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Abstract: Propellers for electric aviation are used in solo- and multirotor applications. Multifidelity
analysis with reduced cycle time is crucial to explore several designs for energy minimization and
range maximization. A low-fidelity design tool, py_BEM, is developed for design and analysis of
a reverse-engineered solo 2-bladed propeller using blade-element momentum theory with physics
enhancements including local Reynolds number effect, boundary-layer rotation, airfoil polar at large
AoAs and stall delay. Spanwise properties from py_BEM are converted into 3D blade geometry using
T-Blade3. S809 and NACA airfoil polar are utilized, obtained by XFOIL. Lift, drag, performance losses,
wake analysis, comparison of 3D steady CFD with low fidelity tool, kinetic energy dissipation, entropy
and exergy through irreversibility are analyzed. Spanwise thrust and torque comparison between low
and high fidelity reveals the effect of blade rotation on the polar. Vorticity dynamics and boundary-
vorticity flux methods describe the onset of flow separation and entropy rise. Various components of
drag and loss are accounted. The entropy rise in the boundary layer and downstream propagation and
mixing out with freestream are demonstrated qualitatively. Irreversibility is accounted downstream
of the rotor using the second-law approach to understand the quality of available energy. The
performance metrics are within 5% error for both fidelities.

Keywords: propellers; entropy; vorticity dynamics; energy dissipation; blade-element momentum theory

1. Introduction

Urban air mobility, drones and propeller-driven aircrafts are taking advantage of
electric propulsion technology to invest in traditional and nontraditional vehicles [1]. The
design of an optimum propeller is the key enabler to maximize range, reduce noise and
be part of a robustly distributed propulsion system. Reduced cycle time is necessary to
investigate several designs with varying constraints from multiple domains [2]. While low-
fidelity tools with well-tweaked accuracy are better suited in the initial design phase [3],
a more detailed analysis is necessary to understand the flow physics obtained by high-
fidelity tools [4]. Off-design analysis is faster in low fidelity to examine the working range of
designs instead of taking several days for high-fidelity analysis, delaying the development
phase [5,6]. A low-fidelity tool based on blade-element momentum theory, takes few
minutes to run, whereas 3D/4D CFD run times are in the order of several hours/days
depending on the mesh quality and computational resources. Low-fidelity tools provide a
good initial design that can be converted into 3D geometry for high-fidelity analysis [7,8].
Capturing physics at this level is crucial in obtaining a design closer to a realistic shape
and ensuring a convergence of solution [9–12]. Tools which incorporate the effect of the
Reynolds number spanwise, aerodynamic loading near- and post-stall and rotational effect
on lift-and-drag polars are necessary at low fidelity. Some designs take advantage of exit
swirl using contrarotating systems [13,14]. Numerical and experimental analysis of the
propeller blades in isolation or with the aircraft provides a detailed accounting of the
energy coefficients [15], boundary-layer transition and separation, which was historically
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mainly conducted using experiments [16,17]. Wake interaction [18], performance losses
and entropy generated [19] and near- and far-field vortex behavior [20,21] are important
to understand while designing a novel propulsion system. Flow physics interpretation,
kinetic energy dissipated downstream [22,23], drag prediction [24] and lift distribution on
the rotor blades need to be investigated in multifidelity to improve the quality of on-board
energy consumption. Comparison with low-fidelity results demonstrates the assumptions
at each level and educates the designer to enhance the low-fidelity tools to reduce cycle
time. Exergy analysis and power-balance methods demonstrate the mechanics of available
energy split into various forms, dissipation downstream as wakes and assesses the total
performance [25–27].

Some of the recent work on comparing blade-element methods against RANS sim-
ulations and test data has been performed by Bergmann et al. [28] who showed the
strength of the BET tools compared to RANS simulations with 15–20% overprediction error.
Jin et al. [29] improved the fixed-point iteration algorithm popularly used in BEMT-based
tools to make it robust with improved computational efficiency. Ning [30] improved the
convergence of BEMT solutions using a single residual form and gradient-based design op-
timization. Hoyos et al. [31] optimized an aircraft propeller using a convergence-improved
BEMT tool and validated it with OpenFOAM CFD results. They also incorporated a struc-
tural model to understand the impact of centrifugal forces. Treuren et al. [32] developed a
tool, CLPROP, using BEMT and minimum induced loss by unloading the thrust produced
at the tip of the propeller, which significantly reduced the tip vortex formation, rendering
less required torque. In the broader context, there have been other design methods for
unducted rotors. Naung et al. [33] proposed a frequency-domain method to numerically
study the aerodynamic performance of a vibrating wind turbine, and Hasan et al. [34]
demonstrated the effects of rotation on unsteady fluid flow in a rotating curved square
duct with a small curvature.

This paper aims to capture flow physics and energy conversion by propellers at low
and high fidelities and is organized as follows: A brief methodology for the low-fidelity
tool is described for a reverse-engineered representative propeller blade [35,36] and airfoil
properties obtained are discussed. A tool based on BEMT is developed with physics
enhancements including local Reynolds number effect, 3D rotational corrections, stall delay
model, airfoil polar at larger AoAs, integration to a 3D geometry generator, off-design
model calculation, axial and tangential momentum loss and exergetic efficiency using the
second law. The results of low-fidelity analysis are converted into 3D geometry, and 3D
steady CFD analysis setup is described. The Results section compares the two fidelities and
provides a detailed account for momentum transport, swirl, vorticity and kinetic energy
dissipation downstream of the rotor with a rigorous domain and mesh-dependency study.
Different forms of drag are also accounted. The boundary-vorticity flux method is utilized
to post-process flow and explain the onset of flow separation on the blade, skin friction and
vorticity created in the boundary layer. The mechanism of entropy increase, starting from
the boundary layer, dissipation into the near field and as wake propagation in the far field
is investigated. Exergy and irreversibility analysis quantify the amount of available energy
utilized by the rotor.

2. Methodology

A general low-fidelity tool, py_BEM, based on blade-element momentum theory, is
developed to design propellers, wind and hydrokinetic turbines, which includes the span-
wise variation of REYN and airfoil polar [37]. A 3D blade geometry is constructed from the
results of py_BEM and used in a high-fidelity CFD analysis loop. A two-bladed propeller
rotor is designed, and off-design metrics are calculated, as shown in Figure 1. Figure 2
shows the complete process of multifidelity analysis. Blade-momentum theory considers
the linear momentum conservation principle and utilizes Bernoulli’s principle across a
rotating disk. Velocity increases at various axial locations due to the flow contraction, and
spanwise thrust and torque are calculated, as shown in Figure 3. It assumes the flow to
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be one-dimensional, incompressible, steady, inviscid, irrotational and with no swirl in the
wake. Four points of interest are upstream of the rotor, near the leading edge, trailing
edge and far downstream of the rotor. Blade-element theory is used to design the rotor
accounting for airfoil characteristics spanwise. It assumes that the blade is divided into
several radial 2D sections for aerodynamic loading without any radial flow between them.
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Fractional increase in axial velocity between free stream and rotor plane is defined
as the axial induction factor a. If wake rotation is considered, a small angular velocity is
imparted to the flow stream, and fractional change of angular velocity across the rotating
disk is defined as angular induction factor, a’. The elemental torques from both theories
are equated to obtain an expression for a’. The geometric relation of the velocity triangles
from blade-element theory is used to get another expression for a’. These two expressions
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are equated as they are identical, to obtain an expression for the axial induction factor a in
terms of the flow angle φ defined as g(φ). Now, the elemental thrusts from both theories
are equated to obtain an equation entirely as a function of φ. This f(φ, g(φ)) = 0 is solved
using the bisection method for a unique root between the prescribed bounds for solo and
contrarotating configurations.

a = g
(
φ
)

(1)

a′ = f
(
a, φ
)

(2)

a′BMT = a′BET (3)

f
(
φ, g
(
φ
))

= 0 (4)

The tool, py_BEM, connects low- and high-fidelity domains. The spanwise variation
of the airfoil properties become inputs for a parametric 3D blade-geometry generator
to create a high-fidelity blade for CFD analysis, and the tool is part of an optimization
framework for designing blades with maximum thrust or torque as required [37]. Three-
dimensional CFD analysis is performed on the blade with rigorous grid and domain
dependency to investigate their effect on performance. Comparisons between low- and
high-fidelity results reveal the assumptions inherent in each fidelity. Wake analysis, vorticity
dynamics, momentum and kinetic energy transport are explained and connected to the
entropy generated by the rotor. Boundary-vorticity flux-driven analysis reveals the on-wall
signature of flow separation and flow physics associated with vorticity propagation. Drag
created by the rotor is also investigated, which distinguishes the lift-induced drag and
pressure drag with emphasis on skin-friction-coefficient behavior due to mesh density,
domain size and inclusion of turbulence-transition schemes in 3D RANS steady solution.

Input data are utilized to calculate the induction factors, spanwise blade-geometry
properties and aerodynamic loads in terms of elemental thrust and torque on each blade
element radially, which is looped through the entire blade span. As outputs, py_BEM
creates design summary, performance coefficients, losses, off-design analysis input data
and also a 3D blade-shape input file. Input data are categorized into types of fluid, device,
configuration, airfoil, inflow and airfoil polar-enhancement flags [37]. Several types of
losses are calculated in py_BEM, such as tip loss using Prandtl’s loss model, axial and
tangential momentum loss, exergy and entropy-based loss. A bisection method [37] is
incorporated to solve the nonlinear relationship between the induction factors and the
flow angle established in Equations (1)–(4) due to its simplicity and robustness. It is a root
finder for the function f (φ, g(φ)) = 0 with limits on the flow angles based on propeller
physics. Inputs are the flow angle interval, continuous function and values at the limits.
The iterative solver calculates the midpoint of the flow angle interval, evaluates the function
at this midpoint, and if the function crosses zero then the midpoint is the value of flow
angle, otherwise it repeats this process.

2.1. Airfoil Properties

Airfoil properties are essential components in predicting the performance of an un-
ducted rotor using low-fidelity approaches such as BEMT. An airfoil polar can be obtained
from several methods: experimental results, XFOIL/RFOIL runs and 2D/3D CFD analysis,
and it is very difficult to obtain similar values. The inlet turbulence intensity between
experiments and simulations needs to be matched very well. Lift-and-drag properties of
an airfoil depend on Reynolds number and angle of attack. The angle between the airfoil
chord axis and the relative velocity Vrel is called angle of attack. In 2D, AoA is defined
geometrically using the chord axis and the far upstream velocity, but it is very difficult
to define AoA in 3D due to three-dimensional effects around the rotor. The definition
of relative velocity is difficult due to the bound circulation influence, and this affects the
AoA. Hence, the induced velocities to determine AoA should come from all vorticities
other which are different from bound vorticity of the current airfoil section. There are other
components of AoA, such as induced AoA and effective AoA due to the downwash, which



Fluids 2022, 7, 177 5 of 29

need to be taken into account for accuracy. A vast library of NACA4415 airfoil lift-and-drag
properties as a function of AoA (−10.00 to 10.00 degrees) for a wide range of Reynolds
number (0.01 × 106–0.99 × 106) is created using XFLR5/XFOIL [38]. This library is used as
a look-up table to obtain airfoil properties spanwise at the corresponding Reynolds number,
including thrust and torque values calculated spanwise in py_BEM.

Polars obtained from the above methods do not include rotational effects. 3D rotational
corrections are added to 2D polars using the Du and Selig model [39]. Airfoil polar tables
must be extended to a larger range of AoA beyond the stall angle. Flow separation on the
airfoil suction side in the stall regime makes the lift-and-drag measurements complicated,
using pressure transducers and wake rakes. Numerically, stalled airfoil simulations use
more complicated schemes and computational resources for accurate prediction of lift-and-
drag coefficients at higher angles of attack. The extrapolation of polars using flat-plate
theory at higher AoA is a valid solution for such situations. It is based on the similarity
between the airfoil and the flat plate at such AoA. Viterna [40] came up with an empirical
method to calculate polar at higher AoA, and this model is used in py_BEM. An airfoil
polar at higher AoA is essential to obtain a successful convergence with the BEMT-based
tool. Figure 4 shows the 3D corrections and polar extrapolation at REYN = 0.85 × 106 of
NACA4415 airfoil for a wide range of AoA.
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Transition location is crucial in understanding the onset of turbulence and relates to
the skin-friction drag-and-stall phenomenon. At high AoA, the transition to turbulence
occurs near the leading edge on the top surface as calculated by XFOIL. Figure 5 shows
the transition location normalized by chord (Xtr/c) variation with different REYN for a
range of AoA for NACA4415 airfoil. The top surface transition location decreases with the
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increase in REYN, and vice versa for the bottom surface transition location for a range of
AoA, showing the dependence of the turbulence on the speed of the flow.
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2.2. Low-Fidelity Design, Off-Design and Verification Using BEMT Tool

A sample propeller design for a light aircraft based on the work conducted by
Adkins et al. [35,36] was chosen to replicate, and the specifications are shown in Table 1.
The design is based on BEMT, and generated an optimum propeller using empirically
minimized drag. NACA4415 airfoil is used for airfoil polar. The momentum loss is mini-
mized by constant displacement velocity with constant AoA of 1.67◦ and the viscous loss
by choosing a Cl distribution such that minimum drag-to-lift ratio is achieved spanwise.
A constant value of Cl = 0.7 is chosen throughout the span. Using the specification and
given chord distribution, it is reverse-engineered through py_BEM with airfoil polar from
XFOIL runs. Fluid properties chosen are air at 20 ◦C with a density of 1.225 kg/m3 and
kinematic viscosity of 15.68 × 10−6 m2/s. Table 1 lists the design specifications for the
reverse-engineered representative blade using py_BEM.

Table 1. Design specifications of a light aircraft and performance coefficients compared with py_BEM-
generated design.

Properties Units Specifications

Airfoil (-) NACA 4415
Hub diameter (m) 0.3048
Tip diameter (m) 1.7526

Axial Velocity (m/s) 49.17
Blade count (-) 2

Advance ratio (J) (-) 0.7
RPM (-) 2400

Chord (m) Specified

Figure 6 shows the NACA 4415 airfoil analyzed in Xfoil at AoA 1.67 degrees. Figure 7
shows the spanwise properties such as chord, twist, AoA, flow angles, lift-to-drag ratio,
axial velocity spanwise and axial and tangential forces of the design generated. Reynolds
number is varied spanwise. The above design point is used for an off-design analysis
for various advance ratios by varying the flow speed at constant rotation. The chord and
twist are kept constant at the design condition. The analysis result is also verified with the
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results obtained by Adkins et al. [35,36] and matches very closely as shown in one of the
subfigures in Figure 8, which compares CT and CP with the advance ratio. It also shows
spanwise aerodynamic properties for a range of speeds (advance ratio) at off-design points.
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2.3. 3D Geometry and 3D Simulation Setup

Spanwise geometric properties obtained from py_BEM tool are used to create a 3D
blade geometry for high-fidelity CFD using NACA4415 airfoil stacked at 30% chord with a
flat tip [30]. Fluid flow simulation for an unducted rotor involves modeling the far field to
capture the wakes far downstream, streamtube expansion or contraction and the effect of
angular momentum change in the radial direction. Choosing the right fluid-domain size
to capture these behaviors is crucial in improving the accuracy of the performance of the
rotor. In addition to the standard mesh-dependency study, the domain-size dependency
study is performed to define a required size for quantitative and qualitative analysis of the
flow downstream of the rotor to conserve computational resources and improve accuracy.
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The Spalart–Allmaras turbulence model, AGS and fully turbulent transition models
are used in the 3D steady RANS solver by Numeca’s Fine/Turbo [41].

∂

∂t

∫
Ω

UdΩ +
∫

S

→
F ·d
→
S −

∫
S

→
G·d

→
S =

∫
Ω

STdΩ (5)

U =


ρ

ρu
ρv
ρw
ρE

;
→
F =




ρu
ρu2 + p

ρuv
ρuw
ρuH

,


ρv

ρuv
ρv2 + p

ρvw
ρvH

,


ρu

ρuw
ρvw

ρw2 + p
ρwH




H = E + p/ρ

(6)

→
G =




0
τxx
τxy
τxz

uτxx + vτxy + wτxz − qx

,


0

τyx
τyy
τyz

uτyx + vτyy + wτyz − qy

,


0

τzx
τzy
τzz

uτzx + vτzy + wτzz − qz




(7)

=
τ = µ

(
∇→u +∇→u

T
− 2

3

(
∇·→u

)=
I
)

The general Navier–Stokes equations in Cartesian frame are given above, where
Ω is the control volume and S is the control surface, U is the set of conservative variables,
→
F and

→
G are the advective and diffusive part of the fluxes, ST contains the source terms,

→
fe are the effects of external forces and W f is the work performed by the external forces [37].
The time derivatives are not calculated for steady solution.

A cylindrical domain is created with upstream, far-field and downstream distances
as a function of the blade radius, as shown in Figure 9 using Numeca’s Autogrid mesher.
These distances are increased in a systematic manner starting from 5R-5R-10R (referred
as 1X) to study the effect of domain on the flow convergence and behavior. In some cases,
just the downstream distance is varied to examine the wake deficit and dissipation much
further away from the rotor. More details of multigrid and mesh topology are present
in Siddappaji’s work [37]. Thrust and torque values are monitored to obtain solution
convergence, as shown in Figure 9.
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The objective of the 3D steady RANS is to solve for the flow properties upstream,
far-field, across the rotor and downstream in the prescribed cylindrical domain with a
periodic mesh with repetition equal to the number of blades, which is 2 for this case. There
is no inlet or outlet boundary condition to be defined, since this is an external flow analysis
problem. Keeping all the solid patches as adiabatic, the external boundary conditions are
set as atmospheric static pressure, static temperature and velocity normal to the Z axis as
49.17 m/s. Choosing the SA turbulence model, the default turbulent viscosity ratio is used.
The Euler’s wall condition is applied to the nonrotating hub part, which is inviscid, and for
the rotating parts, the Navier–Stokes wall condition is applied with constant rotation speed
as specified. The initial conditions are identical to the external boundary conditions.

A grid-dependency study is performed with y+ values of these blades between 1–8
indicating good quality of mesh for flow analysis to ensure the accuracy of the solution.
Figure 10 shows three levels of grid density with thrust and torque values for various
levels, demonstrating that after a certain number of grid points these values do not change
significantly. Axisymmetric meshes for several domain sizes are compared in Figure 11a,
keeping the region around the blade dense and similar across the domain sizes and sparse
downstream. A typical mesh around the blade for domain 1X is shown in Figure 11b.
4X_AGS domain size is chosen for the grid-dependency study of the propeller design and
for further flow analysis. Mass averaged absolute velocity magnitude for the corresponding
domains in azimuthal (axisymmetric) views are also shown in Figure 11a, which demon-
strates that a longer downstream domain is essential to capture the flow behavior since it
takes longer than 5D to mix out to the upstream velocity.
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Figure 11. (a) Axisymmetric grids and axial velocity contours for various domain sizes for the solo
propeller design—1X [5R-5R-10R], 2X [10R-10R-20R], 3X [15R-15R-30R], 3X-40R extended down-
stream, 4X [20R-20R-40R] and 4X-50R extended downstream, respectively. (b) 1X domain [5R-5R-10R],
axisymmetric, 3D domain, blade without hub nose, airfoil LE and TE mesh.

Grid quality is an important measure of solution accuracy, and comprises aspect ratio,
orthogonality, face skewness, stretch (expansion) ratio and Jacobian of the grid generated.
The 3D grid depends on the curvature and aspect ratio of the geometry modeled. Poor
quality grids hinder solution convergence and sometimes introduce solution instability.
Standards for orthogonality-minimum (>20), stretch ratio-maximum (<2) and aspect ratio-
maximum (<5000) have been established [34]. Figure 12 shows the periodic grid and
metrics for the two-bladed propeller rotor and are within these limits.



Fluids 2022, 7, 177 13 of 29

Fluids 2022, 7, x FOR PEER REVIEW 13 of 30 
 

  

solution instability. Standards for orthogonality-minimum (>20), stretch ratio-maximum 
(<2) and aspect ratio-maximum (<5000) have been established [34]. Figure 12 shows the 
periodic grid and metrics for the two-bladed propeller rotor and are within these limits. 

 
Figure 12. Grid metrics for a representative propeller geometry. Clockwise from bottom left corner 
is min. orthogonality, J aspect ratio, IJK face skewness and IJK stretch (expansion) ratio. 
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3. Results
3.1. Comparison between Low and High Fidelity

Device thrust, and torque values calculated from py_BEM are compared with results
from 3D steady solution for several domains, and the difference lies within 5–7%. py_BEM
treats the blade as a line of several radial stations, while a detailed 3D blade shape is
analyzed in 3D RANS solution. Tabulated airfoil polar data is used in py_BEM to calculate
forces on the blade, while 3D RANS solver obtains it by numerically solving the Navier–
Stokes equations with turbulence and transition models incorporated [41]. Differences are
observed due to 3D effects, root and tip vortices, flow separation, domain and mesh size,
blade-surface mesh details, and the mesh quality.
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Figure 13 lists the thrust and torque for various domain sizes compared with BEMT
results and Table 2 provides grid details on blade and far field span layers, domain and
mesh size. The design named ‘BEMT_design’ is obtained using py_BEM in design mode,
defining the chord and calculating the flow and stagger angles, while the design named
‘BEMT_analysis’ is obtained by using the given AoA, chord and flow angles as stagger
angles [35,36].
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Table 2. Performance of various 3DCFD domain sizes are compared with py_BEM results.

Type L_Up H_Far H_Down Grid
(x e6)

Thrust
(N)

Torque
(Nm)

Power
(kW)

%Diff
Thrust

%Diff
Torque CT CP ETA%

Adkins model [35] 922.74 207.70 52.20 0.0402 0.0504 87.73
BEMT_design 917.41 203.82 51.23 0.0395 0.0496 87.89

BEMT_analysis 932.21 207.47 52.14 0.0403 0.0499 86.75
1X 5R 5R 10R 0.25 951.36 231.61 58.22 +3.11 11.51 0.0449 0.0514 80.19

1X_denser 5R 5R 10R 0.29 920.73 217.31 54.62 −0.21 4.63 0.0421 0.0498 82.73
2X 10R 10R 20R 0.75 878.10 208.37 52.37 −4.83 0.32 0.0404 0.0475 82.28

3X_AGS 15R 15R 30R 0.46 908.84 217.26 54.60 −1.50 4.60 0.0421 0.0491 81.68
3X_FT 15R 15R 30R 0.46 883.91 215.18 54.08 −4.20 3.60 0.0417 0.0478 80.21
3X_40R 15R 15R 40R 0.46 908.46 217.20 54.59 −1.54 4.57 0.0421 0.0491 81.67

4X 20R 20R 40R 0.53 900.10 214.00 53.78 −2.45 3.03 0.0415 0.0487 82.12
4X_denser1 20R 20R 40R 1.12 847.17 201.07 50.53 −8.19 −3.19 0.0390 0.0458 82.27
4X_denser2 20R 20R 40R 1.41 849.53 201.51 50.64 −7.93 −2.98 0.0391 0.0459 82.32

4X_50R 20R 20R 50R 0.73 884.00 210.08 52.80 −4.19 1.15 0.0407 0.0478 82.16
4X_70R 20R 20R 70R 0.46 907.37 217.07 54.56 −1.66 4.51 0.0421 0.0491 81.62

Figure 14 shows the y+ contour plots on the suction surface for all the domain sizes
analyzed, showing the variation between 1–8 due to different mesh count. It also shows
the intermittency on the suction and pressure side obtained from the 3D RANS solution
with the AGS transition model. The chordwise transition from laminar to turbulent flow in
the boundary layer throughout the blade span is shown here. Laminar flow is at zero and
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fully turbulent flow is at unity. Transition starts when the intermittency deviates from zero
and is highly dependent on the angle of attack, airfoil shape and Reynolds number.
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angles for the blade. The hub vortex in the 3D solution causes the tiny bulge in thrust 
curve for 0–10% span while py_BEM does not calculate hub losses. In addition, near 85% 
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because of the location where these values were calculated in a mass-averaged azimuthal 
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Figure 14. Suction side y+ (0–8) for several domain sizes. Intermittency (0–1 in AGS model) on
suction and pressure side is also shown.

Figure 15 shows spanwise distribution of thrust and torque compared between
py_BEM and 5R-5R-10R domain 3D RANS solution, referred as 1X. It also shows spanwise
thrust distribution compared with several domain-sized 3D RANS solutions and the flow
angles for the blade. The hub vortex in the 3D solution causes the tiny bulge in thrust curve
for 0–10% span while py_BEM does not calculate hub losses. In addition, near 85% span, tip
losses are more pronounced in the 3D solution due to the 3D effect and grid resolution. As
the downstream distance is increased, spanwise distribution moves close to BEMT results,
as seen in 4X_70R_AGS case. Flow angles calculated in 3D RANS solution follow the same
trend as calculated by py_BEM but is offset by a small degree because of the location where
these values were calculated in a mass-averaged azimuthal plane.
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3.2. Momentum Transport and Wake Analysis

BEMT is partly based on axial momentum theory, where the axial momentum and
velocity can be tracked downstream of the rotor to analyze energy exchange. A propeller
creates thrust by increasing the velocity in the immediate downstream, and due to the
continuity principle, the exit area is reduced from streamtube contraction. Figure 16 shows
the streamtube contraction near the solo propeller rotor. The slope of the streamline is
negative in the top 60% span where the most thrust comes from velocity increase, while near
the hub, the slope is slightly positive. The benefit of 3D CFD is that several properties can
be tracked in all three directions for a steady case to understand the transport phenomena.
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An azimuthal view of mass-averaged axial, radial, tangential and angular momentum
is plotted for 3X domain (15R-15R-30R) and shown up to 8D downstream of the rotor in
Figure 17. The momentum ranges are not kept the same in order to pinpoint which mo-
mentum has a major contribution in entropy rise. It is very clear that the axial momentum
has a larger contribution towards the entropy rise among all other momentum, as it creates
stronger wakes downstream of the rotor. Radial momentum transport occurs even above
rotor height, as shown in the figure, which primarily causes streamtube contraction.

A closer look at the wake decay in domains 3X and 4X is shown in Figure 18. The
largest wake profile is at 6D, after which the wakes start decaying to reach the inlet
velocity, indicating mixing with free stream between 6–10D downstream. The wakes also
show that at 6D and beyond, there is radial growth, indicating vortex expansion. The
wakes are reduced mostly by viscous dissipation in solo rotors, increasing the entropy. It
demonstrates the fact that performance improvement can be achieved by reducing the
wakes using another rotor instead of allowing energy to dissipate downstream.

One of the assumptions in this work is constant velocity at the inlet and no distortion,
which if present, affects the wake decay. An energy-exchange designer must keep this in
mind and take advantage of it while designing rotors through boundary-layer ingestion
or exit swirl. Swirl exiting the propeller is tracked using angular momentum as shown
in Figure 17 for the 4X_70R domain at 0.1D, 1.5D, 7.7D, 18.9D, and 23.5D. It is maximum
at 0.1D, which is very close to the trailing edge, and then starts decaying while varying
between 0–2 m2/s.
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Figure 18. Mass-averaged Vz radial profiles downstream for 3X and 4X domains showing streamtube
contraction with an inlet velocity of 49.17 m/s. Mixing occurs between 6–10D downstream where the
velocity increase starts deteriorating.

3.3. Vorticity Dynamics and Entropy Increase

The curl of momentum equation in the set of Navier–Stokes equations for an incom-
pressible Newtonian fluid gives the vorticity transport equation, as shown in Equation (8)
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where
→
ω is the vorticity vector,

→
V is the velocity vector and υ is the kinematic viscosity,

which is assumed to be uniform and constant [20].

D
→
ω

Dt
=

∂
→
ω

∂t
+
(→
V·∇

)→
ω =

(→
ω·∇

)→
V + υ∇2→ω (8)

The above equation shows that vorticity changes either because of vortex stretching
(first term on right-hand side) or due to diffusion into the flow because of the viscosity
effect caused by friction. This vorticity diffuses in the boundary layer and is convected
downstream, which eventually becomes a wake leading to a drag and rise in entropy.
Vorticity dynamics is another method of viscous flow analysis that tracks radial vorticity
and boundary vorticity flux on the blade boundary layer.

Vorticity created in the blade boundary layer, trailing edge and at the tip are contribut-
ing factors to turbulence noise and performance loss. Rotor rotation causes hub and tip
vortices to propagate downstream in a helical path until it mixes out, increasing the entropy
all along. The Y component of vorticity in the ZY plane (Z axis as the axial direction)
downstream of the solo propeller rotor is shown for the 3X-40R domain in Figure 19.
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Figure 19. Vorticity_Y contour downstream of the rotor with spanwise plots of vorticity_Y and
entropy for the solo propeller (3X-40R domain) 3D steady solution.

It also shows spanwise plots of the vorticity_Y and the entropy created at several axial
locations: −0.2D (front of rotor), 1.6D (right behind the rotor), 7.7D (near mixing) and
18.9D (very far downstream). The vorticity line plots show hub vortex development up
to 25% span as we move away from the rotor (red line at z = 0.1D) and vortex stretching
increases it to 50% span near mixing at around 8D and starts dying down, as seen in the
far-downstream location. It is important to notice that the vorticity is negative from the hub
to midspan and is positive above the midspan. The hub vortex has circulation with opposite
sign to the tip vortex and is rotating in the opposite direction to that of the tip vortex. BEMT
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does not account for the radial flow from hub to tip because of its assumptions. After
z = 7.7D, which is near the mixing location with the free stream from above, vorticity_Y
reaches beyond the tip due to vortex stretching shown by black line. Spanwise plots of
entropy at the above-specified axial locations in the figure show that there is a jump near
the mixing location and increases beyond for this domain. After the mixing location, the
spanwise entropy lines extend beyond the tip location, demonstrating the rise due to
mixing of wake and free stream flow.

In Figure 20, entropy contours at several planes through the blade and downstream
show the tip leakage and mixing from pressure to suction side, creating tip vortices for the
3X-40R domain steady solution. It also shows the entropy at several radial planes with
mixing at the trailing edge, causing the entropy to rise and propagate downstream. The
blade design has a flat-tip geometry, which affects the tip leakage substantially and can be
improved by making a smoother tip, winglet tip or a split tip [37]. As the rotor spins, these
tip and hub vortices move in a helical path. The benefit of using entropy as a measure of
loss is that it is independent of the reference frame, so there are no relative terms to keep
track for a rotor, rendering it the most accurate thermodynamic measure of performance.
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Boundary vorticity flux (BVF) measures the amount of vorticity diffused in or out of the
surface per unit area and unit time. It also relates to the amount of circulation, which leads
to lift, boundary layer development and separation onset. BVF is defined in an equation as
υn̂·∇→ω = υ∂ω/∂n using kinematic viscosity and vorticity and is split into contributions of
the wall acceleration

→
a , on-wall tangent pressure gradient,∇π p and a 3D viscous correction,

→
σ vis of which for a large Reynolds number, only

→
σ p dominates [37]. BVF indicates the
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onset of flow separation or its existence on the blade shape by calculating the flux from the
blade surface diffused into the boundary layer before being propagated downstream.

Radial vorticity on the blade wall shows the circulation distribution, transition from
laminar to turbulent flow and onset of flow separation. Along with skin-friction vectors,
more crucial information about the flow dynamics can be analyzed. The axial component of
BVF due to the on-wall tangent pressure gradient σpz is another key parameter to observe
in order to understand vorticity dynamics. There are three criteria for boundary-layer
separation established using skin friction and vorticity vectors along with BVF on blade
wall, and these are as below:

• Separation zone warning: skin-friction vector lines (
→
τ ) converge, vorticity vector lines

(
→
ω) have large positive curvature and BVF has a peak.

• Separation line criteria: curvature of vorticity lines reaches a maximum.
• Separation watch: Tangent BVF lines turn towards the direction of skin-friction vector

lines or tangent pressure-gradient vector lines are normal to the separation line.

Figure 21 shows radial vorticity, BVF, skin friction and vorticity vector lines, skin
friction, y+, intermittency calculated using the AGS transition model and entropy gradients
plotted on the suction side of the solo propeller blade for the 3X-40R domain 3D steady
solution. It shows a comprehensive correlation between these properties, giving a summary
of the flow behavior in the boundary layer prior to downstream propagation. These
relationships are explained in detail by addressing several groups of those contour plots
further. On-wall radial vorticity ωr with skin friction

→
τ vector lines, BVF due to tangent

pressure gradient with vorticity
→
ω vector lines and skin friction contours for suction side of

the solo propeller with 3X-40R domain steady solution using AGS transition model and Z
being the axial direction are shown in Figure 21.

The first plot shows that most of the flow on the no-slip wall is clean flow, except the
top 15% and near the hub. There is an onset of flow separation in the top 15%, shown
by the skin-friction vector lines converging, and are lined up well at the boundary of
very high values of radial vorticity. The sign change in radial vorticity also depicts the
flow separation. The second plot shows the vorticity vector lines on the BVF contour due
to pressure gradient in axial direction with curvature of vorticity vector lines reaching
maximum on the separation line satisfying one of the criteria. A higher positive σpz peak
is not favorable for the design as it reduces the torque on the rotor and can be seen in the
second plot, which lines up well with the vorticity vector lines with higher curvature. The
BVF and radial vorticity distribution on the blade affects the skin friction, as shown in the
third plot in the same figure. Clearly, there is a high skin-friction zone near the top 15%
due to the turbulent boundary layer caused by positive σpz peak.

Figure 21 shows the intermittency calculated from the AGS transition model depicting
the onset of turbulent flow as the value moves closer to 1 with vorticity vector lines
overlayed on it. These vector lines converge at the point or zone of transition due to a
higher σpz shown in the previous figure. The figure also shows skin friction and vorticity
vector lines on the suction surface, which are normal to each other, to obtain a clear picture
of the on-wall signature of the turbulent flow and flow separation. The vorticity and BVF
distribution on the no-slip wall of the blade suction surface also dictates the entropy created
and its change in all three directions, as shown in Figure 21. A lower gradient is desired,
but due to the turbulent boundary layer, higher BVF peak and larger skin friction, the
gradients are high after 50% chord in the X and Z directions. A closer look at the top 15%
with entropy gradients, skin friction and vorticity vector lines reveal interesting turbulent
flow structures shown here for the first time. The skin-friction vector lines are normal to the
vorticity vector lines and converge at the onset zone of flow separation, which is also the
transition zone for turbulent flow, causing the entropy gradient to increase. The turbulent
boundary layer increases the surface vorticity, causing greater skin friction. The vorticity
vector lines have larger curvature in the turbulent boundary layer, which is seen after a
30% chord in the figure. BVF analysis tells us that the top 15% span creates the tip losses,
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and is examined closely through skin friction, vorticity and entropy. A similar effect is seen
near the hub depicting hub losses.
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and vorticity flux.

3.4. Kinetic Energy Dissipation as Entropy Rise

The propeller rotor transfers kinetic energy (KE) to the incoming flow, and a part of it
is converted to thrust and the remaining dissipates, which also increases entropy. Similar
to the momentum, the axial KE makes a major contribution to the entropy rise. Entropy
is created due to viscous dissipation and heat transfer, but in case of incompressible fluid,
the heat transfer part is neglected for unducted rotors, which is small compared to the
dissipation term. KE is dissipated into the flow downstream of the rotor, and when the
mixing occurs between the wake and the free stream, entropy rises significantly. The decay
of axial KE downstream is a direct result of the dissipation, turbulence and the amount of
vorticity in the wakes. The area-averaged and normalized velocity, KE and power at several
axial locations downstream for 3X_40R domain are shown in Figure 22. The increase in
energy is because of the transfer by the rotor, and it slowly decays as we go further away
from the rotor.
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Exergy, ξ, is not conserved in a thermofluid dynamic process and is destroyed due
to irreversible processes within a system, and its quantification improves performance
analysis. An exergy balance is appropriate for a control volume to assess the process more
accurately. Exergy is removed from the system when energy is provided to the system
and vice versa. The change in total exergy for a closed system is caused by the transfer
of energy by work and heat between the system and surroundings [42]. Irreversibility,
ξentropy, quantifies the exergy destroyed in a control volume and is plotted for 20R-20R-70R
domain case.

∆ξ = ξwork + ξheat − ξentropy (9)

ξentropy = T0sgen ≥ 0 (10)

Dissipation function, normalized axial velocity, change in irreversibility, entropy rise,
change in turbulent viscosity, profile and induced drag normalized by the area are tracked
at several axial locations for the 4X-70R, domain as shown in Figure 23 for an exhaustive
comparison and to see the behavior far downstream with the rotor location marked. These
properties are mass-averaged line integrals up to radius = 1 m (>rotor radius) in the
axisymmetric plane and are normalized to obtain a comprehensive understanding. Mixing
occurs at around 8D downstream of the rotor when the tip vortices start mixing with the
freestream flow, as seen in the figure where entropy, turbulent viscosity and irreversibility
have a jump in values.

It also shows the normalized irreversibility increase downstream of the rotor at various
axial locations in the blue dashed line, caused due to entropy production from the dissipa-
tion of kinetic energy, mixing of the wake with the free stream and due to the turbulent
viscosity. This is exergy destroyed in the system. py_BEM calculates exergetic efficiency to
assess the exergy budget of the propeller rotor.

The mass-averaged dissipation function is split and plotted in Figure 24 to under-
stand the contribution of velocity gradients and shear stress in axisymmetric plane. The
shear-stress term A1 is wider-spread downstream than the velocity-gradient term A2,
demonstrating why shear stress is vital in mixing.
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3.5. Drag as a Form of Entropy

Total drag comprises of profile and induced drag for incompressible flow. Skin-friction
drag is part of the profile drag. A Trefftz-plane analysis of these two quantities at several
locations downstream is useful in understanding their propagation. Drag is another form
of entropy. The Trefftz-plane integral equation can be derived from the momentum equa-
tion of Navier–Stokes set of equations assuming steady flow and neglecting body forces.
Considering A1, A2 as cross-section areas of interest at an inlet and a plane downstream
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of the rotor, we have the equation for drag as below, and including the enthalpy-change
equation, it can be split into profile and induced drag [24].

Drag =
∫

A1

(
p∞ +

→
ω V2

∞

)
dA1 −

∫
A2

(
p + ρV2

z
)
dA2 (11)

Dinduced→=
∫

A2

(
ρ
(

V2
x + V2

y

))
dA2 ; Dpro f ile→=

∫
A2

(
p∞

R f luid
(s− s∞)

)
dA2 (12)

Figure 25 shows
dDpro f ile

dA2
and dDinduced

dA2
at several axial locations downstream with an

area of 1 m radius (>rotor radius), and is normalized with an inlet value. Figure 23 shows
the contour plots of these quantities on an axial symmetry plane and cross planes at several
locations downstream of the rotor. The profile drag starts increasing downstream as the
entropy rise occurs. The induced drag is very high near the rotor due to the amount of lift
generated, and slowly decays as we move away from the rotor, showing that the vortices
shed in the wake are mixed out downstream. Skin-friction drag on the blade surface
calculated numerically depends on the spanwise and chordwise mesh density and the
transition model used in a turbulence model, as shown in Figures 26 and 27. A higher mesh
density is seen for 000 as compared to 111 in FINE/Turbo meshing nomenclature [41]. A
fully turbulent model option is also applied other than the AGS transition model, with the
Spalart–Allmaras turbulence model for the steady solution, and the skin friction is captured
entirely differently, as seen in the figure indicating the dependence of modeling choice on
the results obtained.
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4. Conclusions

A solo propeller is designed using py_BEM at a low-fidelity level, and a 3D blade shape
is created using T-Blade3 for higher-fidelity analysis. Several physics-based improvements
are incorporated in py_BEM to address the local Reynolds number effect, boundary-layer
rotation and airfoil polar at large AoAs, among others. Momentum, vorticity and kinetic
energy transport mechanisms are described in detail to provide a comprehensive multifidelity
flow-physics analysis. Wake analysis explains the streamtube contraction and mixing with
the free stream. Domain and mesh-dependency studies are performed to understand the
flow behavior far downstream in 3D steady CFD solutions. Vorticity dynamics is explained
in detail, showing the importance of vorticity flux generated in the blade viscous boundary
layer, and how it diffuses and convects downstream to create wakes. Several thermodynamic
and fluid dynamic properties are tracked downstream of the rotor, and the intricacies of their
relationship are explained to quantify the entropy rise. Flow mixing at the trailing edge and
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tip leakage causes additional loss and creates wakes. The tip and hub vortices are propagated
further downstream in a helical path and cause entropy to rise. Kinetic energy dissipation
transports the entropy further down into the wakes until mixing occurs with the free stream,
and velocity far downstream reaches close to the free-stream velocity. All the components
of drag are quantified to prove that drag minimization is a form of entropy minimization.
Although py_BEM is a low-fidelity tool with certain limitations, including no radial flow, no
3D flow effects and constant velocity at the inlet, it is robust and accurate within realistic limits
to provide a valuable performance measure during the early design stages, and combined
with high-fidelity tools, provides a faster way to explore designs for trade-offs and enables
multifidelity analysis. Future work will be to include wake-expansion models, introduce a
radial flow effect, add a vortex model and improve loss models based on entropy.
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Nomenclature

2D, 3D Two, Three-dimensional
AGS Abu-Ghannam/Shaw
AoA Angle of Attack
BEMT Blade-Element Momentum Theory
BVF Boundary Vorticity Flux
CFD Computational Fluid Dynamics
NACA National Advisory Committee for Aeronautics
RANS Reynolds Averaged Navier–Stokes
REYN, Re Reynolds
A Area, Axial
a, a′ Axial and Angular induction factors
Cl, Cd Coefficient of lift and drag
CT, CP Coefficient of Thrust and Power
dF, D, L Elemental Force, Drag, Lift
p Pressure
r, R, z Radial, axial
s Entropy
V Absolute Velocity
W Relative Velocity
y+ Non-dimensional wall distance
α Angle of Attack
µ Dynamic viscosity
υ Kinematic viscosity
Ω Rotational speed of the rotor
ω Vorticity vector, Angular Velocity
ϕ, Φ Flow Angle, streamline slope, Dissipation Function
ρ Density of fluid
σ Boundary vorticity flux
τ Skin Friction vector
θ Twist Angle
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