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Abstract: The modeling of the viscous behavior of nanoemulsions and nanosuspensions is discussed.
The influences of the viscosity ratio, solvation and aggregation of nanodroplets and nanoparticles on
the relative viscosity of nanofluids are considered. The relative viscosity of a nanofluid is strongly
affected by solvation of nanoparticles. The scaling of the relative viscosity of nanoemulsions is
successfully carried out using the volume fraction of the solvated nanodroplets. Four sets of
experimental relative viscosity data of nanoemulsions consisting of different diameter nanodroplets
(27.5 nm–205 nm) all collapse on a single unique curve when the data are scaled on the basis of
the volume fraction of the solvated nanodroplets. A similar scaling is achieved using six sets of
experimental relative viscosity data on nanosuspensions consisting of different diameter nanoparticles
(29 nm–146 nm). A new modified version of the Oldroyd model is proposed to describe and predict
the viscosity of nanofluids. The model takes into consideration the influences of the viscosity ratio,
solvation and aggregation of nanoparticles/nanodroplets. The same model is applicable to both
nanoemulsions and nanosuspensions as it includes the effect of the viscosity ratio (ratio of droplet
viscosity to matrix viscosity) on the relative viscosity of nanofluids. More experimental work is
needed on nanoemulsions to explore the effect of the viscosity ratio, especially at low values of the
viscosity ratio.

Keywords: nanofluids; nanoparticles; nanodroplets; nanosuspensions; nanoemulsions; suspensions;
emulsions; viscosity

1. Introduction

Nanoemulsions and nanosuspensions, together referred to as nanofluids in this paper, are
engineered dispersions of nanometer-sized droplets and solid-particles in a base fluid (matrix) [1].
The nanodroplets and nanoparticles of nanofluids are usually sterically-stabilized by coating the
surface of the particles with surfactant or polymer molecules. Nanofluids are important from a practical
point of view [1–27]. They are considered to be highly efficient heat transfer fluids with applications in
power plants, motor engines, computer equipment, and many other industrial systems. In heat transfer
applications, the nanoparticles are usually solid particles composed of metals, oxides, or carbides.
The base fluids used are generally oil, water and ethylene glycol. The thermal conductivity, and hence
the heat transfer characteristics of fluids, are greatly enhanced by incorporation of nanoparticles in the
base fluid. Yang and co-workers [23–27] have recently demonstrated that nanoemulsions are equally
important as nanosuspensions in many heat transfer applications. Nanofluids are also important in
the formulation of paints, coatings, foods, and pharmaceuticals [2–4]. For example, a number of newly
discovered drugs have poor solubility in water and consequently have low bioavailability. To improve
the bioavailability of poorly soluble drugs, it is often necessary to administer the drug in the form
of nanosuspensions. Due to the small size of the nanoparticles, and hence large surface area, the
dissolution rate of the drug is increased significantly.
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Viscosity is one of the key thermophysical properties of nanoemulsions and nanosuspensions.
Knowledge of the viscosity is required for the design, selection, and operation of the equipment
involved in the formulation, handling, mixing, processing, storage, and pumping of nanoemulsions
and nanosuspensions.

In this article, modeling and scaling of the viscosity of nanoemulsions and nanosuspensions
is discussed taking into consideration the influences of solvation and aggregation of
nanodroplets/nanoparticles. The effect of the viscosity ratio, defined as the ratio of nanodroplet
viscosity to matrix viscosity, is also considered. A new modified-Oldroyd model is proposed for the
viscosity of concentrated nanofluids that is applicable to both nanoemulsions and nanosuspensions.
In order to validate the model, four sets of experimental data on the viscosity of nanoemulsions and
six sets of experimental data on the viscosity of nanosuspensions are considered.

2. Theoretical Background

2.1. Dilute Dispersions

The constitutive equation for a dilute dispersion of identical spherical particles is given as [28,29]:
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where
@
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D

is the bulk (average) stress tensor, xPy is the average pressure, δ is a unit tensor, ηm is the

matrix viscosity,
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E
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is the bulk rate of strain tensor, ϕ is the volume fraction of particles, R is the

particle radius, and S
0

is the dipole strength of a single spherical particle located in an infinite matrix

fluid. For a solid (rigid, non-porous) spherical particle, S
0

is given as:

S
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where E8 is the rate of strain tensor far away from the particle. For a dilute dispersion, the rate of
strain tensor E8 far away from the particles can be equated to the bulk or imposed rate of strain tensor
A

E
E

. Hence for a dilute dispersion of solid spherical particles, the following constitutive equation can
be obtained from Equations (1) and (2):
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To simplify the notation, the angular brackets < > can be dropped from Equation (3). Thus,

σ “ ´Pδ` 2ηm

ˆ

1`
5
2
ϕ

˙

E (4)

where σ is the bulk stress tensor of the dispersion and E is the imposed or bulk rate of strain tensor on
the dispersion.

The constitutive equation for a homogeneous incompressible Newtonian fluid possessing a shear
viscosity η is given as:

σ “ ´Pδ` 2ηE (5)

Upon comparison of Equations (4) and (5), the viscosity of a dilute dispersion of solid spherical
particles is as follows:

η “ ηm

ˆ

1`
5
2
ϕ

˙

(6)
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Equation (6) is the celebrated Einstein relation [30,31] for the viscosity of a dilute suspension of
spherical solid particles. The Einstein equation is generally valid for ϕ ă 0.02 [32].

The Einstein equation (Equation (6)) is restricted to dispersions of solid (rigid and non-porous)
spherical particles. It is not applicable to emulsions, that is, dispersions of liquid droplets. The dipole

strength of droplets S
0

depends on the viscosity ratio λ, defined as the ratio of droplet viscosity to

matrix viscosity. Assuming deformation of droplets to be negligible, the force dipole strength S
0

of a
single droplet is given as:

S
o
“

4
3
πR3ηm

„

2` 5λ
1` λ



E8 (7)

As noted earlier, the rate of strain tensor far away from the particles (E8) can be equated to
the bulk or imposed rate of strain tensor

A

E
E

in the case of a dilute dispersion. Hence for a dilute
emulsion, the rheological constitutive equation (Equation (1)) can be expressed as:
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To simplify the notation, the angular brackets xy are dropped from Equation (8) so that:

σ “ ´Pδ` 2ηm

„

1`
2` 5λ

2p1` λq
ϕ



E (9)

Comparing Equation (9) with the constitutive equation for a homogeneous incompressible
Newtonian fluid possessing a shear viscosity η, that is, Equation (5), the following expression
is obtained:

η “ ηm

„

1`
2` 5λ

2p1` λq
ϕ



(10)

Equation (10) is the celebrated Taylor equation [33] for the viscosity of a dilute emulsion of
spherical droplets. It is generally valid for ϕ ă 0.02. In the limit λÑ8 , the Taylor equation reduces
to the Einstein equation.

2.2. Non-Dilute Dispersions

The Einstein and Taylor viscosity equations are limited to infinitely dilute dispersions. They are
developed on the basis of a single-particle mechanics. They do not account for any interaction between
the droplets/particles. Many empirical and semi-empirical expressions have been published in the
literature to relate the viscosity of non-dilute dispersions to the volume fraction of particles [34].
Here, we discuss the ones which appear frequently in the literature.

Saito [35] extended the Einstein theory to non-dilute suspensions of solid spherical particles by
taking into account the hydrodynamic interactions between uncorrelated particles. The following
equation was derived for the viscosity of non-dilute suspensions:

ηr “
η

ηm
“ 1`

5
2

„

ϕ

1´ϕ



(11)

where ηr is the relative viscosity of dispersion, defined as the ratio of dispersion viscosity to matrix
viscosity. Equation (11) could be re-cast as:

ηr “

«

1` 3
2ϕ

1´ϕ

ff

(12)

This equation is expected to be valid for moderately concentrated suspensions with ϕ no more
than 0.20 as it does not consider the packing and jamming of particles at high concentrations.
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Batchelor and Green [36] calculated the average stress in suspensions with two-particle
hydrodynamic interactions. They developed the following expression for the relative viscosity by
assuming a random particle distribution and neglecting Brownian motion:

ηr “

ˆ

1`
5
2
ϕ` 5.2ϕ2

˙

(13)

Batchelor [37] considered the influence of Brownian motion on the average stress. Brownian motion
contributes to average stress in two ways: direct contribution and indirect contribution. The direct
contribution of Brownian motion comes from the stress generated in the fluid by particles moving
solely under the influence of the Brownian force. The indirect contribution comes from the modification
of the particle distribution function by Brownian motion. The following expression was developed by
Batchelor [37] for the relative viscosity of suspension under the influence of Brownian motion at low
Peclet number:

ηr “

ˆ

1`
5
2
ϕ` 6.2ϕ2

˙

(14)

Equations (13) and (14) are generally valid up to a particle concentration of about 0.1 to 0.15 [32].
Roscoe [38] and Brinkman [39] independently utilized the effective medium approach to

develop an equation for the viscosity of concentrated suspensions of solid spherical particles.
The Roscoe-Brinkman equation is given as:

ηr “ p1´ϕq
´2.5 (15)

This equation reduces to the Einstein equation in the limit of ϕÑ 0 . The Roscoe-Brinkman
equation is valid for moderately concentrated suspensions (ϕ ă 0.20). At high concentrations of
particles, the Roscoe-Brinkman equation is expected to under predict the suspension viscosity as it
does not take into account the packing difficulty of particles.

Mooney [40] developed a viscosity equation for suspensions of solid spherical particles using
functional analysis and taking into consideration the crowding effect of particles. The Mooney equation
is given as:

ηr “ exp

˜

2.5ϕ
1´ ϕ

ϕm

¸

(16)

where ϕm is the maximum packing volume fraction of particles. The Mooney equation is valid over
the ϕ range of 0 ă ϕ ă ϕm.

According to Krieger and Dougherty [41], the Mooney equation overcorrects the influence of
crowding effect on the viscosity of suspensions. They developed the following equation for the
viscosity of suspensions of solid spherical particles:

ηr “

ˆ

1´
ϕ

ϕm

˙´2.5ϕm

(17)

The Krieger and Dougherty equation is quite popular in the suspension literature. It reduces to
the Einstein equation in the limit ϕÑ 0 . It is valid over the ϕ range of 0 ă ϕ ă ϕm.

Pal [19] has recently proposed the following equation for the viscosity of nanofluids composed of
solid nanoparticles:

ηr “

"

1´
„

1`
ˆ

1´ϕm

ϕ2
m

˙

ϕs



ϕs

*´2.5
(18)

where ϕs is the volume fraction of the solvated nanoparticles. In the limit of ϕm Ñ 1 and ϕs Ñ ϕ

(no solvation of particles), Equation (18) reduces to the Roscoe-Brinkman model, Equation (15).
This equation is valid over the ϕ range of 0 ă ϕ ă ϕm.
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The viscosity equations discussed thus far in this section are restricted to suspensions of solid
(rigid and non-porous) particles. They can be applied to emulsions only under the condition of infinite
viscosity ratio, that is, λÑ8 . When λÑ8 , the liquid droplets behave as rigid spherical particles.

Oldroyd [42] developed the following equation for the viscosity of moderately concentrated
emulsions using an effective medium approach:

ηr “

„

10pλ` 1q ` 3ϕ p5λ` 2q
10pλ` 1q ´ 2ϕ p5λ` 2q



(19)

In the limit ϕÑ 0 , this equation reduces to the Taylor equation (Equation (10)). Interestingly,
this equation also reduces to the Saito expression (Equation (12)) in the limit λÑ8 . Like the Saito
equation, the Oldroyd model is expected to be valid for moderately concentrated emulsions and
suspensions with ϕ no more than 0.20.

Using the differential effective medium approach similar to that used by Roscoe [38] and
Brinkman [39], and taking into consideration the crowding effect of droplets, Pal [43] derived the
following expressions for the relative viscosity of concentrated emulsions:

ηr

„

2ηr ` 5λ
2` 5λ

3{2
“ exp

„

2.5ϕ
1´ pϕ{ϕmq



(20)

ηr

„

2ηr ` 5λ
2` 5λ

3{2
“

ˆ

1´
ϕ

ϕm

˙´2.5ϕm

(21)

In the limit λÑ8 , Equation (20) reduces to the Mooney equation for the viscosity of suspensions
of solid particles, that is, Equation (16) whereas Equation (21) reduces to the Krieger and Dougherty
equation (Equation (17)). Equations (20) and (21) are valid over the ϕ range of 0 ă ϕ ă ϕm.
One drawback of these models is that they are not explicit in ηr and hence require numerical solutions
to estimate the relative viscosity of emulsion.

3. New Viscosity Model for Concentrated Nanoemulsions and Nanosuspensions

Among the non-dilute viscosity models for suspensions and emulsions discussed in the preceding
section, the one which is applicable to both emulsions and suspensions and which is explicit in nature
in that the viscosity can be calculated directly without resorting to any numerical technique, is the
Oldroyd model (Equation (19)). The Oldroyd model could be re-cast as:

ηr “

»

–

1` 3
2ϕ

´

2`5λ
5`5λ

¯

1´ϕ
´

2`5λ
5`5λ

¯

fi

fl (22)

Despite the simplicity, the Oldroyd model in its current form (Equation (22)) does a poor
job in predicting the viscosity of nanoemulsions and nanosuspensions. For example, Figure 1
compares the predictions of the Oldroyd model with the experimental viscosity data on oil-in-water
nanoemulsions [44] with oil-to-matrix viscosity ratio of 39. Clearly, the model severely under predicts
the viscosity of nanoemulsions.
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Figure 1. Comparison of experimental viscosity data for nanoemulsions [44] with the predictions of
the Oldroyd model.

A similar behavior (see Figure 2) is observed for nanosuspensions in that the model severely
under predicts the viscosity of Al2O3 nanosuspensions [14]. The reason for the poor predictability
of the nanofluid viscosity by the Oldroyd model is that this model does not consider solvation and
aggregation of nanoparticles/nanodroplets. Due to the small size of nanoparticles or nanodroplets,
the influence of solvation films present on the surfaces of the particles could not be neglected. It is
a well-known fact that lyophilic surfaces are solvated [45], that is, they are coated with thin films of
the matrix fluid. Due to the strong attractive interactions between the dispersion medium (matrix)
molecules and the particle surfaces, the solvation films become a part of the particles and the particles
behave as swollen particles.

The volume fraction of the solvated or swollen particles/droplets is expected to be significantly
larger than the actual volume fraction of particles, as expected from the following relation [46]:

ϕs “ ϕ

„

1`
δ

R

3
(23)

where ϕs is the volume fraction of solvated particles/droplets, ϕ is the actual volume of particles,
δ is the thickness of the solvated layer, and R is the radius of the particle. With the decrease in the
particle radius R, keeping the solvation thickness δ and the actual volume fraction ϕ constant, the
volume fraction of the solvated particles increases. Thus the effect of the solvation layers cannot
be neglected in dispersions with nanometer-sized particles and droplets. It should be noted that
the thickness of the solvation layer also depends on the presence of surfactant and/or polymer
molecules at the surface of the particles. The other phenomenon, which is not considered in the
Oldroyd model but plays an important role in concentrated dispersions of nanometer-sized particles
and droplets is the clustering/aggregation of particles [47,48]. The nanoparticles come in contact
with each other due to Brownian motion and form aggregates. At low concentration of nanoparticles,
the aggregates mainly consist of doublets. With further increase in nanoparticle concentration, the
size of the aggregates tends to grow progressively from doublets to triplets, from triplets to quartets,
from quartets to quintets, and so on. A significant amount of the matrix fluid is immobilized when
aggregates are formed. Due to immobilization of the matrix fluid within the aggregates, the effective
volume fraction of dispersed-phase is much higher than the volume fraction of solvated nanoparticles
alone without aggregation.
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the Oldroyd model.

In order to take into account the solvation and aggregation of nanoparticles/nanodroplets, an
effective volume fraction of the dispersed-phase (ϕe f f ) is defined as:

ϕe f f “ kϕs “ kksϕ (24)

where ϕs is the volume fraction of the solvated nanoparticles, ϕ is the actual volume fraction of
the un-solvated particles, k is the aggregation coefficient defined as the ratio of ϕe f f to ϕs, and ks

is the solvation coefficient defined as the ratio of ϕs to ϕ. It is this effective volume fraction of
nanoparticles/nanodroplets that is incorporated into the Oldroyd model. Thus the following modified
form of the Oldroyd model is proposed for the viscosity of nanosuspensions and nanoemulsions:

ηr “

»

–

1` 3
2ϕe f f

´

2`5λ
5`5λ

¯

1´ϕe f f

´

2`5λ
5`5λ

¯

fi

fl (25)

where ϕe f f is given by Equation (24).
It should be noted that nanofluids generally exhibit non-Newtonian shear-thinning behaviour [19]

due to competition between hydrodynamic and Brownian forces. The Brownian force tends to
randomize the position of the particles resulting in clustering of particles whereas the hydrodynamic
force tends to destroy the clusters resulting in ordering of particles into layers. Consequently the
relative viscosity depends on the shear rate. The proposed model, Equation (25), is restricted to low
shear rates (low Peclet numbers). For nanoemulsions, the capillary number is also assumed to be small.

Estimation of the Solvation and Aggregation Coefficients

The solvation coefficient ks can be determined from the viscosity data of a nanofluid
(nanosuspension or nanoemulsion) measured in the low concentration range of nanoparticles. At low
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concentrations of nanoparticles/nanodroplets, the following modified form of the Taylor equation
could be applied:

ηr “ 1`
ˆ

2` 5λ
2` 2λ

˙

ϕs “ 1`
ˆ

2` 5λ
2` 2λ

˙

pksϕq (26)

The intrinsic viscosity [η] of a nanofluid is defined as:

rηs “ LimϕÑ0

ˆ

ηr ´ 1
ϕ

˙

(27)

From Equations (26) and (27), it follows that the intrinsic viscosity of a nanofluid is given as:

rηs “

ˆ

2` 5λ
2` 2λ

˙

ks “

ˆ

2` 5λ
2` 2λ

˙ˆ

1`
δ

R

˙3
(28)

Thus the solvation coefficient ks, and hence δ{R, can be determined from the knowledge of the
intrinsic viscosity [η] of a nanofluid and the viscosity ratio λ. The intrinsic viscosity of a nanofluid can
be determined from either the slope of ηr versus ϕ plot as ϕÑ 0 or from the slope of 1{ηr versus ϕ
plot as ϕÑ 0 . Note that the modified Taylor equation (Equation (26)) could be re-written as:

1
ηr
“

1
1` rηsϕ

“ p1` rηsϕq´1
“ 1´ rηsϕ` . . . . . . . . (29)

Thus, the slope of 1{ηr versus ϕ data in the limit of ϕÑ 0 is –[η].
As a first approximation, the viscosity ratio λ for nanoemulsions was taken to be the ratio of

un-solvated droplet viscosity to matrix viscosity to estimate δ{R from Equation (28). Strictly speaking,
λ is the ratio of effective viscosity of composite droplet (core + solvation layer) to matrix viscosity.
The calculation of λ was therefore refined as follows using the well-known Voigt rule of mixtures [28]
for the effective viscosity of the composite droplets:

λ “ λo `ϕSLp1´ λoq (30)

where λo is the ratio of core viscosity (un-solvated droplet viscosity) to matrix viscosity, and ϕSL is the
volume fraction of solvated layer in the composite droplet given as:

ϕSL “ 1´ p1` δ{Rq´3 (31)

From Equations (28), (30), and (31), it readily follows that:

rηs “

2` 5λo ` 5 p1´ λoq

ˆ

1´
´

1` δ
R

¯´3
˙

2` 2λo ` 2 p1´ λoq

ˆ

1´
´

1` δ
R

¯´3
˙

ˆ

1`
δ

R

˙3
(32)

In this equation, the only unknown is the δ{R as rηs is known through measurements. Thus the
value of the relative thickness of the solvation layer, δ{R, could be obtained directly from Equation (32).
Alternatively, one can use an iterative procedure to estimate δ{R as follows: Estimate δ{R from
Equation (28) using λ “ λo, calculate ϕSL from Equation (31), calculate improved values of λ and δ{R
from Equations (30) and (28), respectively. Repeat the calculations until convergence.

The aggregation coefficient k is expected to increase with the increase in the concentration of the
solvated nanoparticles/nanodroplets due to the growth of the aggregates. Thus:

k “ kpϕsq (33)
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We have explored different forms of the above relationship between k andϕs and have determined
the form which best represents the experimental data on the viscosity of nanosuspensions and
nanoemulsions. The relationship between k and ϕs is required to fulfil the following condition:
when ϕs Ñ ϕm , ϕe f f “ 1 and consequently k “ 1{ϕm where ϕm is the maximum packing volume
fraction of nanoparticles. The various forms of Equation (33) explored in this work are as follows:

k “
ϕe f f

ϕs
“

1
ϕm

(34)

k “
ϕe f f

ϕs
“ 1`

„

1´ϕm

ϕ2
m



ϕs (35)

k “
ϕe f f

ϕs
“ 1`

ˆ

1´ϕm

ϕm

˙

»

–

d

1´
ˆ

ϕm ´ϕs

ϕm

˙2
fi

flϕs (36)

k “
ϕe f f

ϕs
“

1
1´ cϕs

where c “
1´ϕm

ϕm
(37)

k “
ϕe f f

ϕs
“

1
ϕs

„

1´ exp
ˆ

´
ϕs

1´ pϕs{ϕmq

˙

(38)

Equation (34) assumes the aggregation coefficient k to be constant, independent of the volume
fraction of the solvated nanoparticles. All other expressions (Equations (35)–(38)) follow the constraints
that: k Ñ 1 when ϕs Ñ 0 and k Ñ 1{ϕm when ϕs Ñ ϕm . Equation (35) assumes a linear relationship
between k and ϕs. Equation (36) satisfies the additional constraint that dk{dϕs Ñ 0 when ϕs Ñ ϕm

and it was successfully applied by Pal [49] in describing the aggregation of asphaltene solutions.
The effective volume fraction ϕe f f defined by Equation (37), assuming no solvation of particles, was
referred to as “rheological concentration” by Rutgers [50] in his paper on large micron-sized particulate
suspensions. The effective volume fraction defined by Equation (38) in the absence of any solvation of
particles has been successfully used to describe the shear modulus of suspensions of large micron-sized
suspensions [51,52].

Figure 3 shows the plots of effective volume fractionϕe f f versus volume fraction of un-aggregated
solvated particlesϕs generated from Equations (34) to (38). As can be seen, the effective volume fraction
predicted by the equations falls well above the ϕe f f “ ϕs line. In the presence of any aggregation of
particles, it is expected that ϕe f f ą ϕs. The difference between ϕe f f and ϕs increases with the increase
in ϕs due to growth of aggregates. At high values of ϕs (ϕs ą 0.36), the predicted values of ϕe f f from
different equations can be placed in the following order: Equation (38) > Equation (34) > Equation (36)
> Equation (35) > Equation (37) > no aggregation line. However, at low values of ϕs (ϕs ă 0.36),
Equation (34) predicts the highest value of ϕe f f and the order of prediction is as follows: Equation (34)
> Equation (36) « Equation (38) > Equation (35) > Equation (37) > no aggregation line.
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4. Comparison of Model Predictions with Experimental Data and Discussion

Four sets of experimental data on the viscosity of nanoemulsions and six sets of experimental
data on the viscosity of nanosuspensions are considered to validate the model. The details of the
various nanofluids considered in this work are given in Table 1. In the case of the non-Newtonian
shear-thinning nanofluids, only the low (zero) shear-rate viscosity data are considered.

Table 1. Details of the nanofluids considered in the present work.

Set
No

Type of
Nanofluid

Type and Diameter of
un-Solvated Nanoparticles (nm)

Temperature
(˝C) Reference

1 nanoemulsion oil nanodroplets; 205 nm 20 Van der Waarden [44]
2 nanoemulsion oil nanodroplets; 102 nm 20 Van der Waarden [44]
3 nanoemulsion oil nanodroplets; 58.5 nm 20 Van der Waarden [44]
4 nanoemulsion oil nanodroplets; 27.5 nm 20 Van der Waarden [44]
5 nanosuspension Al2O3 ; 36 nm 22–25 Nguyen et al. [14]
6 nanosuspension Al2O3 ; 47 nm 22–25 Nguyen et al. [14]
7 nanosuspension CuO ; 29 nm 22–25 Nguyen et al. [18]
8 nanosuspension Poly(styrene) latex; 146 nm 20 Weiss et al. [53]
9 nanosuspension Polymer; 56 nm 20 Jones et al. [54]

10 nanosuspension Silica; 50 nm 20 Jones et al. [55]

Figures 4 and 5 show the experimental data for nanofluids in terms of relative viscosity versus
the actual volume fraction of nanoparticles without any consideration of solvation and aggregation of
nanoparticles. Figure 4 shows four sets of relative viscosity data for oil-in-water nanoemulsions [44]
with different droplet sizes. The droplet diameter varies from 205 nm (set 1) to 27.5 nm (set 4). With the
decrease in the droplet diameter, the relative viscosity increases sharply at any given volume fraction
of oil nanodroplets. Figure 5 shows six sets of data for nanosuspensions [14,18,53–55]. The type
and size of nanoparticles vary from one set to another. Clearly a very wide variation in relative
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viscosity is observed at any given volume fraction of nanoparticles, depending on the size and type
of nanoparticles.
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The intrinsic viscosity of a nanofluid is estimated from the viscosity data of dilute nanofluid
by plotting 1{ηr versus ϕ, where ϕ is the volume fraction of un-solvated nanoparticles. The slope of
1{ηr versus ϕ data in the limit of ϕÑ 0 is ´[η]. Figure 6 shows the typical plot of 1{ηr versus ϕ for
nanoemulsion with corresponding value of [η]. As expected, the plot of 1{ηr versus ϕ data is linear
in the limit of ϕÑ 0 . A similar behavior is observed (see Figure 7) in the case of nanosuspensions.
From the intrinsic viscosity values, the solvation coefficient, the thickness of the solvation layer, and
the volume fraction of solvated layer in a solvated droplet, are determined. The values of [η], ks, δ,
and ϕSL are summarized in Table 2.
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Table 2. Intrinsic viscosity, solvation coefficient, thickness of solvation layer, and ϕSL of the nanofluids.

Set
No

Type of Nanofluid
and Diameter (nm)

Intrinsic
Viscosity, [η]

Solvation
Coefficient, ks

Thickness of Solvation
Nanolayer, δ (nm)

Volume Fraction of
Solvated Layer in the
Solvated Droplet, ϕSL

1 Nanoemulsion (205) 2.65 1.077 2.58 0.072
2 Nanoemulsion (102) 3.05 1.243 3.83 0.195
3 Nanoemulsion (58.5) 3.8 1.555 4.64 0.357
4 Nanoemulsion (27.5) 4.9 2.018 3.63 0.504
5 Nanosuspension (36) 5.65 2.26 5.62 0.557
6 Nanosuspension (47) 10 4.0 13.80 0.75
7 Nanosuspension (29) 11 4.4 9.26 0.773
8 Nanosuspension (146) 3.9 1.56 11.66 0.359
9 Nanosuspension (56) 3.39 1.36 3.02 0.265
10 Nanosuspension (50) 2.5 1.0 «0 «0

4.1. Scaling of Relative Viscosity of Nanoemulsions and Nanosuspensions

The relative viscosity data of nanoemulsions shown in Figure 4 are re-plotted as ηr versus ϕs,
where ϕs is the volume fraction of solvated nanoparticles/nanodroplets given as: ϕs “ ksϕ. Figure 8
shows the four sets of data for nanoemulsions. The scaling of relative viscosity of nanoemulsions
on a ϕs basis is remarkable in that the data for different nanoemulsions covering a wide range of
nanodroplet sizes (see Figure 4) all fall on the same curve. Furthermore the data can be described
reasonably well by the modified Oldroyd model, Equation (25), in conjunction with the ϕe f f relation,
Equation (36), using a ϕm of 0.637. This ϕm value corresponds to random close packing of uniform
spheres. As the nanoemulsion droplets were spherical and nearly uniform in size [44], it is justified to
use a ϕm value of 0.637. The other ϕe f f relations (Equations (34), (35), (37) and (38)) were not as good
as Equation (36) in describing the experimental data.
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The six sets of relative viscosity data of nanosuspensions shown in Figure 5 are re-plotted as
ηr versus ϕs in Figure 9. The scaling of relative viscosity of nanosuspensions on a ϕs basis is also
remarkable if we compare Figures 5 and 9. The wide range of nanosuspension data shown in Figure 5
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is brought close to each other when plotted on a ϕs basis in Figure 9. Using a single ϕm value of
0.637 (random close packing of uniform spheres), the modified Oldroyd model proposed in this work
(Equation (25) in conjunction with ϕe f f relation Equation (36)) describes the data reasonably well.
The agreement between the model prediction and experimental data could be improved further by
allowing ϕm to vary somewhat from one set of data to another. It should be noted that ϕm is sensitive
to shape and size distribution of particles. In the case of nanosuspensions, the nanoparticles are not
exactly spherical and uniform in size. The shape and size distribution of nanoparticles are in all
likelihood not the same in different sets of nanosuspension data considered here. Figure 10 shows the
improved agreement between the data and the model predictions when the ϕm is allowed to vary
from one set to another. The relative viscosity in Figure 10 is plotted against the effective volume
fraction ϕe f f . The ϕm variation from one set to another is embedded in ϕe f f (see Equation (36)). The
ϕm values range from 0.54 to 0.74 (set 5: 0.58, set 6: 0.74, set 7: 0.58, set 8: 0.54; set 9: 0.637, set 10: 0.615).
The variation of ϕm from one set to another could be due to different structures of packing of particles
in the clusters. For example, it is well known that ϕm “ 0.52 for simple cubic-packing of spheres;
ϕm “ 0.58 for colloidal glassy state; ϕm “ 0.637 for random close packing of spheres; ϕm “ 0.68 for
body-centered cubic packing of spheres; and ϕm “ 0.74 for hexagonal close packing of spheres.
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4.2. Influence of Viscosity Ratio on the Relative Viscosity of Nanoemulsions

One important difference between nanoemulsions and nanosuspensions is the fluidic nature of
the dispersed-phase. In the case of nanoemulsions, the dispersed-phase consists of fluidic nanodroplets
whereas the dispersed-phase of nanosuspensions consists of solid and rigid nanoparticles. Only in the
limit of viscosity ratio λÑ8 , the nanodroplets could be considered as solid and rigid nanoparticles.
Thus, it is important to consider the effect of the viscosity ratio λ on the relative viscosity of nanofluids.
Figure 11 shows the relative viscosity versus viscosity ratio λ plots for nanoemulsions for different
values of the effective volume fraction ϕe f f . The plots are generated using the model Equation (25).
At any given ϕe f f , the plot of relative viscosity exhibits three distinct regions: (a) low-viscosity lower
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plateau region corresponding to λ ď 0.01 where the relative viscosity of the nanofluid is the lowest.
In this region, the nanofluid consists of nanobubbles as the dispersed-phase; (b) intermediate region
corresponding to 0.01 ď λ ď 1000 where the relative viscosity of a nanofluid rises rapidly with the
increase in the viscosity ratio. The nanoemulsions fall into this region; and (c) high-viscosity upper
plateau region corresponding to λ ě 1000 where the relative viscosity of the nanofluid is the highest.
In this region, the nanofluid is a nanosuspension consisting of solid and rigid nanoparticles as the
dispersed-phase. Finally note that the relative viscosity versus viscosity ratio plot shifts upward with
the increase in the effective volume fraction of the dispersed-phase indicating an increase in the relative
viscosity with the increase in the effective volume fraction of nanoparticles.
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5. Conclusions

Based on the analysis and discussion presented in this article, the following conclusions can
be made:

‚ The relative viscosity of a nanofluid is strongly affected by factors such as solvation and
aggregation of nanoparticles/nanodroplets. In the case of nanoemulsions, the additional factor
affecting the viscosity is the viscosity ratio (ratio of nanodroplet viscosity to base fluid viscosity).

‚ The relative viscosity data for different nanofluids can be collapsed together on to a
single unique curve if the data are plotted as relative viscosity versus volume fraction of
solvated nanoparticles/nanodroplets. This scaling approach is valid for both nanosuspensions
and nanoemulsions.

‚ A new modified version of the Oldroyd model describes the relative viscosity versus particulate
concentration behavior of nanoemulsions and nanosuspensions reasonably well. The model
takes into consideration the influences of the viscosity ratio, solvation and aggregation of
nanoparticles/nanodroplets.

‚ The influence of the viscosity ratio on the relative viscosity of nanoemulsions is important.
The relative viscosity of a nanoemulsion increases substantially with the increase in the
viscosity ratio.

‚ Systematic experimental studies on the effect of viscosity ratio on viscous behavior of
nanoemulsions are lacking. More work needs to be done in this area.
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