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Abstract: The connection between the heat transfer and characteristic flow velocities of planetary core-
style convection remains poorly understood. To address this, we present novel laboratory models
of rotating Rayleigh–Bénard convection in which heat and momentum transfer are simultaneously
measured. Using water (Prandtl number, Pr ' 6) and cylindrical containers of diameter-to-height
aspect ratios of Γ ' 3, 1.5, 0.75, the non-dimensional rotation period (Ekman number, E) is varied
between 10−7 . E . 3× 10−5 and the non-dimensional convective forcing (Rayleigh number, Ra)
ranges from 107 . Ra . 1012. Our heat transfer data agree with those of previous studies and are
largely controlled by boundary layer dynamics. We utilize laser Doppler velocimetry (LDV) to
obtain experimental point measurements of bulk axial velocities, resulting in estimates of the non-
dimensional momentum transfer (Reynolds number, Re) with values between 4× 102 . Re . 5× 104.
Behavioral transitions in the velocity data do not exist where transitions in heat transfer behaviors
occur, indicating that bulk dynamics are not controlled by the boundary layers of the system. Instead,
the LDV data agree well with the diffusion-free Coriolis–Inertia–Archimedian (CIA) scaling over
the range of Ra explored. Furthermore, the CIA scaling approximately co-scales with the Viscous–
Archimedian–Coriolis (VAC) scaling over the parameter space studied. We explain this observation
by demonstrating that the VAC and CIA relations will co-scale when the local Reynolds number
in the fluid bulk is of order unity. We conclude that in our experiments and similar laboratory and
numerical investigations with E & 10−7, Ra . 1012, Pr ' 7, heat transfer is controlled by boundary
layer physics while quasi-geostrophically turbulent dynamics relevant to core flows robustly exist in
the fluid bulk.

Keywords: rotating convective turbulence; velocities; heat flow; planetary interiors; dynamos

1. Introduction

The rotating convective turbulence of electrically conducting liquid metal layers within
planets is responsible for the generation of their global-scale magnetic fields [1,2]. The
details of core-style turbulence, particularly the connection between heat and momentum
transfer, remain elusive. These turbulent flows that exist at planetary conditions and
are remote from direct measurement are difficult to directly model due to their complex
and extreme nature. Laboratory experiments, direct numerical simulations (DNS), and
theoretical models use various simplified approaches to understand the turbulent fluid
physics of dynamo-generating mechanisms (e.g., [3–5]). The goal of these reduced models
is to develop accurate scaling laws characterizing fundamental system behaviors that can
be extrapolated to the extreme settings at which planetary dynamos exist.

One of the most common models used to study this problem is that of rotating
Rayleigh–Bénard convection (RRBC), where a layer of fluid is heated from below while
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simultaneously cooled from above and rotated about a vertical axis. The laboratory ex-
periments in this RRBC study implement a right cylindrical geometry, thus removing any
effects of spherical curvature. A number of recent studies have focused on characterizing
the effects of cylindrical sidewalls on rotating heat transfer (e.g., [6–12]). These studies show
that sidewall effects are most pronounced very close to the onset of convection. Overall,
bulk cylindrical laboratory heat transfer data agree with those of unconfined periodic DNS.
Furthermore, the recent study by Gastine and Aurnou [13] directly compares the heat
transfer of the spherical shell DNS to that of the local Cartesian DNS and concludes that
local, non-spherical models can be used to understand spherical systems (see also Wang
et al. [14]). The results of these recent studies demonstrate that laboratory cylinders are a
useful and relevant tool for studying spherical shell-core dynamics.

To illustrate our model system, Figure 1 displays a schematic of the northern hemi-
sphere of Earth’s core region. The cylinder located at a high latitude and aligned with the
rotation axis represents one of the laboratory containers used in this work. Our experiments
simulate a local, polar parcel of planetary core fluid convecting under the influence of axial
rotation and buoyancy forcing. The interior of the cylinder is filled with an illustrative sub-
set of the visualization of a geostrophically turbulent laboratory experiment. The bottom
(top) boundaries of the cell are red (blue) to represent the warm (cold) fluid in parallel with
the warmer/red inner core boundary (cooler/blue core–mantle boundary).

The outer core region in Figure 1 shows a meridional slice of the instantaneous radial
velocity of a dynamo simulation adapted from Sheyko et al. [15]. From this meridional
slice, we see that fluid motions are largely aligned with the rotation axis. Furthermore,
these fluid motions, which are generated in the presence of a magnetic field and a spherical
shell geometry, compare qualitatively to the visualization of the purely hydrodynamic
cylindrical laboratory experiment shown in Figure 1. Thus, Figure 1 highlights the ability to
compare a hydrodynamic laboratory experiment with a cylindrical geometry to a spherical
shell DNS model that uses a magnetohydrodynamic description.

Figure 1. Schematic of the northern hemisphere of Earth’s core region, with a solid inner core (tan-
colored) of radius r = 0.35Rcore, rotating about the z-axis (dashed line) at rate ~Ω. The cylinder located
at a high latitude and aligned with the rotation axis is representative of the laboratory containers used
in this work. The interior of the cylinder is filled with an illustrative subset of the visualization of a
geostrophically turbulent laboratory experiment (E ' 5× 10−6, Ra ' 2× 1010, Pr ' 6). The bottom
(top) edges of the experimental cell are red (blue) to represent the warm (cold) fluid under the presence
of convection in parallel with the inner core boundary (core–mantle boundary). A meridional slice of
the instantaneous radial velocity from a dynamo simulation (E = 3× 10−7, Ra ' 2× 1010, Pr = 1,
Pm = 0.05) adapted from [15] occupies the fluid outer core region. Orange (teal) indicates radially
outward (inward) motions.

Numerous studies have found that the stabilizing effect of rotation on turbulent
convection acts to vertically align motion in the fluid bulk along the rotation axis, regardless
of geometry [16–26]. In addition, many dynamo studies have also found that the large-scale
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dynamics of core-style flows are largely governed, at leading order, by the non-magnetic
dynamics of rapidly rotating, so-called quasi-geostrophic turbulence [27–37]. These results
motivate further exploration of rotating convective turbulence, which is carried out in this
work. Thus, the use of a purely hydrodynamic fluid (water) in this study can be used to
explore relevant non-magnetic quasi-geostrophic turbulent dynamics.

Heat transfer is the most common diagnostic used to characterize convective dynamics
in studies of RRBC (e.g., [37–45]). RRBC studies typically assume that global heat transfer
will agree with and correspond to bulk velocity dynamics. Furthermore, many studies
have found that convective heat transport is controlled by the dynamics occurring in
the boundary layers of the system (cf. [21,37,46,47]). Contrastingly, the theory for the
dynamics of the quasi-geostrophic turbulence thought to exist in planetary dynamo systems
is independent of boundary physics and system diffusivities [48–53]. Thus, it remains
unclear as to whether or not flow regimes indicated by the study of heat transfer alone are
indeed representative of the bulk dynamical behavior of convection systems. Therefore,
simultaneous measurements of heat transfer and bulk system velocities are needed.

The experiments in this study display heat transfer that is controlled by the boundary
layer physics, while bulk velocities follow a diffusion-free scaling related to a balance between
the Coriolis force, inertia, and buoyancy in the system (cf. [25,53–55]). We show this by
simultaneously measuring convective velocities and heat transfer and directly comparing
these measurements to results from DNS. As the velocity data appear to robustly follow a
diffusion-free scaling, our results indicate that quasi-geostrophic bulk turbulence is reached
even when heat transfer still depends on diffusive processes occurring in the boundary layers.

In Section 2, we detail the system parameters and scaling behaviors relevant to this
work. In Section 3, we describe our experimental and numerical methods. The non-rotating
convection results are described in Section 4.1 and the rotating convection results are
presented in Section 4.2. The co-scaling of the two velocity predictions in this study, the
Viscous–Archimedian–Coriolis (VAC) and Coriolis–Inertia–Archimedian (CIA) scalings,
is discussed in Section 4.2.1. An analysis of local flow estimates and their comparison to
asymptotic theory is provided in Section 4.2.2. Lastly, a discussion of this work and its
implications for planetary dynamo systems is given in Section 5.

2. System Parameters and Scaling Behaviors
2.1. Rayleigh–Bénard Convection (RBC)
2.1.1. System Parameters

The consideration of non-rotating Rayleigh–Bénard convection (RBC) is an important
precursor for the study of analogous rotating systems. The control parameters for an RBC
system are the dimensionless Rayleigh and Prandtl numbers. The Rayleigh number, Ra,
describes the ratio of thermal buoyancy to viscous and thermal diffusion and is given as:

Ra =
thermal buoyancy

thermal & viscous diffusion
=

αg∆TH3

νκ
, (1)

where α (1/K) is the thermal expansivity of the fluid, g (m/s2) is the gravitational acceleration,
∆T (K) is the temperature difference across the fluid layer, H (m) is the height of the fluid layer, ν
(m2/s) is the kinematic viscosity of the fluid, and κ (m2/s) is the thermal diffusivity of the fluid.
The Prandtl number, Pr, is the ratio between viscous and thermal diffusion and is given as:

Pr =
viscous diffusion
thermal diffusion

=
ν

κ
. (2)

Lastly, Γ is the aspect ratio of the cylindrical container:

Γ =
D
H

, (3)

where D = 2R is the diameter of the fluid layer.
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2.1.2. RBC Heat Transfer Scaling Behavior

In RBC, the non-dimensional heat transfer is described by the Nusselt number, Nu,
which is the ratio of the total heat flux through the system relative to the conductive heat
flux in the absence of convection:

Nu =
total heat flux

conductive heat flux
=

qH
k∆T

, (4)

where q (W/m2) is the total heat flux through the system and k (W/mK) is the thermal
conductivity of the fluid. The Nusselt number describes the efficiency of global heat trans-
port, and trends in the Nusselt number are related to fundamental convective behaviors
(e.g., [35,56–59]).

In Pr ∼ O(1) RBC systems that are far past convective onset, a scaling relationship
between Nu and the input parameter Ra exists of the form:

Nu = cRaα, (5)

where c is the pre-factor and α is the scaling exponent. Over the accessible range of parameter
space covered to date by Pr ∼ O(1) laboratory experiments and DNS (i.e., 103 . Ra . 1015),
the scaling exponent, α, in (5) is found to vary between α ' 2/7 and α ' 1/3 [38,40,60–66].
The α ' 1/3 scaling relation arises when the fluid bulk becomes approximately isothermal
and the boundary layers do not interact due to vigorous bulk convective mixing [45,67–74].
We illustrate the RBC heat transfer behavior we test in this study in Figure 2a, where the
partially faded fuchsia line, Nu∗0 , corresponds to the empirical best fit of the experimental data
in Cheng et al. [45], with a pre-factor of c = 0.11 and an exponent of α = 0.308.
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Figure 2. (a) Predicted Nu vs. Ra behavior when E ' 10−6, Pr ' 6. The partially faded fuch-
sia line, Nu∗0 = 0.11Ra0.308, corresponds to RBC behavior [45]. For RRBC, the solid blue line,
Nu∗Ω = (Ra/RaS

C)
β, where β = −0.45− 0.58log10(E), is valid below the empirically defined transi-

tion Rayleigh number, RaT (dashed line) [3]. The open star denotes the onset of wall mode convection,
RaW

C ' 31.8E−1, and the solid star denotes the onset of steady convection, RaS
C ' 8.7E−4/3 [75,76].

When Ra > RaT , heat transfer is expected to return to the non-rotating scaling given by Nu∗0
(fuchsia). (b) Predicted Re vs. Ra behavior for E ' 10−6, Pr ' 6. Re∗0 = 0.102Ra0.447 is the
non-rotating upper bound of the predicted RRBC behavior [77], where we expect Re to follow
ReCIA = (Ra(Nu− 1)/Pr2)2/5E1/5 (green). The open and solid stars are the same as those in (a).
Below Ra ≤ RaT , Nu∗Ω is assumed in the calculation of Re, and above Ra > RaT , Nu∗0 is also assumed.
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2.1.3. RBC Momentum Transfer Scaling Behavior

The Reynolds number, Re, describes the momentum transfer in RBC systems and is
the ratio of inertial advection to viscous diffusion, which is given as:

Re =
inertial advection
viscous diffusion

=
uH
ν

, (6)

where u (m/s) is a characteristic system velocity. Using a free-fall velocity, uff ∼
√

αg∆TH,
to estimate the system scale velocity, u, in (6), a relationship between Re and Ra exists of
the form:

Re = bRaγ ∼ Ra1/2 (7)

when Pr ∼ O(1) [56,63,78–80]. A best fit exponent of γ ' 0.45 has been found experimen-
tally by Qiu and Tong [77]. The faded black line in Figure 2b shows Re as a function of Ra
according to (7), with the best fitfit pre-factor, b = 0.102, and exponent, γ = 0.447, from [77].
This line serves as an upper-bounding estimate of the RRBC momentum transfer discussed
in Section 2.2.3 below.

2.2. Rotating Convection (RRBC)
2.2.1. System Parameters

Two new non-dimensional control parameters are introduced to an RBC system with
rotation: the Ekman number, E, and the Froude number, Fr. The Ekman number describes
the ratio of viscous diffusion to the Coriolis force and is given as:

E =
viscous diffusion

Coriolis
=

ν

2ΩH2 , (8)

where Ω (rad/s) is the angular rotation rate of the container. The Froude number charac-
terizes the ratio of centrifugal buoyancy to gravitational buoyancy in the system and is
given as:

Fr =
centrifugal buoyancy

gravitational buoyancy
=

Ω2R
g

, (9)

where R (m) is the radius of the cylindrical container.
Centrifugal buoyancy is argued to play a weak role in planetary core convection

as estimates of the Froude number remain small, i.e., Fr . 10−2, in planetary dynamo
systems. Thus, the DNS herein do not include centrifugal buoyancy effects. However, in
our laboratory experiments, centrifugal buoyancy cannot be removed. According to Horn
and Aurnou [81], heat transfer measurements are not significantly altered by centrifugal
buoyancy until Fr & Γ/2, i.e., when the Froude number exceeds half the aspect ratio of
the container used. This constraint is only exceeded in our most extreme dataset, where
E ' 1.27× 10−7 and Γ ' 0.74. The potential effect of the large centrifugal buoyancy force
in this dataset is discussed in Section 4.2.

2.2.2. RRBC Heat Transfer Scaling Behavior

In a geometrically confined RRBC water system, convection will first onset in the form
of wall modes [82–85]. The criterion for the onset of wall modes in low E RRBC under the
assumption that the curvature of a confining cylinder can be neglected is given in Zhang
and Liao [75] as:

RaW
C ' 31.8E−1. (10)

For Pr > 0.68, steady, bulk-filling convection is predicted to occur in a horizontally infinite
plane layer in the limit of small E when: [76]

RaS
C ' 8.7E−4/3. (11)
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After the onset of steady RRBC, different distinguishable scaling trends in heat transfer
behavior have been observed and have been reviewed in Cheng et al. [3], Plumley and
Julien [58], Kunnen [17], and Ecke and Shishkina [16].

Several recent studies have characterized the effects of lateral boundaries on rotating
heat transfer [6–8,11,12,16,86–88]. In de Wit et al. [9] and Lu et al. [10], the ‘sidewall circula-
tion’ in which enhanced heat transport occurs near container sidewalls is quantified. These
studies also show that the bulk heat transfer in confined experiments is in good agreement
with that of unconfined periodic DNS. The experiments herein do not have temperature
sensors in locations that enable the quantification of heat transfer near container sidewalls.
Nonetheless, in Section 4.2, we show that the measured heat transport data of the experi-
ments in this work, which exist at least three times past steady onset, are in good agreement
with those of laterally unconfined DNS.

Neglecting sidewall effects, a scaling relation for the heat transfer occurring in the
regime past steady onset, where the entire fluid layer (i.e., the bulk and boundary layers)
is thought to be rotationally constrained, can be expressed in terms of the criticality past
steady onset as:

NuΩ ∼ (Ra/RaS
C)

β (12)

(e.g., [58]). As the Ekman number decreases, β steepens due to Ekman pumping effects,
which boost the heat transfer [47,89,90]. Cheng et al. [3] estimate that the scaling exponent
β in the rotationally constrained heat transfer regime depends on the Ekman number as:
(cf. [10])

β = −0.45− 0.59log10(E). (13)

The regime described by (12) is often referred to as the ‘columnar’ or ‘convective
Taylor column’ regime, although we note that the direct connection between (12) and the
existence of convective columns throughout this regime remains unclear (cf. [45,47,91]).
Nonetheless, it is presently thought that convection in this regime occurs in the form of
long, thin columns aligned with the axis of rotation when Ra/RaS

C & 2 (e.g., [18,82,92–96]).
The cross-axial width of a steady RRBC column that develops at onset is: [76,97–102]

`crit ' 2.4E1/3H. (14)

Far past the onset of convection in RRBC, heat transfer behaves as if it is non-rotating
according to (5) (e.g., [8,10,22,41,45,59,64,65,103]). The boundary layer physics involved in
the transition of the RRBC heat transfer from being buoyancy dominated to rotationally
constrained is complex, as elucidated in Julien et al. [89]. This boundary layer physics is not
the focus of this study and, furthermore, we do not have temperature sensors in locations
that enable us to resolve this physics. Nonetheless, we expect that the dominant boundary
layer when RRBC heat transfer is buoyancy controlled can be estimated as the non-rotating
thermal boundary layer:

δNR
T ∼ H/(2Nu), (15)

where δNR
T (m) is the thickness of a single RBC thermal boundary layer [46,50,89].

RRBC heat transfer gradually becomes more and more rotationally constrained when
lowering the convective supercriticality, and eventually, the viscous Ekman boundary layer
becomes the dominant boundary layer, estimated here as: [64,97]

δE ∼ 3E1/2H. (16)

Thus, we predict that non-rotating-style heat transfer in RRBC will occur when the RBC
thermal boundary layer becomes thinner than the Ekman boundary layer, i.e., when:

δE/δNR
T > 1. (17)

Numerous convection studies with a variety of applications have found that heat transport is
controlled by the dominance of the relevant boundary layers. While the details of boundary
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layer influence on heat transport vary, such applications include convection studies with
non-uniform heating (e.g., [104–112]); studies with non-uniform boundaries [113–121];
and studies of rotating convection with libration, precession, or tidal deformation (e.g.,
[122–127]), among others.

Empirically, a ‘transition’ Rayleigh number, RaT , can be defined in an attempt to
characterize the transition from non-rotating-style heat transfer to a rotationally constrained
fluid layer. The empirical intersection of these two heat transfer scalings, (5) and (12),
respectively, define RaT as: [65]

RaT = c1/(β−α)(RaS
C)

β/(β−α) = 8.7β/(β−α)c1/(β−α)E4α/3(α−β). (18)

Previous studies (e.g., [10,22,46,50,64,65,128,129]) find that the transition from non-rotating
style heat transfer to the rotationally dominated heat transfer regime occurs over a gradual
region that is not well described by (18). A number of different ideas exist regarding this
gradual transition region (cf. [3,10,17]).

We choose to implement (18) in order to create a simple, testable framework for RRBC
heat transfer behavior. Our framework does not incorporate recent findings surrounding
wall mode heat transfer occurring near convective onset (i.e., [10]). Figure 2a is a ‘strawman’
that shows this framework by displaying Nu vs. Ra for an RRBC system with fixed
E = 10−6, Pr ' 6. The onset of wall mode convection given by (10) is denoted by an open
star and the onset of steady convection given by (11) is denoted by a solid star. After steady
onset, the heat transfer efficiency, Nu, scales steeply with increases in Ra, as given by (12)
(blue line). Past RaT , given by (18) (dashed line), the heat transfer behaves as though the
system is not rotating according to (5) (fuchsia line).

2.2.3. RRBC Momentum Transfer Scaling Behavior

The balance between buoyant energy production and dissipation in convection sys-
tems results in an exact relation between velocity and heat transfer. This holds for both
RBC [62,130,131] and RRBC systems [25,55,132–135]. In RRBC, the use of this relation
results in the generalized non-dimensional velocity scaling:

Re ∼
[

Ra(Nu− 1)
Pr2 E

(
H
`

)] 1
2
, (19)

where ` (m) is the characteristic cross-axial length scale of convection. The term Ra(Nu− 1)/Pr2

in (19) is the non-dimensional buoyancy flux (e.g., [134]). Thus, a non-dimensional velocity
scaling in RRBC depends on: (1) the flux of buoyant energy; (2) the rotation period (via E);
and (3) the anisotropy of the flow field, `/H.

Two theoretical length scales describing ` exist in RRBC. The first is derived from
linear theory [76] and describes the width of RRBC columns as given by (14):

`crit/H ∼ E1/3. (20)

Substituting (20) into (19), we recover:

ReVAC ∼
(

Ra(Nu− 1)
Pr2

) 1
2
E

1
3 . (21)

Equation (21) is referred to as a ‘VAC’ scaling due to the underlying assumption that a triple
balance exists between the Viscous–Archimedean (buoyancy)–Coriolis forces at steady
onset [22,24,27,55,134,136].

The second length scale in RRBC provides a different scaling of Re than that of (21).
Inertial theory predicts that: [54,137]

`turb/H ∼ Ro1/2, (22)
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where Ro = ReE is the Rossby number. Ro describes the ratio of inertial advection to the
Coriolis force:

Ro =
u

2ΩH
. (23)

The substitution of (22) into (19) yields:

ReCIA ∼
(

Ra(Nu− 1)
Pr2

) 2
5
E

1
5 (24)

and arises from a triple balance between the Coriolis–Inertia–Archimedean (buoyancy)
forces, resulting in a ‘CIA’ scaling for Re [8,22,55,136,138].

Because Re� 1 and Ro � 1 in the fluid bulk of our experiments, viscous forces are
subdominant to inertial forces, which, in turn, are subdominant to the Coriolis force. Thus,
we expect diffusivity-free rotating turbulent flow to dominate bulk RRBC motions, as
should be described by the CIA scaling, (24). For completeness, experimentally measured
values of Re are compared to both theoretical scalings given by (21) and (24), and the results
of this comparison are discussed in Section 4.2. Figure 2b is a ‘strawman’ that displays the
predicted behavior of Re vs. Ra that we test in this study, where the green curve is given
by the CIA scaling, (24) (with an assumed pre-factor of unity). Below Ra ≤ RaT , Nu∗Ω is
assumed in the calculation of Re shown by the green curve, and above Ra > RaT , Nu∗0
is assumed.

3. Methods

3.1. The NoMag Laboratory Device

RBC and RRBC experiments are conducted in axially aligned cylindrical containers
filled with water. The ‘NoMag’ device used is comprised of a 1.27 cm thick optically
clear cylindrical acrylic sidewall (thermal conductivity k = 0.19 W/mK) of variable height
bounded by two aluminum thermal blocks (k = 167 W/mK) that allow for the exchange of
heat (Figure 3). The Biot number, which characterizes the isothermality of the boundaries
relative to that of the interior, is small in all experiments, i.e., Bi . 0.05. Thus, we argue
that thermal boundary gradients will only be a few percent of those within the fluid.

Convection is generated by passing a fixed heat flux through the bottom thermal block
via a non-inductively wound electrical resistance heating pad. The fluid layer is cooled from
above by a double-wound spiral heat exchanger in the top thermal block. Thermostated
water is circulated through the heat exchanger to maintain a fixed temperature. The entire
container and its aluminum structural frame are rotated about a vertical axis at a uniform
rate varying from 0 to 55 revolutions per minute (rpm).

Figure 3a shows a schematic of the NoMag device with its tallest tank of height
H ' 1.85 m. Present diagnostic systems are also shown. Temperature measurements of
the fluid layer are collected by 16 thermistors located within 1 cm of the fluid inside the
top (blue) and bottom (red) boundaries, providing accurate measurement of the vertical
temperature difference across the fluid layer. Thermistors can also be placed at various
depths inside the fluid layer (purple) via ports in the top thermal block to sense the internal
dynamics of the system. A custom calibration of all sensors is performed so that the
precision of temperature measurements is within ±50 mK. An MSE UltraLDV (green) is
mounted in the rotating frame to conduct laser Doppler velocimetry (LDV) measurements
and is placed at various heights and radial locations to collect point velocity measurements.
Figure 3b displays an image of the device with the H ' 0.8 m tank in place.
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a) b)

cooling 

fluid out

cooling 

fluid in

H '
80cm

180cm
H '

Figure 3. (a) Schematic of the NoMag laboratory device with the H = 1.85 m acrylic container
(purple). Diagnostic systems of the device include: (i) temperature measurements at the top (blue)
and bottom (red) of the fluid boundaries; (ii) internal fluid temperature measurements (purple);
(iii) point velocity measurements via laser Doppler velocimetry (LDV) (green). All electronics,
including those used for data acquisition, are mounted onto the upper table structure in the rotating
frame of the device and are labeled in black. (b) An image of the device with the H = 0.802 m tank
filled with water. The inlet (outlet) cooling fluid channel of the heat exchanger in the top thermal
block is labeled in blue (red).

Three tank heights are used in this study to access a broad range of parameter space.
These tanks have a fixed inner diameter of D = 0.586 m and heights of H = 0.202 m
(Γ ' 3), H = 0.401 m (Γ ' 1.5), and H = 0.802 m (Γ ' 0.75). In order to vary Ra, our
control parameter is a flux-based Rayleigh number in which:

RaF =
buoyancy flux

thermal & viscous diffusion
=

αgH4Q
ρ0Cpκ2νA

= NuRa, (25)

where Q (W) is the heating power, Cp (J/kgK) is the specific heat capacity of the fluid, and
A (m2) is the surface area of the thermal blocks in contact with the fluid. We varied Q from
30 to 1150 W in our experiments. Thus, our thermal control parameter, Q, which controls
RaF, indirectly sets ∆T, which controls Ra.

The control parameters for each experiment and all other experimental values can
be found in Tables A1 and A2 in Appendix A. We also show the range of RRBC control
parameters covered experimentally and numerically in this study in Table 1 below. For com-
parison, estimates of these parameters for Earth’s outer core are also listed in Table 1 [139].
By examining the differences between the experimental and DNS parameters and those of
the Earth’s core, we see that the flux Rayleigh and Ekman numbers in our study differed by
orders of magnitude from those of Earth’s core, as is the case in any of the most extreme
models of core dynamics to date (e.g., [34,45,140]). Nonetheless, rapidly rotating convective
turbulence relevant to core dynamics is achieved in many of our extreme RRBC experiments
(cf. Section 4.2). The Prandtl number of the DNS and experiments is moderate, whereas Pr
for Earth’s core is small (i.e., Pr . 0.67). Many similar fluid characteristics of non-magnetic
rotating turbulence are found in previous studies with varied Pr [25,45,96,141]. In terms of
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the Froude number, we carefully analyze our data for any possible effects due to centrifuga-
tion in our experiments with higher values of Fr and do not find any noticeable effects (cf.
Section 4.2). Finally, we argue that our range of aspect ratios is relevant and interesting to
study in relation to understanding core dynamics (cf. Section 1).

Table 1. RRBC control parameters for NoMag (this study), DNS (this study), and Earth’s core [139].
RaF is the flux Rayleigh number given by (25), E is the Ekman number given by (8), Pr is the Prandtl
number given by (2), Fr is the Froude number given by (9), and Γ is the aspect ratio: for the NoMag
and DNS experiments, Γ is defined as the diameter-to-height ratio of the cylinder used/simulated
as given by (3), while for Earth’s core, we provide the aspect ratio as the radius ratio of Earth’s core
relative to Earth’s entire radius.

RaF E Pr Fr Γ

NoMag 5.0× 109–6.1× 1013 1.1× 10−7–2.9× 10−5 5.7–6.4 0.0018–1.0 0.73–2.9
DNS 3.5× 108–1.4× 1011 2.9× 10−6 5.9 0 0.74

Earth’s Core 4.0× 1029 1.3× 10−15 0.10 0.0011 0.35

Each experiment is allowed to equilibrate thermally until the mean temperature on
each thermal sensor does not change by more than approximately 1 percent over the course
of 2 h. This process takes between 8 to 14 h on average for each experiment. Equilibrated
data are then recorded for an additional 6–8 h, on average, at a rate of 10 samples per second.
A minimum of ∼1000 free-fall times exist for equilibrated data. Thus, each experiment is
run for approximately 14–22 h total, on average. The vertical thermal diffusion time of
the system, τκ = H2/κ, ranges between 3 and 50 days amongst all three containers used.
Thus, while the total experimental time is small relative to the thermal diffusion time of
our system, the time series of the portion of data analyzed always reaches a statistically
steady state as described.

The relatively large ∼60 cm tank diameter requires careful treatment of thermal losses
through the ∼1 cm thick acrylic sidewalls. The temperature of the room is set to be the
same as the mean temperature of the fluid in order to minimize potential losses. The
sidewalls are also wrapped in several layers of insulation: first, in a ∼0.3 cm thick layer of
foam insulation with a conductivity of 0.036 W/mK, next, in a layer of mylar to minimize
radiative losses, and then, in a ∼2 cm thick layer of foam. To further separate the fluid
temperature from any potential influence of the ambient room, the outermost foam layer is
surrounded by a ∼10 cm thick layer of insulating styrofoam packing peanuts enclosed in
plastic wrap. Horizontal conductive heat losses across the acrylic sidewall are calculated
using recorded values of the room and mean fluid temperatures for each experiment.
Thermal losses account for less than ∼5% of the total input heating power for all cases.

3.2. Laser Doppler Velocimetry (LDV)

LDV enables the acquisition of point velocity measurements with small spatial and
temporal resolution and with virtually no disturbance of the flow [142–145]. Titanium diox-
ide (TiO2) seeding particles are used as optical scattering sources (∼2 g/L concentration).
A Measurement Science Enterprise (MSE) UltraLDV instrument is mounted in the rotating
frame of the experiment and aligned in order to measure vertical convective flow velocities.
A 130 mW split laser beam is passed through the acrylic cylindrical sidewall and into the
water in the experimental tank. The split beams converge and intersect at a fixed distance
inside the tank’s sidewall, forming an interference pattern. In this intersection volume,
passing particles reflect a signal back to the instrument, where the recorded frequency
of the reflected particle light is then converted to a local velocity. For further details, see
[146–148].

We verified our LDV data via spin up experiments on the NoMag device
(cf. [7,148–150]). Several experimental parameters are varied, including the initial ro-
tation rate, incremental change in the rotation rate, and tank height, in order to confirm
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agreement with the well-characterized spin up theory. For all experiments, measured
spin up times agree with respective theoretical spin-up calculations to within ±5%. From
these spin up experiments, the resolution of the velocity measurements using our device is
determined to be ±2.0× 10−3 m/s [148]. Thus, we choose a resolution limit of ±2.5× 10−3

m/s for this work. Our analysis of the velocity measurements in Section 4 does not rely on
any data with measured velocities smaller than this experimentally determined limit.

For all experiments in this study, the vertical root-mean-square (rms) velocity, uz,rms,
is calculated using the LDV velocity time series as:

uz,rms =

√√√√ 1
N

N

∑
n=1
|uz,n|2, (26)

where uz,n (m/s) is the vertical velocity time series containing N points. The measured
Reynolds numbers are computed as:

Re =
uz,rmsH

ν
. (27)

Note that weighting to account for any potential sampling biases in the measured velocities
is determined to be unnecessary due to the normal/Gaussian statistical nature of the
velocities in this work (cf. [148,151–153]). The Gaussian behavior of our experimental
RRBC vertical velocities (all existing at Ra/RaS

C & 60) is consistent with the results of the
recent numerical study by Aguirre-Guzman et al. [140]. For Pr ' 5, they find that above
Ra/RaS

C ' 10, skewness and kurtosis statistics show that vertical velocities are isotropically
turbulent (cf. [154,155]). They further show that while the vertical velocities are interestingly
homogeneously turbulent past a supercriticality of∼10, the vertical vorticity, i.e., the vertical
component of the curl of the velocity that displays the horizontal swirling nature of the
flow, is anisotropic and non-Gaussian, indicating that the convective flow structures are
multi-scale, as found in previous studies (e.g., [21,96,156]).

A fixed location in the fluid bulk for the point velocity data collection is chosen for each
experimental container. The choice of location for the RRBC measurements can be anywhere
within the bulk because the vertical flow is isotropically turbulent. In Section 4.1, we discuss
how the location of the LDV point measurements may affect our non-rotating momentum
transfer results. In all Γ ' 3 experiments, data are collected at a non-dimensional location
in the fluid bulk of hLDV ' 0.33H, rLDV ' 0.84R, where R is the radius of the container, i.e.,
R = D/2. For all experiments in both the Γ ' 1.5 and Γ ' 0.75 tanks, the non-dimensional
location of the velocity measurements is hLDV ' 0.57H, rLDV ' 0.84R. The shorter Γ ' 3 tank
required a different non-dimensional height location in order to mount the LDV device. Once
thermal equilibration is determined, a minimum of 2–4 h of data for rotating cases and a
minimum of 4–6 h of data for non-rotating cases are recorded. The LDV data sampling rate is
non-constant; on average, the sampling rates are a minimum of ∼5 samples per second.

3.3. Direct Numerical Simulations (DNS)

Laboratory access to RRBC near steady onset is limited, requiring both a small input
thermal forcing and a rapid rotation of the container, a setting in which it is difficult to
control the thermal losses in experiments (cf. [10,45]). Thus, a set of fixed E ' 3× 10−6

DNS is conducted at low Ra values and Pr ' 6 in order to examine the RRBC behavior near
onset. We use the fundamental results of these DNS to further support and reinforce the
results of the laboratory experiments herein, which are the focus of this study. Data from
10 novel DNS are provided in Table A3 in Appendix A. The DNS model a Cartesian fluid
layer and do not include centrifugal buoyancy. The code used has been validated and em-
ployed in prior studies (see [47,64,65,157] for more details). The top and bottom boundaries
are isothermal, rigid, and non-slip, with periodic horizontal boundary conditions. Fourier
expansions are implemented in the horizontal directions and Chebyshev polynomials are
used in the vertical direction.
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The vertical resolution is set in order to maintain at least 16 grid points within the
Ekman boundary layer. The box aspect ratio is set as Γ = D/H ' 0.74, matching the
aspect ratio of the H ' 0.8 m experimental container. The onset of steady convection for
these E ' 3× 10−6 DNS is RaS

C ' 1.84× 108. With no sidewall boundaries, we note that
our DNS do not capture the heat transfer due to wall modes (cf. [6,9,10]). The reported
Reynolds numbers of the DNS contain the time average of the rms of the vertical z-velocity
at a non-dimensional height of z = 0.57 to match the height location at which the majority
of experimental LDV data are collected. The number of free-fall times per simulation ranges
from 2.53× 103 to 2.05× 105, and the number of thermal diffusion times captured ranges
from 2.35× 10−2 to 5.67.

4. Results
4.1. RBC Heat and Momentum Transfer Measurements

Figure 4a shows our RBC heat transfer results, along with the data from [64,65]. The
Nusselt number, Nu, is displayed on the y-axis and the Rayleigh number, Ra, is shown on
the x-axis. Pink and cyan markers represent our data, where symbol shapes represent the
different tanks used: circles (Γ ' 3), squares (Γ ' 1.5), and diamonds (Γ ' 0.75). The Γ ' 3
data are distinguished in pink from the data collected in the Γ ' 1.5 and Γ ' 0.75 tanks
(cyan) due to the different location of velocity measurements in the Γ ' 3 tank. The open
gray triangles [64] and open upside-down gray triangles [65] are water data collected using
UCLA’s smaller-diameter RoMag device. The fuchsia line in Figure 4a, Nu0 = 0.108Ra0.309,
represents the best fit to our data. The scaling exponent, α = 0.309± 0.003, and pre-factor,
c = 0.108± 0.009, are in good agreement with those found in Cheng et al. [45]: α = 0.308
and c = 0.11.
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Figure 4. (a) Nu vs. Ra RBC results, where pink circles denote data with Γ ' 3, cyan squares
denote data with Γ ' 1.5, and cyan diamonds denote data with Γ ' 0.75. Open gray triangles are the
experimental data from [64], whereas upside-down gray triangles are the experimental data from
[65]. The fuchsia line is the best fit to our data, Nu0 = 0.108Ra0.309, and is in good agreement with the
empirical fit to the data from [45]. (b) Re vs. Ra RBC results, where the symbol shapes and colors are
consistent with those in (a). The Γ ' 3 data are collected at a location of hLDV ' 0.33H, rLDV ' 0.84R,
while the Γ ' 1.5 and Γ ' 0.75 data are collected at a location of hLDV ' 0.57H, rLDV ' 0.84R. The
solid black line, Re0 = 0.151Ra0.434, is the best fit to the data at the height of h ' 0.57H, and is in
good agreement with the best fit to the water data in [77].

The RBC momentum transfer results of this study are shown in Figure 4b, with the
Reynolds number, Re, displayed on the y-axis and the Rayleigh number, Ra, shown on
the x-axis. The solid black line, Re0 = (0.150± 0.052)Ra(0.434±0.012), shows the best fit to
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the Γ ' 1.5 (squares) and Γ ' 0.75 (diamonds) data collected at hldv ' 0.57H, rldv ' 0.84R.
This fit is in adequate agreement with the best fit of the experimental water data from Qiu
and Tong [77]: Re∗0 = 0.102Ra0.447.

The Γ ' 3 pink data collected at hldv ' 0.33H, rldv ' 0.84R does not follow the same
scaling behavior as in our other two tanks. This is likely due to the difference in the location
of the point velocity measurements and the regime of convection probed. In all of the RBC
experiments, a large-scale overturning circulation (LSC) pattern should exist in the fluid bulk.
The velocity field of such an LSC structure is non-uniform (aka position dependent) within
the fluid bulk (e.g., [71,77,158–161]). It is possible that the Γ ' 3 data at a non-dimensional
height of hldv ' 0.33H samples a corner of an LSC structure, whereas the rest of our data at a
height of hldv ' 0.57H (and larger Ra) measure velocities nearer to the center of the vertical
upwellings and downwellings that comprise the LSC. Overall, our RBC heat and momentum
transfer measurements agree well with the results of prior studies.

4.2. RRBC Heat and Momentum Transfer Measurements

Figure 5a shows Nu versus Ra for our RRBC heat transfer measurements. Symbol
color represents the non-dimensional rotation period, E. The different symbol shapes
represent the data collected in the three different experimental containers used in this study
and are consistent with Figure 4. The E ' 3× 10−6 DNS are displayed in Figure 5 as right
pointing orange triangles with a black center. The open triangles represent data from [64],
the open upside-down triangles represent data from [65], and the asterisks denote the direct
numerical simulations from [65]. The onset values for steady bulk convection, given by (11),
are shown as solid, colored stars on the x-axis. The colored, thin solid lines characterize
the heat transfer regime occurring near the onset of convection given by (12) and (13). The
numerical simulations reach closest to onset and provide the most data in this regime. The
thick solid fuchsia line represents the best fit to the RBC data from Figure 4a.

Cheng et al. [65] note that it is possible that their two most extreme datasets at
E ' 10−7 and E ' 3× 10−8 might be influenced by strong centrifugal acceleration, which
scaled as Ω2R. This may also be the case for our burgundy data at E ' 1.25 × 10−7

(Fr ' 1 ≥ (Γ/2 = 0.375), [81]). However, our E ' 1.25× 10−7 data agree well with the
E ' 10−7numerics of [47] in which there is no centrifugal buoyancy. Thus, it is not obvious
that the overall scaling behavior of this heat transfer data is altered by centrifugation (c.f.
[9,45,162,163]). We conclude that our heat transfer data (both experimental and numerical)
adequately agree with prior studies.

Figure 5b shows the Re versus Ra data for our RRBC experiments and DNS. The color and
symbol shape are the same as those in Figure 5a, with one difference: faded symbols represent
experimental data with measured velocities that are below the determined resolution limit of
2.5 mm/s for the LDV device used in this study (see Section 3.2). The solid, colored symbols
thus represent the experimental velocity data above the 2.5 mm/s LDV device resolution limit
that are used in the analysis of the RRBC momentum transfer data discussed below. The solid,
faded black line is the best fit to the RBC momentum transfer data shown in Figure 4b, and
serves as an upper bound for our rotating data. We note that the burgundy data (E ' 10−7,
Fr ' 1) in Figure 5b do not show any observable influence of centrifugal buoyancy on vertical
momentum transport.

Figure 6a displays the ratio of boundary layer thickness estimates, δE/δNR
T , versus the

Ra for the laboratory data. The RBC thermal boundary layer thickness, δNR
T , is estimated

using δNR
T = H/(2Nu) given by (15) and the Ekman layer thickness, δE, is estimated using

δE = 3E1/2H given by (16) such that δE/δNR
T = 6NuE1/2. Previous studies have shown that

whether RRBC heat transfer will behave as though the system is non-rotating versus being
rotationally constrained depends on the overall dominance of an Ekman or a non-rotating
thermal boundary layer in the system [21,46,47,64,89,164]. Thus, in Figure 6a we use hollow,
colored symbols when δE/δNR

T ≤ 1, and symbols become solid when δE/δNR
T > 1.
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Figure 5. (a) Nu vs. Ra RRBC results, where circles denote laboratory data with Γ ' 3, squares denote
laboratory data with Γ ' 1.5, and diamonds denote laboratory data with Γ ' 0.75. Color represents
the non-dimensional rotation period, E. The right pointing orange triangles with black centers
represent the fixed Γ ' 0.74, E ' 3× 10−6 DNS of this study. Open, colored triangles represent the
data from [64] and open, colored upside-down triangles represent the data from [65]. The asterisks
denote the DNS from [65]. The onset of steady convection, given by (11), is shown as solid, colored
stars. The colored, thin solid lines past onset characterize the regime given by (12) and (13). The thick
fuchsia line shows the RBC empirical findings from Figure 4a. (b) Re vs. Ra RRBC results, where the
colors and symbols are the same as those in (a) but with one difference: faded symbols represent the
data with measured velocities that are below the determined resolution limit of 2.5 mm/s for the
LDV device used in this study while solid symbols represent the data above this resolution limit. The
solid, faded black line is the best fit to the RBC momentum transfer data shown in Figure 4b, serving
as an upper bound for the rotating data.
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RBC thermal boundary layer thickness, δNR
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Figure 6b displays the laboratory Nu data normalized by our empirical non-rotating
style scaling, Nu0 = 0.108Ra0.309, plotted versus Ra. The same symbol significance used
in Figure 6a is used here, that is, symbols are hollow if δE/δNR

T ≤ 1 and solid if δE/δNR
T > 1.

We see that the symbols are hollow when Nu/Nu0 . 1, whereas the symbols become solid
roughly when Nu/Nu0 becomes unity. Thus, when δE/δNR

T ≤ 1, the Ekman layer remains
thin, resulting in rotationally constrained heat transfer behavior. Contrastingly, when
Nu/Nu0 roughly becomes unity, the thermal boundary layer becomes thinner than the
Ekman layer and non-rotating-style heat transfer behavior is recovered. We conclude that
the behavioral transitions in our RRBC heat transfer data correlate to the boundary layer
physics of the system, consistent with prior studies (e.g., [22,47,59,128]).

Figure 7 shows the measured Re values from Figure 5b with the scaling predictions
from Figure 2d separately for each fixed E dataset. Note that only the laboratory data
that are above the LDV device resolution limit are included in each panel in Figure 7.
Experimental data below the LDV device resolution limit (faded symbols in Figure 5b)
are not included in any of the ensuing momentum transfer analysis. The inclusion of the
orange E ' 3× 10−6 DNS in panel c in Figure 7 allows us to examine the Re behavior
closer to the onset of convection than is possible with the laboratory experiments.

The empirical best fits of Nu0 and NuΩ from Figure 5a are used in the computa-
tion of the green Re CIA theoretical curves shown in each panel in Figure 7 and given
by (24). Specifically, below Ra ≤ RaT , NuΩ is used in the calculation of these green curves,
and above Ra > RaT , Nu0 is used. A pre-factor of unity is assumed in the calculation of
these curves. All of our measured laboratory Re values align well with the green CIA Re
scaling predictions for each fixed E dataset in Figure 7. The DNS in panel c have decent
agreement with the theoretical CIA prediction. We note that full volume average calcu-
lations of the DNS Re values more directly overlay onto the green CIA theory curve in
panel c.

4.2.1. Co-Scaling of the VAC and CIA Predictions

Figure 8a shows measured Ro versus the RoCIA. A best fitfit line on this graph yields
Ro = (0.87± 0.03)RoCIA

(0.98±0.01), indicating excellent agreement between experimental
velocity measurements and associated predictions using the triple-balance assumption
of the CIA scaling given by (24). Thus, our velocity measurements indicate that the
Coriolis force, inertial advection, and buoyancy control the bulk momentum transport.
Figure 8b displays measured Ro versus the RoVAC. Decent agreement also exists between
LDV measurements and associated VAC predictions. Specifically, a best fitfit line on this
graph yields Ro = (0.29± 0.02)RoVAC

(0.91±0.01). The VAC scaling prediction given by (21)
assumes that viscous diffusion, instead of inertial advection, acts in balance with the
Coriolis force and buoyancy to control the momentum transport.

Figure 8a,b indicate that both the VAC and CIA scalings of Re given by (21) and (24)
adequately predict momentum transport behavior. To further highlight this, Figure 8c
shows normalized Rossby numbers, R̃o, versus Ra. R̃o is defined as laboratory LDV val-
ues normalized by either CIA estimates, R̃o = Ro/RoCIA (green), or by VAC estimates,
R̃o = Ro/RoVAC (magenta). The green Ro/RoCIA points are well-centered around 1, indi-
cating that the CIA scaling estimates our measured convective velocities well, as expected
from the excellent best fit shown in Figure 8a. The magenta Ro/RoVAC points show that
the VAC scaling overestimates measured values of Ro by roughly a factor of 2. The ma-
genta VAC normalized points contain an overall flat slope, similar to that of the green CIA
normalized points, indicating that the VAC scaling also captures the velocity behavior of
the system, even if offset by a small, constant factor.
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Figure 7. Re vs. Ra for each fixed E dataset collected in this study. (a) E ' 3× 10−5 (forest green),
(b) E ' 10−5 (red), (c) E ' 3× 10−6 (orange), (d) E ' 10−6 (blue), (e) E ' 3× 10−7 (purple), and
(f) E ' 1.25× 10−7 (burgundy). Symbol shape represents the experimental container used/simulated,
consistent with Figure 5b. The theoretical scaling curves from Figure 2d at each respective fixed E
value are plotted in each panel, where the green curves are given by ReCIA = (Ra(Nu− 1)/Pr2)2/5E1/5.
Below Ra ≤ RaT, NuΩ from Figure 5a is used in the calculation of these green curves, and above
Ra > RaT, Nu0 is assumed. For each fixed E dataset, good agreement with CIA theory (green curve)
is obtained.
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Figure 8. (a) Ro vs. RoCIA using laboratory data, where the best fitfit black line is given as
Ro = 0.87RoCIA

0.98. The use of colors and symbol shapes is consistent with that of Figure 7. (b)
Ro vs. RoVAC, where the best fitfit black line is given as Ro = 0.29RoVAC

0.91. (c) Normalized Rossby
number, R̃o, vs. Ra, where the green symbols contain a normalization on the y-axis of R̃o = Ro/RoCIA,
and the magenta symbols are a y-normalization of R̃o = Ro/RoVAC. The green CIA normalized points
are centered around 1, indicating that the CIA scaling estimates the measured values well, while the
magenta VAC scaling overestimates the measured Ro values by roughly a factor of 2.

We conclude from Figure 8 that the CIA scaling predictions fit our data extremely well,
in good agreement with the findings from planetary dynamo models (cf. [4,33,34,165,166]).
No pre-factors are used in the calculations of the CIA and VAC scaling predictions given
by (24) and (21), respectively. Importantly, the VAC scaling also fits our velocity data
reasonably well over the full range of Ra investigated. Thus, the CIA and VAC scalings
appeared to co-scale, with both adequately predicting the measured data.

The VAC and CIA momentum transfer scalings only differed in the assumed cross-
axial length scale of the flow. This length scale is not directly measured in this study. We
estimate the local onset and turbulent scales using (20) and (22), respectively. Figure 9
shows the ratio of these two length scales, Ro1/2/(2.4E1/3), plotted versus Ra for our RRBC
experimental data. The ratio of the length scales in Figure 9 only differs by a factor of
4. Thus, the onset scale, `crit, associated with the VAC scaling and the turbulent scale,
`turb, associated with the CIA scaling are not formally scaled separately in the range of the
parameter space explored experimentally (cf. [28,167–169]). This is also the case for the
DNS in this study.
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Figure 9. The turbulent length scale, `turb = Ro1/2, normalized by the onset scale, `crit = 2.4E1/3,
for the experimental data of this study. The symbol shapes and colors are consistent with those in
Figure 8a,b. The ratio `turb/`crit is of order unity for all experiments shown.

We conclude from Figure 9 that the VAC and CIA scalings both explained our ve-
locity data because their underlying length scales are closely comparable in value. Thus,
Figures 8 and 9 lead us to postulate that the two scalings of ` discussed, the onset scale,
`crit, and the inertial scale, `turb, must be comparable in this study. We now demonstrate
that when local bulk Reynolds numbers, Re`, are moderate (e.g., mathematically order
unity) and local bulk Rossby numbers remain small (i.e., Ro` . O(1)), the two length scales
that define the VAC and CIA scalings, respectively, `crit and `turb, will co-scale. In Section
4.2.2, we demonstrate that these two conditions are satisfied, i.e., Re` ∼ O(101 − 102) and
Ro` . O(1), for our RRBC laboratory data. Thus, the following analysis holds true for
our experiments.

Using `crit ∼ E1/3H, the local Reynolds number can be defined as:

Re` =
u`crit

ν
∼ ReE1/3. (28)

Assuming that the local Reynolds number is mathematically of order unity, i.e.:

Re` ∼ ReE1/3 ∼ O(1), (29)

and since Ro = ReE, then,
Ro ∼ (Re`E−1/3)E ∼ E2/3. (30)

Using (30), we see that the inertial scale, `turb ∼ Ro1/2H, scales equivalently to the
onset scale:

` ∼ Ro1/2H ∼ (E2/3)1/2H ∼ E1/3H. (31)

Thus, we crucially note that when Re` ∼ O(1) in RRBC systems, the onset and turbu-
lent cross-axial scales are comparable, i.e.: (cf. [28,31,32,34])

` ∼ E1/3H ∼ Ro1/2H. (32)

The VAC scaling of (21) and the CIA scaling of (24) are thus comparable:

ReVAC ∼ ReCIA. (33)

From the above analysis and Figures 8 and 9, we conclude that the bulk dynamics are
robustly governed by a Coriolis–Inertia–Archimedian (buoyancy) balance in the range
of Ra explored in this study (cf. [4,34,53,59,170]), while `turb never departs significantly
from `crit. We purport that viscous forces act secondarily on bulk dynamics under the CIA



Fluids 2023, 8, 106 19 of 35

balance (cf. [89]), and either length scale estimate can be used to accurately predict the
cross-axial scale of flows.

4.2.2. Local Flow Estimates and Comparison to Asymptotic Theory

Figures 8 and 9 motivate further exploration of local estimates within the bulk and
boundary layers of our experiments. Using the onset scale given by (20) for `, a local
Reynolds number for the fluid bulk can be defined as:

Re`,crit =
u`crit

ν
= ReE1/3, (34)

where Re is the global Reynolds number computed by (27) for our experiments. The
definition of Re`,crit in (34) does not use any empirical pre-factors for simplicity. Figure 10a
displays Re`,crit versus R̃a = RaE4/3 ' Ra/RaS

C, a measure of the convective supercriticality
of experiments. Color and symbol shape are consistent with that of Figure 9, and the best

fit black line is given as Re`,crit = (1.65± 0.25)R̃a
(0.41±0.02)

. Bulk local Re estimates are
O(101 − 102). Note that the turbulent length scale given by (22) can instead be used for `
in (34) and approximately identical results are obtained.
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Figure 10. (a) Re`,crit = ReE1/3 vs. supercriticality, R̃a = RaE4/3. The colors and symbols are
consistent with those in Figure 9. Bulk local Re estimates are O(101 − 102). (b) Ro`,crit = RoE−1/3 vs.
R̃a. Bulk local Ro estimates remain small, i.e., Ro`,crit . 1. Panels (a,b) together further confirm that
the bulk dynamics in all experiments are quasi-geostrophically turbulent. (c) RoδE = RoE−1/2 vs. R̃a.
For comparison with Figure 6, the hollow symbols indicate cases in which δE/δNR

T ≤ 1, whereas the
solid symbols indicate cases in which δE/δNR

T > 1. The estimated local Ro values within the boundary
layers using the Ekman boundary layer thickness are greater than unity (i.e., solid) for the majority of
the data shown, in agreement with Figure 6 that shows that the majority of the data plotted in (c) are
not strongly controlled by rotation.

We define a local bulk Rossby number as:

Ro`,crit =
u

2Ω`crit
= RoE−1/3. (35)

Figure 10b displays Ro`,crit versus R̃a, where the best fit black line is given as Ro`,crit =

(0.0043± 0.0009)R̃a
(0.66±0.03)

. Bulk local Ro estimates remain small, i.e., Ro`,crit . 1. Quasi-
geostrophic turbulence exists in the fluid bulk when Re` & O(10) and Ro` . 1 (e.g.,
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[5,52,167,171–174]). Thus, collectively, Figure 10a,b indicate, via local arguments of the fluid
bulk, that the experiments plotted possess quasi-geostrophically turbulent bulk dynamics,
consistent with the global analysis highlighted in Figure 8.

Local boundary layer dynamics are explored in Figure 10c, which displays RoδE versus
R̃a. RoδE is a local Rossby number in the fluid boundary layers that we define as:

RoδE =
u

2ΩδE
= RoE−1/2, (36)

where δE is the Ekman boundary layer thickness given by (16). No pre-factor is used in
our definition of (36) above. The hollow symbols in Figure 10c indicate cases in which
the rotational effects dominate the boundary layers according to the criteria in Figure 6,
i.e., δE/δNR

T ≤ 1. Comparing the number of hollow data points in Figure 6 versus those in
Figure 10c, we see that there are fewer hollow points in Figure 10c (but the same number
of solid points in the two figures). The reason for this is that the velocity data points that
are below the LDV device resolution limit are not displayed in Figure 10c. Many of the
velocity data points below this resolution limit exist in the heat transfer regime that is
controlled by rotation. Figure 10c shows that estimated local Ro values within the Ekman
boundary layers are greater than unity for the majority of the data shown, confirming that
boundary layer dynamics are not strongly controlled by rotation. We note that plotting
RoδE versus R̃a, as in Figure 10c, results in well-collapsed data, with a best fit black line

given as RoδE = (0.084± 0.005)R̃a
(0.54±0.01)

.
According to asymptotic theory, diffusion-free heat transfer should behave as: [5,18,

50,58,98]
Nu ∼ Ra3/2E2Pr−1/2. (37)

This balance is not achieved in our experiments and DNS because the boundary layer
physics controls heat transfer behavior in the parameter space explored. Following the
flux-based scaling arguments of Aurnou et al. [53], the diffusion-free CIA estimate of the
global Reynolds number can be estimated using (37) as:

ReCIA ∼
(

RaNu
Pr2

) 2
5
E

1
5 ∼

(
Ra
Pr2

Ra3/2E2

Pr1/2

) 2
5

E
1
5 ∼ RaE

Pr
. (38)

Taking ReCIA as an estimate of the global Reynolds number, the scaling predictions for
the local estimate parameters displayed in Figure 10 are:

Re`,crit = ReCIAE1/3 ' RaE
Pr

E1/3 =
R̃a
Pr

, (39a)

Ro`,crit = (ReCIAE)E−1/3 ' RaE
Pr

E2/3 =
R̃aE1/3

Pr
, (39b)

RoδE = (ReCIAE)E−1/2 ' RaE
Pr

E1/2 =
R̃aE1/6

Pr
. (39c)

Thus, in the asymptotic diffusion-free limit, local estimates all scale with R̃a
1
. This scaling

is not seen in panels a–c of Figure 10. However, we do not expect these asymptotic scalings
to hold in our data since the diffusion-free heat transfer regime given by (37) is not attained.

If we re-do the above analysis using the experimental heat transfer relation found
herein, Nu ∼ Ra1/3, rather than (37), the CIA scaling of Re now becomes:

ReCIA ∼
(

RaNu
Pr2

) 2
5
E

1
5 ∼

(
RaRa1/3

Pr2

) 2
5

E
1
5 ∼ R̃a

8/15

Pr4/5 E−23/45. (40)
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Thus, we predict that Re`,crit, Ro`,crit, and RoδE will experimentally scale with R̃a as:

Re`,crit = ReCIAE1/3 ' R̃a
8/15

Pr−4/5E−8/45, (41a)

Ro`,crit = (ReCIAE)E−1/3 ' R̃a
8/15

Pr−4/5E7/45, (41b)

RoδE = (ReCIAE)E−1/2 ' R̃a
8/15

Pr−4/5E−1/90. (41c)

Figure 11a shows the local Reynolds number, Re`,crit, plotted against Equation (41a).
Similarly, Figure 11b displays the local Rossby number, Ro`,crit, plotted versus Equation
(41b), and Figure 11c shows the local boundary layer Rossby number, RoδE , versus Equation
(41c). All data in each panel collapse in y, indicating that each prediction of its respective
local estimate is accurate. Further, the best fit black lines all yield a fit of y ' 0.3x1.0. Thus,
boundary layer controlled heat transfer and inviscid, quasi-geostrophic bulk dynamics
provide accurate predictions of local parameters in both the bulk and boundary layers of
experiments.
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Figure 11. (a) Local Reynolds number, Re`,crit, versus its scaling prediction given by (41a),

R̃a
8/15

Pr−4/5E−8/45. (b) Local Rossby number, Ro`,crit, versus Equation (41b), R̃a
8/15

Pr−4/5E7/45.

(c) Local boundary layer Rossby number, RoδE , versus Equation (41c), R̃a
8/15

Pr−4/5E−1/90. The
colors and symbol shapes are consistent with those in Figure 10. All best fit black lines yield a fit of
y ' 0.3x1.0, indicating that the predicted x-parameter in each panel does indeed collapse the local
estimate plotted on the y-axis.

5. Discussion

The results of a laboratory-numerical survey of rotating Rayleigh–Bénard convection
in which the heat and momentum transfer are simultaneously measured are presented.
Thermal measurements are collected to characterize convective heat transfer in conjunction
with measurements of fluid bulk convective-point velocities via laser Doppler velocimetry.
For non-rotating experiments, data agree well with those of past studies, thus validating the
convective measurements in this work. Specifically, non-rotating heat transfer data scale as
Nu ∼ Ra1/3 while the momentum transfer measurements exhibit a Re ∼ Ra1/2 scaling.

Rotating convection DNS and laboratory heat transfer data show that transitions in
heat transfer behavior are determined by boundary layer dynamics. Bulk dynamics are
robustly governed by the inviscid CIA balance. Simultaneous measurements of heat and
momentum transfer show that the CIA Re scaling holds from near convective onset to
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nearly ∼800 times critical (at low E, i.e., E ' 3× 10−6). Importantly, this velocity behavior
is not correlated with boundary layer dynamics, unlike heat transfer behavior. The onset
and turbulent length scale estimates co-scale such that the VAC and CIA scalings of Re co-
scale when the local Reynolds number in the fluid bulk is of order unity. We argue that this
explains the results shown in Figures 8 and 9. An open question remains as to if, and under
what conditions, the theoretical viscous and inertial length scales of RRBC underlying the
VAC and CIA velocity scalings become clearly scale separable (e.g., [24,175–177]).

An analysis of the local flow estimates of our experiments also shows that bulk flow
dynamics display properties of quasi-geostrophic turbulence. Local bulk Reynolds numbers
are large while local bulk Rossby numbers remain small. Estimates of the local Reynolds
numbers in the boundary layers are of order unity and demonstrate that heat transfer
behavior is intimately tied to boundary layer dynamics. Thus, an analysis of local flow
dynamics conveys the same findings as a global analysis. Further, the relationship between
local estimates and convective supercriticality is properly accounted for by considering
both boundary layer dominated heat transfer and inviscid bulk dynamics.

Quasi-geostrophic turbulence, relevant to dynamo flows, develops in the fluid bulk
of experiments, even relatively near to onset. This finding suggests that we can access
diffusion-free bulk dynamics in models that are far from planetary core conditions. Cheng
and Aurnou [139] asserted that dynamo models cannot be extrapolated to core condi-
tions because the heat transfer in these models is not diffusion-free. Meanwhile, many
dynamo models exhibit diffusion-free CIA-balanced flow dynamics (e.g., [4,34,165,166]).
Our findings elucidate that although the heat transfer in these models remains controlled
by boundary layer dynamics, diffusion-free bulk flow dynamics are indeed captured.

Over the nearly 100 years in which laboratory convection experiments have been
conducted, a long-standing assumption has been that heat transfer behavior is indicative of
the full system dynamics (cf. [38,41,88,96]). This study clarifies that laboratory studies and
comparable numerical work contain boundary layer controlled heat transfer that prevents
bulk dynamics from becoming fully diffusion-free. The CIA Re scaling is dependent on
heat transfer via Nu. Thus, bulk flows in present-day laboratory-numerical models contain
inviscid, CIA-balanced flow dynamics that are limited by boundary layer controlled heat
transfer [36].

Another interesting outstanding question remains as to the conditions under which
present-day DNS and laboratory models might be able to achieve diffusion-free heat
transfer. A recent laboratory study by Bouillaut et al. [163] claims to find the diffusion-free
heat transfer scaling, Nu ∼ Ra3/2E2Pr−1/2, using radiatively driven convection. Overall,
the work herein illuminates that boundary layer processes throttle the dynamics in current
RRBC laboratory experiments. This boundary layer throttling prohibits the observation
of the asymptotic RRBC flow state described by (38), which likely dominates in planetary
cores [53].
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Appendix A. Data Tables

Table A1. Dimensional experimental values: H is the fluid container height (container diameter is a
fixed D = 58.6 cm), Ω is the rotation rate of the container, Q is the mean input heating power, Tfluid is
the mean temperature of the fluid, ∆T is the temperature difference across the fluid layer, and uz, rms

is the z-rms velocity in the fluid bulk. The dashed horizontal lines separate the different aspect ratio
containers used. uz, rms values that are gray indicate measurements below the determined resolution
limit of 2.5 mm/s for the LDV device used in this study. A description of the errors in the parameters
listed can be found in Appendix B.

H Ω Q Tfluid ∆T uz,rms
(cm) (rpm) (W) (C) (C) (mm/s)

20.2 0 49.89 24.36 1.44 2.28
20.2 0 80.80 24.77 1.91 2.74
20.2 0 124.9 24.00 2.98 2.96
20.2 0 200.0 25.34 4.04 3.50
20.2 0 315.9 25.03 5.93 3.93
20.2 0 499.6 24.16 8.65 4.44
20.2 0 598.6 23.87 9.84 4.55
20.2 0 801.1 25.80 12.05 4.84
20.2 0 1102 24.92 16.03 5.57
40.1 0 49.75 24.33 1.56 3.42
40.1 0 102.8 24.44 2.66 4.34
40.1 0 135.0 24.07 3.36 4.77
40.1 0 199.0 24.43 4.68 5.50
40.1 0 297.9 24.86 5.88 6.39
40.1 0 403.6 25.16 7.29 7.23
40.1 0 599.4 25.24 10.21 8.65
40.1 0 797.1 25.73 12.33 9.60
40.1 0 902.5 26.02 13.67 9.64
40.1 0 1149 25.73 16.66 11.4
80.2 0 66.64 24.46 1.93 4.55
80.2 0 125.6 23.92 3.29 6.09
80.2 0 249.5 22.81 5.57 6.96
80.2 0 250.8 22.73 5.47 7.01
80.2 0 402.1 24.01 7.91 8.01
80.2 0 502.2 22.61 9.41 10.6
80.2 0 697.3 25.14 11.65 10.3
80.2 0 800.7 23.68 13.36 10.9
80.2 0 1107 25.42 16.77 12.4

20.2 3.6 49.98 25.07 1.02 1.91
20.2 3.6 75.22 24.98 1.52 2.01
20.2 3.6 99.14 24.83 1.97 2.04
20.2 3.6 163.4 24.83 3.12 2.28
20.2 3.6 272.9 24.83 4.82 2.54
20.2 3.6 447.9 25.44 7.20 2.88
20.2 3.6 731.7 26.17 10.66 3.33
20.2 3.6 1145 26.38 15.43 4.04
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Table A1. Cont.

H Ω Q Tfluid ∆T uz,rms
(cm) (rpm) (W) (C) (C) (mm/s)

20.2 10.6 31.43 24.98 0.98 1.79
20.2 10.6 49.63 25.41 1.45 1.78
20.2 10.6 75.45 25.18 1.81 1.89
20.2 10.6 103.2 25.21 2.33 1.98
20.2 10.6 202.1 25.21 3.59 2.07
20.2 10.6 399.7 25.59 6.30 2.47
20.2 10.6 649.1 26.61 9.39 2.79
20.2 10.6 800.2 26.44 11.12 3.01
20.2 10.6 1099 26.78 14.21 3.27
40.1 2.7 50.10 24.40 1.32 2.02
40.1 2.7 67.28 24.45 1.88 2.18
40.1 2.7 102.6 24.46 2.55 2.29
40.1 2.7 201.2 24.81 4.16 2.68
40.1 2.7 200.4 24.41 4.49 2.72
40.1 2.7 391.6 25.10 6.79 3.24
40.1 2.7 599.1 25.09 9.85 3.75
40.1 2.7 797.3 25.64 11.96 4.27
40.1 2.7 1148 25.60 15.93 4.74

20.2 35.0 49.78 25.67 4.02 1.86
20.2 35.0 81.23 26.05 4.61 1.90
20.2 35.0 125.7 25.40 5.60 1.97
20.2 35.0 200.9 26.60 6.46 2.03
20.2 35.0 315.7 26.30 8.20 2.13
20.2 35.0 498.7 25.37 10.64 2.32
20.2 35.0 598.3 25.31 11.74 2.40
20.2 35.0 700.3 26.47 12.56 2.45
20.2 35.0 803.0 26.73 13.37 2.58
20.2 35.0 945.8 25.95 15.25 2.66
20.2 35.0 1104 25.64 16.93 2.76
40.1 9.0 51.45 25.40 1.99 2.00
40.1 9.0 67.30 24.68 2.12 1.98
40.1 9.0 103.0 24.53 2.69 2.04
40.1 9.0 134.9 25.20 3.00 2.17
40.1 9.0 201.3 24.10 4.16 2.30
40.1 9.0 296.7 25.18 5.79 2.53
40.1 9.0 398.9 25.62 6.83 2.70
40.1 9.0 402.7 24.87 7.24 2.68
40.1 9.0 599.3 25.13 10.03 3.06
40.1 9.0 801.1 27.69 11.62 3.42
40.1 9.0 1144 27.78 15.36 4.11
80.2 2.3 66.45 24.35 1.83 2.35
80.2 2.3 126.3 23.80 3.10 2.89
80.2 2.3 251.0 22.82 5.52 3.46
80.2 2.3 250.8 22.72 5.42 3.58
80.2 2.3 402.1 23.93 7.78 4.05
80.2 2.3 499.7 24.69 8.99 4.54
80.2 2.3 799.5 23.69 13.42 5.59
80.2 2.3 1107 25.47 16.76 6.45
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Table A1. Cont.

H Ω Q Tfluid ∆T uz,rms
(cm) (rpm) (W) (C) (C) (mm/s)

40.1 26.7 49.12 25.37 3.10 2.15
40.1 26.7 101.5 25.63 4.33 2.18
40.1 26.7 134.7 24.99 4.81 2.22
40.1 26.7 219.3 24.39 6.04 2.39
40.1 26.7 389.9 25.92 8.14 2.88
40.1 26.7 600.9 25.16 10.22 2.53
40.1 26.7 902.4 26.50 14.79 3.13
40.1 26.7 1148 26.38 17.97 3.30
80.2 7.0 66.44 24.58 2.13 2.10
80.2 7.0 125.5 24.06 3.47 2.40
80.2 7.0 250.1 22.88 5.72 2.75
80.2 7.0 250.3 22.93 5.72 2.67
80.2 7.0 401.9 24.04 7.97 3.22
80.2 7.0 503.5 22.74 9.64 3.40
80.2 7.0 799.8 23.85 13.67 4.22
80.2 7.0 1108 25.61 17.18 4.95

80.2 23.2 66.43 25.14 3.28 1.96
80.2 23.2 126.5 24.62 4.65 2.17
80.2 23.2 251.8 24.40 7.47 2.41
80.2 23.2 402.8 25.01 9.84 2.63
80.2 23.2 502.9 24.61 11.21 2.88
80.2 23.2 799.1 24.78 15.54 3.15
80.2 23.2 1109 26.61 19.07 3.71

80.2 55.7 66.52 26.48 6.21 2.28
80.2 55.7 95.12 26.55 7.61 2.30
80.2 55.7 126.3 26.51 8.59 2.30
80.2 55.7 168.6 26.34 9.77 2.32
80.2 55.7 252.1 26.25 11.24 2.33
80.2 55.7 400.4 26.92 13.18 2.60
80.2 55.7 498.5 27.48 14.22 2.62
80.2 55.7 698.2 27.67 16.42 2.93
80.2 55.7 798.4 27.64 17.78 3.00
80.2 55.7 1097 26.87 21.08 3.53

Table A2. Non-dimensional experimental values: Γ is the aspect ratio of the cylindrical container
used, E is the Ekman number, Ra is the Rayleigh number, Pr is the Prandtl number, Nu is the Nusselt
number, Re is the Reynolds number, Ro is the Rossby Number, Roc is the convective Rossby number
given as Roc =

√
RaE2/Pr, and Fr is the Froude number. The dashed horizontal lines separate

the different aspect ratio containers used. Re and Ro values that are gray coincide with velocity
measurements below the determined resolution limit of 2.5 mm/s for the LDV device.

Γ E Ra Pr Nu Re Ro Roc Fr

2.91 ∞ 2.25 × 108 6.16 42.6 513.6 ∞ ∞ 0
2.91 ∞ 3.07 × 108 6.10 48.0 623.2 ± 119.5 ∞ ∞ 0
2.91 ∞ 4.58 × 108 6.22 49.1 661.1 ± 108.7 ∞ ∞ 0
2.91 ∞ 6.70 × 108 6.01 59.2 780.3 ± 91.8 ∞ ∞ 0
2.91 ∞ 9.67 × 108 6.06 64.4 899.7 ± 83.9 ∞ ∞ 0
2.91 ∞ 1.34 × 109 6.20 70.7 996.5 ± 73.0 ∞ ∞ 0
2.91 ∞ 1.50 × 109 6.24 74.7 1014 ± 70.7 ∞ ∞ 0
2.91 ∞ 2.05 × 109 5.94 81.4 1126 ± 69.4 ∞ ∞ 0
2.91 ∞ 2.60 × 109 6.07 84.5 1272 ± 59.4 ∞ ∞ 0
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Table A2. Cont.

Γ E Ra Pr Nu Re Ro Roc Fr

1.46 ∞ 1.93 × 109 6.17 76.4 1535 ± 189.0 ∞ ∞ 0
1.46 ∞ 3.31 × 109 6.15 94.1 1953 ± 149.4 ∞ ∞ 0
1.46 ∞ 4.08 × 109 6.21 98.2 2127 ± 134.7 ∞ ∞ 0
1.46 ∞ 5.82 × 109 6.15 103 2471 ± 117.8 ∞ ∞ 0
1.46 ∞ 7.63 × 109 6.04 124 2918 ± 103.2 ∞ ∞ 0
1.46 ∞ 9.29 × 109 6.08 136 3340 ± 92.4 ∞ ∞ 0
1.46 ∞ 1.33 × 1010 6.02 144 3961 ± 76.9 ∞ ∞ 0
1.46 ∞ 1.65 × 1010 5.95 158 4439 ± 70.2 ∞ ∞ 0
1.46 ∞ 1.86 × 1010 5.90 162 4492 ± 70.5 ∞ ∞ 0
1.46 ∞ 2.23 × 1010 5.95 169 5296 ± 60.1 ∞ ∞ 0
0.73 ∞ 1.91 × 1010 6.15 169 4089 ± 284.5 ∞ ∞ 0
0.73 ∞ 3.16 × 1010 6.24 188 5403 ± 209.9 ∞ ∞ 0
0.73 ∞ 4.98 × 1010 6.42 221 6014 ± 178.9 ∞ ∞ 0
0.73 ∞ 4.87 × 1010 6.44 226 6047 ± 177.4 ∞ ∞ 0
0.73 ∞ 7.62 × 1010 6.22 250 7120 ± 160.0 ∞ ∞ 0
0.73 ∞ 8.32 × 1010 6.46 263 9128 ± 117.5 ∞ ∞ 0
0.73 ∞ 1.20 × 1011 6.04 294 9350 ± 127.5 ∞ ∞ 0
0.73 ∞ 1.26 × 1011 6.28 295 9574 ± 116.7 ∞ ∞ 0
0.73 ∞ 1.76 × 1011 6.00 323 11,400 ± 107.7 ∞ ∞ 0

2.91 2.90 × 10−5 1.67 × 108 6.05 52.8 437.1 1.27 × 10−2 1.53 × 10−1 0.0042
2.91 2.91 × 10−5 2.46 × 108 6.06 56.4 458.9 1.34 × 10−2 1.85 × 10−1 0.0042
2.91 2.92 × 10−5 3.17 × 108 6.09 58.3 465.1 1.36 × 10−2 2.11 × 10−1 0.0042
2.91 2.92 × 10−5 5.02 × 108 6.09 62.4 518.5 1.52 × 10−2 2.65 × 10−1 0.0042
2.91 2.92 × 10−5 7.76 × 108 6.09 68.4 579.0 ± 129.3 1.69 × 10−2 3.30 × 10−1 0.0042
2.91 2.88 × 10−5 1.20 × 109 6.00 75.9 665.8 ± 115.7 1.92 × 10−2 4.07 × 10−1 0.0042
2.91 2.83 × 10−5 1.85 × 109 5.88 83.8 781.1 ± 101.5 2.21 × 10−2 5.02 × 10−1 0.0042
2.91 2.82 × 10−5 2.71 × 109 5.85 90.9 954.0 ± 84.3 2.69 × 10−2 6.07 × 10−1 0.0042

2.91 9.77 × 10−6 1.59 × 108 6.06 31.9 410.2 4.00 × 10−3 5.01 × 10−2 0.037
2.91 9.67 × 10−6 2.42 × 108 6.00 41.8 411.7 3.98 × 10−3 6.14 × 10−2 0.037
2.91 9.73 × 10−6 2.97 × 108 6.03 47.3 432.2 4.22 × 10−3 6.83 × 10−2 0.037
2.91 9.72 × 10−6 3.84 × 108 6.03 54.1 455.6 4.42 × 10−3 7.76 × 10−2 0.037
2.91 9.72 × 10−6 5.90 × 108 6.03 69.1 475.4 4.62 × 10−3 9.61 × 10−2 0.037
2.91 9.64 × 10−6 1.04 × 109 5.97 79.3 572.5 5.52 × 10−3 1.27 × 10−1 0.037
2.91 9.42 × 10−6 1.67 × 109 5.82 84.2 660.1 ± 122.2 6.23 × 10−3 1.59 × 10−1 0.037
2.91 9.38 × 10−6 1.96 × 109 5.84 89.5 715.9 ± 113.8 6.72 × 10−3 1.72 × 10−1 0.037
2.91 9.45 × 10−6 2.55 × 109 5.79 93.0 772.0 ± 104.0 7.30 × 10−3 1.98 × 10−1 0.037
1.46 9.84 × 10−6 1.63 × 109 6.18 92.2 906.0 8.89 × 10−3 1.60 × 10−1 0.0024
1.46 9.79 × 10−6 2.34 × 109 6.15 86.7 980.3 9.60 × 10−3 1.91 × 10−1 0.0024
1.46 9.79 × 10−6 3.71 × 109 6.15 98.4 1030 1.01 × 10−2 2.41 × 10−1 0.0024
1.46 9.71 × 10−6 5.29 × 109 6.09 119 1213 ± 243.3 1.18 × 10−2 2.86 × 10−1 0.0024
1.46 9.78 × 10−6 5.58 × 109 6.16 109 1225 ± 238.5 1.20 × 10−2 2.94 × 10−1 0.0024
1.46 9.64 × 10−6 8.77 × 109 6.05 142 1478 ± 202.9 1.43 × 10−2 3.67 × 10−1 0.0024
1.46 9.65 × 10−6 1.27 × 1010 6.05 149 1713 ± 175.6 1.65 × 10−2 4.42 × 10−1 0.0024
1.46 9.53 × 10−6 1.59 × 1010 5.96 163 1974 ± 156.2 1.88 × 10−2 4.92 × 10−1 0.0024
1.46 9.54 × 10−6 2.12 × 1010 5.97 176 2190 ± 140.8 2.09 × 10−2 5.68 × 10−1 0.0024
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Table A2. Cont.

Γ E Ra Pr Nu Re Ro Roc Fr

2.91 2.91 × 10−6 6.79 × 108 5.96 13.5 432.7 1.26 × 10−3 3.11 × 10−2 0.40
2.91 2.89 × 10−6 7.95 × 108 5.90 20.2 440.7 1.29 × 10−3 3.35 × 10−2 0.40
2.91 2.93 × 10−6 9.32 × 108 6.00 26.5 454.9 1.33 × 10−3 3.65 × 10−2 0.40
2.91 2.85 × 10−6 1.15 × 109 5.82 37.1 482.2 1.37 × 10−3 4.01 × 10−2 0.40
2.91 2.87 × 10−6 1.44 × 109 5.86 46.6 501.3 1.44 × 10−3 4.50 × 10−2 0.40
2.91 2.93 × 10−6 1.77 × 109 6.00 57.3 535.1 1.57 × 10−3 5.04 × 10−2 0.40
2.91 2.94 × 10−6 1.94 × 109 6.01 62.4 551.9 1.62 × 10−3 5.28 × 10−2 0.40
2.91 2.86 × 10−6 2.22 × 109 5.84 68.1 591.6 1.66 × 10−3 5.58 × 10−2 0.40
2.91 2.84 × 10−6 2.40 × 109 5.80 73.4 614.5 ± 133.0 1.75 × 10−3 5.79 × 10−2 0.40
2.91 2.89 × 10−6 2.62 × 109 5.92 76.0 621.3 ± 126.5 1.80 × 10−3 6.09 × 10−2 0.40
2.91 2.91 × 10−6 2.86 × 109 5.96 80.1 641.3 ± 121.3 1.87 × 10−3 6.39 × 10−2 0.40
1.46 2.87 × 10−6 2.62 × 109 5.99 61.0 918.4 2.64 × 10−3 6.01 × 10−2 0.027
1.46 2.92 × 10−6 2.67 × 109 6.11 77.1 894.5 2.61 × 10−3 6.11 × 10−2 0.027
1.46 2.93 × 10−6 3.37 × 109 6.14 93.7 917.9 2.69 × 10−3 6.87 × 10−2 0.027
1.46 2.89 × 10−6 3.91 × 109 6.03 109 990.6 2.86 × 10−3 7.35 × 10−2 0.027
1.46 2.96 × 10−6 5.07 × 109 6.03 119 1024 3.04 × 10−3 8.58 × 10−2 0.027
1.46 2.89 × 10−6 7.52 × 109 6.21 125 1158 ± 260.6 3.34 × 10−3 1.01 × 10−1 0.027
1.46 2.86 × 10−6 9.10 × 109 6.00 143 1249 ± 246.8 3.57 × 10−3 1.11 × 10−1 0.027
1.46 2.91 × 10−6 9.24 × 109 6.08 136 1218 ± 244.3 3.54 × 10−3 1.13 × 10−1 0.027
1.46 2.89 × 10−6 1.30 × 1010 6.04 146 1396 ± 214.8 4.03 × 10−3 1.34 × 10−1 0.027
1.46 2.73 × 10−6 1.73 × 1010 5.66 168 1654 ± 203.8 4.51 × 10−3 1.51 × 10−1 0.027
1.46 2.72 × 10−6 2.30 × 1010 5.65 181 1993 ± 170.2 5.43 × 10−3 1.74 × 10−1 0.027
0.73 2.87 × 10−6 1.80 × 1010 6.17 167 2100 6.03 × 10−3 1.55 × 10−1 0.0018
0.73 2.90 × 10−6 2.95 × 1010 6.26 194 2552 ± 440.0 7.42 × 10−3 1.99 × 10−1 0.0018
0.73 2.97 × 10−6 4.95 × 1010 6.42 217 2987 ± 359.3 8.88 × 10−3 2.61 × 10−1 0.0018
0.73 2.98 × 10−6 4.82 × 1010 6.44 224 3082 ± 346.3 9.19 × 10−3 2.58 × 10−1 0.0018
0.73 2.90 × 10−6 7.46 × 1010 6.23 252 3588 ± 315.0 1.04 × 10−2 3.17 × 10−1 0.0018
0.73 2.84 × 10−6 9.02 × 1010 6.11 270 4097 ± 286.3 1.17 × 10−2 3.46 × 10−1 0.0018
0.73 2.91 × 10−6 1.27 × 1011 6.27 292 4933 ± 227.9 1.44 × 10−2 4.14 × 10−1 0.0018
0.73 2.79 × 10−6 1.76 × 1011 5.99 323 5962 ± 206.5 1.66 × 10−2 4.79 × 10−1 0.0018

1.46 9.69 × 10−7 4.06 × 109 6.00 36.1 985.3 9.55 × 10−4 2.52 × 10−2 0.23
1.46 9.64 × 10−7 5.77 × 109 5.96 55.3 1005 9.69 × 10−4 3.00 × 10−2 0.23
1.46 9.78 × 10−7 6.18 × 109 6.06 66.3 1021 9.99 × 10−4 3.12 × 10−2 0.23
1.46 9.91 × 10−7 7.49 × 109 6.16 86.9 1071 1.06 × 10−3 3.46 × 10−2 0.23
1.46 9.57 × 10−7 1.10 × 1010 5.92 115 1217 ± 211.3 1.17 × 10−3 4.13 × 10−2 0.23
1.46 9.74 × 10−7 1.33 × 1010 6.04 144 1317 ± 296.3 1.28 × 10−3 4.57 × 10−2 0.23
1.46 9.45 × 10−7 2.07 × 1010 5.83 148 1473 ± 216.5 1.39 × 10−3 5.63 × 10−2 0.23
1.46 9.48 × 10−7 2.49 × 1010 5.85 155 1550 ± 205.0 1.47 × 10−3 6.18 × 10−2 0.23
0.73 9.45 × 10−7 2.12 × 1010 6.13 151 1886 1.79 × 10−3 5.55 × 10−2 0.016
0.73 9.57 × 10−7 3.35 × 1010 6.21 172 2130 2.04 × 10−3 7.03 × 10−2 0.016
0.73 9.83 × 10−7 5.14 × 1010 6.41 210 2376 ± 452.4 2.34 × 10−3 8.80 × 10−2 0.016
0.73 9.82 × 10−7 5.16 × 1010 6.40 213 2314 ± 467.4 2.27 × 10−3 8.82 × 10−2 0.016
0.73 9.57 × 10−7 7.69 × 1010 6.21 247 2859 ± 397.1 2.74 × 10−3 1.07 × 10−1 0.016
0.73 9.87 × 10−7 8.59 × 1010 6.43 258 2934 ± 365.5 2.90 × 10−3 1.14 × 10−1 0.016
0.73 9.61 × 10−7 1.31 × 1011 6.25 287 3733 ± 301.9 3.59 × 10−3 1.39 × 10−1 0.016
0.73 9.23 × 10−7 1.82 × 1011 5.97 313 4563 ± 268.3 4.21 × 10−3 1.61 × 10−1 0.016

0.73 2.82 × 10−7 3.38 × 1010 6.04 93.8 1784 5.04 × 10−4 2.11 × 10−2 0.18
0.73 2.85 × 10−7 4.65 × 1010 6.12 129 1955 5.58 × 10−4 2.49 × 10−2 0.18
0.73 2.87 × 10−7 7.26 × 1010 6.16 164 2161 6.19 × 10−4 3.11 × 10−2 0.18
0.73 2.83 × 10−7 1.01 × 1011 6.06 197 2387 ± 496.9 6.76 × 10−4 3.65 × 10−2 0.18
0.73 2.85 × 10−7 1.12 × 1011 6.12 218 2596 ± 450.7 7.40 × 10−4 3.86 × 10−2 0.18
0.73 2.84 × 10−7 1.57 × 1010 6.10 249 2848 ± 413.3 8.10 × 10−4 4.56 × 10−2 0.18
0.73 2.72 × 10−7 2.13 × 1011 5.82 280 3497 ± 365.9 9.53 × 10−4 5.21 × 10−2 0.18
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Table A2. Cont.

Γ E Ra Pr Nu Re Ro Roc Fr

0.73 1.14 × 10−7 6.90 × 1010 5.84 52.0 2145 2.44 × 10−4 1.24 × 10−2 1.02
0.73 1.14 × 10−7 8.48 × 1010 5.82 60.8 2168 2.46 × 10−4 1.37 × 10−2 1.02
0.73 1.14 × 10−7 9.55 × 1010 5.83 68.2 2160 2.46 × 10−4 1.46 × 10−2 1.02
0.73 1.14 × 10−7 1.08 × 1011 5.86 89.1 2170 2.48 × 10−4 1.55 × 10−2 1.02
0.73 1.14 × 10−7 1.23 × 1011 5.87 106 2182 2.49 × 10−4 1.66 × 10−2 1.02
0.73 1.13 × 10−7 1.50 × 1011 5.77 147 2467 ± 525.5 2.78 × 10−4 1.82 × 10−2 1.02
0.73 1.13 × 10−7 1.66 × 1011 5.69 168 2520 ± 528.6 2.80 × 10−4 1.90 × 10−2 1.02
0.73 1.11 × 10−7 1.94 × 1011 5.66 206 2829 ± 474.5 3.13 × 10−4 2.05 × 10−2 1.02
0.73 1.11 × 10−7 2.10 × 1011 5.67 219 2883 ± 461.3 3.21 × 10−4 2.13 × 10−2 1.02
0.73 1.13 × 10−7 2.39 × 1011 5.78 254 3347 ± 386.8 3.77 × 10−4 2.29 × 10−2 1.02

Table A3. Non-dimensional values of DNS in this study: Γ is the aspect ratio, E is the Ekman
number, Ra is the Rayleigh number, Pr is the Prandtl number, Nu is the Nusselt number, Re is
the Reynolds number, Ro is the Rossby Number, Roc is the convective Rossby number given as
Roc =

√
RaE2/Pr, Fr is the Froude number, and Nx, Ny, and Nz are the number of grid points in the

x-, y-, and z-directions, respectively.

Γ E Ra Pr Nu Re Ro Roff Fr Nx Ny Nz

0.74 2.9× 10−6 2.20× 108 5.92 1.61 14.57 6.40× 10−5 1.77× 10−2 0 288 288 240
0.74 2.9× 10−6 2.50× 108 5.92 2.50 23.03 1.07× 10−4 1.88× 10−2 0 288 288 240
0.74 2.9× 10−6 3.00× 108 5.92 5.26 40.91 1.95× 10−4 2.06× 10−2 0 288 288 240
0.74 2.9× 10−6 4.00× 108 5.92 11.7 75.61 3.54× 10−4 2.38× 10−2 0 288 288 240
0.74 2.9× 10−6 5.00× 108 5.92 18.5 107.6 5.06× 10−4 2.67× 10−2 0 288 288 240
0.74 2.9× 10−6 6.80× 108 5.92 30.8 160.4 7.71× 10−4 3.11× 10−2 0 288 288 240
0.74 2.9× 10−6 8.00× 108 5.92 38.3 193.8 9.35× 10−4 3.37× 10−2 0 288 288 240
0.74 2.9× 10−6 1.00× 109 5.92 48.8 244.3 1.17× 10−4 3.77× 10−2 0 384 384 240
0.74 2.9× 10−6 1.20× 109 5.92 56.6 288.5 1.37× 10−3 4.13× 10−2 0 384 384 240
0.74 2.9× 10−6 1.95× 109 5.92 73.7 414.5 1.92× 10−3 5.26× 10−2 0 384 384 384

Appendix B. Experimental Methods: Additional Details

The rotation of the fluid chamber and the supporting aluminum structural frame
about the vertical axis is controlled by a Danaher gearhead motor (DT90-010) with a
Yaskawa speed reducer (SGMPH-04AAE41D). The measurement of the rotation rate for a
given experiment is carefully computed by hand. A Sorenson DCS150-8E programmable
DC power supply is connected to the heating pad described in Section 3.1 to provide
constant heating power to the bottom fluid boundary. A Thermo NESLAB HX-150 air-
cooled recirculating chiller with a CP-55 pump is used to extract the heat provided by the
heat pad to the fluid layer in order to maintain convection with fixed temperatures at the
boundaries. The input heating power is accurately calculated by measuring the current and
voltage provided by the power supply to the heat pad. To read the current, a shunt resistor
with a fixed resistance is connected directly in line with the power supply and heat pad.
The voltage across the shunt is measured and Ohm’s law is used to calculate the current
passing through the shunt resistor and thus the heat pad. The top fluid temperature that is
maintained by the recirculating chiller is read using the thermistors described in Section 3.1.
If interested, further details regarding the operation of the NoMag device and associated
measurement techniques can be found in Hawkins [148].

Temperature data and voltage measurements for the input heating power calculation
described are collected using a National Instruments (NI) PXI 1042Q chassis with an NI PXI
8105 embedded controller and an NI PXI 6221 communication module. The communication
module is connected to a digitizing module chassis, an NI SCXI 1000. This chassis houses
two modules (two NI SCXI 1102C modules) that contain 32 analog voltage input channels
(in which the temperature sensors and voltage signals are connected via NI SCXI 1303
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isothermal terminal blocks). A third module (NI SCXI 1581 32-channel analog output
current excitation module) exists in the SCXI 1000 chassis to provide a small excitation
current to the thermistors so that they can be properly read. The modules in the SCXI
1000 convert the analog voltage signals into digital readings. The digital readings are then
transmitted via an SCXI data cable to the main PXI chassis/embedded controller, where all
data are saved at a rate of 10 Hz. Separately, a desktop Dell PC equipped with Windows
10 is connected to the MSE LDV described in Section 3.2 to collect and save velocity data
at rates &5 Hz. Custom data acquisition software from MSE is used to collect the velocity
data from the LDV. Temperature and velocity data are matched via recorded timestamps in
both datasets.

In terms of propagating errors for experimental data we now describe the methods
we use to determine the errors in all the dimensional parameters. We accurately measure
the height, H, (and radius, R) of the cylindrical containers used via a combination of
measuring tape and calipers, and we determine the error in these measurements to be
±1 mm. The rotation rate of the container for each experiment is calculated by hand
to precision within ±0.1 rpm. The error in the temperature of each thermistor used is
±50 mK, as mentioned in Section 3.1. The input heating power (in Watts) is calculated
using the measurements of the current and voltage across the heat pad provided by the DC
power supply, as described (i.e., Qinput = IshuntVheat pad). The heating power, Q, recorded
for each experiment in Table A1 of Appendix A is calculated as Q = Qinput −Qlost, where
Qlost is the amount of heating power lost out of the sidewalls of the experiment. As
discussed in Section 3.1, the heat loss through the top and bottom boundaries of the
cylindrical chamber is negligible as our boundaries are well insulated and isothermal (i.e.,
the Biot numbers are small with Bi . 0.05 in all cases).

We calculate the heat lost out of the cylindrical sidewall using a set of temperature
sensors on the outer acrylic wall that are placed azimuthally around the mid-plane as: [178]

Qlost =
|Tfluid − TSW|2πkacrylicH

log(Ro/Ri)
, (A1)

where Tfluid is the mean fluid temperature (i.e., the fluid temperature at the mid-plane) in K
(shown in degrees Celsius in Table A1 of Appendix A), TSW is the mean temperature of the
sensors on the outer cylindrical sidewall at the mid-plane in K, Ro is the outermost cylinder
radius (accounting for the wall thickness of the container) in m, Ri is the fluid radius
(i.e., the inner radius of the container) in m, kacrylic is the thermal conductivity of the acrylic
sidewall in W/m·K, and H is the container height in m. These sidewall sensors are within
several layers of thermal insulation, as described in Section 3.1.

Thus, the error in Q is determined as: [179]

δQ = δQinput + δQlost =


0.05 + Qlost

√(
2(0.05K)
|Tfluid − TSW|

)2

 Watts, (A2)

where the errors in the other components of (A1) are determined to be negligible in com-
parison to the first term included under the square root in (A2) and thus are not included in
(A2). The error in Q is found to be most significant for cases with the lowest input heating
power in each tank, which makes sense because these cases are most susceptible to being
influenced by variations in the surrounding room temperature (despite our best attempts
to insulate the experiment and isolate it from the effects of the surrounding room). Lastly,
the error in the rms z-velocity values provided in Table A1 of Appendix A is determined to
be ±0.002 m/s (see Section 3.2 [148] for more details).

We now provide the details of our error propagation for the two output parameters
of significance in our study, the Nusselt and Reynolds numbers. The errors in all other
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non-dimensional parameters provided in Table A2 of Appendix A are calculated using the
errors in the dimensional values described. We calculate the error in Nu as: [179]

δNu = Nu

√(
δQ
Q

)2
+

(
δH
H

)2
+

(
δ∆T
∆T

)2
+ 2
(

δR
R

)2
, (A3)

where we do not include the error in the thermal conductivity of the fluid, k, of (4) because
it is negligible compared to the other terms listed under the square root in (A3). The relative
errors in the Nusselt numbers of all experiments do not exceed more than ±4%. When we
plot vertical error bars in Figure 5a, they are not visible. Thus, we deduce that the errors
in the laboratory Nu values always remain small and we, therefore, do not list them in
Table A2 of Appendix A.

The error in the experimental Re values is given as: [179]

δRe = Re

√(
(0.002)2

(uz, rms)2

)2

+

(
δH
H

)2
, (A4)

where once again we do not include the negligible error in the fluid viscosity, ν,
in (6). The error in uz, rms is squared relative to the square of the value itself because
this is the variance of our root-mean-square value of the velocity. The error for each ex-
perimental Re value (that is not considered low resolution, as indicated by the gray color)
is presented in Table A2 of Appendix A. The relative errors in Re do not exceed ±22%.
Further details about the methods we used to analyze the experimental errors are available
upon request from the corresponding author.
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