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Abstract: This paper presents an algorithm for learning local Weibull models, whose operating
regions are represented by fuzzy rules. The applicability of the proposed method is demonstrated
in estimating the mortality rate of the COVID-19 pandemic. The reproducible results show that
there is a significant difference between mortality rates of countries due to their economic situation,
urbanization, and the state of the health sector. The proposed method is compared with the semi-
parametric Cox proportional hazard regression method. The distribution functions of these two
methods are close to each other, so the proposed method can estimate efficiently.

Keywords: Weibull distribution; multivariate Gaussian mixture model; mortality rate; COVID-19

1. Introduction

Weibull distributions are widely applied to estimate reliabilities [1], diffusion of
innovations, and survival probabilities [2]. The limitation of the method is that it assumes
that the population is homogeneous [3]. When this assumption is not valid, accurate results
can be reached by mixture models [4]. Such a mixture of the Weibull model has already
been built for modelling reliability [5] and time-to-event analysis [6]. The problem of the
application of these approaches is that the resulting model is not easily interpretable.

Our main goal is to extend these methods with a clustering-based algorithm that
can identify a mixture of Weibull distributions, where the homogeneous subgroups of the
population are represented by interpretable fuzzy if-then rules. The key idea is based on
supervised fuzzy clustering [7,8]. These special clustering algorithms generate clusters
that can be interpreted in the form of fuzzy if-then rules. These if-then rules have a rule
antecedent and a rule consequent part. Takagi-Sugeno fuzzy rules apply functions of the
input variables in the rule consequent [9]. When Gaussian membership functions describe
the operating regions of the variables, the resulting fuzzy model can be considered as a
special case of Gaussian mixture models. The interpretability of the operating regimes of
the Weibull distributions can be very informative if we compare what differentiates the ho-
mogeneous subgroups that can be described by the given distributions. To demonstrate this
advantage of the method, a study is presented about how countries can be clustered based
on the mortality rates of the COVID-19 pandemic and explanatory variables describing
their economic situation, urbanization, and the health condition of the citizens.

The main contributions of the work can be summarized as: (1) An interpretable
mixture of models for Weibull distributions is presented in Section 2.1. The operating
regions of the Weibull distributions are represented by fuzzy sets that are useful in the
visualisation of the model. (2) An alternating optimisation-based clustering algorithm that
has been developed for the identification of this special model is presented in Section 2.2.
(3) A reproducible case study and a potential benchmark problem is provided where the
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task is to model the COVID-19 mortality rate of countries based on variables related to
their economic performance, urbanization level, and the health condition of the citizens in
Section 3. (4) The proposed method is compared to Cox proportional hazard regression
in Section 3. The results prove the goodness of the method and its applicability for
feature selection. (5) The main novelty of the proposed technique is that it can estimate
the operating region of local probabilistic models. (6) Cox regression is based on the
proportional hazard assumption, which means that the hazard ratio for any two individuals
is constant over time. The main benefit of the proposed method is that the distributions of
the clusters can be independent of each other.

The presented results do not just show the applicability of the proposed open-source
tool, but show that the clusters of countries which performed similarly in fighting COVID-
19 also have similar economic development levels.

2. The Proposed Fuzzy Mixture of the Weibull Distributions Model and Its
Clustering-Based Identification Method

In this section firstly the model structure is presented. The model defines a Gaussian
mixture that can be identified based on the method of Expectation Maximisation (EM).
The rule-based mixture of Weibull distributions is presented in Section 2.1. As shown
in Section 2.2, the EM problem is solved by an alternating optimisation that defines a
clustering algorithm.

2.1. The Rule-Based Mixture of Weibull Distributions

The aim of the modeling is to identify a cumulative distribution function

y = p(Z ≤ z) = F(z) (1)

that represents the probability that the random variable Z takes on a value less than or
equal to z. Weibull functions are widely used to approximate such distributions:

y = exp
(
−
( z

θ

)β
)

(2)

The distribution has two parameters, the θ scale parameter and the β shape parameter.
The aim of the proposed method is to find and characterise homogeneous groups of objects
that can be described by these distributions.

The proposed model is based on the modification of the Takagi-Sugeno fuzzy model,
as the rule consequences are Weibull distributions:

• rj : If x1 is Aj,1(x1,k) and . . . xn is Aj,n(xn,k), then y = exp
(
−
(

z
θj

)β j
)

, [ωj]

where the Aj,i(xi) fuzzy sets define the operating regions of the j = 1, . . ., C-th model in
the ith variable, θj denotes the scale parameter, and β j the shape parameter of the jth local
Weibull model and wj ∈ [0, 1] is the weight of the rule.

The fuzzy sets Aj,i(xi) are represented by Gaussian membership functions:

Aj,i(x) = exp

(
−1

2
(xj − vj,i)

2)

σ2
j,i

)
(3)

where i = 1, . . . , n represents the index of the explanatory variables, and vj,i the center and
σ2

j,i the variance of the jth Gaussian curve defined on that variable.
The degree of fulfillment of the rule is then calculated as the product of the individual

membership degrees and the weight of the rule:

Bj(x) = ωj

n

∏
i=1

Aj,i(xi) (4)
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The C pieces of rules are aggregated by using the fuzzy-mean formula

ŷ =
C

∑
j=1

φj(x) exp

−( z
θj

)β j
 (5)

where

φj(x) =
Bj(x)

∑C
l=1 Bl(x)

(6)

The developed method is a cluster-weighted model that divides the domain of vari-
ables x into local models by interpretable fuzzy rules.

2.2. Estimation of the Model Parameters

The parameters of the presented model are identified based on maximizing the log
likelihood of the available n = 1, . . . , N data, so the negative log likelihood is minimized as:

L = −
N

∑
n=1

ln p(zn, xn) = −
N

∑
n=1

ln

(
C

∑
j=1

p(zn|j)p(xn|j)p(j)

)
(7)

where N denotes the number of available data that can be used for the identification of the
model, p(zn|j) stands for the Weibull distribution of the jth local model

p(zn|j) = exp

(
−
(

z
θ j

)β j
)

, (8)

and pj(xn|j) is defined in the form of a multivariate Gaussian mixture distribution:

p(xn|j) = p(xn|j) =
(|F−1

j |)
1/2

(2π)d/2 exp
(
−1

2
(
xn − vj

)TF−1
j
(
xn − vj

))
. (9)

and the p(j) stands for the unconditional cluster probability, where the diagonal elements
of the F matrix contain variance parameters of the Gaussian membership functions:

Fj =


σ2

1,j 0 . . . 0
0 σ2

2,j . . . 0
...

...
. . .

...
0 0 . . . σ2

n,j

 (10)

In the E-step (Expectation step), the clustering parameters are assumed to be correct.
The posterior probabilities represent that a particular data point was generated by a
particular cluster:

p(j|zn, xn) =
p(zn, xn|j)p(j)

p(zn, xn)
=

p(zn|j)p(xn|j)p(j)

∑C
l=1 pl(zn|l)p(xn|l)p(l)

(11)

This probability expresses how a given data point belongs to different clusters. In the
M-step (Maximization step), it is assumed that the data distribution is correct and the
clustering parameters that maximize the log likelihood of the data have been identified.
Given that the E-step changed the membership values, the model parameters must be recal-
culated. The unconditional cluster probability can be calculated by the following equation:

p(j) =
1
N

N

∑
n=1

p(j|zn, xn) (12)
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This unconditional cluster probability can be used to calculate the new mean (or centre)
of the clusters:

vj =
1

Np(j)

N

∑
n=1

xn p(j|zn, xn) (13)

The weighted covariance matrix can be similarly calculated by the step below:

Fj =
1

Np(j)

N

∑
n=1

(
xn − vj

)(
xn − vj

)T p(j|zn, xn) (14)

When the interpretability of the resulting model is important, only the diagonal
elements of the matrices are calculated and stored, as these parameters will be used to
define the fuzzy membership functions. The θj and β j parameters of the local Weibull
distributions are determined as usual, the only difference is that the samples are weighed
at the minimization of Equation (7). The parameters of the cluster directly define the
parameters of the fuzzy model, only the ωj rule weighs should be calculated as:

ωj =
p(j)

(2π)n/2
√
|Fj|

(15)

3. Analysis of the Distribution of the COVID-19 Mortality Rate

This section presents how the proposed method can be applied to analyse the mortality
rate of COVID-19 disease in different countries to explore how the economic situation,
the health condition of the citizens., and the level of urbanization influences the COVID-
related mortality. In accordance with this aim, in Section 3.1, the dataset and their sources
are introduced. In Section 3.2, the results are presented.

3.1. The Dataset and the Availability of the Program Code

The analysis aimed to highlight how the distribution of the COVID-19 morality rates
in different countries vary according to explanatory variables related to the economic
situation, the urbanization, and the health condition of the citizens in the given countries.

The dataset has been compiled from several sources. The integrated dataset contains
the number of death cases per 100 K population and the explanatory variables of the
studied countries. The n = 9 explanatory variables are detailed in Table 1. The mortality
rates were downloaded from the web page of Johns Hopkins University [10]. All countries
for which any of the variables were not available were removed from the analysis. Finally,
data from N = 117 countries were studied.

The most important aspects in selecting the variables were their relevance and cover-
age (the number of countries where a given indicator is published). The selected variables
mainly describe the population health. These variables are influenced by cultural effects,
climate, and many other variables, and also the state of the health system. To describe the
background of these effects we added variables related to the economical situation and
urbanization of the countries. From the initial dataset some of the variables were eliminated
as they were not significant in the studied models. The goodness of the feature selection
was also confirmed by Cox regression, which will be presented in the following subsection.

The method was developed in MATLAB environment. The data and the programs can
be downloaded from the Github (https://github.com/abonyilab/mixWeibull, accessed on
22 October 2021).

https://github.com/abonyilab/mixWeibull
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Table 1. The economic, urban, and health condition explanatory variables, and their dates, time interval, and sources.

Sector Variable Name Time Interval Downloaded Source

Economic GDP per capita 01.01.2019 27.09.2021 [11]
(current US$) 31.12.2019

Health Adolescent fertility rate 01.01.2019 27.09.2021 [11]
(births per 1000 women ages 15–19) 31.12.2019

Economic GHG emission/capita 01.01.2018 27.09.2021 [11]
(CO2 equivalent) 31.12.2018

Urban Rural Population 01.01.2020 27.09.2021 [11]
(% of population) 31.12.2020

Health Diabetes prevalence 01.01.2019 27.09.2021 [11]
(% of population ages 20–79) 31.12.2019 27.09.2021

Health Total alcohol consumption per capita 01.01.2018 27.09.2021 [11]
(liters of pure alcohol, 31.12.2018

projected estimates, 15+ years of age)

Health Life expectancy at birth 01.01.2019 27.09.2021 [11]
(years) 31.12.2019

Health Prevalence of current tobacco use 01.01.2018 27.09.2021 [11]
(% of adults) 31.12.2018.

Health Obesity Rate 01.01.2021 11.10.2021 [12]
(% of population) 31.12.2021

3.2. Results and Discussion

The application of the method requires selecting the number of clusters, which is
the only hyperparameter of the algorithm. For the selection of this C parameter, cluster-
ing measures can be used, or the overlap of the membership functions can be studied,
similarly to [8]. In this study, three clusters were identified based on the similarity of
the resulting membership functions. The result of the clustering is depicted in Figure 1,
where the identified Weibull distribution functions (at the first subplot in the top row) and
the membership functions of all the variables are shown.

Although the clustering is based on fuzzy logic, the results indicate that countries
are at least 0.99 likely to be included in one of the clusters. The histogram of the variables
according to the clusters are illustrated in Figure 2. It can be observed that the shape of
the histograms and membership functions are analogous. However, the number of these
incidences can also indicate the weight of the variable and the goodness of fit.

The geographical distribution of the countries of different clusters are shown in Figure 3.
The resultant Weibull distribution functions are depicted on the first subfigure of

Figure 1. As this plot shows, the distributions of deaths caused by COVID-19 significantly
differ in the identified three groups of countries. The probability of 100 death cases
per 100 K population in Cluster 1 is nearly 0, but in Cluster 3 is 0.55, which implies
that members of Cluster 1 have the best chances of surviving the pandemic. However,
people living in countries assigned to Cluster 3 have the worst chances of surviving the
COVID-19 pandemic.

The comparison of the membership functions of the clusters can provide information
on what is different in the countries of the identified groups. As Figure 1 shows, the small-
est number of smokers are in Cluster 1 and the most smokers are found in Cluster 3.
The incidence of diabetes also follows a similar pattern. These results are logical since both
smoking and diabetes are prone to cause increased mortality [13,14].
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Figure 1. The left upper subfigure shows the resultant Weibull distribution functions. The distributions of deaths caused
by COVID-19 significantly differ in the identified three groups of countries. The probability of 100 death cases per 100 K
population is nearly 0 in Cluster 1, but in Cluster 3 it is 0.55, which implies that members of the first cluster have the best
chances of surviving the pandemic. Other subfigures depict the membership functions that describe the operating regions of
the models on each variable. The primary information sources for comparison are the mean and standard deviation values
of the parameters belonging to the given clusters. Means describe the level of the variable, and the standard deviations
can suggest a possible mixture of clusters. The main driving force of the analysis is GDP per capita. The method reflects
correlating variables. Life expectancy correlates with the GDP per capita. COVID-19 is riskier for the older population,
and this implies that fewer people die in countries where fewer older adults live.
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Figure 2. The histogram of the variables according to the clusters. It can be observed that the shape of the histograms and
membership functions are analogous. However, the number of these incidences can also indicate the weight of the variable
and the goodness of fit.

Wide, overlapping clusters can be observed for alcohol consumption, GHG emission
per capita, and obesity rate variables, which suggests that these variables cannot charac-
terise the death cases. A significant cluster separation can be recognized in the GDP per
capita. Surprisingly, countries with low GDP are members of Cluster 1, and well-prospering
nations are in Cluster 2 and 3. Since life expectancy correlates with the GDP per capita [15],
there are more older citizens in wealthier countries. It is well known that COVID-19 is
riskier for the senior population [16], and this implies that fewer people die in countries
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where few older adults live. However, this statement is valid only to a certain level of
wealth. The wealthiest countries have made greater efforts and have more advanced health
care system to protect their older population more efficiently.

The method successfully explores correlating variables. The membership functions of
the GHG emission per capita and GDP per capita behave similarly, reflecting correction.
This result proves the Kuznets theory since countries emit more GHG gas as GDP per
capita grows. However, after a certain level of development, they have resources for
reducing emissions [17], indicating a turning point in the Kuznets function. According to
the membership functions, emissions are lower in poorer countries and higher in richer
ones. Moreover, the variance of GDP per capita is much more comprehensive for the
most prosperous countries because some countries have already passed the turning point.
Recent studies suggest a link between air pollution and the COVID-19 mortality rate [18].
As there is a connection between GDP and GHG, we can say that although there is a
minor connection between air pollution and COVID-19 mortality rate, this is an indirect
relationship, as both variables are driven by the GDP.

The results illustrate that GDP per capita is the most important driving force of the
modeling problem. GDP per capita also correlates with urbanization; the richer a country
is, the more urbanized and centralized is its population. The more people live close to each
other, the easier and more directly the virus spreads [19]. Furthermore, far more overweight
people live in wealthier countries because they are well-fed, and these citizens carry a
bigger risk of infection [20]. Alcohol consumption is also more significant in wealthier
countries, thus it fundamentally reduces the resilience immune systems of people living in
such countries, which leads to a higher risk factor [21].

Figure 3. The cluster membership of the countries. It can be observed that the clustering was indeed based on whether they
were developing or developed countries.

The disadvantage of the method is that it cannot numerically measure how a variable
directly contributes to the modelled probability. E.g., one can see that in countries where
more people smoke, more people die. The clusters highlight the differences between the
populations, which differences do not necessarily show causality. Therefore, the analysis of
the results needs careful attention, similarly to other exploratory data analysis, clustering,
and regression models. Moreover, it is essential to note that the results also depend on the
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quality of the data, which can be significantly different in countries. We assume that the
efficiency of the data collection is most likely better, where the GDP per capita is also higher.

The proposed method has been compared to semi-parametric Cox regression, which is
a widely applied technique for survival analysis. The resultant Cox model was evaluated
at the cluster means, and the extracted distributions were compared to the local models
identified by the proposed method. As Figure 4 shows, the local distributions are almost
identical to the distributions estimated by the Cox regression model. The main benefit
of the proposed technique is that it can estimate the operating region of the local models.
Cox regression is based on the proportional hazard assumption, which means that the
hazard ratio for any two individuals is constant over time. The main benefit of the proposed
method is that the distributions of the clusters can be independent of each other, and the
clustering algorithm can detect the operating regions of these local models.

0 100 200 300 400

Time [s]

0

0.2

0.4

0.6

0.8

1

S
(t

)

Mixture Cluster 1

Mixture Cluster 2

Mixture Cluster 3

Cox Cluster 1

Cox Cluster 2

Cox Cluster 3

Figure 4. The comparison of the proposed methodology and the Cox regression. The distribution
functions are calculated with the Cox regression method at the point of the cluster means and they
are compared with the resultant distributions by the proposed method. The proposed method
describes the distribution the same way as the Cox regression. The contribution of the variables can
be measured by the Cox regression parameters.

4. Conclusions

This paper proposed a novel method for fuzzy clustering-based identification of the
mixture of Weibull distributions. At the application of the Weibull distributions, it is
assumed that the modelled population is homogeneous. Since populations are mostly het-
erogeneous, we aimed to simultaneously separate homogeneous sub-populations based on
the explanatory variables and estimate their model parameters. The explanatory variables
were characterized by fuzzy membership functions that ensure the interpretability of the
resulted models. The resulting method is beneficial to explore the inhomogeneity of the
data; the operating regions and the shapes of the Weibull distribution functions highlight
the differences between the identified clusters.

The applicability of the proposed method was presented in a COVID-19 case study.
We compared the mortality per 100 K population for different countries, and the results
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confirmed that the level of economic development significantly influences the COVID-19
mortality rate.

The primary objective of the case study was to demonstrate the applicability of the
proposed method. The secondary objective was to provide a quantitative analysis of what
influences the mortality rates. All the extracted information is validated by analysing the
literature, which confirms the applicability of the proposed method. We extended the
results and discussion section with a separate discussion of the novelty of the method
and the findings. The results illustrated that the proposed method is a perfect tool for
goal-oriented finding of homogeneous subgroups in data and generating hypotheses in an
exploratory data analysis process.
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