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Abstract: In this study, we investigate the convective flow of a micropolar hybrid nanofluid through
a vertical radiating permeable plate in a saturated porous medium. The impact of the presence
or absence of the internal heat generation (IHG) in the medium is examined as well as the im-
pacts of the magnetic field and thermal radiation. We apply similarity transformations to the
non-dimensionalized equations and render them as a system of non-linear ODEs (Ordinary Differen-
tial Equations) subject to appropriate boundary conditions. This system of non-linear ODEs is solved
by an adaptive mesh transformation Chebyshev differential quadrature method. The influence of the
governing parameters on the temperature, microrotation and velocity is examined. The skin friction
coefficient and the Nusselt number are tabulated. We determine that the skin friction coefficient and
heat transport rate increase with the increment in the magnetic field. Moreover, the increment in the
micropolarity and nanoparticle volume fraction enhances the skin friction coefficient and the Nusselt
number. We also conclude that the IHG term improved the flow of the hybrid nanofluid. Finally, our
results indicate that employing a hybrid nanofluid increases the heat transfer compared with that in
pure water and a nanofluid.

Keywords: natural convection; micropolar; MHD; hybrid nanofluid; internal heat generation

1. Introduction

The phenomenon of the natural convection process in porous media has become
one of the most interesting studies in the last two centuries. This interest is due to its
major application in several industries such as filtration operations, thermal insulation,
oceanography, geothermal systems, building insulation, geothermal tanks, geophysics,
nuclear flow, metallurgy, cooling of electronic tools and separation operations in chemical
industries, for example. Excellent reviews of these applications, the governing equations
and different statuses of this topic may be found in the monographs presented by Nield
and Bejan [1], Ingham and Pop [2] and Vafai [3]. Moreover, the study of nanoparticles has
attained a massive importance because of its applications in the field of biological science
and technological industries such as biomedical sciences, industrial cooling, nanodrug
delivery, solar absorption, electromechanical systems and much more. The expression
‘nanofluid’ was devised by Choi [4], which indicates engineering colloids that consist of
nanoparticles scattered in a regular liquid for improving thermal conductivity. Nanofluid
is normally utilized to enhance the heat transport rate of the regular fluid. It is a mixed
nanosized particle (1–100 nm) that is suspended inside the base fluid. Nanofluid is normally
yielded of metals, oxides, carbides and nanometals. The pure liquid is prevalent in blood,
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water, ethylene glycol and so on. Eastman et al. [5] carried out research that observed
that thermal conductivity was improved when copper nanoparticles were added up into
the regular liquid (water). Furthermore, they discovered that the thermal conductivity
was enhanced by enlarging the copper nanoparticles into the basic liquid. Buongiorno [6]
discussed in his investigation that there were several techniques that were important to
boost the thermal conductivity of the basic liquid. Several research studies on the flow of
nanoliquids have been analyzed in the pertinent literature; see [7–11].

MHD (magnetohydrodynamics) nanofluid has a great use in the field such as optic
stimulators, magneto-optical fabric wavelength sensors, floating isolation, pharmacology,
optical fibers, non-linear optical devices, hypoxia and so on. The magneto-nanofluid has
the features of both liquids and magnets. The magnetic strength creates the rebuild of
the concentration and dissolved particles within the liquid regime that greatly impacts
the flow simulation of the heat transference. The concept Magneto-nanofluid flow is
effective in driving the particles while the tissues up the flow of the blood due to the
reality that the magnetic nanoparticles are more viscous to tissue cells than the non-
malignant cell forms. These particles spend more energy than the microparticulates in
opposing current magnetic intensities probable in humans such as in cancer medication.
Rashad [12] investigated the magneto-nanofluid flow on a radiative wedge. Sandeep
et al. [13] explored magneto-nanoparticles by representing a fully accurate numerical
simulation. Dogonchi et al. [14] scrutinized the magneto-natural convection of nanofluid
in a horizontal semi-cylinder. EL-Zahar et al. [15] investigated the effect of the sinusoidal
surface temperature on the free convective flow of MHD nanofluid along a vertical plate.
Nabwey et al. [16] analyzed the unsteady slip flow of MHD nanofluid through a radiative
stretchable surface with convective heating. However, in the resumption of nanofluid
investigation, authors have lately attempted to use a hybrid nanofluid, which is engineered
by suspending several nanoparticles either in a mixture or a composite shape. Additionally,
to achieve a desired and large thermal conductivity, applying a hybrid nanofluid can
lead to a final cost reduction and the appropriate stability of nanofluid in addition to
supplying the groundwork of the tremendous manufacturing. The concept of employing
a hybrid nanofluid is to furthermore boost the heat transference and pressure descend
features by the trade-off between the disadvantages and the characteristics of the individual
suspension assigned to a perfect portion rate, the synergistic effect of nanomaterials and a
better thermal network (see [17–20]).

On the other side, many investigators have analyzed non-Newtonian fluids in several
aspects because they have a further usage in different industrial processes. Such kinds of
fluids are especially utilized in the production of permeable pipes, coated sheets, plastic
polymers, visual fibers and filters, for example. These types of fluids cannot be explored by
a single constitutive pattern with the aspect of their divergent attributes and they can be
classified into integral, differential and rate kinds. Away from these kinds, differential type
fluids have been performed by various researchers because they have several applications
in the industrial process. One of the easiest subclasses of the differential fluid category is
micropolar fluid. Micropolar fluids can be employed to debate the rendering of impure oils,
lubricants, suspension of polymers and crystals of fluids; see Eringen [21]. Ariman et al. [22]
investigated the special characteristics of micropolar fluids comprehensively. Ahuja [23]
estimated in his experimental study that the improvement in heat transference may be
due to the rotation of nanoparticles about their center due to the shear stress influence and
hence a three-dimensional hydrodynamic boundary layer was also observed. The rotating
micro-constituents’ influence in nanofluid should be classified to perceive the fluid flow
behavior in a favored mode and therefore the micropolar notion elucidates the variation
between computational and experimental notices. However, a novel type of nanofluid as a
micropolar fluid has been elucidated by several authors. Bourantas and Loukopoulos [24]
examined the MHD free convection flow of micropolar nanofluid driven inside an enclosure.
Bourantas and Loukopoulos [25] explored the natural convection flow of micropolar
nanoliquids. They discovered that the microrotations in general reduced the overall heat
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transference from the heated side and should not be removed. Rashad et al. [26] interpreted
the combined convection flow of micropolar nanofluid past a horizontal cylinder in a
porous medium. Rashad et al. [27] also analyzed the unsteady slip flow of a micropolar
nanofluid over a vertical stretchable surface. They found out that the skin friction decreased
expressively along the stretchable surface for both metallic and non-metallic nanoparticles
and also it reduced with the volume fraction parameter. Other recent reports performed by
researchers relevant to this topic can be found in [28–32].

Based on the above-mentioned benefits of a hybrid nanofluid, it is expected that an
advanced nanofluid has a significant role in the future of nanofluid science and researchers
have shown a greater tendency toward the investigation of a hybrid nanofluid and the
impact of these fluids on heat transfer and pressure drop characteristics. However, the
insistence of the current research is to derive a theoretical inspection of the magneto-
natural flow of a micropolar hybrid nanofluid across a vertical radiative permeable plate
drenched in a porous medium in the existence of internal heat generation. An adaptive
mesh transformation Chebyshev differential quadrature method (ACDQM) is applied
to obtain accurate numerical results for the velocity, temperature and angular velocity
profiles. The impacts of the interesting parameters on the flow are debated graphically. The
arithmetical model is determined for the present survey and resolved computationally after
employing the proper transmutations. The effectiveness of various relevant parameters on
the momentum and thermal distributions along with drag friction and transfer heat are
inspected with the aid of plot explanations and tabular forms.

2. Problem Formulation

Consider the investigation of the magneto-natural convective flow of a hybrid nanofluid
past an orthogonal permeable plate in a saturated porous medium. The influence of ex-
ternal thermal radiation is addressed to enhance the thermal properties of the hybrid
nanoliquid. The conducting medium is also considered by a uniform magnetic field. The
configuration of the flow and coordinate system is exhibited in Figure 1. Let us consider
that x be the distance of the plate and y the normal distance of the plate. Tw is the plate
temperature, N is the angular velocity, k is the viscosity of the vortex, g∗ is the gravity, q′′′
is the IHG of the fluid, B0 is the magnetic field strength, K is the permeability of the porous
medium, γ the viscosity of the spin gradient and j is the density of micro-inertia.
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where ݑ is the velocity in ݔ  direction, ݒ  is the velocity in ݕ direction, ߰(ݔ,  is the (ݕ
stream function, ߟ is the similarity variable and ݎܩ௫  is the Grashof number.  
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Figure 1. Configuration of the flow.

The flow is presumed to be laminar and the micropolar hybrid nanofluid is given
to be incompressible and electrically conducting with uniform properties and a thermal
equilibrium between the water-based micropolar hybrid nanofluid containing two types
of nanoparticles: copper (Cu) and non-metallic nanoparticles, alumina (Al2O3). The
thermophysical properties of the water and nanofluid are listed in Table 1. By taking into
consideration the boundary layer and Boussinesq approximations, the governing equations
of this system are given as follows (see [33]):
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Table 1. Thermophysical properties of water, copper and alumina [30,31].

Thermophysical
Properties H2O Al2O3 Cu

ρ 997.1 3970 8954
Cp 4179 765 383
k 0.613 40 400

β× 105 21 0.85 1.67
σ 0.05 1× 10−10 5.96× 107

Continuity equation:
∂u
∂x

+
∂v
∂y

= 0. (1)

Momentum equation:

u
∂u
∂x

+ v
∂u
∂y

=
µhn f + k

ρhn f

(
∂2u
∂y2

)
+

g∗(ρβ)hn f (T − T∞)

ρhn f
−

σhn f B0
2

ρhn f
u +

k
ρhn f

∂N
∂y
−

µhn f + k
ρhn f

( u
K

)
. (2)

Energy equation:

u
∂T
∂x

+ v
∂T
∂y

=
1(

ρCp
)

hn f

[
khn f

∂2T
∂y2 −

∂qr

∂y
+ q′′′

]
. (3)

Micropolar equation:

u
∂N
∂x

+ v
∂N
∂y

=
γhn f

j ρhn f

∂2N
∂y2 −

k
j ρhn f

(
2N +

∂u
∂y

)
. (4)

With the boundary conditions:

at y = 0 : u = 0, v = vw, T = Tw(x) = T∞ + Cxλ, N = −n ∂u
∂y

u = 0 , T = T∞, N = 0 as y→ ∞

}
. (5)

where vw is the suction/injection velocity, qr = − 4σ∗
3κ∗

∂T4

∂y is the radiative heat flux, κ* is

the coefficients of mean absorption and σ* is the constant of Stefan–Boltzmann. Using
the Taylor expansion and expanding T4 about the ambient temperature T∞, we obtain
T4 = −3T4

0 + 4T3
0 T, n as the micro-rotation parameter whose value is ranged between 0–1.

The case of n = 0 refers to concentrated flows of particles in which the microelements near
the wall cannot rotate according to Matkur and Jena [34]. The case n = 0.5 means that
the asymmetric section of the stress tensor has vanished and indicates low concentrations
(see Ahmadi [35]). The flows of the turbulent boundary layers are in the case n = 1 (see
Peddieson [36]).

Let us now show the following dimensionless transformation as [33]:

ψ(x, y) = 4υ f

(
Grx

4

) 1
4

f (η), η =

(
Grx

4

) 1
4 y

x
, N(x, y) = 4

υ f

x2

(
Grx

4

) 3
4

g(η),

Grx =
g∗β f (Tw − T∞)x3

υ f
2 , u = ψy =

4ν f

x

(
Grx

4

) 1
2

f ′ = U f ′

v = −ψx = −
(λ + 3)ν f

x

(
Grx

4

) 1
4

f + (1− λ)ν f

( y
x2

)(Grx

4

) 1
2

f ′, q′′′ =
khn f (Tw − T∞)

x2

(
Grx

4

) 1
2
e−η

(6)

where u is the velocity in x direction, v is the velocity in y direction, ψ(x, y) is the stream
function, η is the similarity variable and Grx is the Grashof number.

Let us present the following terms of a hybrid nanofluid. ρhn f is the nanofluid density,
which is the nanofluid as specified by Ho et al. [37], µhn f is the effective dynamic viscosity,
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cphn f is the heat capacity according to Ho et al. [38], βhn f is the expansion of the thermal,
Khn f is thermal conductivity and σhnf is the coefficient conductivity for electricity.

ρhn f = φ1ρ1 + φ2ρ2 + (1− φ)ρ f (7)

µhn f = µ f (1− (φ1 + φ2))
2.5 (8)(

ρcp
)

hn f = φ1
(
ρcp
)

1 + φ2
(
ρcp
)

2 + (1− φ)
(
ρcp
)

f (9)

(ρβ)hn f = φ1(ρβ)1 + φ2(ρβ)2 + (1− φ)(ρβ) f (10)

khn f

k f
=

(
φ1k1 + φ2k2

φ
+ 2k f + 2(φ1k1 + φ2k2)− 2φk f

)
×
(

φ1k1 + φ2k2

φ
+ 2k f − (φ1k1 + φ2k2) φk f

)−1
(11)

σhnf
σf

= 1 +
3
(
(φ1σ1+φ2σ2)

σf
− φ

)
(
(φ1σ1+φ2σ2)

φσf
+ 2
)
−
(
(φ1σ1+φ2σ2)

σf
− φ

) (12)

where φ = φ1 + φ2; subscripts of f refer to the base fluid (water).
An imposed magnetic field and vortex viscosity parameters should not depend on

x to obtain similarity solutions. So, taking Grx ∼ x−2λ+5, then λ = 0.5. The suction
rate becomes constant at λ = 0.5 and we deduce that the heat flow utilized to the wall is
uniform at λ = 0.5.

By substituting Equation (6) into Equations (1)–(4) and with boundary conditions (5)
we get:

ρ f

ρhn f

(
µhn f

µ f
+ R

)
f ′′′ = −

ρ f

ρhn f
Rg′ − (λ + 3) f f ′′ + 2(λ + 1) f ′2 −

βhn f

β f
θ +

ρ f σhn f

σf ρhn f
M f ′ +

ρ f

ρhn f

(
µhn f

µ f
+ R

)
2

Da
f ′ (13)

(
ρCp

)
f(

ρCp
)

hn f
[(

4
3

Rd +
khn f

k f
)θ′′ + ce−η ] = 4λPrθ f ′ − (λ + 3)Pr f θ′ , (14)

ρ f

ρhn f

(
µhn f

µ f
+

R
2

)
g′′ = (1 + 3λ) f ′g− (λ + 3) f g′ +

ρ f

ρhn f
RB( f ′′ + 2g). (15)

The boundary conditions defined in Equations (4) and (5) after transformations be-
come:

f ′(0) = 0, f (0) = fw, θ(0) = 1, g = −n f ′′ at η = 0
f ′(∞)→ 0, θ(∞)→ 0, g(∞) = 0 as η = ∞

}
. (16)

Here, the primes indicate the derivate is with respect to η. IHG and WIHG are
also debated, which refers to internal heat generation (c = 1) and without internal heat
generation (c = 0), respectively. The parameters that appear in the above equations are
micropolar parameter R, magnetic parameter M, Darcy number Da, radiation parameter
Rd, Prandtl parameter Pr, the vortex of viscosity B and the suction parameters, which are
defined as:

R =
k

µ f
, M =

σf B2
0x2

µ f

(
Grx

4

)− 1
2
, Da =

2K
x2

(
Gr
4

) 1
2
, Rd =

4σ∗T3
∞

k∗k f
, Pr =

ν f

α f
,

B =
x2

j

(
Grx

4

)− 1
2
, fw = − x

(3 + λ)ν f

(
Grx

4

)− 1
4
vw, .

(17)
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Finally, the expression of drag friction Cf and the local Nusselt number (Nux) can be
given by:

C f =
τw

ρ f U2 , Nux =
xqw

k f (Tw − T∞)
, (18)

where τw is the surface shear stress (skin friction) and qw is the flow of heat from the surface
of the plate, which is defined as:

τw = [
(

µhn f + k
)∂u

∂y
+ k(N)]

y=0
, qw = −khn f

∂T
∂y

∣∣∣∣y = 0. (19)

By using the dimensionless transformation from Equation (6) we have:

4
(

Grx

4

) 1
4
C f =

[(
µhn f

µ f
+ (1− n)R

)]
f ′′ (0), (20)

(
Grx

4

)−1
4

Nux = −
(

khn f

k f
+

4
3

Rd

)
θ′(0). (21)

3. Adaptive Chebyshev Differential Quadrature Method

The system of Equations (13)–(16) is a boundary layer problem that has a solution with
a rapid change at the left end boundary point. This problem may be solved effectively if the
grid points are concentrated in the layer. The Chebyshev differential quadrature method
(CDQM) ensures that more collocation points lie in the boundary layer. For more details
about the spectral accuracy and convergence of the method see, for example, [15,32,39–50].
It is well-known that the CDQM enhanced with an adaptive grid transformation [47–50]
results in more accurate results than the standard CDQM in solving boundary layer
problems.

To solve the ODE system (13)–(16), we used the ACDQM [48–50] using the Lagrange
interpolation polynomial as our based functions over the transformed Chebyshev–Gauss–
Lobatto grid points defined by [15,48–50]:

ηj =
−1
2

δ0sinh

_
k
2

(
1− cos

jπ
Nη∞
− 1

)η∞ (22)

where j = 0, 1, . . . Nη∞
− 1 ,

_
k = sinh−1(2/δ0), δ0 is the boundary layer width, η∞ is the

initial estimation of η∞ and Nη∞
is the number of grid points over η ∈ [0, η∞].

Applying the ACDQM on system (13)–(16) results in:

ai = Ǎ ∑
Nη∞−1
j=0 d(3)

i,j f j +
ρ f

ρhn f
R ∑

Nη∞−1
j=0 d(1)

i,j gj + (λ + 3) f j. ∑
Nη∞−1
j=0 d(2)

i,j f j − 2(λ + 1)
(
∑

Nη∞−1
j=0 d(1)

i,j f j

)2
+

βhn f

β f
∑

Nη∞−1
j=0 d(1)

i,j θj −
(

Ǎ
2

Da
+

ρ f σhn f

σf ρhn f
M

)
∑

Nη∞−1
j=0 d(1)

i,j f j = 0,
(23)

bi =

(
ρCp

)
f(

ρCp
)

hn f

[(
4
3

Rd +
Khn f

K f

)
∑Nη∞−1

j=0 d(2)
i,j θj + e−ηj

]
− 4λPr ∑Nη∞−1

j=0 d(1)
i,j f j.θj + (λ + 3)Pr ∑Nη∞−1

j=0 d(1)
i,j θj. f j = 0, (24)

ci =
ρ f

ρhn f

(
µhn f

µ f
+

R
2

)
∑

Nη∞−1
j=0 d(2)

i,j gj − (1 + 3λ)∑
Nη∞−1
j=0 d(1)

i,j f j.gj + (λ + 3)∑
Nη∞−1
j=0 d(1)

i,j gj f j−

ρ f

ρhn f
RB
(
∑

Nη∞−1
j=0 d(2)

i,j f j + 2gj

)
= 0,

(25)



Fluids 2021, 6, 202 7 of 16

f ′(0) =
Nη∞−1

∑
j=0

d(1)
0,j f j = 0, f (0) =

Nη∞−1

∑
j=0

I0,j f j = fw

θ(0) =
Nη∞−1

∑
j=0

I0,j .θj = 1,
Nη∞−1

∑
j=0

INη∞−1,j gj = −n
Nη∞−1

∑
j=0

d(2)
Nη∞−1,j f j

f ′(∞) =
Nη∞−1

∑
j=0

d(1)
Nη∞−1,j f j = 0, θ(∞) =

Nη∞−1

∑
j=0

INη∞−1,j .θj = 0, g(∞) =
Nη∞−1

∑
j=0

INη∞−1,j .gj = 0


(26)

where Ǎ =
ρ f

ρhn f

(
µhn f
µ f

+ R
)

, i = 0,1, . . . ., Nη∞
− 1, d(m)

i,j and m = 1, 2, 3 are the j elements

of the i row of the mth derivatives of the Chebyshev differentiation matrices defined
in [15,40–50] and transformed using (22) [48–50]; I0,j is the first row of the identity matrix
of order j.

Thus, the system (13)–(16) is transformed into a non-linear algebraic system of 3Nη∞
equations in 3Nη∞

unknowns and can be written in a vector form as follows.

S =



∑
Nη∞−1
j=0 I0,j f j − fw

∑
Nη∞−1
j=0 d(1)

0,j f j

[ai]
Nη∞−2
i=2

∑
Nη∞−1
j=0 d(1)

Nη∞−1,j f j

∑
Nη∞−1
j=0 I0,j .θj − 1

[bi]
Nη∞−2
i=1

∑
Nη∞−1
j=0 INη∞−1,j .θj

∑
Nη∞−1
j=0 INη∞−1,j gj + n ∑

Nη∞−1
j=0 d(2)

Nη∞−1,j f j

[ci]
Nη∞−2
i=1

∑
Nη∞−1
j=0 INη∞−1,j .gj



= 0. (27)

The non-linear algebraic system (27) is solved using the MATLAB built in function
fsolve with absolute and relative tolerances 10−12 and 10−5, respectively, using an initial
guess solution that satisfies the boundary conditions (16) and given by:

f (η) = fw − e−η(1 + η) + 1
θ(η) = e−η

g(η) = n (ηe−η − e−η)

. (28)

To ensure the efficiency of the present method, the results that we obtained are
compared with the results that Ferdows and Liu obtained [43], for the special case (λ = 1,
M = 2, n = 0.5, fw = 0.5, Pr = 0.1, φ = 0), as shown in Table 2. Results in Table 2 show a
very good agreement between the results. Moreover, the maximum absolute error for the
solutions obtained using the CDQM and ACDQM are presented in Figure 2a,b considering
the numerical solution obtained using the built in MATLAB solver bvp4c with absolute
and relative tolerances 10−20 and 10−8, respectively, as our reference solutions. As shown
in Figure 2, the ACDQM results in a more accurate solution than the CDQM and achieves
a high accuracy is obtained even at a low number of grid points.
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Table 2. Comparison of f ′′ (0) and −θ′(0) for various values of the micropolar parameter R when
(λ = 1, M = 2, n = 0.5, fw = 0.5, Pr = 0.1).

R

Ferdows et al. [33] Present Study

f′′(0) −θ(0) f′′(0) −θ′(0)
IHG WHG IHG WIHG IHG WIHG IHG WIHG

0 0.9564 0.7464 −0.3486 0.402 0.9564 0.7464 −0.3486 0.4020
0.25 0.879 0.6804 −0.353 0.3991 0.8791 0.6804 −0.3531 0.3991
0.5 0.8169 0.6278 −0.3571 0.3963 0.8169 0.6278 −0.3570 0.3963
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Figure 3a–c manifest the effect of the suction parameter ௪݂ on velocity, temperature 
and angular velocity profiles of the hybrid nanofluid. As evidenced from these Figures, 
the angular velocity profiles were boosted with the increasing values of the suction pa-
rameter ௪݂ unlike the velocity and temperature profiles, which decreased. Thus, we could 
control the velocity of the flow by suction, which is significant for many applications in 
engineering. The internal heat generation decreased the velocity and thickness of the 
boundary layer and we believed that this finding was important because it could not ex-
pound on a physical basis easily. The fluid wall suction application ( ௪݂ >  0) could de-
crease much of the density of fluid, temperature and micro-rotation in an equal way as 
the thickness of the boundary layer. 

The effect of the micropolar parameter R on velocity, temperature and the angular 
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which was why the angular velocity increased. The influence of the micropolar parameter 
ܴ did not appear clearly in the temperature profile of the hybrid nanofluid because the 
micropolar parameter ܴ did not exist in energy Equation (14). However, by zooming the 
curves in the temperature profile we noticed that it was reduced as the micropolar param-
eter increased. 

Figure 2. Maximum absolute error versus the number of grid points (a) and the absolute error distribution overall in the
problem domain (b) at N = 30, 35, 40 for the CDQM and ACQDM at R = 0.5, M = 1, λ = 0.5, c = 1, B = 0.2, φ1 = φ2 =

0.1, Da = 1; Rd = 1, n = 0.5.

4. Results and Discussion

In this section, the numerical results obtained using the ACDQM are presented to
study the impact of the magneto-natural convection flow of the micropolar hybrid nanoliq-
uid (Al2O3 −Cu/water) saturated in a porous medium. Table 1 shows the thermophysical
properties of water, copper and alumina. For obtaining the physical meaning of the prob-
lem, the impacts of the micropolar parameter (R), magnetic field parameter (M), volume
fraction parameter (φ), microrotation parameter (n), radiation parameter Rd, suction Pa-
rameter fw and Darcy number (Da) on the skin friction parameter, Nusselt number, angular
velocity, temperature and the velocity profiles were explained.

Figure 3a–c manifest the effect of the suction parameter fw on velocity, temperature
and angular velocity profiles of the hybrid nanofluid. As evidenced from these Figures, the
angular velocity profiles were boosted with the increasing values of the suction parameter
fw unlike the velocity and temperature profiles, which decreased. Thus, we could control
the velocity of the flow by suction, which is significant for many applications in engineering.
The internal heat generation decreased the velocity and thickness of the boundary layer
and we believed that this finding was important because it could not expound on a physical
basis easily. The fluid wall suction application ( fw > 0) could decrease much of the density
of fluid, temperature and micro-rotation in an equal way as the thickness of the boundary
layer.
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and angular velocity profiles of the hybrid nanofluid. The growth in ܽܦ led to an increase 
in the velocity profiles of the hybrid nanofluid. The higher the value of the Darcy num-
ber ܽܦ, the more the porous medium’s permeability increased. Therefore, resistance to the 
flow occurred due to the presence of a permeable medium. This resistance slowed down 
the motion of the fluid and increased the velocity profile unlike the temperature and an-
gular velocity profiles, which decreased by a growth in ܽܦ. 

Figure 6a–c are illustrated to show the effect of the magnetic parameter ܯ on veloc-
ity, temperature and angular velocity profiles, respectively. It was observed that both the 
temperature and angular velocity profiles improved with the mounting values of the mag-
netic parameter ܯ unlike the velocity profile, which declined by increasing the magnetic 
parameter. Physically, a raise in the magnetic parameter ܯ created a higher drag power 
(Lorentz force) that transformed some kinetic energy into thermal energy. 

 

Figure 3. The effect of the suction parameter fw on the (a) velocity profile, (b) temperature profile and (c) angular velocity
profile for R = 0.5, M = 2, λ = 0.5, c = 1, B = 0.2, φ1 = φ2 = 0.05, Da = 1; Rd = 1, n = 0.5.

The effect of the micropolar parameter R on velocity, temperature and the angular
velocity profiles of the hybrid nanofluid are displayed in Figure 4a–c. As shown from these
plots, the angular velocity profiles of the hybrid nanofluid were improved with the raised
values of the micropolar parameter R unlike the hybrid nanofluid velocity profile, which
was decreased as it decreased near the surface of the plate and then increased elsewhere.
This was because the acclivity in R created an increase in the fluid’s viscosity, which was
why the angular velocity increased. The influence of the micropolar parameter R did not
appear clearly in the temperature profile of the hybrid nanofluid because the micropolar
parameter R did not exist in energy Equation (14). However, by zooming the curves in the
temperature profile we noticed that it was reduced as the micropolar parameter increased.
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Figure 4. The effect of the micropolar parameter R on the (a) velocity profile, (b) temperature profile and (c) angular velocity
profile for M = 1, λ = 0.5, c = 0, B = 0.2, φ1 = φ2 = 0.05, Da = 10, Rd = 3, n = 0.5, f w = 0.5.

Figure 5a–c reflect the effect of the Darcy number Da on the velocity, temperature and
angular velocity profiles of the hybrid nanofluid. The growth in Da led to an increase in
the velocity profiles of the hybrid nanofluid. The higher the value of the Darcy number Da,
the more the porous medium’s permeability increased. Therefore, resistance to the flow
occurred due to the presence of a permeable medium. This resistance slowed down the
motion of the fluid and increased the velocity profile unlike the temperature and angular
velocity profiles, which decreased by a growth in Da.
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The impact of the micro-rotation parameter ݊ on the velocity, temperature and an-
gular velocity profiles of the hybrid nanofluid are submitted in Figure 7a–c, which indi-
cated that as ݊  increased, the velocity profile improved unlike the angular velocity, 
which decreased. It is clear from Figure 7b that the impact of ݊ was not important at all 
for the WIHG and IHG cases separately but by zooming the curves of the temperature 
profile it was noticed that it decreased as the micro-rotation parameter ݊ increased. 

Figure 8a–c show the effect of the thermal radiation parameter ܴ݀ on the velocity, 
temperature and angular velocity profiles of the hybrid nanofluid. It was clear that the 
micropolar fluid velocity and temperature profiles improved with the growing values of 
the thermal radiation parameter while the angular velocity profiles decreased. It was con-
firmed that the micropolar model was applicable to a small geometrical dimension of the 
flow especially in the existence of thermal radiation effects. Physically, it confirmed the 
idea that the radiation process created more heat. 

Figure 5. The effect of the Darcy number Da on the (a) velocity profile, (b) temperature profile and (c) angular velocity
profile for R = 0.5, M = 2, λ = 0.5, c = 1, B = 0.2, φ1 = φ2 = 0.05, Rd = 1, n = 0.5, fw = 0.5.

Figure 6a–c are illustrated to show the effect of the magnetic parameter M on velocity,
temperature and angular velocity profiles, respectively. It was observed that both the
temperature and angular velocity profiles improved with the mounting values of the
magnetic parameter M unlike the velocity profile, which declined by increasing the
magnetic parameter. Physically, a raise in the magnetic parameter M created a higher drag
power (Lorentz force) that transformed some kinetic energy into thermal energy.
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Figure 6. The effect of the magnetic parameter M on the (a) velocity profile, (b) temperature profile and (c) angular velocity
profile for R = 0.5, λ = 0.5, c = 1, B = 0.2, φ1 = φ2 = 0.05, Da = 10, Rd = 2, n = 0.5, fw = 0.5.

The impact of the micro-rotation parameter n on the velocity, temperature and angular
velocity profiles of the hybrid nanofluid are submitted in Figure 7a–c, which indicated that
as n increased, the velocity profile improved unlike the angular velocity, which decreased.
It is clear from Figure 7b that the impact of n was not important at all for the WIHG and
IHG cases separately but by zooming the curves of the temperature profile it was noticed
that it decreased as the micro-rotation parameter n increased.
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Finally, the effect of the volume fraction parameter ߶ on the velocity, temperature 
and angular velocity profiles of the hybrid nanofluid are shown in Figure 9a–c. These plots 
indicated that the velocity profile decreased as the volume fraction parameter ߶ raised 
unlike the temperature and angular velocity. The Figure makes it very clear that a hybrid 
nanofluid (Al2O3 − Cu/water) had more thermal conductivity than pure water. Physi-
cally, inserting more and various nanoparticles provided energy, which raised the tem-
perature and stiffened the boundary layer of the thermal. This indicated that the nanopar-
ticles created warmth.   

Figure 7. The effect of the micro-rotation parameter n on the (a) velocity profile, (b) temperature profile and (c) angular
velocity profile for R = 0.5, M = 2, λ = 0.5, c = 0, B = 0.2, Φ1 = φ2 = 0.05, Da = 1, Rd = 1, fw = 0.5.

Figure 8a–c show the effect of the thermal radiation parameter Rd on the velocity,
temperature and angular velocity profiles of the hybrid nanofluid. It was clear that the
micropolar fluid velocity and temperature profiles improved with the growing values
of the thermal radiation parameter while the angular velocity profiles decreased. It was
confirmed that the micropolar model was applicable to a small geometrical dimension of
the flow especially in the existence of thermal radiation effects. Physically, it confirmed the
idea that the radiation process created more heat.
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Figure 8. The effect of the radiation parameter Rd on the (a) velocity profile, (b) temperature profile and (c) angular velocity
profile for R = 0.5, M = 2, λ = 0.5, c = 0, B = 0.2, Φ1 = φ2 = 0.05, Da = 10, fw = 0.5, n = 0.5.

Finally, the effect of the volume fraction parameter φ on the velocity, temperature
and angular velocity profiles of the hybrid nanofluid are shown in Figure 9a–c. These
plots indicated that the velocity profile decreased as the volume fraction parameter φ
raised unlike the temperature and angular velocity. The Figure makes it very clear that a
hybrid nanofluid (Al2O3 −Cu/water) had more thermal conductivity than pure water.
Physically, inserting more and various nanoparticles provided energy, which raised the
temperature and stiffened the boundary layer of the thermal. This indicated that the
nanoparticles created warmth.
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Figure 9. The effect of the nanoparticle volume friction parameter φ on the (a) velocity profile, (b) temperature profile and
(c) angular velocity profile for R = 0.5, M = 2, λ = 0.5, c = 0, B = 0.2, Da = (10), RD = 1, n = 0.5, f w = 0.5.

Table 3 provides the numerical estimate of the skin friction coefficient 4
(

Grx
4

) 1
4 C f and

the Nusselt number
(

Grx
4

)−1
4 Nux for several values of R, M n, fw, Rd, φ and Da. It was

illustrated that an upsurge in values of the micropolar parameter R encouraged the vortex
viscosity of the nanofluid flow, which dropped opposition to rotate the hybrid nanofluid
that resulted in reducing the skin friction coefficient and heat transference rate with the IHG
and WIHG cases. Moreover, it was reported that the skin friction coefficient improved and
the Nusselt number declined by swelling the values of the nanoparticle volume fraction φ.
This happened because greater values of φ yielded a great energy transport through the
flow associated with the irregular motion of the nanoparticles and hence produced a slight
enhancement in the shear stress with the IHG and WIHG cases and a reduction in the heat
transference rate with the IHG and WIHG cases. Furthermore, it was experiential that both
the skin friction coefficient and the Nusselt number reduced significantly by strengthening
the magnetic parameter M. As explored above, this reduction was due to the effect of the
Lorentz force. The Lorentz force worked versus the tendency of the flow and consequently
yielded a resistance to the flow; this diminution caused a reduction in the skin friction
parameter and the Nusselt number. It was also found that a rise in the Darcy number
(boosting the porosity of porous media) caused an increase in skin friction and the Nusselt
number. By taking several values of the micro-rotation parameter n, it was observed that
the growth in n resulted in an enhancement in the Nusselt number and a reduction in the
skin friction coefficient with the IHG and WIHG cases. Moreover, it was elucidated that
both skin friction and the Nusselt number were promoted with the increment in the Rd.
The reason for this tendency could be elucidated as follows: a larger Rd produced greater
values of temperature at the plate surface. The radiation also worked as a heat exporter
and then this heat magnitude, added to the liquid, grew, which resulted in an increment in
the heat transference. However, it was demonstrated that the skin friction was always the
lowest and the Nusselt number was the highest as the suction parameter increased with
the IHG and WIHG cases. This meant that the suction procedure was an effective tool to
control the flow dynamics and heat transfer rate.
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Table 3. Skin friction coefficient and the Nusselt number for various values of R, M, n, fw, Rd, φ

and Da at λ = 0.5, B = 0.1.

1 M n fw Rd φ Da 4( Grx
4 )

1
4 Cf ( Grx

4 )
−1
4 Nux

IHG WIHG IHG WIHG

0 2 0.5 0.5 1 0.1 1 0.7237 0.6433 −0.4505 0.4179

0.5 0.6788 0.5996 −0.4807 0.3956

1 0.6438 0.5664 −0.5061 0.3772

0.5 0 0.5 0.5 1 0.1 1 0.9542 0.8401 −0.3963 0.4589

2 0.6788 0.5996 −0.4807 0.3956

6 0.4395 0.3950 −0.5761 0.3289

0.5 2 0 0.5 1 0.1 1 0.7313 0.6460 −0.4833 0.3932

0.5 0.6788 0.5996 −0.4807 0.3956

1 0.6070 0.5362 −0.4771 0.3988

0.5 2 0.5 0 1 0.1 1 0.4023 0.3646 −0.5544 0.2980

0.25 0.5314 0.4756 −0.5194 0.3450

0.5 0.6788 0.5996 −0.4807 0.3956

0.5 2 0.5 0.5 1 0.1 1 0.6788 0.5996 −0.4807 0.3956

2 0.6686 0.6139 −0.4250 0.4687

3 0.6639 0.6219 −0.3737 0.5314

0.5 2 0.5 0.5 1 0.05 1 0.6760 0.5948 −0.4698 0.3998

0.1 0.6788 0.5996 −0.4807 0.3956

0.15 0.6797 0.6010 −0.4925 0.3903

0.5 2 0.5 0.5 1 0.1 1 0.6788 0.5996 −0.4807 0.3956

20 0.9187 0.8087 −0.4060 0.4514

100 0.9325 0.8208 −0.4022 0.4543

5. Conclusions

This numerical simulation reflected the magneto-natural convection flow of a microp-
olar hybrid nanoliquid past an orthogonal radiative plate statured in a porous medium.
The base fluid was taken as water while the micropolar hybrid nanofluid was considered to
be copper combined with alumina nanoparticles. Non-dimensional factors were exploited
to transmute the governing PDEs into ordinary ones. The transmuted model subject to
analogous BCs was then solved numerically with the help of the ACDQM. The influences
of the prominent parameters on velocity, angular velocity and temperature fields as well as
the skin friction coefficient and the Nusselt number were visualized and analyzed through
graphs and tabular forms. The main achieved results were as follows:

- As the micropolar parameter boosted the skin friction coefficient, the Nusselt number
diminished with the IHG and WIHG cases.

- Both the skin friction coefficient and the Nusselt number magnified with upsurging
in the Darcy number whilst the opposite impact occurred with the growth in the
micro-rotation parameter.

- The thermal radiation parameter contributed to ensuing that the skin friction coeffi-
cients and heat transport rates were ever-growing.

- The skin friction coefficient improved and the Nusselt number declined by swelling
the values of the nanoparticle volume fraction.

- Both the skin friction coefficient and the Nusselt number declined significantly by
strengthening the magnetic force.
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- A growth in the suction parameter yielded a sufficient enhancement in the Nusselt
number and the skin friction coefficient with the IHG and WIHG cases.
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Nomenclature

B0 Magnetic field strength
cp Heat capacity
Da Darcy number
g Dimensionless angular velocity
g∗ Gravity
Gr Grashof number
j Density of micro-inertia
K Permeability
M Magnetic parameter
N Dimensional angular velocity
n Micro-rotation parameter
Pr Prandtl number
qr Radiation heat flux
q′′′ Heat generation
R Micropolar parameter
Rd Radiation parameter
T Dimensional temperature
(u, v) Velocity components
(x, y) Dimensional coordinates
Greek symbols
ρ Density of the fluid
γ Viscosity of spin gradient
σ* Stefan–Boltzmann constant
κ* Coefficients of mean absorption
φ Solid volume fraction
σ Coefficient conductivity for electricity
ψ Stream function
µ Effective dynamic viscosity
β Volumetric expansion coefficient
θ Dimensionless temperature
Subscripts
w Conditions at the surface
f Base fluid
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∞ Conditions in the free stream
n f Nanofluid
hn f Hybrid nanofluid
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