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Abstract: Conservation of polarization is an important requirement for reliable single-photon emitters,
which, in turn, are essential building blocks for light-based quantum information processing. In this
work, we study the exciton-spin dynamics in a double quantum dot under the combined effects of
electron-hole exchange and Förster resonance energy transfer. By means of numerical solutions of the
quantum master equation, we simulate the time-dependent spin polarization for two neighboring
dots. According to our results, under some conditions, the depolarization caused by the electron-
hole exchange may be slowed by the near field-induced interdot energy transfer, suggesting a new
mechanism to extend the exciton coherence time. This opens doors to alternative schemes for
improved solid-state quantum light sources.

Keywords: quantum dots; electron-hole exchange; decoherence; fine structure splitting; Förster
resonance energy transfer; polarized emission; dipole-dipole interaction

1. Introduction

At present, semiconductor quantum dots (QDs) are of great interest for the advance-
ment of different optoelectronic technologies, including single-photon emission and the
generation of entangled photon pairs for light-based quantum information [1–4]. However,
the exciton fine structure splitting (FSS), underlain by the electron-hole exchange interac-
tion, remains a serious obstacle for industrial-scale utilization. That splitting between bright
exciton states is transversal to QDs of different types and compositions since it is related
to intrinsic asymmetries in shape or defect presence [5–9]. Hence, different QD growth
techniques and the application of external fields have been explored to find mechanisms
for the reduction of such splitting [10–13].

The loss of exciton polarization is a particularly undesirable effect of the electron-hole
exchange, that mixes states with well-defined angular momentum and destroys the exciton-
spin coherence, which otherwise would remain almost unaffected during the exciton
lifetime [14–16].

The interaction between neighboring QDs mediated by photons, phonons and plas-
mons have been previously studied [17–21]. It has been found that interdot interactions
may provide additional possibilities for charge and spin control, thus favoring coupled
dots for applications that require high tunability. Additionally, those studies revealed that
interactions between dots cannot be neglected in QD arrays in which the dots are separated
by distances of a few tens of nanometers or less [22–27]. In particular, if the QDs are close
enough, near-field electrodynamic interactions yield exciton population transfer [22,28,29].

In this work, we consider the combined effects of electron-hole exchange and Förster
resonance energy transfer. Both are commonly described in terms of dipole-dipole in-
teractions, becoming relevant in similar spatial ranges and energy scales. Nevertheless,
the former mainly has an intradot character, while the latter is of interdot nature [23,25–27].
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In what follows, the composed influence of these two polarization decoherence chan-
nels on the spin dynamics of an optically generated bright exciton in a double QD is
presented in the framework of the Lindblad master equation. Such an equation is numeri-
cally solved for different relative positions between dots so that geometrical configurations
in which the polarization coherence is extended compared to the single dot case, are found.

2. Hamiltonian and Theoretical Model

To include the above mentioned interactions, the total Hamiltonian of the system reads

ĤS = ĤD1 + ĤD2 + ĤEX + ĤFT (1)

where ĤD1 (ĤD2) is the confinement Hamiltonian for carriers trapped in the dot number
1 (2) and ĤEX (ĤFT) is the part corresponding to the electron-hole exchange (Förster
energy transfer).

2.1. Quantum Dot Model

Within the single band effective mass approximation, the wave function ψb
n,m(~r) of a

single carrier in the band b = v, c (whether valence or conduction), confined in either of the
quantum dots, is given by

ψb
n,m(~r) = gb

n(~r)u
b
m(~r) (2)

where gn(~r) is the wave function of the n envelope orbital and ub
m(~r) is the corresponding

Bloch wave function with z-projection of orbital angular momentum m.
We model the quantum dots as hard spheres with radius a [30–32], whose envelope

wave function is obtained by solving the equation[
− h̄2

2m∗b
∇2 + Vb(~r)

]
gb

nb
(~r) = Eb

nb
gb

nb
(~r) , (3)

where the confinement potential is

Vv(~r) = Vc(~r) =

{
0 For r < a
∞ For r ≥ a

. (4)

The solution of Equation (3) yields the envelope wave functions

gb
nb
(r, θ, φ) =

√
2
a3

Jl

(
αl,nb

a r
)

Jl+1
(
αl,nb

)Ym
l (θ, φ) , (5)

where αl,nb
is the nb-th root of the spherical Bessel function of the first kind (Jl(x)) of order

l-th, while Ym
l (θ, φ) are the standard spherical harmonics.

In turn, the confinement Eigenenergies are obtained according to

Eb
nb

=
h̄2α2

l,nb

2m∗b a2 . (6)

We will restrict our study to the first envelope orbital in the valence and conduction
bands (nv = nc = 0). Thus, with respect to the system ground state (no electrons in the
conduction band), the energy of the neutral exciton state is

EQD
g = Eg +

h̄2α2
0,0

2a2
1

µ∗
, (7)

where 1
µ∗ =

1
m∗c

+ 1
m∗v

is the electron and hole-reduced effective mass and Eg is the strained
energy gap of the material.
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2.2. Electron-Hole Exchange

Because of significant wave function overlapping in single QDs, electron-hole (e-h)
pairs are subject to the spin-dependent exchange interaction, whose magnitude is given by
the exchange integral

VEX
nv ,mv ;nc ,mc |n′v ,m′v ;n′c ,m′c

=
∫ ∫

ψv∗
nv ,mv(~r1)ψ

c∗
nc ,mc(~r2)

e2

4πε0εb|~r2 −~r1|
ψv

n′v ,m′v
(~r2)ψ

c
n′c ,m′c

(~r1)d3r1d3r2 , (8)

where e is the electron charge, and εr is the relative permittivity of the quantum dot material.
~r1 and~r2 are the exchanging position vectors, and |~r2 −~r1| is the distance between the
electron and hole. ψb

nb ,mb
(~r) (b = v, c) is the wave function of an electron in the conduction

or a hole valence band, with the form shown in Equation (2).
Because we focus on the ground electron and hole states in this study, and only

consider heavy holes in the valence band (conduction band of s character and valence band
of p character with no heavy hole-light hole mixing), the e-h exchange matrix elements of
interest are reduced to

VEX
0,jz ;0,sz |0,j′z ;0,s′z

=
∫ ∫

ψv∗
0,jz(~r1)ψ

c∗
0,sz

(~r2)
e2

4πε0εb|~r2 −~r1|
ψv

0,j′z
(~r2)ψ

c
0,s′z

(~r1)d3r1d3r2 , (9)

where jz, j′z = ± 3
2 and sz, s′z = ± 1

2 are the only relevant quantum numbers for the
z-projection of total angular momentum for each hole and electron.

Furthermore, since only optically active excitons (bright excitons) are of importance
for the studied problem, we pay attention only to the cases in which jz + sz = ±1 and
j′z + s′z = ±1. From the four remaining cases, those where jz + sz = −(j′z + s′z) [jz + sz =
(j′z + s′z)] are related to spin-flipping (conserving) processes.

Regarding exciton-spin polarization, the e-h exchange interaction involving spin
flipping is the main cause of spin decoherence and the main obstacle to robust polarization-
defined light emission from quantum dots. The magnitude of this interaction is then
determined by |VEX

0, 3
2 ;0,− 1

2 |0,− 3
2 ;0, 1

2
| = |VEX

0,− 3
2 ;0, 1

2 |0, 3
2 ;0,− 1

2
|, which may be obtained from experi-

mental measurements of the exciton fine structure splitting (FSS), available in the literature
for various types of QDs [33].

2.3. Förster Resonance Energy Transfer

Bright excitons have an associated interband transition dipole whose magnitude
determines the strength of radiation-matter coupling. When two of those dipoles are
separated by nanometric distances and have similar excitation energies, energy may be
passed from one another through the mechanism known as Förster resonance energy
transfer (FRET), which is commonly approached in terms of a non-radiative dipole-dipole
interaction, according to

VFT
~µn1

v ,j1z ;n1
c ,s1

z
|~µn2

v ,j2z ;n2
c ,s2

z
≈ 1

4πε0εb


(
~µn1

v ,j1z ;n1
c ,s1

z
·~µn2

v ,j2z ;n2
c ,s2

z

)
− 3
(
~µn1

v ,j1z ;n1
c ,s1

z
· ô21

)
×
(
~µn2

v ,j2z ;n2
c ,s2

z
· ô21

)
∣∣∣~O21

∣∣∣3
 , (10)

where ~O21 is the center to center interdot vector and ô21 =
~O21

|~O21| is its unit vector. µi

represents the transition dipole associated to the neutral exciton in the i-th QD (i = 1, 2),
defined as

~µni
v ,jiz ;ni

c ,si
z
= e
〈

ψv
ni

v ,jiz

∣∣∣~ri

∣∣∣ψc
ni

c ,si
z

〉
= e

∫
ψv∗

ni
v ,jiz

(~ri)~riψ
c
ni

c ,si
z
(~ri)d3ri . (11)

In Figure 1a, the pair of interacting dipoles associated to the neighboring QDs are depicted.



Condens. Matter 2023, 8, 84 4 of 11

𝑂

𝑂21

𝑂1 𝑂2

𝑄𝐷2

Ԧ𝜇2

𝑄𝐷1

Ԧ𝜇1

𝑧

𝑥

𝑦

(b)(a)

𝜃21

𝜙21

𝑄𝐷1

𝑄𝐷2𝑑21

𝑎1 𝑎2

𝑂21

Figure 1. Schematics of the studied system. (a) Depiction of two interacting dipoles, each correspond-
ing to one quantum dot. |~O21| = a1 + a2 + d21. (b) Coordinate system and definition of the angles θ21

and φ21.

Inserting in Equation (11) the wave functions described in Equation (2) yields the
FRET interaction with matrix elements of the form

VFT
n1

v ,j1z ;n1
c ,s1

z |n2
v ,j2z ;n2

c ,s2
z

=
e2

4πε0εb
Fn1

v ,n1
c
F∗n2

v ,n2
c

×


(
~Dj1z ,s1

z
· ~D∗j2z ,s2

z

)
− 3
(
~Dj1z ,s1

z
· ô21

)
×
(
~D∗j2z ,s2

z
· ô21

)
∣∣∣~O21

∣∣∣3
 , (12)

in terms of the envelope overlap integrals

Fni
v ,ni

c
=
〈

gv
ni

v

∣∣∣gc
ni

c

〉
=
∫

gv∗
ni

v
(~Ri)gc

ni
c
(~Ri)d3Ri , (13)

and the microscopic dipole integrals

~Djiz ,si
z
= e
〈

uv
jiz

∣∣∣~τ1

∣∣∣ue
si

z

〉
=

e
∆V

∫
UC

uv∗
jiz
(~τi)~τiuc

si
z
(~τi)d3τi , (14)

where the integration vector ~Ri sweeps over the whole i-th QD, while ~τi lies within the
corresponding crystal unit cell of volume ∆V.

Taking into account the restrictions mentioned in the previous subsection (ni
v = ni

c = 0,
jiz = ± 3

2 and si
z = ± 1

2 ), we have four possibilities for the matrix elements VFT
0,j1z ;0,s1

z |0,j2z ;0,s2
z
.

This depends on the angles θ21 and φ21, which define the unit vector ô21. Table 1 shows
those elements in terms of the coefficient

VFT
0 ≡ e2

4πε0εb

h̄2

2m0
×
√

Ep1Ep2

EQD
g1 EQD

g2

1∣∣∣~O21

∣∣∣3 , (15)

which, in turn, depends on the Kane parameter [34], defined in the framework of the (k · p)
theory as

Epi =
2

m0

∣∣∣〈ue
jiz

∣∣∣~p∣∣∣uv
si

z

〉∣∣∣2 =
2

m0

∣∣∣pcv(~0)
∣∣∣2 . (16)

This parameter is available in the literature for different semiconductor materials [35].
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Table 1. FRET interaction energies VFT
0,j1

z ;0,s1
z |0,j2

z ;0,s2
z

for the z-projection angular momentum quantum

numbers j1z , j2z = ± 3
2 and s1

z , s2
z = ± 1

2 , depending on the angles θ21 and φ21.

jz sz j′z s′z V FT
0,j1

z ;0,s1
z|0,j2

z ;0,s2
z

3
2 − 1

2
3
2 − 1

2
1
4 (1 + 3 cos 2θ21)VDD

0

3
2 − 1

2 − 3
2

1
2

3
4 (1− cos 2θ21)e−i2φ21 VDD

0

− 3
2

1
2

3
2 − 1

2
3
4 (1− cos 2θ21)ei2φ21 VDD

0

− 3
2

1
2 − 3

2
1
3

1
4 (1 + 3 cos 2θ21)VDD

0

3. Time Dependence

To study the spin polarization dynamics of the DQD system, we use the operator
density ρS and the corresponding Master Equation in the Lindblad form to obtain its time
evolution [36]. Namely

ρ̇s(t) =
1
ih̄
[HS, ρS] + LΓ(ρS(t)) , (17)

where the Lindblad superoperator related to spontaneous emission is defined as

LΓ(ρS(t)) = −
1
2

4

∑
k=1

Γk
(
X+

k X−k ρS + ρSX+
k X−k − 2X−k ρSX+

k
)

, (18)

where k = 0, 1, 2, 3, 4 is an index correspondingly associated to the basis states |0, 0〉, |↑⇓, 0〉,
|↓⇑, 0〉, |0, ↑⇓〉 and |0, ↓⇑〉. The operator X+

k = |k〉〈0, 0| (X−k = |0, 0〉〈k|) represents the
creation (annihilation) of an exciton in the basis state |k〉. In this notation, a zero on the
left (right) of the comma inside a ket means no exciton in the QD1 (QD2). In contrast,
a couple of arrows at either side of the comma represent an exciton in the corresponding
dot. The thin (thick) arrow indicates the z-projection of the electron (hole) total angular
momentum according to

↑ ≡ sz =
1
2

, ↓≡ sz = −
1
2

,

⇑ ≡ jz =
3
2

and ⇓≡ jz = −
3
2

.

Within the Fermi Golden Rule framework, the spontaneous emission rate for the
transition from a neutral exciton state (k 6= 0) to the ground state |0, 0〉 depends on the
corresponding transition dipole moment and the transition energy, according to

Γk =

(
EQD

gk

)3∣∣∣~Djkz ,sk
z

∣∣∣2
3πεh̄4c3

. (19)

As a first approach, in this work, we consider two ideally identical quantum dots,
so that the four spontaneous emission rates in Equation (18) are assumed to be the same.
Although this constraint could be relaxed in the proposed model (Equation (15)), for the
sake of simplicity, we assume them to be the same because in any case, the Förster inter-
action (the magnitude of VFT

0 ) is relevant only close to resonance between the excitation
energies [37], implying very similar QD size and composition.

It is worth noting that we use QD envelope wave functions for obtaining the magnitude
of the FRET interaction, while the magnitude of the exchange interaction is taken from
the literature. If we also calculate the exchange interaction terms, because their values are
particularly sensitive to the lateral asymmetry, we would need to introduce some slight
eccentricity into the QD shape, which would lead to wave functions that are mainly those
from the spherical case, plus some perturbation. Such small perturbations would not
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significantly affect the FRET results because the overlap between the electron and hole
wave functions would still very close to 1 (see Equation (13)) [25].

The matrix representation of the Hamiltonian system from Equation (1), to be used in
Equation (17), reads in the aforementioned basis

HS = h̄


0 0 0 0 0
0 ω1 δex

eh δ13 δ14
0 δex

eh ω1 δ23 δ24
0 δ31 δ32 ω2 δex

eh
0 δ41 δ42 δex

eh ω2

 , (20)

where δex
eh ≡ |V

EX
0, 3

2 ;0,− 1
2 |0,− 3

2 ;0, 1
2
| stands for the magnitude of the long-range part of the e-h

exchange interaction [38] and ωi =
EQD

gi
h̄ , with i = 1, 2. EQD

gi comes from Equation (7) for
the i-th QD. The FRET frequencies

δij =
VFT

i|j
h̄

, (21)

are obtained from the corresponding interaction energies in Table 1.
Figure 2a summarizes the considered states and the different quantities appearing in

the quantum master equation, while Figure 2b depicts those quantities in the DQD system.

Spin 

conserving

terms

Spontaneous

emisión rates

(a)

ൿۧ|0 = |0, 0

ൿۧ|1 = | ↑⇓, 0
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e-h exchange 

interaction. Spin 

flipping 
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𝛿23 = 𝛿32
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1

2

Γ1Γ2

Figure 2. Schematics of the quantities describing interactions. (a) Summary of the frequencies appear-
ing in the master equation. (b) Graphic representation of the involved states and the corresponding
interactions considered in the model.

4. Results and Discussion

For the numerical simulations, we consider two identical CdSe QDs. The correspond-
ing parameters are summarized in Table 2, which, in turn, is based on references [35,39].

Table 2. Parameters used in the numerical simulations for the pair of identical CdSe QDs.

Relevant Parameters for CdSe QDs

QD radius (a1 = a2 = a) 3 nm
Bulk energy gap Eg (300K) 1.751 eV
QD energy gap, EQD

g1 = EQD
g2 2.165 eV

Kane energy parameter Ep 17.5 eV
Electron effective mass m∗e 0.11 m0
Hole effective mass m∗h 0.45 m0
Relative permittivity εb 10
Electron-hole exchange δex

eh 1 ns−1

Spontaneous emission rate Γk (k = 1, 2, 3, 4) 0.054 ns−1
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The quantum master Equation (17) is numerically solved by means of the open-source
software QuTiP [40]. From the obtained solutions in the chosen basis, we extract the
diagonal matrix elements of the density operator in order to analyze the time evolution of
the exciton-spin polarization and to compare for different geometrical configurations the
lifetime of exciton configurations able to emit either σ+ or σ− circularly polarized photons.

Regarding initial conditions, we will suppose that at time t = 0 by means of σ−

polarized light from a pulsed low-power laser, the state |↑⇓, 0〉 is optically excited in the
QD1. In such a case, if the e-h exchange and Förster transfer would be negligible, the DQD
would remain in that state until it would spontaneously emit a σ− polarized photon. Thus,
as long as the exciting light does not change, the photons generated in the DQD would
have well-defined polarization. Furthermore, in that case, the QD2 would not be involved
in the process.

Once the e-h exchange is taken into account, Rabi oscillations between the opposite
polarization states within QD1 are expected. This can be observed in Figure 3a, where
the Förster resonance energy transfer is neglected (i.e. a very large interdot distance is
considered). In that situation, the polarization of the exciting light is lost before a couple of
nanoseconds, and the emitted photons will mostly be of uncertain polarization.

If the interaction to neglect would be the e-h exchange (i.e. the involved quantum dots
have an exceptionally high rotational symmetry) and the spin-flipping FRET terms would
be zero (θ21 = 0), then the Rabi oscillations would be held between the two states sharing
the same exciton-spin in the DQD. Such a case is shown in Figure 3b, where δex

eh and δ14
have been taken to be zero. There, the excitation transfer between QD1 (dashed line) and
QD2 (dotted line) can be clearly observed. After the exciton radiative lifetime, spontaneous
emission of a photon with σ− polarization can be expected, although there is no certainty
on what QD it will come from. However, it is remarkable that the exciton-spin is preserved
despite the interdot energy transfer. Figure 3c presents the addition of the diagonal density
matrix elements corresponding to equal polarization: ρ11 + ρ33 on the one hand (blue solid
line) and ρ22 + ρ44 on the other (red solid line).

In both of the addressed cases so far, and in the ones to be discussed in what follows,
the increase in the ground state population ρ0,0 (black dash-dot line) can be observed. This
is due to the spontaneous emission from exciton states that act as a dissipation channel in
the DQD system.

While the dependence on φ21 is irrelevant for the general evolution of the system in the
absence of spin-flipping terms (see Table 1), in all cases, the dependence on θ21 modulates
significantly the magnitude of the spin-conserving interdot terms, as well as the difference
between spin-conserving and spin-flipping FRET terms. Once non-negligible FRET and e-h
exchange terms are simultaneously considered, a complex interplay of the two interactions
on the time evolution of the diagonal density matrix elements leads to different scenarios,
some of which are more or less convenient toward the purpose of extending exciton-spin
coherence times.

In Figure 4, three different case studies are presented. Remarkably, in the third one
whose angular parameters are θ21 = 0.2π and φ21 = π/2, the exciton-spin coherence is
clearly favored since the blue polarization is retained for a time, which is evidently longer
than that in which no FRET terms are included (see Figure 3a).
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Figure 3. Density matrix elements ρ00 (black dash-dot line), ρ11 (blue dashed line), ρ22 (red dashed
line), ρ33 (blue dotted line) and ρ44 (red dotted line) as functions of time (ns). A spontaneous emission
rate Γk = 0.054 ns−1 and an interdot distance d21 = 20 nm are considered. (a) The FRET interaction
is neglected (δij = 0). An e-h exchange energy of δex

eh = 1 ns−1 is taken. The inset shows the
correspondence between colors and polarizations. (b) The e-h exchange is neglected (δex

eh = 0). Angles
θ21 = 0 and φ21 = 0 are considered. (c) Addition of the density matrix elements corresponding to the
same polarization. The same parameters as in (b) are used.
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Figure 4. Density matrix elements ρ00 (black dash-dot line), ρ11 (blue dashed line), ρ22 (red dashed
line), ρ33 (blue dotted line) and ρ44 (red dotted line) as functions of time (ns) for three different angle
parameters. A spontaneous emission rate Γk = 0.054 ns−1, an interdot distance d21 = 20 nm and an
e-h exchange energy δex

eh = 1 ns−1 are considered. (a) θ21 = π/2, φ21 = 0. (b) θ21 = π/2, φ21 = π/3.
(c) θ21 = 0.2π, φ21 = π/2. (d) Sum of the diagonal density matrix elements that share exciton-spin
polarization for the case shown in (c).

According to Figure 4d, for that DQD system, the probability of emitting a σ− polar-
ized photon after radiative recombination of the e-h pair is substantially bigger than the
probability of emitting a σ+ one. This suggests a new scheme for protecting exciton-spin co-
herence from the decoherence introduced by the e-h exchange in strongly confined double
dot structures.
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The case shown in Figure 4c,d is intentionally chosen to highlight the possibility of
extending the exciton spin polarization. Albeit it is a specific situation, it is not at all isolated
or accidental. As learned from Table 1, small values of θ21 tend to cancel out the interdot
spin-flipping matrix elements of the Hamiltonian (despite the value of φ21), while they
maximize the spin-conserving interdot transition (see Figure 4b). Intuition tells us that
preservation of the polarization is helped by the spin-conserving interdot transfer because it
weakens the action of the intradot processes, including the exchange interaction that flips
the spin. Thus, configurations with vertical interdot coupling (along the direction of the
excited dipole) would enhance the polarization lifetime as compared with configurations
where the interdot coupling is lateral (perpendicular to the direction of the excited dipole).

Regarding the experimental feasibility of taking advantage of this composed effect,
it is important to mention that the fabrication of QD ensembles with nanometric interdot
distance has been achieved in epitaxial and colloidal dots [41–44]. As for the angle between
dots with respect to the direction of the excited dipole, it is indeed more troublesome.
In colloidal QD ensembles, it should be possible to find any particular dot orientations
between neighboring pairs because in those ensembles, the nanocrystals are expected to be
randomly oriented. However, this randomness poses a challenge if a particular configura-
tion is pursued. Recent advances in the obtention of nanocrystals with controlled position
and shape suggest that the ability to prepare quantum dot arrays with very specific features
is effectively progressing, making this proposed scheme eventually realizable [45,46].

5. Conclusions

In this work, we have presented a theoretical model to study the combined effects
of the e-h exchange and the Förster resonance energy transfer in a double quantum dot.
After solving the corresponding master equation for different geometrical configurations
numerically, we conclude that under some conditions, it is possible to find quantum dot
pairs in which the interplay between the considered interactions results in prolonged
exciton-spin polarization. This opens doors to enhanced control of the polarization of
emitted photons from semiconductor nanostructures, which is potentially useful for opto-
electronic devices and light-based quantum information processing.
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