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We here derive analytical expressions for the time-dependent geometrical covariogram
K(r, T) of spherical particles undergoing either ballistic or diffusive motion. These expres-
sions are useful for the fast numerical calculation of K(7, T) and the least-square fitting of
NSE data presented in the main text. We also provide details about the numerical procedure
used in the main text for the fitting of the SANS data with the fractal model.

1. Analytical expressions for the time-dependent covariogram K(7, T)

The general relation in Equation (29) of the main text expresses that the time-dependent
covariogram is the convolution of the geometrical covariogram with the displacement law,
namely

K(r,) = [ &% K(x=j)fe() 1)
In the case where the motion of the grains is statistically isotropic, the function f¢(j)
depends only on the modulus [j|. If additionally the grains are also isotropic, the the
three-dimensional convolution in Equation (S-1) reduces to a two-dimensional integral,
which can be easily evaluated numerically. Using spherical coordinates centred on j = 0
and with azimutal angle # measured against the direction of r, the convolution in Equation
(5-1) can be written as

K(r,7) =2m /Ooo p*dp /j du K(4/7% + p2 = 2pru) fx(p)

where y = cos(f). From the commutativity of the convolution, this can be calculated

equivalently as
) +1
K(r,7) = 271/0 pzdp/ | du fe(y/r + 07 = 20r1)K(p)

In the particular case of spherical grains the latter expression is easier to evaluate numer-
ically, as the integral on p can be limited to the finite support of K(r), namely from 0 to
2R.

(5-2)

(5-3)

1.1. Diffusive grains

In the case where the centres of the grains diffuse randomly, the jump distribution is

Fli) = ey |- (s4)
W= arDn)32 P T apt
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With this specific form, the y-dependence in the integrand of Equation (S-3) is simply an
exponential. Integrating analytically over u leads to

K(r, 1) = N;Tﬁ /Ooo pdp K(p) (eXP {—(‘)4;)2} — exp {—%?ZD (S-5)

This can be conveniently written as

K(r,7) = Kqi(r, T) + Ko (=7, T) (S-6)
with ) IR ) ( )2
_ P _ P _p—r i
Kalr,7) = ——— 47IDT/O pdo (1+ 5 ) (1= ) exp[ e } (5-7)

where we have replaced K(p) by its expression for spherical particles with radius R (Equa-
tion 9 of the main text) and replaced the upper integration bound accordingly.
In terms of dimensionless variables

F=— 1= (S-8)

o (2 — 7] [ —7] 3. 14
K, (7,T) = {IO_ 7z | Iy Wi }(1 4r+ T )
[2 —7] [ —7] 3. 13\VT
+ {11_\/%__11_\/%_}(1_27’+47>?
2
[2 —7] [ —7] 3. 35\ (VT
* {Iz_ﬁ_‘fz_ﬁ_}<‘4”s’>(f>
I o _\ 3
- {13 27| =L }173 vz
L VT VEll4 \ 7
4
(2 —7] 71\ 1 5[ V%
+ {14 I \/% ] - 14 _ﬁ_ }167 (f) (8-9)
where we have introduced the notation
u
L (u) :/ x"G[x]dx (5-10)
0
where
G(u) = 1 ex {—uz} (5-11)
V27 P72
is the normal Gaussian distribution.
For n = 0 the value is )
u
Ip(u) = Eerf [\ﬁ] (5-12)
where erf is the error function, and the following orders are
L(u) = G[0] — G[u] (S-13)
b(u) = () — uGlu] (5-14)
I(u) = 2G[0] — (2 + u?)G[u] (S-15)
I(u) = 3Iy(u) — (Bu+ u®)G[u] (S-16)

Is(u) = 8G[0] — (8 + 4u* + u*)G[u] (S-17)
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which are obtained by successive integrations by parts of Equation (S-10).
In the particular case where r = 0, Equation (5-9) is difficult to evaluate. In that case, it
is easier to consider directly Equation (5-3) of the covariogram, which reduces to

I S e 7 :
K(0,7) = (anDo) 2 /0 4rtp-dp K(p)exp[ 4DT:| (S-18)
In dimensionless form, this is calculated as
2 3 2 1 2 3
KO,7T)=2Lb|—=| —zL|—=|VT+=I5|—=|VT S-19
(0.7) z{ﬁ] 23{\@]\5 85[\/%}\5 (5-19)

with the same notations as in Equation (5-9).

1.2. Ballistic grains

In the case where the grains move ballistically, i.e. with constant velocity c along
straight lines with isotropic directions, the distribution is

£:) = gl =0 (5-20)

In that case, the time-dependent covariogram is conveniently evaluated through Equation
(5-2), which yields

1 +1
K(r,7) = 3 / du K(\/r2 + (c1)% = 2rety) (S-21)
-1
In terms of dimensionless variables
o -_ T .
7= R T= R (5-22)

the expression in Equation (5-21) is fully symmetric with respect to the interchanging of 7
and f.
For the particular case of 7 = 0 the result is

K(0,7) = <1 + Z) (1 - ;)2 (S-23)

K(7,0) = (1 - Z) (1 - ;)2 (5-24)

For other values of 7 and T, one has to notice that the argument of K() in Equation (5-21)
takes values from |7 — 7| to |7 + T| for y in the interval (—1,1). Therefore, one also has

and fortT =0

K(7,T)=0if |[F— 7| > 2 (S-25)
For all other values the result is
K(7,7) = %{F(min[Z,erT]) —F(F—1|)} (S-26)
with

F(x) = "22(1 - g + "3> . (S-27)
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Figure S1. Fitting of the SANS of the acid-catalyzed aerogels (sample A in Figure 8). Left: least-
square fits with imposed values of N and adjustable R 1 and R.. Middle: fitted values of R and R,
(top) and the corresponding x? (bottom) as a function of the imposed value of N. The lowest X% is
circled in red. Right: least-square fit with the value of N that minimizes x?, with the corresponding
residual (bottom). In the left and right panels, the crosses are the data and the lines are the model.

— __10°

Z .6 =

é 10 \f M——@——@—@—@—L 106

; 10° “10%0 60 0o o o0 00009 7%

B 10% 8 2

N = = 5

— N=2 -5 X - 10

10" £

=z = 10 = 10*

g 10° R

;105 4 5

£ 10 = 0'§ T

— N=7 =10 =0 b -0. -
102 10" 102 107 2 4 6 8 10 1072 107
q (A1) q (A1) N q (A

Figure S2. Fitting of the SANS of the acid-catalyzed aerogels (sample B in Figure 8). Left: least-
square fits with imposed values of N and adjustable R 1 and R.. Middle: fitted values of Ry and R,

(top) and the corresponding x2 (bottom) as a function of the imposed value of N. The lowest X2 is

circled in red. Right: least-square fit with the value of N that minimizes x?, with the corresponding
residual (bottom). In the left and right panels, the crosses are the data and the lines are the model.

2. Fitting of SANS data with the self-similar model

We here explain in detail the fitting procedure of the SANS data with the self-similar
(fractal) model, underlying Figure 8 of the main text.

The porosity of the aerogels is known from independent measurements (nitrogen
adsorption), which is equivalent to knowing the overall solid fraction of the model ¢. The
parameters of the model remaining to be determined from the fitting of the SANS data
are the upper and lower cut-offs R; and R, as well as the number of components to the
hierarchical structure N.

As parameter N can only take integer values, it would not be convenient to treat
it on the same footing as the other variables. A better approach consists in considering
successively all values of N is a given interval, say from N = 2 to N = 10. For each value
of N, the volume fraction of each hierarchical component is determined as ¢ = gb%/ N and
the fitting of the entire model is then done with R; and R, as only adjustable parameters.
The procedure is illustrated with Figures S-1 and S-2 for the acid-catalyzed and two-step
acid-base aerogels of the main text, respectively.
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