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Abstract: In the present study, the heat transfer and flow of water/FMWCNT (functionalized
multi-walled carbon nanotube) nanofluids over a flat plate was investigated using a finite volume
method. Simulations were performed for velocity ranging from 0.17 mm/s to 1.7 mm/s under laminar
regime and nanotube concentrations up to 0.2%. The 2-D governing equations were solved using
an in-house FORTRAN code. For a specific free stream velocity, the presented results showed that
increasing the weight percentage of nanotubes increased the Nusselt number. However, an increase in
the solid weight percentage had a negligible effect on the wall shear stress. The results also indicated
that increasing the free stream velocity for all cases leads to thinner boundary layer thickness,
while increasing the FMWCNT concentration causes an increase in the boundary layer thickness.
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1. Introduction

Heat transfer fluids (HTFs) with enhanced thermal performance have attracted considerable
attention in a wide range of industries including vehicle manufacturing, transportation, electronics
and air conditioning. Effective thermal management techniques are needed for cooling various kinds
of high heat flux devices. Common HTFs such as water, ethylene glycol, and industrial oils have
limited heat transfer abilities because of their low thermal conductivity. In contrast, metals have
significantly higher thermal conductivities [1]. Hence, it is of considerable interest to develop and use
suspensions as heat transfer fluids which flow readily but have an enhanced thermal conductivity
close to metals [2]. Before the advancement of manufacture techniques for synthesis of nano-sized
particles, some studies were performed on the effects of adding millimeter- or micrometer-sized
particles to a base fluid [3]. Though inclusion of these types of particles generated fluids with enhanced
thermal conductivity, they caused other issues like sedimentation, producing large pressure drops,
clogging flow passages, and creating premature wear on duct walls and components [4]. Because
nano-sized particles are extremely small, approaching the size of large molecules in their lower limit,
their gravitational sedimentation is negligible and the potential for causing clogging and/or wear is
very low [5]. Thus, nanofluids are inherently superior HTFs compared to the microfluids [6].
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In recent years, most studies have been focused on determining the thermal conductivity of
nanofluids and not much attention has been given to finding the heat transfer coefficient for convective
heat transfer of nanofluids [7]. Recently, studies of forced convection of nanofluids over a flat plate
were reported in the literature [8–11]. In these works, typically the method of similarity solution
was used. In the present study, laminar forced convection over a horizontal flat was analyzed using
the full momentum (Navier-Stokes) equation. The influences of inlet velocity and solid volume
concentration as well as variable thermophysical properties of nanotubes on the flow and thermal
field were studied. For this purpose, the experimental data from the literature were extracted and
curve fittings were done on the data to find the appropriate thermophysical properties equations for
the nanofluid. Special attention was given to the laminar forced convection of nanofluids made of
suspension of functionalized multi-walled carbon nanotube (FMWCNT) in water with different weight
percentages. The variations of velocity, temperature, wall shear stress as well as the Nusselt number
along the plate were also evaluated and discussed. The effect of buoyancy effect was slowly included
but was found to be small. The result of the present study may find applications for coolant fluids in
solar collectors and electronic devices [12].

2. Governing Equations for Nanofluids Heat Transfer

To simulate laminar forced convection of nanofluid over a flat plate, the coupled continuity, X and
Y momentum and energy equations are solved. The corresponding governing equations are given
as [13–15]:
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where u, v are component of velocity vectors, T is the temperature, P is pressure, ρ is the fluid density,
µ is the effective viscosity of nanofuid, Cp is the heat capacity, β is the coefficient of thermal expansion,
and k is the effective heat conductivity of nanofluid.

The local Nusselt number and the heat transfer coefficient along the wall can be obtained from
the following relation [16],

Nux =
knf
kbf

(
∂T
∂Y

)
Y=0

(4)

3. Nanofluid Properties

The thermophysical properties of water/functionalized multi-walled carbon nanotube
(FMWCNT) nanofluids were experimentally evaluated by Amrollahi, et al. [17], a summary of which
is reported in Table 1. These values were used in the present investigation. Two regressions on the
experimental data for evaluating the effective thermal conductivity and effective viscosity of the
nanofluid were performed. Accordingly, for 0 wt. % ≤ φ ≤ 0.25 wt. % and 20 ◦C ≤ T ≤ 33 ◦C,

µ = 0.00139 + (0.000189φ) + (−1.80 × 10−5T) (5)

k = 0.55633 + (0.453111φ) + (6.61 × 10−5T2) (6)

For solid weight percentage, less than 0.25 wt. %, the measured heat capacity of nanofluids was
found to be the same as that of water [17].
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Table 1. Experimental data of thermophysical properties of the base fluid and nanofluids [17,18].

Wt. %
FMWCNT/Water

Density
(kg·m−3)

Viscosity (kg·m−1·s−1) Thermal Conductivity (W·m−1·K−1)

20 ◦C 27 ◦C 33 ◦C 20 ◦C 27 ◦C 33 ◦C

0 995.8 (26.6 ◦C) 0.000980 0.000860 0.000765 0.59 0.61 0.62
0.1 1003 (23.4 ◦C) 0.000998 0.000881 0.000781 0.62 0.64 0.66
0.2 1006 (23.1 ◦C) 0.00103 0.000901 0.000790 0.67 0.69 0.71

4. Boundary Conditions

Figure 1 illustrates the schematic drawing of the nanofluid flow over the flat plate which is
analyzed in the present study. On surface of the plate, no-slip boundary conditions were used.
The effect of buoyancy force was also included in the analysis. The gauge pressure was set as the
boundary condition of upper and right sides of the flow domain. This boundary condition lead to
more accurate results, but makes the solution convergence harder and more time consuming [19].
The plate has been considered sufficiently wide to avoid any variation in flow properties in spanwise
direction. The inlet fluid temperature and plate temperature were fixed, respectively, at 293 K and 306 K.
The velocity of the HTF was varied from 0.00017 m/s to 0.0017 m/s. Simulations were performed for
a mixture of distilled water and FMWCNT with different weight percentages.
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5. Numerical Procedure

In the present study, an in-house FORTRAN code based on Finite Volume Method [20] was
developed and used to solve the governing equations. The finite volume method is a specific case of
the residual weighting method. In this approach, the computational field is divided into a number
of control volumes in such a way that each computational node is surrounded by a control volume
and the control volumes have no common parts. Then, the governing equations are integrated over
each control volume. The results are discretization equations that are used in the simulation. Finally,
a line by line tridiagonal matrix algorithm (TDMA) method is utilized to solve the discretized algebraic
governing equations over the solution domain. The main advantage of this method is high accuracy
even when a relatively low number of nodes are used. Additional details of this computational method
were reported in [21,22].

All the equation terms were discretized by the method of second order upwind [15], and the
pressure and velocity equations were coupled using the SIMPLE algorithm [23]. The convergence of
solution was achieved when the residuals of all the equations fell below 10−6 [24].

6. Validation

In order to verify the accuracy of present simulations, the computational model predictions for
the laminar flow of pure water for range of velocity 0.00017 ≤ U ≤ 0.0017 m/s over a flat plate were
compared with the exact solution. Here the range of Reynolds number was 172.74 ≤ Re ≤ 1727.41.
For different inlet velocities, the computed local wall shear stresses and Nusselt numbers at the end of
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the plate are evaluated and the results are listed in Table 2. The prediction of the exact solutions in the
absence of natural convection are given as [25]:

C f ,x =
0.664√

Rex
(7)

τw(x) = 0.5C f ,xρU2
∞ (8)

Nu = 0.332Pr
1
3 Re

1
2
x (9)

Table 2. Comparison of predicted wall shear stress with the exact solution.

U (m/s)
Exact Solution Present Study

Cf τ (Pa) Nu τ (Pa) Nu

0.00017 0.051 7.37 × 10−7 8.326 7.79 × 10−7 8.798
0.001 0.021 1.05 × 10−5 20.193 1.12 × 10−5 21.538

0.0017 0.016 2.30 × 10−5 26.328 2.45 × 10−5 27.998

From Table 2, it is seen that the present numerical results are in reasonable agreement with the
results of exact solution with an error of about 6.5%. Therefore, the current numerical procedure can
be used for simulating the laminar flow of nanofluids at low solid concentration over a flat plate.

7. Grid Independence

A non-uniform, structured grid was used for the discretization of the studied domain. A greater
number of grids were used near the inlet, outlet, and walls, where thermofluidic gradients were high.
Different mesh distributions were studied to assure that the solution is mesh independent. Table 3
shows the predicted local friction coefficient for different grid sizes. It is seen that, for grids larger than
110 × 55, the variation in the coefficient of friction is negligibly small. Therefore, the 110 × 55 grid was
used for all the subsequent studies.

Table 3. Grid independence tests for the present study: U = 0.001 m/s and distilled water.

Local Coefficient of Friction Number of Grids

0.02342 50 × 25
0.02286 75 × 40
0.02252 100 × 50
0.02249 110 × 55
0.02247 125 × 65
0.02245 150 × 75

8. Results and Discussion

Different solid weight percentages and three free stream velocities for flow over the flat plate were
used in the present simulations. The fluid flow and thermal field characteristics as well as Nusselt
number for water/FMWCNT nanofluid were also studied in details. Particular attention was given to
the effect of variations of nanotube weight percentage and free stream velocity on the convective heat
transfer properties.

Figure 2 illustrates the temperature profiles at X/L = 0.5, for different free stream velocities
and nanotube weight percentages. Figure 2b shows an enlarged section of the profile for clarity.
The presented results show that, for all cases, the temperature stays constant except in the thermal
boundary layer region, where the temperature changes from 306 K at the surface of the plate to
293 K. It is also seen that for all cases, the thermal boundary layer thickness increases as the weight
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percentages increases or velocity decreases. The effect of variation in the velocity, however, is much
larger than that of the changes in the solid concentration in the range of 0 to 0.2 wt. %. This is perhaps
because of the very small solid weight percentage used. The highest thermal boundary layer value
was seen at 0.2 wt. % and free stream velocity = 0.17 mm/s.
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Figures 3 and 4 show the effects of different values of free stream velocity and nanotube weight
percentage on the velocity variation and boundary layer formation. In Figure 3, the velocity profiles
across the vertical centreline of the flat plate at X/L = 0.5 are shown, while in Figure 4 the velocity
magnitude contours are plotted. For all free stream velocities, these figures demonstrate that velocity
shows a boundary layer type variation. The velocity increases with distance from the plate and
approaches the free stream velocity at the edge of boundary layer. The exact solution for the boundary
layer thickness for water is given by the Blasius solution [26] which is equal to δ = 5(νx/U)1/2. That is,
the boundary layer thickness decreases with the increase of free stream velocity and increases with
the increase of effective kinematic viscosity. These trends are observed from Figures 3 and 4 for the
nanofluids as well as water.
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Careful examination of Figure 3b shows that the velocity profile across the vertical centreline
of flat plate increases slightly as nanotube weight percentage increases. This is because the effective
viscosity of nanofluid increases with increase of the weight percentage of FMWCNT, and the velocity
profile becomes fuller. Similar observation can also be made from the contour plots presented in
Figure 4.
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Figure 5 shows the variations of wall shear stress for the range of studied parameters. For all
cases, the wall shear stress value is high at the flat plate leading edge and decreases towards the
outlet. The wall shear stress drops sharply in the beginning and continues to decrease with a much
lower slope at distance from leading edge. It can be seen from the figure that, for a given free stream
velocity, the wall shear stress values remain roughly the same for different solid weight percentages
with concentration less or equal to 0.2%. This is due to the fact that, by increasing the nanotube weight
percentage, the mixture viscosity increases. However, for low concentrations of FMWCNT, the increase
is very small. For a constant nanotube weight percentage, however, the wall shear stress increases
as the free stream velocity increases. The minimum and maximum of wall shear stress happen for
U = 0.00017 m/s and U = 0.0017 m/s, respectively.
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Figure 5. Wall shear stress variation along the flat plate.

The variation of Nusselt number along the flat plate for different cases is plotted in Figure 6. It is
seen that the Nusselt number starts from its maximum value at the inlet and decreases asymptotically
along the plate. The surface Nusselt number increases with free stream velocities and as the nanotube
weight percentage increases. The Nusselt number is quite large in the entrance region because the
boundary layer is thin and the temperature gradient is high near the wall.
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The temperature contours for different free stream velocities and nanotube weight percentages
are presented in Figure 7. The development of the thermal boundary layer can also be clearly seen
from this figure. As expected, the thermal boundary layer grows proportional to X1/2. It is also seen
that as the free stream velocity decreases or solid weight percentage increase, the thermal boundary
layer thickness increase. However, the variation of the thermal boundary layer thickness with changes
in the free stream velocities is more significant when compared with those for the nanotube weight
percentages for concentrations of less or equal 0.2 percent.
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(d) φ = 0.1 wt. % MWCNT, U = 0.0017 m/s; (e) φ = 0.2 wt. % MWCNT, U = 0.0017 m/s.

9. Conclusions

A numerical study of laminar forced convection heat transfer of water-based/functionalized
multi-walled carbon nanotube (FMWCNT) nanofluid over a flat plate was presented. The nanofluid
was simulated as a single-phase fluid mixture. The thermophysical properties of the nanofluid were
obtained from the available experimental data reported in the literature. Different solid weight
percentages and flow velocities were considered. The flow and temperature fields, as well as wall
shear stress and Nusselt number were evaluated and discussed.

The significant observations made on the present study are summarized as follows:

(1) The Nusselt number of a nanofluid is augmented by increasing the weight percentage of
nanotubes and the free stream velocity.

(2) For the range of concentration less than 0.2% FMWCNT, the effect of the nanotube weight
percentage on wall shear stress is insignificant.

(3) Under similar conditions, the boundary layer thickness increases as free stream velocity decreases
or particle volume fraction increases.
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It should be pointed out there has been applications of two-fluid mixture [27,28] and even
Eulerian-Lagrangian [29] models for analyzing nanofluids and accounting for the variation of the
nanotube concentration in the domain. However, applications of these approaches to FMWCNT/water
nanofluids are left for future studies.
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Nomenclature

T temperature (K)
k thermal conductivity (W·m−2·K−1)
t time (s)
P pressure (Pa)
Cp specific heat capacity (J·kg−1·K−1)
u, v Velocity components (m·s−1)
Greek Symbols
δ Boundary layer thickness (m)
ρ Density (kg·m−3)
µ Dynamic viscosity (Pa·s)
υ Kinematic viscosity (m2·s−1)
ϕ Weight percentage of nanotubes
Subscripts
Bf Base fluid
nf Nanofluid
∞ Infinity
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