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Abstract: The paper is focused on searching for novel methods aimed at improving the performance
and usability of a common decision-making process where a panel of experts are assisted by spe-
cialized software systems. An equivalent exchange method (EEM) is considered in the paper as a
potential candidate for a versatile method applicable in expert decision-making process for solving
problems in various subject domains. The method is formally described in the paper in the form of
an iterative algorithm where each iteration leads to the reduce in the number of alternatives under
consideration until it converges to the preferable one. The key feature of EEM consists in the fact
that the original comparison between multiple alternatives described by many attributes measured
in different units is replaced by the sequence of simple exchanges between pairs of alternatives
where only two attributes are engaged at once. The numerical example illustrating the full run of
the algorithm is thoroughly described, so the actions performed in the steps of the algorithm are
explained. The case of the successful implementation of EEM as the module of Expert Decision
Support System is also presented.

Keywords: decision support systems; decision-making; preference matrix; comparison matrix;
equivalent exchange method; dominated alternatives; attribute comparison

1. Introduction

One of the important elements consisting of mathematical models of a decision-
making process is the model describing decision maker’s preferences. Such preferences
are commonly based on the information personally obtained from a decision maker (DM)
or experts. If such information is qualitative and complete in a proper sense, then under
certain mathematical assumptions, the DM preferences may be simulated by means of
certain value functions and utility functions [1]. In general, the higher the value of the
function is, the more preference should be given to the particular alternative [2].

Another approach in decision-making assumes that the value related to some of DM’s
alternative points of view can be determined by breaking down the description of the
whole decision into scalar merit values, which are clearly understandable by the DM and
assign unambiguous merit measure as the utility function of each option. Despite the fact
that such function is designed preferably so that they are linear, the nonlinear functions
may also be engaged due to complicated interaction in the contributions of the attributes
describing the alternatives [3].

It is commonplace that the merit of the input information utilized in procedures of a
typical decision-making process may be unreliable or contain errors. However, mathemati-
cal models based on incomplete, inaccurate or qualitative data, such as data representing
opinions obtained from some experts, may generate a possible solution in some cases [4,5].
Even if it appears to be impossible to acquire the information of desired accuracy about
weights or conditional importance of a certain set of criteria, utilizing that inaccurate infor-
mation would still remain possible if some sort of relaxation is allowed, e.g., the extension
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of the ranges given to the weights and ranking the criteria by their importance ordering.
Thus, the QUERY method based on the research, claiming the general limitations of human
ability to process information, principally focuses on a more reliable consecutive input
where the DM is involved in some evaluation steps [6,7]. The main drawback of the QUERY
method consists in the fact that it can deal only with a traditional multi-criteria choice
decision where a small number of alternatives are considered. To overcome this drawback,
A.V. Lotov had developed the method so that it remained quite effective in solving decision-
making tasks involving many more alternatives [8] than the original method. A similar
approach is the Aspiration-level Interactive Method (AIM), which seems to be a useful
decision-making tool exploiting the concept of ordered satisfaction which emphasizes the
role of criterial trade-offs in a multichoice attribution [9].

The French school headed by Bernard Roy has been especially prolific in developing
decision-making tools based upon the concept of outranking. The main idea lying behind
their methods is the assumption that each pair of alternatives, marked as A and B, can
be compared resulting in a set of weights. These weights reflect the relative importance
generated immediately by the DM. Then, the concordance index is introduced so that its
value is evaluated via the weights of the criteria chosen for alternative A and alternative
B. Then, the discordance index is identified as the output of a function of a special kind.
This function is fitted in such a way that its maximum is proportional to the inferiority that
alternative A possesses with respect to alternative B over all criteria. The concordance and
discordance indices are used together to generate outranking relationships where the user
input primarily controls the set of parameters forming all available ranks. This approach
is basically intended to assist the DM in shrinking the original list of the alternatives to a
significantly shorter one, commonly including alternatives with salient merit measured
by different criteria [10]. The basic concept of outranking has been implemented in the
PROMETHEE method [11,12] while the stochastic version, further developed, has been
realized as ELECTRE family [13]. The further research into methods of ELECTRE family
continues to be rather active [14,15]; however, so does the research into PROMETHEE [16].
If the inaccurate or uncertain input data can be represented as probability distributions,
a possible approach to solving a problem can be constructed by means of Stochastic
Multiobjective Acceptability Analysis (SMAA) [17,18].

Analytic hierarchy process (AHP) of T.L. Saaty [19,20] is widely used by many re-
searchers belonging to different schools all over the world. The DM applying AHP breaks
down their decision-making problem into a hierarchy of more comprehensible subtasks,
each capable of being analyzed independently. Those hierarchically decomposed elements
may relate to all aspects of the general decision-making problem. As soon as the hierarchy
has been built, the DM systematically estimates the merits of its various elements with
accordance to their influence on the elements which have higher ranks in the hierarchy.
During the pair-wise comparison, the DM is supposed to rely on certain data described
in the attributed of the compared elements, but usually the DM will use their personal
judgments made on basis of the relative significance and importance of elements. Basically,
AHP transforms such estimates into numerical values, which may be processed using
standard mathematical operation and straightforwardly compared across the whole steps
of the task. As a result, a scalar weight, or priority, is set to each element in the hierarchy
that provides an opportunity of performing rational and consistent comparison between
different and oftentimes incomparable elements. This advantage distinguishes AHP from
many other decision-making methods. On the final stage of the process, numerical priorities
are evaluated for each of the alternatives being considered in the decision-making task. In
spite of the fact that AHP has been met with a lot of criticism [21–24], it still remains very
popular with many practitioners.

The overcoming of the well-known downsides of the AHP method can be achieved
with applying at least two improvements. The first proposal is exploiting a geometric mean
as a more robust replacement for the commonly used eigenvectors of the matrices represent-
ing the relative importance of the attributes [22]. The second approach is the REMBRANDT
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method that introduces an alternative scaling, which turns out to be more natural in most
cases, according to the claim of its authors [25,26]. In cases where several DMs or invited
experts are involved, some methodology is required to control the overall process, from the
initial idea to a possible implementation. One such example setting up a conceptual and
practical tool which helps the various stakeholders to communicate is GUEST methodol-
ogy [27]. An example where this methodology is successfully implemented in a decision
support system for solving the problem of strategic production allocation can be found
in [28].

A set of recently designed decision-making methods is presented in [29]. These
methods exploit various principles of coordination or alternation of the estimates found
simultaneously by the set of criteria. The chosen tasks are related to different problem
fields and some of them permit the involvement of several groups of experts sharing
their opinions in a unified manner. However, if the DM is not really able to define the
right objective function, the comparative analysis of performance indicators can be carried
out [30]. This approach with the unified framework showed a promising result in the
problem of choosing optimal positions for putting up charging stations supplying electric
vehicles [31,32].

The authors of this paper propose the formalization of the witty technique firstly
published as one of the ad-hoc operations in [2]. This paper shows that, having been further
developed and properly formalized, it can become an efficient decision-making technique.
The authors suggested calling it an equivalent exchange method (EEM) since this is the
key operation of the method distinguishing it from others. In contrast to the majority of
the methods mentioned above, EEM tends to maintain its efficacy under conditions where
a partial uncertainty about the target function takes place as well as its ability to make
evaluation on both quantitative and ordinal scales, where the value of attributes can be
presented correspondingly in a scalar field or in a rank space. For some reason, EEM has not
become popular since it was not even listed among the decision-making methods reviewed
in the articles [33,34] despite the fact that EEM does not suffer from the downsides that are
specific to many decision-making methods listed above [1]. One of the essential features of
EEM is an iterative search for the trade-offs between changes in the estimates of alternatives
possible among some of their attributes. EEM can be considered as a promising option for
practical purposes. However, its fruitful exploitation requires it to be written formally as
an algorithm which will be ready for implementation in an appropriate decision-making
system deployed as some software solution.

The rest of the paper is organized as follows: Section 2 formally describes the algorithm
of EEM with its main diagram, term and basic concepts; all steps carried out at each
iteration of the algorithm are disclosed in greater details. In Section 3, a specific example is
thoroughly considered where the complete run of the algorithm is simulated. The main
ideas lying in the basis of EEM, the case where multiple solutions are obtained and the
convergence issue are discussed in Section 4. The paper ends with Conclusions (Section 5),
where the current drawbacks of the algorithm are marked and some ways of the future
improvement are suggested.

2. Materials and Methods

The scheme of the algorithm expressing EEM is drawn in Figure 1. The structure of the
algorithm is iterative, so the same sequence of steps will perpetuate until one of the quitting
conditions are fulfilled. The conditions that allow quitting the cycle are to be checked after
the fourth step of the iteration. However, the cycle is doomed to be finished, and this point
is considered in Section 4.5, where the convergence of the algorithm is addressed.
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Figure 1. The algorithm of the Equivalent Exchange Method.

2.1. Data Description

The set of variables used in the algorithm are denoted as follows:

• q = 1 . . Q is the iteration index, where Q is the total number of the iterations, which is
written as an upper index in variables.

• X = (X1, X2, . . . , Xi, . . . , XI), i = 1 . . I is the initial set of alternatives, or decision op-
tions.

• I denotes the total number of alternatives to be compared.
• Xq ⊆ X is the set of alternatives at the qth iteration. During the run of the algorithm, the

number of alternatives in subsequent iterations is getting reduced, and the alternatives
are renumbered.

• Iq marks the number of alternatives at the qth iteration.
• Lq designates the number of attributes at the qth iteration. In subsequent iterations,

the number of attributes cannot increase and tends to go down.
• l denotes the indices of the attributes against which the decision options are compared,

l = 1 . . Lq.
• Fq is the preference matrix at the qth iteration whose elements Fq

il , i = 1 . . Iq, l = 1 . . Lq

are estimates of the ith alternative by the lth attribute. Since the number of alternatives
and attributes tend to reduce as the iterations go on, the size of this matrix will also go
down.
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• Yq
ikl , l = 1 . . Lq stands for the elements of comparison matrices Yq for alternative pairs

in the qth iteration. Each pair of alternatives being compared corresponds to a unique
row of the matrix.

• Yq
ik designates the sum of matrix elements Yq

ikl over all the attributes, i.e., the sum of
the elements in the row indexed by (i, k).

The usage of triple indexing for elements Yq
ikl requires additional clarification. Thus,

the first two indices ik form a combined row index, while the the third l is the column one.
The pairs of alternatives indexing Yq

ikl do not repeat, and any of the pairs cannot contain
two identical alternatives. Each of the attributes corresponds to a column of the matrix.
Thus, each alternative pair, i.e., the row of the matrix, can be marked by compound index
(i, k), i = 1 . . (Iq − 1), k = (i + 1) . . Iq. Since neither of the alternative pairs repeats and
none of them contains two identical alternatives, the second index k will run from i + 1
to Iq for each alternative marked with index i. Therefore, the total number of rows in the
matrix turns out to be equal to the sum of arithmetic progression: Iq(Iq − 1)/2.

2.2. Basic Concepts

There are two concepts which are important since they are intensively used in the
algorithm.

The first concept is dominance which allows for establishing a sort of partial order
between the compared alternatives. Basically, the alternative denoted by i is called to be
weakly dominating over the alternative denoted by k, i.e.,Xi � Xk, if Xi is completely not
worse than Xk. Formally, it means that for all attributes l the estimates Fil related to the ith
alternative are not worse than the estimates Fkl related to the kth alternative:

Xi � Xk ⇐⇒ ∀l, Fil � Fkl , (1)

where the usage of the “greater or equal” sign should be avoided since the bigger value
taken on by the attribute does not always imply that it is more preferable. Typically,
expenses or ranks may set a good example here: the smaller their values are, the better the
related alternative is.

The alternative denoted by i is deemed to be strictly dominating over the alternative
denoted by k: Xi � Xk, if

• Xi � Xk, i.e., Xi is weakly dominating over the alternative denoted by Xk,
AND

• there is at least one attribute l̃ such that the ith alternative is better than the kth
alternative measured with it.

Conversely, in the relations where Xi � Xk and Xi � Xk, the kth alternative can be
called dominated, respectfully weakly dominated or strictly dominated.

The special cases take place in the pair under comparison where the ith alternative
turns out to be weakly dominating over the kth but not strictly dominating. In formal
words, Xi � Xk holds when Xi � Xk does not. This literally happens if the estimates of
both alternatives by all attributes are equal. Then, it is up to the DM to decide which of the
alternatives has to be called dominating, and which will be considered as dominated.

The second concept is the insignificance of attributes. The attribute indexed by l is
called insignificant if estimates Fil have the same numerical value over all the alternatives
i = 1 . . Iq being compared by this attribute. Upon transition to the comparison matrix for
alternative pairs, the lth attribute is marked as insignificant if the lth column of matrix Yq

is fully populated with 1 as it is shown in the algorithm description below.

2.3. The Iteration of the EEM Algorithm

The input data available at the qth iteration are the following:

1. The set of alternatives at the qth iteration: {Xq
i }, i = 1 . . . Iq;

2. The set of attributes at the qth iteration l = 1 . . . Lq;
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3. The preference matrix at the qth iteration: Fq = ‖Fq
il‖, i = 1 . . . Iq, l = 1 . . . Lq is made

of the value of preference scalars against the lth attribute for alternative Xi.

Each iteration of the algorithm consists of nine steps. The operations performed in
each step is thoroughly described below accompanied with a numerical example for a
better clarification.

2.3.1. Step 1: Computing the Comparison Matrix

At the first step, the comparison matrix is built for alternative pairs compared by each
of the attributes in accordance with the rule:

Yq
ikl =

{
1, Fil = Fkl ;
0, Fil 6= Fkl ;

i = 1 . . (Iq − 1), k = (i + 1) . . Iq. (2)

As an example, assume that Iq = 4, Xq = (X1, X2, X3, X4), Lq = 5. Then, for some
preference matrix Fq, the corresponding comparison matrix can be evaluated:

Fq =


30 200 5 16 29
20 220 5 16 45
10 200 7 16 35
10 200 9 16 35

, Yq =



0 0 1 1 0
0 1 0 1 0
0 1 0 1 0
0 0 0 1 0
0 0 0 1 0
1 1 0 1 1



(1, 2)
(1, 3)
(1, 4)
(2, 3)
(2, 4)
(3, 4)

(3)

Each row of matrix Yq corresponds to a pair of alternatives being compared (Xi, Xk) ,
which are given to the right for reference. The examples at all other steps of the algorithm
will be given for these initial data.

2.3.2. Step 2: Search for Insignificant Attributes

As long as the lth attribute can be recognized as insignificant, the estimates Fq
il for all

the alternatives have the same numerical value. Upon the transition to the comparison
matrix made for alternative pairs, the lth attribute is deemed to be insignificant if the lth
column of the matrix contains all unity scalar elements. The conditions can be rewritten in
a formal manner: {

∀(i, k), i = 1 . . . (Iq − 1), k = (i + 1) . . . Iq|Yq
ikl = 1

}
. (4)

In the example started above, the attribute with l = 4 turns out insignificant, since the
4th column of matrix Yq consists of ones only.

2.3.3. Step 3: Search for Dominated Alternatives

The search for dominated alternatives should be carried out among all pairs (Xi, Xk)
available at the qth iteration. For each of the pairs, the sum of the elements in the corre-
sponding row of the comparison matrix should be computed:

Yq
ik =

Lq

∑
l=1

Yq
ikl . (5)

This sum basically means the number of attributes, by which the estimates of both
alternatives in the current pair are equal. Hereafter, there are three possible cases:

• Case A happens if Yq
ik = Lq, i.e., the sum of elements in the row of matrix Yq corre-

sponding to the pair of alternatives (Xi, Xk) in the qth iteration is equal to the number
of attributes Lq in the same iteration. This is the case where the weak dominance takes
place but not the strict dominance. The DM should make a decision about which of
the alternatives is to be kept, and which is declared dominated. The DM may make
such a decision straightforwardly or with taking into consideration additional factors,
which have not been introduced into the task yet.
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• Case B happens if Yq
ik = Lq − 1, Lq > 1 , i.e., the sum of elements in the row of matrix

Yq corresponding to the pair of alternatives (Xi, Xk) in the qth iteration is less than
the number of attributes Lq by 1. Consequently, the estimate of alternatives (Xi, Xk) is
equal among all attributes except only one attribute denoted with l̃. In formal words,
∃!l̃ : Yq

ikl̃
= 0. The DM must make a decision, which of the estimates by attribute

l̃ is preferable: Fq
il̃

or Fq
kl̃

. If estimate Fq
il̃

is considered preferable, i.e., Fil̃ � Fkl̃ , then
alternative Xi should be declared as strictly dominating over alternative Xk, Xi � Xk.
Otherwise, alternative Xk would be declared as strictly dominating over alternative Xi.

• Case C is the situation where neither Case A nor Case B take place. Then, there are no
dominated alternatives which have been identified in the step.

It is worth noting that Case C does not imply that there is no dominated alternatives
in the set of the alternatives. However, the searching procedure relying on the difference
in a single attribute cannot identify it immediately. The more details about this point are
discussed in Section 4.6.

In the illustrating example started above, the values of Yq
ik can be found for each pair

of alternatives as a sum of all elements of the corresponding rows of matrix Yq, as it is
shown in Table 1.

Table 1. The row sums Yq
ik for all alternative pairs.

Pairs of the Alternatives

i k Yq
ik

1 2 2
1 3 2
1 4 2
2 3 1
2 4 1
3 4 4

In the given example, where L = 5, since there are five attributes in qth iteration,
the indices of the sought alternative pair are (3, 4) as Yq

34 = 4. In accordance with the
conditions, case B takes place, since Yq

34 = Lq − 1, i.e., alternatives X3 and X4 are equal
among all the attributes but l̃ = 3. The estimate of alternative X3 by this attribute is Fq

33 = 7,
while the estimate of alternative X4 by the same attribute is Fq

43 = 9. The DM must make a
decision, which one of the estimates by attribute l̃ = 3 is preferable for him or her: 7 or 9.
As an example, let us assume that this attribute describes the amount of expenses. Then,
estimate Fq

33 = 7 would be preferable. Therefore, alternative X3 would be declared as a
dominating one while alternative X4 is to be called dominated.

2.3.4. Step 4: Shrinkage of the Preference Matrix

At this step, all insignificant attributes and dominated alternatives discovered in the
previous step (if any) are excluded from consideration:

1. The dominated alternatives, which are related to both cases A and B in the previous
step, have to be excluded from vector Xq. The list of remaining alternatives are
renumbered to restore the consequent indexing of the alternatives;

2. The rows corresponding to the dominated alternatives and the columns corresponding
to insignificant attributes are deleted from matrix Fq;

3. The rows in the matrix corresponding to the pairs of alternatives where at least one of
the alternatives is being dominated have to be excluded from matrix Yq. The columns
corresponding to insignificant attributes are also excluded;

4. Variables Iq and Lq take on the new values equal to the number of, respectively,
alternatives and attributes remaining for further consideration.

Then, the branching in the run of the algorithm has to be carried out.
If Iq = 1, then the execution proceeds with step 5;
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If Lq = 1, then it proceeds with step 6;
Otherwise, i.e., (Iq > 1) ∧ (Lq > 1), it goes to step 7.

Regarding the example started above, attribute l = 4 was identified as insignificant
in step 2, while, in step 3, alternative X4 was identified as dominated in step 3. Therefore,
alternative X4 is being excluded from vector Xq = (X1, X2, X3,ZZX4). The remaining alterna-
tives are renumbered so that the vector takes the following form: Xq = (X1, X2, X3). The
transformation made to matrices Fq and Yq can be illustrated as follows:

Fq =


30 200 5 16 29
20 220 5 16 45
10 200 7 16 35
10 200 9 16 35

, Yq =



0 0 1 1 0
0 1 0 1 0
0 1 0 1 0
0 0 0 0 0
0 0 0 1 0
1 1 0 1 1



(1, 2)
(1, 3)
(1,4)
(2, 3)
(2,4)
(3,4)

(6)

Row 4 has been excluded from matrix Fq, since it corresponds to an alternative X4 , and
column 4 has also been excluded, since it corresponds to some attribute l = 3. The changes
in matrix Yq are more complicated, since each row corresponds to a pair of alternatives.
Thus, all the rows corresponding to the pairs of alternatives, where at least one of the
alternatives is a dominated one, are excluded. Since alternative X4 is dominated, the
rows indexed by the following pairs have to be excluded: (X1, X4), (X2, X4), (X3, X4). In
addition, column 4 is excluded because it describes the attribute found as insignificant. The
reduced matrices take on the following values:

Fq =

30 200 5 29
20 220 5 45
10 200 7 35

, Yq =

0 0 1 0
0 1 0 0
0 0 0 0

 (1, 2)
(1, 3)
(2, 3)

(7)

Variables Iq and Lq take on values equal to the new number of alternatives and
attributes, respectively: Iq = 3 and Lq = 4.

2.3.5. Step 5: The Single Alternative Found

If Iq = 1, there is only one alternative left in Step 4. Consequently, X∗ = Xq
1 is the

effective alternative.
The algorithm terminates here.

2.3.6. Step 6: The Single Attribute Remains

If Lq = 1, there only one attribute left in Step 4. Therefore, the DM must choose
the alternative with the preferable estimate by the remaining attribute, i.e., to select such
alternative X∗ = Xq

i that the estimate Fq
i1 related to the ith alternative would be prefer-

able among all. If more than one alternative has the same preferable estimates, then the
algorithm output could produce the set made of these alternatives as its output.

The algorithm terminates afterwards.

2.3.7. Step 7: Search for the Alternative Suitable for Equivalent Exchange

The goal of this step is the selection of the pair of alternatives indexed as (î, k̂) and one
attribute l̂, for which an equivalent exchange is the most suitable to be conducted. In order
to perform this, the elements Yq

ikl of Yq taking on zero value are considered: Then, the pair
of alternatives for which the value:

Dq
ik = Lq −

Lq

∑
l=1

Yq
ikl (8)

reaches the minimum that has to be chosen. Among all elements of matrix Yq
ikl that

correspond to such pair of alternatives (î, k̂), it is required to find such zero element (î, k̂, l̂)
that will satisfy the following condition:
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Iq(Iq − 1)
2

−
Iq−1

∑
i=1

Iq

∑
k=i+1

Yq
ikl̂

= min
l

{
Iq(Iq − 1)

2
−

Iq−1

∑
i=1

Iq

∑
k=i+1

Yq
ikl

}
. (9)

Due to the fact that the first term of the sum is constant, this condition may be replaced
with the following:

Iq−1

∑
i=1

Iq

∑
k=i+1

Yq
ikl̂

= max
l

Iq−1

∑
i=1

Iq

∑
k=i+1

Yq
ikl . (10)

It is worth noting that, while Dq
ik simply indicates the number of zero elements in

the row indexed by (î, k̂), the left-hand side of the expression (9) implicitly expresses the
number of zero elements in the column indexed as l̂.

In those cases where more than one element Yq
ikl of the matrix that meet this condition

has been found, then the DM will have their own right to choose a pair among all identified.
In the continuing example, the elements of the comparison matrix meeting this re-

quirement are underlined:

Yq =

0 0 1 0
0 1 0 0
0 0 0 0

 (11)

It is important to notice that each of the underlined elements has two zeros in its
column. However, each of the other (not underlined) zero elements has 3 zeros in its
column. The DM must choose any of the underlined elements. If they choose element
(î, k̂, l̂) = (1, 2, 2), for instance, it will be the closest element to the upper left corner of the
matrix Yq since it is in its row 1 and column 2.

2.3.8. Step 8: Choice of an Exchangeable Attribute

In this step, the DM is set to select such attribute l∗ , which the DM considers to be an
appropriate candidate for further comparison made in the pair of alternatives chosen in the
previous step. Basically, attribute l∗ should be chosen to meet two criteria:

1. Attribute l∗ cannot be the same as attribute l̂, selected in Step 7;
2. The element of the comparison matrix that corresponds to this attribute and the pair

(Xî, Xk̂) selected in step 7 must be zero: Yq
îk̂l∗

= 0.

Provided the previous step are executed correctly, this attribute l∗ always exists
because otherwise one of the alternatives would be dominated, which means that it should
have been deleted in Step 4.

In the previous step of the continuing example, element (î, k̂, l̂) = (1, 2, 2) was selected.
Therefore, l∗ cannot be chosen equal to l̂: l∗ 6= l̂, so the element in the first row and column
l∗ of matrix Yq must be zero. Therefore, both attributes with indices 1 and 4 are suitable.
However, this becomes the DM’s personal decision: which of them will be chosen as the
attribute ready for exchange l∗. This choice should be made assuming that the DM will
be obliged to compare simultaneous changes made in both of the estimates defined by
attributes l̂ and l∗ in the next step of the algorithm. In the example under consideration, let
l∗ = 1 be assumed.

2.3.9. Step 9: Performing the Equivalent Exchange

In this step, preference matrix Fq+1 is formed for the next (q + 1)th iteration of the
algorithm. Initially, the preference matrix of the current iteration is copied into the matrix
intended for the next iteration Fq+1 = Fq; then, the modification is carried out. Primarily,
the DM assigns the new values for the element in Fq+1, such that the change in the estimate
by attribute l̂ from Fq

k̂l̂
to Fq

îl̂
would be considered as equivalent to the change in the estimate

by attribute l∗ from Fq
k̂l∗

to Fq+1
k̂l∗

. Since the first exchange can deliberately be assumed as
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Fq+1
k̂l̂

= Fq
îl̂

, the new value of element Fq+1
k̂l∗

should be assigned by the DM. Performing these
actions, the decrease in the value of

Mq = min
(i,k)

Dq
ik = min

(i,k)

{
Lq −

Lq

∑
l=1

Yq
ikl

}
. (12)

should be ensured in the next step, since the minimum is taken for all suitable pairs of
alternatives. It follows from the fact that the number of attributes, by which the alternatives
index by (î, k̂) differ, will inevitably be reduced by 1 after the iteration has complete.

Then, here comes the transition to the next iteration, marked as q + 1, where the whole
procedure is to be repeated starting in Step 1.

Regarding the continuing example, the final step of the current iteration engages the
preference matrix (7) obtained in Step 4, triplet (î, k̂, l̂) = (1, 2, 2) chosen in Step 7 and
attribute l∗ = 1 selected in Step 8.

In order to make the exchange more convenient and simpler for understanding,
let us assume that attribute l∗ means “implementation period in weeks”, and attribute
l̂ means “cost in thousand euros”. The DM considers it to be reasonable to make the
following decision:

“Let us suppose that the cost of implementation changes from 220 to 200 thousand
euros. By how many days should the implementation period be increased from the initial
20 weeks, so that both changes would be equivalent from the DM’s own perspective?”

For example, the DM may reason as follows:

“To reduce the cost of implementation by 20 thousand euros, we can give 3 extra weeks
for system implementation”.

Accordingly, the DM will assign the value Fq+1
k̂l∗

= 23. After the equivalent exchange
has been completed, the preference matrix is formed for the next iteration:

Fq+1 =

30 200 5 29
23 200 5 45
10 200 7 35

, (13)

where the just changed elements are underlined.
This matrix (13) will be used in the next iteration of the algorithm. However, even

at the current step, it is rather easy to deduce that attribute 2 is bound to be claimed
insignificant since the estimates of all the alternatives by this attribute have become equal
to the similar value, namely 200.

2.4. The EDSS Description

A formal description of EEM algorithm was developed, which further allowed rewrit-
ing it in the terms ready to be implemented as an extending module of the Expert Decision
Support System (EDSS) [29]. This information system primarily focuses on automation
of the procedures performing analysis of the problem situation where the selection of the
effective decision among available ones is required. The specific features of the system are
briefly highlighted below.

The EDSS was basically designed for the facilitation of the overall process of making
decision. Firstly, the system helps its user, i.e., the DM, to choose a suitable method
for particular problem among all available, depending on the amount of the problem
related data the DM holds or even personal preferences. Secondly, the system provides
the DM with the interactive graphical user interface. Finally, the system conducts all the
computations required for running the chosen method.

The knowledge base of the EDSS contains different methods implemented in the form
of executable modules. The range of the methods varies from those which are completely
based on formal foundation, e.g., optimal solution techniques, to those which rely mostly
on the decisions the experts bring in during their sessions. The current version of the
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system virtually implements nearly 50 particular instances of such mathematical methods
and models, which makes it stand out from most of the other DSS, which usually realize
a single decision-making method or a family of similar methods. Among the methods
implemented in the system so far, there are also groups of decision-making methods
performing under uncertainty and risk, which can be introduced to the simulation while
solving a decision-making problem.

As the essential part of the EDSS, its knowledge base additionally contains a set of
rules for selection among appropriate models and decision-making methods. The list of
suitable methods become available as soon as all elements constituting the task being
solved are collected together and properly brought in to the system. The knowledge base
assists in the main session, performing the search for the most suitable decision-making
methods which are driven by the sequence made of its user’s selection of the answer, taken
out of the set of locally available answers, to the questions asked by the system about
the general elements of the decision-making task. As a result, not only does the system
provide a user with a better opportunity to select the decision-making method for a specific
problem, but also it guides the user through the solution steps being carried out according
to the method.

The EDSS is equipped with a sufficient set of functions to deal with a database server
generally supporting SQL via a standard database provider interface. This supports the
structured storage of all the information required for internal calculation, the description
of task elements, and intermediate results obtained by decision-marking methods. It also
stores the predefined templates utilized during the preparation of reports as well as for
support of the multi-language user interface. In addition, relying on the database servers,
the system can carry out a multidimensional analysis of the data before and during the
main procedure of solving the task at hand, export the results back to the database tables,
and prepare analytic reports with the use of an OLAP-server. However, the automation
based on stored templates will slightly vary the procedure of report generation with respect
to the functional specification provided by the server of the chosen relational database.

The system architecture includes a multiple user access which provides the set of tools
for collective decision-making process that allows an expert panel to substantiate decisions
in a cooperative manner so that the optimal solution can be reached as a consolidated
opinion of the expert panel.

The EDSS is not a system oriented exclusively to solving problems in a dedicated field.
In spite of the fact that it was primarily designed for solving tasks in managerial [35,36]
or business [37,38] sciences, it can now be fruitfully used for coping with tasks emerging
in many other applied sciences. As a system improving the process of choosing optimal
system design at the earlier development stages, it has served a practical tool for solv-
ing a series of engineering tasks, e.g., searching for more effective estimators in radar
systems [39,40], selecting more accurate estimators for electric signal parameters [41–43],
planning the design of experiments conducting in position location [44], telecommuni-
cation [45] and fast image recognition [46], identification of hidden periodicity in data
acquired at various measurement sites, and including power electronics [47,48] and anten-
nas [49]. Such approach can also be applied for designing the sites for measurement of the
vibration signals exploited for fault detection in rotary machines [50].

Since the system had been designed as a client–server architecture, it provides end
users with a remote access to the web server running the main application. The end-user
implementation in the form of a thin client offers the simultaneous sessions to multiple
users connected via the Internet browser.

The inclusion of the newly developed method into the EDSS has been successfully
carried out. The modular architecture of the server part of the system allows for adding
new decision-making techniques without changing the source code of the main system
modules. However, the user graphical interface of the EDSS has been slightly updated in
order to support the interactive function of the included method. Practically, the proposed
method has been implemented as a program module written in C# language with a support
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of the program interface providing the data structure interchange at a level that is enough
for the full inclusion into the system. The knowledge base exploited by the EDSS has also
been updated, since the new method had to be implemented in accordance with those
decision-making conditions, under which the method is expected to be run.

3. Results

For the sake of clarification, the practical execution of the proposed algorithm can be
demonstrated by means of an example where the sequence of iterations will be carried
out. The case description is as follows. A DM is considering a problem of finding the
optimal solution among three alternatives which are the offices for a new branch of a
private company.

Five attributes were chosen which quantitatively characterize the essential consumer
properties of the office space from the DM’s point of view. The first is ‘Time’ which is
measured in minutes and designates the average time which employees are expected to
spend in order to get the office from the nearest subway station. Secondly, ‘Location’ is an
expert unitless estimate of the general perception of the quality of the office center and its
neighborhood. Then, ‘Equipment’ is also an expert unitless estimate which determines how
much common office equipment has already been placed in the office rooms. The fourth
is ‘Size’ measured in square meters which denotes the area taken by each of the offices.
Finally, ‘Costs’ is the total estimated spending for the rent of the whole office, and 1 unit is
equal to €1000 per year.

The values of the attributes are known for three alternatives named as ‘Office A’,
‘Office B’ and ‘Office C’. All the data collected are used for filling in the initial preference
matrix, which is shown in Table 2.

The run of the algorithm will be organized as a sequence of iterations where the
preference matrix undergoes gradual modifications—one modification at each step—until
it finally comes to the state where the simple scalar comparison is immediately realizable.

Table 2. The preference matrix at Iteration 1—F1.

1: Time 2: Location 3: Equipment 4: Size 5: Costs

X1: Office A 25.0 80.0 60.0 700.0 1700.0
X2: Office B 28.0 70.0 80.0 500.0 1500.0
X3: Office C 25.0 85.0 50.0 800.0 1900.0

3.1. Iteration 1

The preference matrix at the first iteration F1 is shown in Table 2. The computed
pairwise comparison matrix Y1 is shown in Table 3. As it can be seen from the comparison
matrix, there are neither attributes to be called insignificant nor alternatives to be marked
as dominated. Therefore, the iteration comes up to Step 7. The choice of the exchangeable
alternatives and the attribute l̂ for the equivalent exchange is performed by the EDSS itself.
Then, in Step 8, the system pushes the dialog window shown in Figure 2. This window
inquires the DM after the attribute l∗ to perform the equivalent exchange with. The window
shows that one of the Time attributes for the exchange has been chosen automatically. This
selection can be easily explained since there is a unity in the first column of Table 3 while
all other columns contained zeros only. This choice will head for a faster elimination of the
column as soon as its attribute has been found to be insignificant.

Suppose that the DM has picked up an Equipment attribute for the equivalent ex-
change with Time. Then, in Step 9, the dialog window, which is shown in Figure 3, asks
the DM for entering the new value of Equipment attribute. The estimate of X2 by Time
attribute is going to decrease from 28 to 25, whiich will be thought of as a positive effect.
The DM considers that equivalent decrease in Equipment should be its change from 80
to 78. Although this decision may well look arbitrary, it is the simulation of the DM’s
personal decision here. In other words, the DM is ready to sacrifice just a small piece of
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office equipment for a three-minute decrease in time that most of the staff will spend to
obtain an office.

The action taken in Step 9 of the first iteration is the equivalent exchange made between
X1 and X2 alternatives. The resultant matrix is shown in Table 4.

Figure 2. The dialog window for choosing the attribute for the equivalent exchange at Iteration 1.

Figure 3. The dialog window for entering for the equivalent exchange at Iteration 1.

Table 3. The pair-wise comparison matrix at Iteration 1—Y1.

(Xi : Xk)/l 1 2 3 4 5 Y1
ik(Σ)

X1 : X2 0 0 0 0 0 0
X1 : X3 1 0 0 0 0 1
X2 : X3 0 0 0 0 0 0

Table 4. The preference matrix at Iteration 2—F2.

1: Time 2: Location 3: Equipment 4: Size 5: Costs

X1: Office A 25.0 80.0 60.0 700.0 1700.0
X2: Office B 25.0 70.0 78.0 500.0 1500.0
X3: Office C 25.0 85.0 50.0 800.0 1900.0

3.2. Iteration 2

Table 4 demonstrates the preference matrix F2 at the beginning of the second iteration.
The computed pairwise comparison matrix Y2 is shown in Table 5.
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Table 5. The pair-wise comparison matrix at Iteration 2—Y2.

(Xi : Xk)/l 1 2 3 4 5 Y2
ik(Σ)

X1 : X2 1 0 0 0 0 1
X1 : X3 1 0 0 0 0 1
X2 : X3 1 0 0 0 0 1

The unity vector in the first column observes that Time is an insignificant attribute
and has to be excluded. This exclusion has led to the reduction in the number of columns
constituting matrix F2. The new matrices F2 and Y2 are shown in Tables 6 and 7 corre-
spondingly. The number of attributes has decreased, and the rest of the attributes have
been renumbered. It is important to emphasize the fact that the insignificance of Time and
the deletion of its column have become possible because of the equivalent exchange done
at the previous iteration—Iteration 1.

Now, the just shrunk comparison matrix shown in Table 7 is searching for the new
equivalent exchange. Since there are no unit elements in the matrix at all, the EDSS proposes
the attribute l̂ as the first in the list, namely Location, while the attribute for exchange has
to be chosen by the DM. Suppose they have picked up Costs and decided that the increase
in Location from 70 to 80 can reasonably be achieved with an increase in Costs from 1500
to 1600. The result of the second iteration is the equivalent exchange made between X1 and
X2 alternatives. The resultant matrix is shown in Table 8.

Table 6. The preference matrix at Iteration 2 after Time has been excluded—F2.

1: Location 2: Equipment 3: Size 4: Costs

X1: Office A 80.0 60.0 700.0 1700.0
X2: Office B 70.0 78.0 500.0 1500.0
X3: Office C 85.0 50.0 800.0 1900.0

Table 7. The pair-wise comparison matrix at Iteration 2 after Time has been excluded—Y2.

(Xi : Xk)/l 1 2 3 4 Y2
ik(Σ)

X1 : X2 0 0 0 0 0
X1 : X3 0 0 0 0 0
X2 : X3 0 0 0 0 0

Table 8. The preference matrix at Iteration 3—F3.

1: Location 2: Equipment 3: Size 4: Costs

X1: Office A 80.0 60.0 700.0 1700.0
X2: Office B 80.0 78.0 500.0 1600.0
X3: Office C 85.0 50.0 800.0 1900.0

3.3. Iteration 3

The preference matrix at the third iteration F3 is depicted in Table 8. The computed
pairwise comparison matrix Y3 is presented in Table 9. Since there is a unit element in the
comparison matrix, and it is in the column related to Location attribute, the EDSS suggests
this attribute as l̂ again, while the DM picks up Size for the exchange. The decrease in
Location from 85 to 80 can be tolerated if the equivalent increase in Location takes place
from 800 to 850.

The third iteration results in the equivalent exchange between X2 and X3 rows. The
preference matrix obtained after the third iteration has completed is shown in Table 10.
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Table 9. The pair-wise comparison matrix at Iteration 3—Y3.

(Xi : Xk)/l 1 2 3 4 Y3
ik(Σ)

X1 : X2 1 0 0 0 1
X1 : X3 0 0 0 0 0
X2 : X3 0 0 0 0 0

Table 10. The preference matrix at Iteration 4—F4.

1: Location 2: Equipment 3: Size 4: Costs

X1: Office A 80.0 60.0 700.0 1700.0
X2: Office B 80.0 78.0 500.0 1600.0
X3: Office C 80.0 50.0 850.0 1900.0

3.4. Iteration 4

Table 10 demonstrates the preference matrix F4 at the beginning of the fourth iteration.
The computed pairwise comparison matrix Y4 is shown in Table 11. The unity vector in
the first column witnesses that Location has become an insignificant attribute and has to
be excluded. This leads to the reduction in the number of columns constituting matrix F4

since the corresponding column has to be deleted. The new matrices F4 and Y4 are shown
in Tables 12 and 13 correspondingly.

Table 11. The pair-wise comparison matrix at Iteration 4—Y4.

(Xi : Xk)/l 1 2 3 4 Y4
ik(Σ)

X1 : X2 1 0 0 0 1
X1 : X3 1 0 0 0 1
X2 : X3 1 0 0 0 1

Table 12. The preference matrix at Iteration 4 after Location has been excluded—F4.

1: Equipment 2: Size 3: Costs

X1: Office A 60.0 700.0 1700.0
X2: Office B 78.0 500.0 1600.0
X3: Office C 50.0 850.0 1900.0

Table 13. The pair-wise comparison matrix at Iteration 4 after Location has been excluded—Y4.

(Xi : Xk)/l 1 2 3 Y4
ik(Σ)

X1 : X2 0 0 0 0
X1 : X3 0 0 0 0
X2 : X3 0 0 0 0

The equivalent exchange between X1 and X2 rows is carried out in Step 9. It consists
of two simultaneous changes: the decrease in Equipment from 78 to 60 and the decrease in
Costs from 1600 to 1200. The resultant preference matrix is shown in Table 14.

Table 14. The preference matrix at Iteration 5—F5.

1: Equipment 2: Size 3: Costs

X1: Office A 60.0 700.0 1700.0
X2: Office B 60.0 500.0 1200.0
X3: Office C 50.0 850.0 1900.0
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3.5. Iteration 5

The preference matrix at the fifth iteration F5 is presented in Table 14. The computed
pairwise comparison matrix Y5 is shown in Table 15. The equivalent exchange between
X1 and X2 rows is carried out at the fifth iteration. The increase in Size from 500 to 700 is
equivalent to the increase in Costs from 1200 to 1500. The modified matrix after the fifth
iteration is in Table 16.

Table 15. The pair-wise comparison matrix at Iteration 5—Y5.

(Xi : Xk)/l 1 2 3 Y5
ik(Σ)

X1 : X2 1 0 0 1
X1 : X3 0 0 0 0
X2 : X3 0 0 0 0

Table 16. The preference matrix at Iteration 6—F6.

1: Equipment 2: Size 3: Costs

X1: Office A 60.0 700.0 1700.0
X2: Office B 60.0 700.0 1500.0
X3: Office C 50.0 850.0 1900.0

3.6. Iteration 6

Table 16 contains the preference matrix F6 at the beginning of the sixth iteration. The
corresponding matrix Y6 of pairwise comparisons is shown in Table 17. The first row of the
matrix in Table 17 contains all unity elements except one. This is a clear sign that a strictly
dominated alternative has to be detected in Step 3. It happens to be X1 ‘Office A’, which
is inferior to X2 ‘Office B’ by the singe attribute named Cost, while the estimates for two
other attributes are equal for the alternatives in the pair (X1, X2). The shrunk matrix with
renumbered alternatives is shown in Table 18. The matrix containing the result of pairwise
comparison is depicted in Table 19.

Table 17. The pair-wise comparison matrix at Iteration 6—Y6.

(Xi : Xk)/l 1 2 3 Y6
ik(Σ)

X1 : X2 1 1 0 2
X1 : X3 0 0 0 0
X2 : X3 0 0 0 0

Table 18. The preference matrix at Iteration 6 after ’Office A’ has been excluded—F6.

1: Equipment 2: Size 3: Costs

X1: Office B 60.0 700.0 1500.0
X2: Office C 50.0 850.0 1900.0

Table 19. The pair-wise comparison matrix at Iteration 6 after ’Office A’ has been excluded—Y6.

(Xi : Xk)/l 1 2 3 Y6
ik(Σ)

X1 : X2 0 0 0 0

The equivalent exchange is performed between two rows: the increase in Equipment
from 50 to 60 is treated as equivalent to the increase in Costs from 1900 to 2000. It provides
the modified preference matrix shown in Table 20.
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Table 20. The preference matrix at Iteration 7—F7.

1: Equipment 2: Size 3: Costs

X1: Office B 60.0 700.0 1500.0
X2: Office C 60.0 850.0 2000.0

3.7. Iteration 7

The preference matrix F7 at the beginning of the seventh iteration is drawn in Table 20.
The computed matrix Y7 containing the pairwise comparisons is shown in Table 21.

Table 21. The pair-wise comparison matrix at Iteration 7—Y7.

(Xi : Xk)/l 1 2 3 Y7
ik(Σ)

X1 : X2 1 0 0 1

The attribute marked as Equipment takes the same value over both alternatives, so it
appears to be insignificant and must be excluded. The shrunk preference matrix is shown
in Table 22, and the matrix of pair-wise comparisons is presented in Table 23. Then, the
equivalent exchange is being conducted where the decrease in Size from 850 to 700 is
assumed to be equivalent to the decrease in Costs from 2000 to 1650. This exchange leads
to the preference matrix depicted in Table 24.

Table 22. The preference matrix at Iteration 7 after ’Equipment’ has been excluded—F7.

1: Size 2: Costs

X1: Office B 700.0 1500.0
X2: Office C 850.0 2000.0

Table 23. The pair-wise comparison matrix at Iteration 7 after ’Equipment’ has been excluded—Y7.

(Xi : Xk)/l 1 2 Y7
ik(Σ)

X1 : X2 0 0 0

3.8. Iteration 8

Table 24 contains the preference matrix available at the beginning of Iteration 8. The
accompanying comparison matrix is given in Table 25.

Table 24. The preference matrix at Iteration 8—F8.

1: Size 2: Costs

X1: Office B 700.0 1500.0
X2: Office C 700.0 1650.0

Table 25. The pair-wise comparison matrix at Iteration 8—Y8.

(Xi : Xk)/l 1 2 Y8
ik(Σ)

X1 : X2 1 0 1

The attribute named Size becomes insignificant and has to be put out of the considera-
tion. The resultant matrix containing the rest column is shown in Table 26.
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Table 26. The preference matrix at the end of Iteration 8—F8.

1: Costs

X1: Office B 1500.0
X2: Office C 1650.0

3.9. The Final Decision

The resultant preference matrix in Table 26 allows for performing a simple comparison
between all the available alternatives—there are only two rest, using the single scalar
parameter Costs. Thus, ‘Office B’ is chosen as a unique optimal solution, since this choice
implies a lower amount of money spent on renting the office.

4. Discussion

In the current section, the most important and controversial points regarding the pro-
posed EEM are discussed. The list includes the description of the attributes, the foundation
of EEM, the main strategy, the multiple output and the algorithm convergence issue.

4.1. The Description of the Attributes

Even though the attribute may not be take on numerical values interpreted as quan-
tities, the order, at least a partial one [51], should exist. In other words, the attributes are
expected to be measured in scales allowing comparison between their elements. Nonethe-
less, in almost all cases, the estimate of the attributes are stored in the form of scalars whose
numerical values may be interpreted differently depending on what they actually represent.
For instance, they can be natural numbers representing the ranks of the alternative among
others with respect to some attribute. As an alternative example, they can be financial
expenses or profits taking on their values out of the real number field, possibly with some
additional restrictions; thus, expenses can only be a non-negative real number.

The complete set of the attributes can be divided into two groups which can be called
benefits and penalties. The attributes belonging to the first group, the benefits, exhibit an
ascending preference order: the larger the numerical value of the estimate is, the more
preferable its value is. In contrast, the attributes belonging to the second group, the
penalties, exhibit a descending preference order: the larger the numerical value of the
estimate is, the less preferable its values are.

The DM should always bear in mind which of the groups the attributes belong to
when they are about to enter the new value for the attribute engaged in the equivalent
exchange. Thus, if the two attributes are both benefits, then an increase in the value of one
attribute has to cause a decrease in another. This may look as an exchange of an amount
of some goods for another amount of some other goods. The similar alterations may be
carried out in the estimates of two attributes if they both are penalties, yet the reasoning
will be a bit different there. The DM is ready to take up some additional amount of some
inconvenience if another amount of some other inconvenience is lifted. However, if two
attributes to be exchanged belong to different groups, an increase in one of them should
also cause an increase in another, and vice versa for decreases. In other words, the DM is
ready to purchase some additional amounts of goods with taking some extra amount of
inconvenience, and vice versa for decreases.

4.2. The Foundation of EEM

The key idea lying behind EEM finds its foundation in the psychological aspect of
the problems involving number comparisons [52]. It looks evident that if there is only
one attribute to estimate the alternatives, and there will be no difficulty to say which of
them is more preferable. However, when it comes to the comparison where multiple
criteria are involved, starting with three, the personal perception of the complexity becomes
significantly higher. There are several possible approaches to overcoming this complexity.



Inventions 2023, 8, 12 19 of 24

The first and possibly the simplest one is the introduction of the universal merit, which
can be either one of the attributes, typically the one measured in currency, or some auxiliary
metric. Then, exchange rates are established, which allows the DM to find the equivalent
value in the merit. However, there are at least two disadvantages here. The first one is
that the exchange rate remains linear while the marginal value of the attribute may well
depend on its current value. The second one is more fundamental: due to their meanings,
the attributes can form a so-called incomparable set. This typically happens when there are
ordinal, true scalar, and relative scalars in the set of attributes. To make things worse, their
estimates can be found by experts, and that fact will inevitably bring in uncertainty.

The second solution, more advanced, could be defining the target function, which can
look like a stricter mathematical formalization of the preference problem. Although it can
cope with the nonlinear exchange rates, the amount of effort and knowledge in the problem
area required to define this function accurately turns out to be dramatically high, especially
in the case of more than three attributes. However, the set of the alternatives is always finite
so that the optimization problem remains rather sparse and that effort may look wasteful in
the end. The combination of incomparable attributes can make the definition of the target
function rather laborious. To make things worse, if the ordinals are among the attributes,
the target function ceases to be continuous. That will dramatically increase the complexity
of the mathematical tools required for solving the optimization problem.

The third approach, which EEM is actually based upon, consists of transforming
the initial search in the space of alternatives being compared in the sequence of simple
numerical comparisons where only two attributes are involved. Thus, the DM is expected
to be able to make each exchange where they have to find the reasonable equivalence
between changes in one and another attributes. Therefore, the comparison at each step
where the expert’s knowledge is required can be carried out in the conditions which remain
plausible for a general human being’s perception of a simple trade-off.

4.3. The Main Strategy

The main outline of the algorithm, which is shown in Figure 1, as well as its iterations
observed in Section 3, could make an impression that the main goal is an iterative elimina-
tion of the attributes and deletion of the alternatives. Indeed, an attribute can be deleted
as soon as it can be considered as an insignificant one, while an alternative can be deleted
from the list if it is a dominated one. In other words, there exists another alternative which
is dominating over one to be deleted. Consequently, the DM can think to follow two main
strategies:

1. The first strategy consists of conducting such a sequence of exchanges which results
in the equal values for the same attribute which the estimates take on in all the
alternatives.

2. The second strategy consists of the equalization of two alternatives by all parameters
except one; the only parameter with different values will determine the dominating
alternative.

The second strategy looks more advantageous since it leads to crossing out less
preferable alternatives, which is generally speaking the desirable result. However, the
elimination of the attributes reduces the overall dimensionality of the problem. This makes
the DM’s perception more clear at further iterations. Alternatively, if the DM applies EEM
as an auxiliary tool only, they can stop the algorithm run after some iteration when the
preference matrix becomes small enough and free of onerous attributes, so the DM can
decide to switch to another methods afterwards.

4.4. The Multiple Algorithm Outputs

Since the number of the alternatives to make a comparison between tends to reduce
with every iteration as well as the number of the attributes involved in the comparison,
only a few alternatives will eventually remain. Hence, the dominating alternatives chosen
at the final iteration of the algorithm will become the output of the whole algorithm.
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The result of the algorithm is usually a single alternative—X∗. In cases where all
attributes except one have been excluded, the algorithm may produce several alternatives
at the final iteration. It may simply happen if the estimates for such alternatives being
compared by the single attribute turn out to be equal. Those alternatives will generally
be thought of as if they have equal merit as the preferable options for the DM. If such an
output as multiple alternatives is not acceptable, the DM has to pick one of them at random.

4.5. The Convergence of the Algorithm

Convergence of the algorithm arises from the fact that actions carried out in steps 7,
8, and 9 ensure the decrease in value Mq (12). It follows from the fact that the number
of attributes, by which alternatives (î, k̂) differ, will decrease by 1. In other words, upon
transition to step q+ 1, the inequality Mq+1 < Mq is guaranteed. This means that inequality
Mq+1 < 2 will be fulfilled in a certain step, which means that a dominated alternative is
present and, therefore, is bound to be excluded according to the action done in step 4. This
way, the total number of alternatives and attributes will consistently be reducing so that the
preference matrix will gradually become shrunk. This, in turn, ensures that the conditions
for the start of the algorithm’s final steps 5 or 6 will be inevitably met.

4.6. The Multiple Attribute Dominance

The base version of the algorithm, which is described in Section 2, has been deliberately
designed so as to identify the dominated alternative among two in the case where there
is a difference in the estimate by a single attribute only. This can be seen as the algorithm
drawback to some extent since a dominated alternative may have been found in some cases
where the difference in the estimates by more than one attribute takes place. The simple
example involving two attributes for the sake of simplicity is briefly investigated below.

Suppose that, for two alternatives, namely Xi and Xk, there are two attributes indexed
with l1 and l2 such that Fil1 � Fkl1 AND Fil2 � Fkl2 , while their estimates measured for every
other attributes are equal to each other. It appears evident for the DM that Xi alternative
dominates over Xk. Hence, the latter is ready to be called dominated and then excluded
from the list of alternatives in Step 4. However, the current version of EEM algorithm does
not identify this case especially and, therefore, at Step 3, this will lead to Case C but not
Case B. Indeed, since the two alternatives differ in two attributes, it is guaranteed that this
pair of attributes (l1, l2) will be chosen at Steps 7 and 8 as the attributes for the exchange:
l̂ and l∗ at the current or a subsequent iteration. Then, the equivalent exchange at Step 9
will make estimates equal for l̂, whereas the difference in l∗ is built up even bigger than
it was before the exchange. Thus, the order is preserved between Xi and Xk and Xk goes
on being dominated. The alternative will eventually be identified as a dominated one at a
subsequent iteration as soon as only one attribute with different values remains.

Nonetheless, the reliable immediate identification of strict dominance in cases where
the alternatives differ in estimates by more than one attribute simultaneously is expected to
bring about a shortcut in the algorithm run. This will help to decrease the total number of
required iterations and the effort the DM is bound to make during the equivalent exchange
steps. This is obliged to be one of the desirable improvements for the next version of EEM
and its algorithmic implementation.

5. Conclusions

The main result achieved in the research presented in the paper is the formalization of
the equivalent exchange method in the form of the algorithm ready for computer-assisted
execution. The applicability of the EEM algorithm as a tool for making decisions has been
clearly demonstrated by an example where the alternatives were estimated by the list of
incomparable attributes. The simulation showed the full run of the algorithm, from the
initial settings of preference matrix to the final iteration where the single alternative would
be found.
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The current version of EEM presented in the paper determines the whole algorithm
as mostly an expert-oriented or expert-driven tool. It means that the algorithm offers the
DM a lot of freedom for choosing the attributes and alternatives to conduct the equivalent
exchange, yet the EDSS can suggest the most appropriate attribute for exchange. Further-
more, it is the DM’s entire privilege to determine the changes in the values of the estimates
by the attributes engaged in the exchange. It basically demands a relatively high level of the
DM’s qualifications and their unbiasedness and reasonable neutrality in making decisions
about exchange at each iteration. However, the pair-wise manner of comparison can help
to diminish the DM’s personal preference for some alternatives if it happens to exist.

Another feature of EEM is that the solution it generates crucially depends on DM’s
personal choices. In other words, it cannot be guaranteed that the output alternatives
obtained by two different DM will be the same. This may be thought as the disadvantage of
EEM to some extent. However, this may bring the ability for coordinating positions of two
DM. If they both have come to the same result, it will make a strong point for agreement.
Otherwise, if the results turn out to be different, it allows for reducing the number of
possible alternatives which will be compared further.

A possible way of making the exchange more systematic can be considered if pair-
wise objective functions have been properly introduced. Despite the fact these functions
can not be defined plausibly for all possible pairs of attributes, they may help DMs to
evaluate the new value entered for the attribute to be changed. However, the selection of
the most appropriate structure of each function will inevitably require a large amount of
expert knowledge, while a more general problem—the invention of the methodology for
computer-aided building these functions—is another challenging task, since those functions
do not appear to be linear in a wide range of values the variable take on.

The additional result achieved in this study was the implementation of the newly
developed method into the EDSS. This goal has been successfully achieved since the
modular architecture of the server part of the system allows for adding new decision-
making techniques without changing the source code of the main system. Thus, the user
graphical interface of the EDSS was updated, the proposed method was implemented as a
program module written in C# language, and the knowledge base exploited by the EDSS
was expanded. Unfortunately, the current version of the EDSS cannot be made available to
a wide audience due to existing limitations in its license. However, the work on its newer
version which can be distributed by some open source license is going on.

The further development in the practical implementations of the algorithm will be
focused mostly on improving the usability by extending the graphical user interface sup-
porting the DM. For instance, the module may provide an inexperienced user with more
verbose tips about the process and the decisions the DM is about to make at each step.
Additionally, the current module can be extended with some heuristic procedures which
can suggest to the DM those attributes and alternatives whose changes are expected to be
relatively smaller, in absolute or relative values, with respect to others.
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Abbreviations
The following abbreviations are used in this manuscript:

AIM Aspiration-level Interactive Method
DM Decision Maker
DSS Decision Support System
EDSS Expert Decision Support System
EEM Equivalent Exchange Method
ELECTRE ÉLimination Et Choix Traduisant la REalité

(Elimination and Choice Translating Reality)
GUEST Acronym for the methodology: Go, Uniform, Evaluate, Solve, Test
PROMETHEE Preference Ranking Organization METHod for Enrichment of Evaluations
SMAA Stochastic Multiobjective Acceptability Analysis

References
1. John, S.; Ralph, L.; Raiffa, H. Smart Choices: A Practical Guide to Making Better Decisions, 1st ed.; Harvard Business Review Press:

Cambridge, MA, USA, 2015.
2. Keeney, R.; Raiffa, H. Decisions with Multiple Objectives: Preferences and Value Tradeoffs; Cambridge University Press: Cambridge,

MA, USA, 1993.
3. Edwards, W.; Barron, F. SMARTS and SMARTER: Improved Simple Methods for Multiattribute Utility Measurement. Organ.

Behav. Hum. Decis. Process. 1994, 60, 306–325. [CrossRef]
4. Larichev, O.I.; Moshkovich, H.M. Verbal Decision Analysis for Unstructured Problems; Springer: New York, NY, USA, 1997.

[CrossRef]
5. Kravchenko, T.; Bogdanova, T.; Shevgunov, T. Ranking Requirements Using MoSCoW Methodology in Practice. In Proceedings of

the Cybernetics Perspectives in Systems CSOC; Silhavy, R., Ed.; Springer International Publishing: Cham, Switzerland, 2022; Volume
503, pp. 188–199. [CrossRef]

6. Larichev, O.I. Ranking multicriteria alternatives: The method ZAPROS III. Eur. J. Oper. Res. 2001, 131, 550–558. [CrossRef]
7. Dimitriadi, G.G.; Larichev, O.I. Decision Support System and the ZAPROS-III Method for Ranking the Multiattribute Alternatives

with Verbal Quality Estimates. Autom. Remote Control 2005, 66, 1322–1335. [CrossRef]
8. Lotov, A.; Bushenkov, V.; Kamenev, G. Feasible Goals Method: Search for Smart Decisions; Technical Report; Computing Centre RAS:

Moscow, Russia, 2001. Available online: http://www.ccas.ru/mmes/mmeda/book5.htm (accessed on 15 December 2022).
9. Lotfi, V.; Stewart, T.J.; Zionts, S. An aspiration-level interactive model for multiple criteria decision making. Comput. Oper. Res.

1992, 19, 671–681. [CrossRef]
10. Roy, B. Problems and methods with multiple objective functions. Math. Program. 1971, 1, 239–266. [CrossRef]
11. Brans, J.P.; Vincke, P. A Preference Ranking Organisation Method: (The PROMETHEE Method for Multiple Criteria Decision-

Making). Manag. Sci. 1985, 31, 647–656. [CrossRef]
12. Hendrik; Yuan, Y.; Fauzi, A.; Widiatmaka; Suryaningtyas, D.T.; Firdiyono, F.; Yao, Y. Determination of the Red Mud Industrial

Cluster Sites in Indonesia Based on Sustainability Aspect and Waste Management Analysis through PROMETHEE. Energies 2022,
15, 5435. [CrossRef]

13. Kafandaris, S. ELECTRE and Decision Support: Methods and Applications in Engineering and Infrastructure Investment. J. Oper.
Res. Soc. 2002, 53, 1396–1397. [CrossRef]

14. Kravchenko, T.; Shevgunov, T.; Petrakov, A. On the Development of an Expert Decision Support System Based on the ELECTRE
Methods. In Proceedings of the Applied Informatics and Cybernetics in Intelligent Systems; Silhavy, R., Ed.; Springer International
Publishing: Cham, Germany, 2020; Volume 1226, pp. 552–561. [CrossRef]

15. Kravchenko, T.; Druzhaev, A. Adaptation of ELECTRE family methods for their integration into the expert decision support
system. Bus. Inform. 2017, 32, 69–78.

16. Fernández-Castro, A.S.; Jiménez, M. PROMETHEE: An Extension Through Fuzzy Mathematical Programming. J. Oper. Res. Soc.
2005, 56, 119–122. [CrossRef]

17. Lahdelma, R.; Hokkanen, J.; Salminen, P. SMAA—Stochastic multiobjective acceptability analysis. Eur. J. Oper. Res. 1998,
106, 137–143. [CrossRef]

18. Lahdelma, R.; Salminen, P. SMAA-2: Stochastic Multicriteria Acceptability Analysis for Group Decision Making. Oper. Res. 2001,
49, 444–454. [CrossRef]

19. Saaty, T.L. A scaling method for priorities in hierarchical structures. J. Math. Psychol. 1977, 15, 234–281. [CrossRef]
20. Saaty, T. Decision Making for Leaders: The Analytic Hierarcy Process for Decisions in a Complex World, 3rd ed.; RWS Publications:

Pittsburg, PA, USA, 2013.
21. Belton, V.; Gear, T. On a short-coming of Saaty’s method of analytic hierarchies. Omega 1983, 11, 228–230. [CrossRef]
22. Barzilai, J.; Cook, W.; Golany, B. Consistent weights for judgements matrices of the relative importance of alternatives. Oper. Res.

Lett. 1987, 6, 131–134. [CrossRef]
23. Dyer, J.S. Remarks on the Analytic Hierarchy Process. Manag. Sci. 1990, 36, 249–258. [CrossRef]

http://doi.org/10.1006/obhd.1994.1087
http://dx.doi.org/10.1007/978-1-4757-2638-1
http://dx.doi.org/10.1007/978-3-031-09073-8_18
http://dx.doi.org/10.1016/S0377-2217(00)00096-5
http://dx.doi.org/10.1007/s10513-005-0173-3
http://www.ccas.ru/mmes/mmeda/book5.htm
http://dx.doi.org/10.1016/0305-0548(92)90036-5
http://dx.doi.org/10.1007/BF01584088
http://dx.doi.org/10.1287/mnsc.31.6.647
http://dx.doi.org/10.3390/en15155435
http://dx.doi.org/10.1057/palgrave.jors.2601463
http://dx.doi.org/10.1007/978-3-030-51974-2_51
http://dx.doi.org/10.1057/palgrave.jors.2601828
http://dx.doi.org/10.1016/S0377-2217(97)00163-X
http://dx.doi.org/10.1287/opre.49.3.444.11220
http://dx.doi.org/10.1016/0022-2496(77)90033-5
http://dx.doi.org/10.1016/0305-0483(83)90047-6
http://dx.doi.org/10.1016/0167-6377(87)90026-5
http://dx.doi.org/10.1287/mnsc.36.3.249


Inventions 2023, 8, 12 23 of 24

24. Holder, R.D. Some Comments on the Analytic Hierarchy Process. J. Oper. Res. Soc. 1990, 41, 1073–1076. [CrossRef]
25. Lootsma, F. Conflict resolution via pairwise comparison of concessions. Eur. J. Oper. Res. 1989, 40, 109–116. [CrossRef]
26. Van den Honert, R.; Lootsma, F. Assessing the quality of negotiated proposals using the REMBRANDT system. Eur. J. Oper. Res.

2000, 120, 162–173. [CrossRef]
27. Perboli, G. The GUEST Methodology. 2017. Available online: https://staff.polito.it/guido.perboli/GUEST-site/docs/GUEST_

Metodology_ENG.pdf (accessed on 15 December 2022).
28. Fadda, E.; Perboli, G.; Rosano, M.; Mascolo, J.E.; Masera, D. A Decision Support System for Supporting Strategic Production

Allocation in the Automotive Industry. Sustainability 2022, 14, 2408. [CrossRef]
29. Kravchenko, T.; Shevgunov, T. Development of expert unstructured decision-making support system. J. Theor. Appl. Inf. Technol.

2022, 100, 5418–5437.
30. Fadda, E.; Manerba, D.; Cabodi, G.; Camurati, P.E.; Tadei, R. Comparative analysis of models and performance indicators for

optimal service facility location. Transp. Res. Part E Logist. Transp. Rev. 2021, 145, 102174. [CrossRef]
31. Fadda, E.; Manerba, D.; Cabodi, G.; Camurati, P.; Tadei, R. KPIs for Optimal Location of charging stations for Electric Vehicles:

The Biella case-study. In Proceedings of the 2019 Federated Conference on Computer Science and Information Systems (FedCSIS),
Leipzig, Germany, 1–4 September 2019; pp. 123–126. [CrossRef]

32. Fadda, E.; Manerba, D.; Cabodi, G.; Camurati, P.; Tadei, R. Evaluation of Optimal Charging Station Location for Electric Vehicles:
An Italian Case-Study. In Recent Advances in Computational Optimization: Results of the Workshop on Computational Optimization
WCO 2019; Fidanova, S., Ed.; Springer International Publishing: Cham, Switzerland, 2021; pp. 71–87. [CrossRef]

33. Bennet, A.; Bennet, D. The Decision-Making Process in a Complex Situation. In Handbook on Decision Support Systems 1: Basic
Themes; Springer: Berlin, Germany, 2008; pp. 3–20. [CrossRef]

34. Roy, B. Paradigms and Challenges. In Multiple Criteria Decision Analysis: State of the Art Surveys. International Series in Operations
Research & Management Science; Springer: New York, NY, USA, 2005; Volume 78, pp. 3–24. [CrossRef]

35. Maron, A.; Kravchenko, T.; Shevgunov, T. Estimation of resources required for restoring a system of computer complexes with
elements of different significance. Bus. Inform. 2019, 13, 18–28. [CrossRef]

36. Kalugina, G.A.; Ryapukhin, A.V. Methods of digital marketing positioning in the global civil passenger aircraft market. Bus.
Inform. 2021, 15, 36–49. [CrossRef]

37. Kravchenko, T.; Shevgunov, T. A Brief IT-Project Risk Assessment Procedure for Business Data Warehouse Development. In
Lecture Notes in Networks and Systems, Proceedings of the Informatics and Cybernetics in Intelligent Systems (CSOC 2021); Silhavy, R.,
Ed.; Springer International Publishing: Cham, Switzerland, 2021; Volume 228, pp. 230–240. [CrossRef]

38. Maron, A.; Maron, M. Formulation of Agile Business Rules for Purchasing Control System Components Process Improvement.
In Proceedings of the Model-Driven Organizational and Business Agility; Babkin, E., Barjis, J., Malyzhenkov, P., Merunka, V., Eds.;
Springer International Publishing: Cham, Switzerland, 2022; pp. 41–49. [CrossRef]

39. Efimov, E.; Neudobnov, N. Artificial Neural Network Based Angle-of-Arrival Estimator. In Proceedings of the 2021 Systems
of Signals Generating and Processing in the Field of on Board Communications, Moscow, Russia, 16–18 March 2021; pp. 1–5.
[CrossRef]

40. Kozlov, R.; Gavrilov, K.; Shevgunov, T.; Kirdyashkin, V. Stepped-Frequency Continuous-Wave Signal Processing Method for Human
Detection Using Radars for Sensing Rooms through the Wall. Inventions 2022, 7, 79. [CrossRef]

41. Efimov, E. On the Effect of a Signal Delay on Cross-Spectral Correlation Function. In Proceedings of the 2022 Systems of Signals
Generating and Processing in the Field of on Board Communications, Moscow, Russian, 15–17 March 2022; pp. 1–6. [CrossRef]

42. Guschina, O. Estimation of digital complex signal delay in time domain using polynomial interpolation. J. Theor. Appl. Inf.
Technol. 2022, 100, 1038–1050.

43. Guschina, O. Refining Time Delay Estimate of Complex Signal Using Polynomial Interpolation in Time Domain. In Proceedings
of the 2021 Systems of Signals Generating and Processing in the Field of on Board Communications, Moscow, Russia, 16–18
March 2021; pp. 1–6. [CrossRef]

44. Yasentsev, D.; Shevgunov, T.; Efimov, E.; Tatarskiy, B. Using Ground-Based Passive Reflectors for Improving UAV Landing.
Drones 2021, 5, 137. [CrossRef]

45. Ryapukhin, A.V.; Karpukhin, E.O.; Zhuikov, I.O. Method of Forming Various Configurations of Telecommunication System
Using Moving Target Defense. Inventions 2022, 7, 83. [CrossRef]

46. Vavilova, Z.A.; Chirikov, E.A.; Tkachenko, N.V. Development of Applications for Generating and Reading QR Codes for the
Micro1 Model. In Proceedings of the 2022 Systems of Signals Generating and Processing in the Field of on Board Communications,
Moscow, Russia, 15–17 March 2022; pp. 1–7. [CrossRef]

47. Shevgunov, T.; Guschina, O.; Kuznetsov, Y. Cyclostationary Approach to the Analysis of the Power in Electric Circuits under
Periodic Excitations. Appl. Sci. 2021, 11, 9711. [CrossRef]

48. Guschina, O. Cyclostationary Analysis of Electric Power in a Resonant Circuit under Periodic Excitation. In Proceedings of the
2022 Systems of Signals Generating and Processing in the Field of on Board Communications, Moscow, Russia, 15–17 March 2022;
pp. 1–5. [CrossRef]

49. Dobychina, E.; Snastin, M. Dynamic Correction of the Influence of Long Measuring Path Irregularity in Antenna Tests. Appl. Sci.
2021, 11, 8183. [CrossRef]

http://dx.doi.org/10.1057/jors.1990.167
http://dx.doi.org/10.1016/0377-2217(89)90278-6
http://dx.doi.org/10.1016/S0377-2217(98)00372-5
https://staff.polito.it/guido.perboli/GUEST-site/docs/GUEST_ Metodology_ENG.pdf
https://staff.polito.it/guido.perboli/GUEST-site/docs/GUEST_ Metodology_ENG.pdf
http://dx.doi.org/10.3390/su14042408
http://dx.doi.org/10.1016/j.tre.2020.102174
http://dx.doi.org/10.15439/2019F171
http://dx.doi.org/10.1007/978-3-030-58884-7_4
http://dx.doi.org/10.1007/978-3-540-48713-5_1
http://dx.doi.org/10.1007/0-387-23081-5_1
http://dx.doi.org/10.17323/1998-0663.2019.2.18.28
http://dx.doi.org/10.17323/2587-814X.2021.4.36.49
http://dx.doi.org/10.1007/978-3-030-77448-6_22
http://dx.doi.org/10.1007/978-3-031-17728-6_4
http://dx.doi.org/10.1109/IEEECONF51389.2021.9416062
http://dx.doi.org/10.3390/inventions7030079
http://dx.doi.org/10.1109/IEEECONF53456.2022.9744308
http://dx.doi.org/10.1109/IEEECONF51389.2021.9416076
http://dx.doi.org/10.3390/drones5040137
http://dx.doi.org/10.3390/inventions7030083
http://dx.doi.org/10.1109/IEEECONF53456.2022.9744343
http://dx.doi.org/10.3390/app11209711
http://dx.doi.org/10.1109/IEEECONF53456.2022.9744264
http://dx.doi.org/10.3390/app11178183


Inventions 2023, 8, 12 24 of 24

50. Javorskyj, I.; Matsko, I.; Yuzefovych, R.; Lychak, O.; Lys, R. Methods of Hidden Periodicity Discovering for Gearbox Fault
Detection. Sensors 2021, 21, 6138. [CrossRef] [PubMed]

51. Warner, S. Pure Mathematics for Beginners. Accelerated and Expanded Edition; Get800: New York, NY, USA, 2022.
52. Ballan, M. Empirical and Theoretical Studies on Number Comparison: Design Parameters and Research Questions. Scientifica

2012, 2012, 858037. [CrossRef] [PubMed]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.3390/s21186138
http://www.ncbi.nlm.nih.gov/pubmed/34577345
http://dx.doi.org/10.6064/2012/858037
http://www.ncbi.nlm.nih.gov/pubmed/24278748

	Introduction
	Materials and Methods
	Data Description
	Basic Concepts
	The Iteration of the EEM Algorithm
	Step 1: Computing the Comparison Matrix
	Step 2: Search for Insignificant Attributes
	Step 3: Search for Dominated Alternatives
	Step 4: Shrinkage of the Preference Matrix
	Step 5: The Single Alternative Found
	Step 6: The Single Attribute Remains
	Step 7: Search for the Alternative Suitable for Equivalent Exchange
	Step 8: Choice of an Exchangeable Attribute
	Step 9: Performing the Equivalent Exchange

	The EDSS Description

	Results
	Iteration 1
	Iteration 2
	Iteration 3
	Iteration 4
	Iteration 5
	Iteration 6
	Iteration 7
	Iteration 8
	The Final Decision

	Discussion
	The Description of the Attributes
	The Foundation of EEM
	The Main Strategy
	The Multiple Algorithm Outputs
	The Convergence of the Algorithm
	The Multiple Attribute Dominance

	Conclusions
	References

