processes in Theorems 2 and 6. Finally, we looked at generalised
evolution equations where the operator acting on the time variable is given by a Caputo-type operator

t S
D u(t) = /O (u(t —s) — u(t))v(t, ds) + /t ((0) — u(t))v(t, ds).
We concluded that solutions to generalised evolution equations of the form
DY Mu(t,x) = Lu(t,x), u(0,x) = Y(x), (71)

where v(t,ds) is a Lévy-type kernel which for fixed t is comparable to the Lévy measure of a B-stable
subordinator, could be estimated using the estimates obtained for G£ﬁ ). Then whenever one is looking
at evolution equations of the form (71), or, from the probabilistic point of view, at stochastic processes
generated by —D) — L, then under the assumption that v is comparable to -stable, the estimates

shown in this article can be used to gain a lot of information.

(B)

Note that in this article we have viewed G;”’(t,x,y) as the Green’s function of the
evolution equation
DPu(t,x) = Lu(t, x).

Probabilistically speaking, Gé’g ) are the transition densities of the process XtL/ﬁ generated by

—DP — L. The process XtL”5 is the subordination of the process generated by L by the inverse of the
process generated by DF. In this view one could use the estimates in this article to obtain sample path
properties of a subordinated process XtL P

Funding: I. Johnston is supported by EPSRC as part of the MASDOC DTC at the University of Warwick. Grant
No. EP/HO23364/1.
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Appendix A. Asymptotic Methods

The main idea of the Laplace method for estimating integrals of the form

| sy exp{-h(x)} dx,

is that the major contribution to the asymptotic behaviour comes from a neighbourhood around
the point at which the function /(x) in the exponent attains its minimum value. Outside this
neighbourhood the contribution is exponentially small, and so when one proves asymptotic formulas
using Laplace methods, the integrals are split up into the neighbourhood around which the major
contribution occurs (or around each such neighbourhood, if —%(x) is not unimodal) and the regions
for which the approximation error is exponentially small. Although we focus on integrals over some
interval (a, c0), the point is that extending the interval only introduces exponentially small errors and
so the value of the integral over a larger interval essentially the same. Our standard references for
asymptotic methods are [26], [47] or [48]. Consider the integral

/b'°° exp{—Ah(x)} dx, b> 0.
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Let us assume that & is a real continuous function, and that it attains its minimum at the boundary
point b, that 1’ (b) exists and h’(b) > 0. Moreover assume that h(x) > h(b) (for x > b) and h(x) — oo
as x — oo. We will not recount the proof, but we state the asymptotic formula,

/boog(x) exp{—Ah(x)} dx ~ g(b)(AH (b)) L exp{—Ah(b)}, A — co. (A1)

On the other hand, if the function / has a minimum on the interior of the interval (b, c0), say at
the point b € (b, o). Finally, assume that the derivative 4’(x) exists in some neighbourhood of x = b,
that 1" (b) exists and that 1"/ (b) > 0. Then

2
)Lh”(E)

/boQ g(x) exp{—Ah(x)} dx ~ g(b) exp{—Ah(b)}, A — 0. (A2)

Proposition Al. Leta > 0, N € R, ¢ > 0and Q) > 1. Then the following asymptotic formula holds as
O — oo,

2(N+1)+a

1 = a
/ wN exp{—OQw — cw ™} dw ~ Cy(a,N,c)Q 2@+ exp {—Cg(c,a)Qm } ,
0

2(N+1)—1
where C1(a, N, c) = (ac) @D \/%, and Cp(c,a) = (ac)ﬁ [1+a1].

Proof. Define .
J(Q) := / wN exp{—wQ — cw ™"} dw,
0

and let h(w) = —wQ) — cw™". Differentiating & with respect to w, one finds the maximum of / at

1
0O\ a1
W = Wy := —_— .
ac

Now the trick is to make the substitution w = w;s in the integral J(Q}), to obtain

-1

w*
J(Q) = wl ! / sN exp{—w,sQ — c(w.s) "} ds
0
-1

Wy
= w1 / sN exp{—(Q”ac)ﬁ [s+a s} ds.
0

Now we are in a position to apply the asymptotic formula (A2), with g(s) = sV, h(s) = s +a~1s7*

and A = (Oac) 1. For this we need some derivatives of h,
W(s)=1-s""71,

W' (s) = (a+1)s7"72,

thus h has a minimum ats = 1 € (0, w; !). Finally applying (A2) we have

J(Q) ~ (Q> o 7 exp{—(Qac) 7T [1+ a7}
ac (Q%c)ai(a+1)
2(N+1)+a

=Cy(a,N,c)Q) 26+ exp {—Cz(c,a)Qa%l},

as required. 0O
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Note that when applying the above asymptotic formula, we will not care so much what the

constants are, only what they depend on.
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