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Abstract: Over the past 90 years, particle accelerators have evolved into powerful and widely used
tools for basic research, industry, medicine, and science. A new type of accelerator that uses plasma
wakefields promises gradients as high as some tens of billions of electron volts per meter. This would
allow much smaller accelerators that could be used for a wide range of fundamental and applied
research applications. One of the target applications is a plasma-driven free-electron laser (FEL),
aiming at producing tunable coherent light using electrons traveling in the periodic magnetic field
of an undulator. In this work, the plasma-based electron beams with the most promising qualities,
designed in the framework of EuPRAXIA, are analyzed in terms of the FEL performance.

Keywords: free-electron laser; laser–plasma accelerator; undulator magnet

1. Introduction

Free electron lasers use ultra-relativistic free electrons traveling in a periodic magnetic field shaped
by an undulator as a gain medium [1,2].

At present, light sources based on free-electron laser (FEL) facilities offer femtosecond tunable
radiation in the domains of Hard X-ray—LCLS [3], SACLA [4], PAL-XFEL [5], SwissFEL [6], European
XFEL [7]—and of VUV, Soft X-ray—FLASH [8], FERMI [9]. Among the recent trends of FEL
developments, compact designs are in rapid development in replacing the relevant elements with
alternative accelerator concepts or using novel schemes [10]. Within the EuPRAXIA concept [11,12],
the interest is to consider a laser plasma based accelerator to drive an FEL.

In this work, the FEL performance is estimated analyzing the full longitudinal behavior of
each electron beam distribution, taking account of the proper current, energy and energy spread
profiles along the bunch. As it will be discussed, this feature is of particular relevance as the current
distribution has peak structures with long asymmetric tails, and as the energy spread distribution
exhibits abrupt variations.

When considering to realize an FEL based on electron bunches produced by laser plasma
acceleration [13–18], several new issues have to be considered [19,20]:
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• the electron beam presents an energy spread inherent to the dynamics of plasma acceleration,
which is typically one order of magnitude larger than that generally available at conventional
linear accelerators driving FELs;

• external injection schemes promise a more reliable control of the beam quality, with emphasis on
those effects inducing beam emittance deterioration [21];

• in order to minimize energy spread and divergence increase, a high brightness injector is needed
and particular care about bunch length must be taken;

• Twiss parameters have to be chosen such that both a decrease of divergence and an increase of
size at almost constant emittance take place at undulator entrance.

In the following, we analyze the FEL performance in the self-amplified spontaneous emission
(SASE) operation mode of some of the most promising schemes based on laser and particle driven
plasma injection. Independently from the acceleration mechanism, we also compare the results of the
beams with the same electron mean energy, evaluating the FEL properties when passing through the
same undulator configuration.

2. Features of the Electron Beams at Plasma Exit and of the Transfer Line

The main EuPRAXIA objective in terms of beam energy consists of providing electron bunches:

– at 1 GeV as a preliminary commissioning step;
– at 5 GeV meeting FEL users’ final requirements in terms of wavelength and short pulse duration.

Among the several scrutinized schemes, the following emerge as the most promising ones in
terms of beam quality and subsequent efficient light production.

Radio frequency injector and laser plasma acceleration stage. In this scheme [22], a 500 MeV
electron beam is injected through a radio frequency (RF) section [23] into the plasma acceleration stage
which in turn accelerates the electrons up to either a beam distribution with 1 GeV [24] energy, denoted
hereafter as Rossi–1, or a beam distribution with 5 GeV energy, denoted hereafter as Rossi–5.

Laser plasma injector and acceleration. This scheme includes two plasma stages: the laser
plasma injector to produce electrons with beam energy of 150 MeV and a laser plasma acceleration stage
to have particles with the final energy of 5 GeV. In particular, the beam distribution under study and
denoted hereafter as Maynard–5 is injected with the resonant multi-pulse ionization technique [25,26]
and accelerated through a single stage in the quasilinear regime [27,28].

Radio frequency injector and particle-driven plasma acceleration stage. In this scheme,
a laser-comb configuration [29,30] produces two electron bunches: a 200 pC driver and a 30 pC
witness bunch. Both are injected to the plasma acceleration stage which in turn accelerates the witness
bunch up to 1 GeV energy [31]. The resulting beam distribution is denoted hereafter as Marocchino–1.

These beam distributions are analyzed in terms of the main parameters driving the FEL
performance. More in detail, the electron distribution slice with the highest current density [11]
is identified and values of emittance, energy spread and peak current are calculated over the width of
this slice in order to have reasonable performance predictions. For a quantitative comparison among
the beams before any undulator matching consideration, Table 1 shows the parameter values at plasma
exit, where εn,x(y), σx(y), Ipeak and σE/E are values of the normalized emittance in x(y), the RMS size
in x(y), the peak current and the RMS energy spread calculated over the specified length of the phase
space longitudinal sampling `s, reasonably chosen on the basis of the electron RMS bunch length σz: it
results larger than the expected SASE spike length, in each beam case. We emphasize that the current
profile is not described with a Gaussian distribution, in any of the electron beam presented here: the
width of the beam current pulse is typically shorter than σz.
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Table 1. Highest current density slice values of the relevant parameters at plasma exit.

Name E [GeV] Ipeak [kA] σE/E [%] εn,x [µm] εn,y [µm] σx [µm] σy [µm] `s [µm]

Maynard–5 4.98 2.93 0.108 0.53 0.59 0.87 0.92 0.11
Rossi–5 5.41 2.85 0.046 0.38 0.32 1.06 0.98 1.3
Marocchino–1 1.07 1.95 0.098 0.67 0.59 0.83 0.98 0.9
Rossi–1 1.09 1.88 0.923 0.4 0.41 2.2 2.2 1.2

The transfer line from the plasma exit stage, where the bunch leaves strong focusing fields to drift
into free space, is designed [32,33] such that each electron beam is properly matched to the undulator
configurations to be discussed in the following section.

Furthermore, the transfer line also accounts for the following considerations:

• the growth of both emittance and energy spread has to be minimized along the line;
• the maximum total length is 8 m and the focusing gradients are chosen to be 700 T/m for the

permanent magnet and 100 T/m for the electromagnetic quadrupoles.

3. Undulator Line Characteristics

In an FEL, electromagnetic radiation is attained by wiggling the electrons subject to the periodic
magnetic field of an undulator, specified by the undulator period λu and the deflection strength
parameter K. These quantities define the resonant FEL wavelength λR:

λR =
λu

2γ2

(
1 + a2

u

)
, K =

eB0λu

2πmec
, (1)

where γ is the beam energy Lorentz factor, au = K/
√

2 (au = K) for planar (helical) undulators, B0 is
the peak magnetic field value, and e, me and c are the electron charge, the electron mass and the speed
of light, respectively.

The main parameter quantifying FEL performance is the Pierce parameter ρ [34].
It depends on undulator parameters and on the bunch current density j, from which the

cooperation length Lc is derived:

ρ ∝
3
√

j (λuK fb(K))
2

γ
, Lc =

λR
4πρ

, (2)

where fb(K) = J0(ξ)− J1(ξ) is the planar undulator factor, of argument

ξ =
K2

2
1

2 + K2 ,

described in terms of the Bessel J0,1(ξ) functions of the first kind.
Each previously discussed beam distribution is analyzed and matched to two different undulator

configurations [12], in order to probe the beam phase space features with two different cooperation
lengths: one targeting λR ' 0.2 nm with 5 GeV beam energy, and within present and near future
undulator technology [35,36] and the other such that Lc/σz ∼ 1% at E = 5 GeV and Lc/σz ∼ 10% at
E = 1 GeV.

Table 2 shows the features of the chosen undulator configurations. These parameters are within
capabilities for both superconducting and cryogenic permanent magnet devices, with no need to
shrink the undulator gap to 6 mm or less, so that the FEL dynamics in these devices is less affected by
wakefield effects. These effects have been neglected in the following calculations. Room temperature
undulators are expected to provide weaker B0 and K values with undulator gap larger than 6 mm,
so they are not considered.

At both 1 GeV and 5 GeV energies, the natural focusing of the undulator is rather weak.
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In order to maintain a small transverse size of the electron beam, the periodic magnetic cell has to
include alternate gradient quadrupoles in between undulator modules.

As an example, Figure 1 shows the resulting βx,y values as a function of z when matching the
electron beams of Table 1 to the undulator configuration with λu = 2 cm and K = 1.5.
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Figure 1. Magnetic unit cell of the system made up of undulator, focusing and defocusing quadrupoles
for the λu = 2 cm configuration, associated to the specified electron beams, superimposed to the
longitudinal profiles of Twiss βx (solid red line) and βy (dotted blue line) functions.

The strategy to match the beams is based on minimizing the difference between average Twiss β

values,
∣∣〈βx〉 − 〈βy〉

∣∣, also featuring reasonable magnetic gradients, for both the short and the long λu

configurations. Undulator period and strength clearly define the Twiss α and β parameter values that
the electron beams should have at the undulator entrance, in order to be correctly matched.

Table 2. Undulator configurations used for the free-electron laser (FEL) environment.

E [GeV] λR [nm] λu [mm] K B0 [T]

5 0.22 20 1.5 0.81

5 1.65 30 4.36 1.56

1 5.5 20 1.5 0.81

1 41 30 4.36 1.56

4. FEL Results

After proper transport of the beams through the undulator entrance, the distribution slice with the
lowest (σE/E)/ρ ratio is identified as the best slice in terms of FEL performance. This slice definition
is used to identify parameter values for the semi-analytical calculations.

Table 3 shows the main parameters associated to this slice, within a sampling interval `s along the
bunch, as previously defined and shown on the last column of Table 1, for each beam.

Table 3. Best slice values of the relevant parameters at undulator entrance and of the expected
cooperation lengths, at the specified undulator configurations.

Name E [GeV] Ipeak [kA] σE/E [%] 〈εn〉 [µm] 〈β〉 [m] LU2
c [nm] LU3

c [nm]

Maynard–5 4.96 2.63 0.052 0.58 5 20 61
Rossi–5 5.41 2.74 0.052 0.34 5 14 42
Marocchino–1 1.07 1.06 0.047 0.55 4 320 990
Rossi–1 1.09 1.75 0.103 0.44 4 140 430

In particular, 〈β〉 refers to a nominal average Twiss β value along the full undulator section and
〈εn〉 is the normalized emittance, averaged along the bunch. For every beam distribution, the best slice
has an emittance value smaller than 〈εn〉: for a more conservative estimate, the average emittance is
considered. Symmetry in x and y coordinates is assumed for both 〈β〉 and 〈εn〉.
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Compared to the parameters presented in Table 1, these values refer to a different phase space
region, optimized also taking energy spread into account. Moreover, space charge effects induce
a non-negligible coupling between longitudinal and transverse planes, resulting in a net bunch
decompression for each beam distribution.
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Figure 2. Energy, current and energy spread slice profiles as a function of the intrabunch ζ coordinate,
for the beam distributions Rossi–5 (left) and Maynard–5 (right) at the undulator entrance.
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Figure 3. Energy, current and energy spread slice profiles as a function of the intrabunch ζ coordinate,
for the beam distributions Rossi–1 (left) and Marocchino–1 (right) at undulator entrance.

Table 3 also shows the cooperation length values expected when matching the electron beams either
to the short, LU2

c with λu = 2 cm, or to the long, LU3
c with λu = 3 cm, undulator period configuration.

As a first step, these values are used to estimate the FEL performance by means of semi-analytical
formulae [37–41]. Within this picture, the main parameters quantifying the FEL performance are gain
length LG,3d and saturation power Psat, both depending on the Pierce parameter as in the following:

LG,3d ' χ
(

ρ,
σE
E

, 〈εn〉, 〈β〉
) λu

4πρ
√

3
, Psat ' Φ

(
ρ,

σE
E

, 〈εn〉, 〈β〉
)

ρ PE, (3)

where χ and Φ are correction functions accounting for energy spread and emittance contributions and
PE is the power associated to the electron beam.

Then, as a second step, the SASE FEL performance is evaluated with the PERSEO simulation
code [42], that allows to perform a full time-dependent simulation of the FEL dynamics taking account
of the given longitudinal current, energy and energy spread profiles and of their interplay along the
bunch. The transverse plane dynamic effects are accounted for via a 3D coupling factor derived from
the Ming-Xie relations [39]. Moreover, the time-dependent analysis allows a reliable estimate of the
FEL pulse duration and spectrum line width.
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Figures 2 and 3 show the longitudinal slice profiles of energy, current, energy spread and normalized
emittance, for the 5 GeV and 1 GeV beam distributions respectively.

4.1. Results with the Short Undulator Period Configuration

Table 4 shows the FEL results on gain length and saturation power targeting the short resonant
wavelength, and featuring inhomogeneous broadening effects based only on the best slice parameters.
The normalized emittance value in Maynard–5, which was higher than in Rossi–5, results in a higher
gain length and lower saturation power.

Table 4. FEL semi-analytical results based on the best slice parameters of Table 3.

Name λR [nm] Pierce ρ [%] LG,3d [m] Psat [GW]

Maynard–5 0.23 0.084 2.34 1.8
Rossi–5 0.19 0.099 1.7 4.4
Marocchino–1 4.86 0.188 0.63 1.3
Rossi–1 4.67 0.236 0.59 1.9

The results of the time-dependent simulations obtained accounting for the proper longitudinal
dynamics of each beam distribution are shown in Table 5. Comparing Maynard–5 and Rossi–5, the
different values of the energy spread distributions under the peak current region (as shown in Figure 2)
explain the differences in saturation length and in the number of photons per pulse.

Table 5. Results of the time-dependent simulations with longitudinal dynamics, obtained with PERSEO.

Beam Saturation Line Pulse Photons per Brightness×1030

Name Length [m] Width [%] Duration [ f s] Pulse [1010]
[
s−1(mm×mrad)−2(0.1% bw)−1]

Maynard–5 126 0.18 0.4 0.19 3.7
Rossi–5 38 0.23 2 3.2 40
Marocchino–1 16 0.59 2 1.3 0.08
Rossi–1 28 0.25 2.4 2.3 0.5

Figure 4 shows the evolution of the SASE FEL energy per pulse, for the beam distributions
matched to the short undulator period configuration, for both fundamental and third harmonic.
The curves suggest that targeting the shorter resonant wavelength is within reach for 1 GeV beams,
while it demands extremely high quality 5 GeV beam distributions, namely very low energy spread
and normalized emittance values.
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Figure 4. Growth of the SASE FEL energy per pulse of the specified beam distributions, for the
fundamental (solid line) and third (dotted line) harmonic.
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Figure 5 shows the wavelength spectra at saturation of the SASE radiation generated by the
electron distributions at 5 GeV and 1 GeV beam energies respectively, traversing the short period
undulator line configuration.
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Figure 5. Wavelength spectra at saturation of the specified beam distributions, for the fundamental
harmonic.

4.2. Results with the Long Undulator Period Configuration

Table 6 shows the FEL results on gain length and saturation power targeting the long resonant
wavelength, featuring inhomogeneous broadening effects based only on the best slice parameters.
Considerations made discussing Table 4 apply also to this case.

Table 6. FEL semi-analytical results based on the best slice parameters of Table 3.

Name λR [nm] Pierce ρ [%] LG,3d [m] Psat [GW]

Maynard–5 GeV 1.7 0.2 0.94 14
Rossi–5 GeV 1.4 0.23 0.83 18
Marocchino–1 GeV 35.9 0.45 0.44 2.5
Rossi–1 GeV 34.5 0.57 0.36 4.9

The results of the time-dependent simulations obtained with longitudinal dynamics are shown
in Table 7.

Table 7. Results of the time-dependent simulations with longitudinal dynamics, obtained with PERSEO.

Beam Saturation Line Pulse Photons per Brightness×1030

Name Length [m] Width [%] Duration [ f s] Pulse [1010]
[
s−1(mm×mrad)−2(0.1% bw)−1]

Maynard–5 26 0.3 0.71 4.2 27.6
Rossi–5 20 0.3 2.2 72 475
Marocchino–1 23 3.6 15 16 0.02
Rossi–1 16 0.54 7.8 31 0.86

Larger undulator period and strength yield a significantly larger Pierce ρ parameter in each beam
distribution. The effective result is a significantly better FEL performance in saturation length and
photons per pulse, but at the same time the resulting longer cooperation length affects the results in
terms of spectral and temporal behavior.

Within this configuration, Maynard–5 and Rossi–5 have comparable saturation lengths, but the
different beam quality results in a different performance in terms of brightness and photons per pulse,
at saturation.

Figure 6 shows the evolution of the SASE FEL energy per pulse, for the beam distributions matched
to the long undulator period configuration, for both fundamental and third harmonic. All beam
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distributions conceptually show a fair performance in realizing compact SASE FEL facilities driven by
a plasma acceleration stage.

0 10 20 30 40
1 10 9−
×

1 10 7−
×

1 10 5−
×

1 10 3−
×

0.1

z (m)

En
er

gy
 (m

J)

0 10 20 30 40
1 10 9−
×

1 10 7−
×

1 10 5−
×

1 10 3−
×

0.1

z (m)

En
er

gy
 (m

J)

Maynard–5 

Rossi–5 

Marocchino–1 

Rossi–1 

0 10 20 30
1 10 9−
×

1 10 7−
×

1 10 5−
×

1 10 3−
×

z (m)

En
er

gy
 (m

J)

0 10 20 30
1 10 9−
×

1 10 7−
×

1 10 5−
×

1 10 3−
×

z (m)
En

er
gy

 (m
J)

Figure 6. Growth of the self-amplified spontaneous emission (SASE) FEL energy per pulse of the
specified beam distributions, for the fundamental (solid line) and third (dotted line) harmonic.

Figure 7 shows the wavelength spectra at saturation of the SASE radiation generated by the
electron distributions at 5 GeV and 1 GeV beam energies, respectively, traversing the long period
undulator line configuration.
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Figure 7. Wavelength spectra at saturation of the specified beam distributions, for the fundamental harmonic.

Comparing the wavelength spectra obtained with the Marocchino–1 beam distribution, the most
relevant feature is the occurrence of the two well separated peaks, clearly visible in the long undulator
period result of Figure 7, not present in the single spike behavior of Figure 5, with the short undulator
period configuration.

The longitudinally limited high peak current, low energy spread region that was leading to a
close-to-single radiation spike condition of the Marocchino–1 distribution within the short undulator
period, now produces two lasing regions separated both in wavelength and position, with the higher
intensity generated by the spike in the leading pedestal of the pulse, where the current is lower, but the
longitudinal size is larger (see Figure 3).
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5. Discussion of Results

Results both with semi-analytical calculations based on the minimum (σE/E)/ρ ratio slice values
and with time-dependent 1D simulations based on the full longitudinal energy, current and energy
spread profiles have been obtained. The interplay among these quantities and their behavior as a
function of the intrabunch coordinate is crucial in assessing the FEL performance results evaluated
with a time-dependent simulation.

The difference in the results between the two approaches is emphasized in the particular case
of Maynard–5 within the short undulator period configuration and with short cooperation length:
by checking right panel of Figure 2, the high values of σE/E also in regions along the bunch with
significantly high current values, have a quite detrimental effect on the effective saturation length
resulting in 126 m, if compared with the naive scaling result of ∼ 20LG,3d = 46.8 m, evaluated with the
semi-analytical estimate.

Figure 8 shows the comparison between the Maynard–5 and Rossi–5 beam distributions in terms
of both energy and energy spread longitudinal profiles. Rossi–5 had energy spread values such
that (σE/E)/ρ < 0.5 within a range of about 2µm along the bunch, corresponding to the current
peak region, while Maynard–5 had (σE/E)/ρ ≥ 0.5 also in the highest current and minimum energy
spread region. Furthermore, the beam energy fractional variation within an extent of 2µm below
the peak current was about 0.3% in Rossi–5 and 2% in Maynard–5. The behavior of this latter beam
distribution favors the production of out of resonance radiation that slips outside the effective gain
region, leading to an increase of the gain length and a drop in the FEL saturation power [43].
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Figure 8. Comparison between Maynard–5 (solid black line) and Rossi–5 (dot-dashed red line) beam
distributions in the energy (left) and (σE/E)/ρ ratio (right) longitudinal profiles.

All beam distributions share the same order of magnitude in the values of normalized emittance,
such that this quantity cannot be the major source of different FEL performance in terms of saturation
length and number of photons per pulse.

Each beam is described by a quite monotonic energy longitudinal profile, except in the case of
Marocchino–1. When comparing the results obtained within the two different undulator configurations,
this latter beam exhibits a striking feature that is discussed in the following series of considerations.

Figure 9 shows the (σE/E)/ρ ratio (upper) and beam energy (lower) longitudinal distributions.
More in detail, the Marocchino–1 beam presents two regions of minimum energy spread, corresponding
to a chirped energy behavior along the intrabunch coordinate. Comparing also with right panel of
Figure 3, one region is associated to the steep rise of the current profile with higher slice energy value,
and the other one is related to the large shoulder through which the current decreases, still having
non-negligible values. This is something quite common in bunch distributions produced by means of
plasma acceleration schemes in presence of beam loading.

The higher cooperation length value LU3
c allows this less energetic slice region to emit FEL

radiation, producing a second peak in the spectrum of Figure 7, with larger central wavelength
associated to the lower energy value. This two-wavelength-peaks behavior does not occur when the
same beam is analyzed at short cooperation length.



Instruments 2020, 4, 5 10 of 13

In principle, the energy spread distribution could be optimized depending on the cooperation
length, in such a way to have a stable FEL two-color performance with this kind of electron beams.
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Figure 9. Longitudinal distribution of the (σE/E)/ρ ratio (upper) and beam energy (lower), as a
function of the intrabunch coordinate, for the Marocchino–1 beam.

This particular feature occurring with the Marocchino–1 beam passing through the long undulator
configuration is another effect that could not have been pointed out with an analysis based only on
semi-analytical formulae.

The higher cooperation length value also reduces the difference between the Maynard–5 and Rossi–5
beams in terms of saturation length, rather dramatic at shorter cooperation length and shorter undulator
period, while still keeping a smaller number of photons per pulse as well as a smaller brightness.

The higher and longer current profile together with a smaller normalized emittance of Rossi–1
compared to Marocchino–1 explains the higher performance in photons per pulse and brightness,
this latter quantity also accounting for the resulting quite different line-width: narrower in Rossi–1
than in Marocchino–1.

These considerations lead to the conclusion that schemes based on an external RF injection plus
a laser plasma acceleration stage produce the electron beam with the most promising quality for an
efficient FEL application. The main issues arising within this picture are in the timing synchronization
and spatial alignment between the laser pulse in the plasma bubble and the electrons originated from
the external photo-cathode. Schemes based on an internal laser plasma injection and acceleration need
further studies for delivering electron beams with fair good FEL performance at short wavelengths.
If coupled with a long cooperation length, the electron beam produced with the particle-driven plasma
acceleration stage exhibits the feature to provide multi-color FEL performance. It should be optimized
in this direction, together with improved studies resulting in better energy spread and normalized
emittance values.

6. Concluding Remarks

We have analyzed the most promising electron beam distributions arising from dedicated design
studies on injection and—both laser and particle driven—acceleration stages, adopting present and
near future solutions for the undulator technology, producing FEL radiation in SASE configuration.

In particular, we have performed time-dependent simulations with full longitudinal dynamics,
targeting two different resonant wavelengths achieved by studying the FEL properties evaluated with
two undulator configurations, for each beam distribution.

For the sake of beam comparison, we adopted common undulator characteristics, but—even
though every electron beam shows comparable normalized emittance values—these distributions have
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different features in terms of current and energy spread slice behavior along the bunch. Thus, each
electron beam distribution should have an ad hoc optimized undulator line.

At a given beam energy, short resonant wavelengths demand extremely high-quality beams, with
the highest current density and lowest energy spread characteristics extended over many slices of
the bunch. In more detail, wavelengths of the order O(1 nm) are within reach in such an FEL facility
operating in SASE mode, matching to a rather compact undulator section and providing a fair laser
spectrum to be used.
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