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Abstract: We show that a product of two Laguerre–Gaussian (pLG) beams can be expressed as a finite
superposition of conventional LG beams with particular coefficients. Based on such an approach, an
explicit relationship is derived for the complex amplitude of pLG beams in the Fresnel diffraction
zone. Two identical LG beams of the duet produce a particular case of a “squared” Fourier-invariant
LG beam, termed as an (LG)2 beam. For a particular case of pLG beams described by Laguerre
polynomials with azimuthal numbers n − m and n + m, an explicit expression for the complex
amplitude in a Fourier plane is derived. Similar to conventional LG beams, the pLG beams can be
utilized for information transmission, as they are characterized by orthogonal azimuthal numbers
and carry an orbital angular momentum equal to their topological charge.

Keywords: Laguerre–Gaussian beam; product of complex amplitudes; Fourier-invariant beam;
topological charge; orbital angular momentum

1. Introduction

Among a host of familiar laser beams, the most popular and well understood are
Laguerre–Gaussian (LG) beams [1–3]. Initially, these beams were looked upon as intra-
cavity modes, but later on, out-of-resonator LG beams were generated from Hermite–
Gaussian (HG) beams using an astigmatic converter [4]. Particular interest in the LG beams
was provoked by L. Allen’s et al. paper [5] in which the LG beams were found to carry
the angular orbital momentum (OAM). Extensively studied beams include generalized LG
beams in the form of Hermite–Laguerre–Gaussian beams [6,7], elegant [8] and elliptic [9] LG
beams. These days have seen no signs of waning interest in studying LG beams thanks to
their wide use in telecommunications, micromanipulation, probing atmospheric turbulence,
quantum information, and atom cooling. By way of illustration, a comparative analysis of
LG beams and Bessel–Gaussian (BG) beams has been conducted [10]. Various approaches
to generating LG modes discussed in Refs. [11–13] include the use of a specialized laser
utilizing intra-cavity spherical aberration [11], q-plates [12], and a special metasurface [13].
Reciprocal HG-to-LG and LG-to-HG mode conversion was studied in Ref. [14]. Of essential
significance is the study of elegant LG beams that have shown outstanding characteristics
for many application areas such as optical communications and optical trapping [15]. A
method for measuring a topological charge of a partially coherent elegant LG beam has
been proposed [16]. The LG beams have formed a basis for developing new types of optical
beams with a variety of promising properties. A family of asymmetric LG laser beams has
been discussed [17], and a technique for generating high-power asymmetric LG beams has
been proposed [18]. Using the LG beams, a vector beam with space dependent transverse
polarization has been generated by a method of nonlinear magneto-optic rotation [19]. A
new class of composite vortex beams generated by coaxially superimposing LG beams
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with identical waist location and parameters has been proposed [20]. A new type of
a partially coherent beam with a peculiar correlation function, which has been given
the name an elliptic correlated Laguerre–Gauss–Shell model, has been theoretically and
experimentally studied [21]. Works [22,23] study the asymmetric LG beams in free space,
whereas the papers [24–26] investigate these beams as solitons in a nonlinear medium.
These beams can be treated as superpositions of two LG beams with different weight
coefficients. In the far field, the intensity pattern of such beams is in the form of an ellipse-
shaped ring. The LG beams are of great practical value for optical communication [27–30],
micromanipulation [31], and photo-induced atom excitation [32].

In this work, we derive exact analytical expressions describing laser beams generated
by multiplying two LG beams, also termed as a product of LG (pLG) beams. We show
that the complex amplitude of the pLG beams can be decomposed into a finite sum of
conventional LG beams, deriving a relationship for a Fresnel transform of such beams. For
some particular cases of the pLG beams, an explicit form of a Fourier transform is deduced.

We note that a product of the LG beams was already considered before [33,34]. In [33],
an experiment was performed on second harmonic generation of the LG beam, but the
analytical expressions for such beams have not been obtained. In [34], the product of
two LG beams was investigated both experimentally and theoretically. However, all the
obtained equations for the product of two LG beams in [34] are expressed via undefined
coefficients. Here, in our work, we obtain for the first time an exact expansion of the
product of two Laguerre polynomials into a finite sum of the Laguerre polynomials, and
the expansion coefficients are expressed via the Jacobi polynomials of zero argument.

2. Theoretical Background

A conventional LG beam can be described in the source plane (z = 0) by a complex
amplitude [1]:

LGp,±m(r, ϕ) = exp
(
− r2

2w2 ± imϕ

)( r
w

)m
Lm

p

(
r2

w2

)
, (1)

where (r,ϕ) represents the polar coordinates, w is the waist radius of a Gaussian beam,
and Lm

p (x) is an associated Laguerre polynomial, m is the topological charge of the optical
vortex, and p is the radial index affecting the number of intensity rings (there are p + 1 rings
if m 6= 0 and p rings if m = 0). With Equation (1) describing a modal beam, i.e., the one
which preserves its intensity pattern upon free-space propagation, the complex amplitude
of a LG beam at any plane z is described by a relationship similar to Equation (1):

LGp,m(r, ϕ, z) =
w

w(z)
exp

(
izr2

z0w2(z)
+ i(2p + m + 1)γ(z)

)
LGp,m

(
wr

w(z)
, ϕ

)
, (2)

where w(z) = w [1 + (z/z0)2]1/2 is the Gaussian beam radius, γ(z) = arctan(z/z0), γ(z) is the
Gough phase, z0 is the Rayleigh range, and k is the wavenumber of light. The Rayleigh
range of the beam from Equations (1) and (2) is given by

z0 = kw2,

and defines a propagation distance to the plane where the area of the beam’s cross-section
is doubled and where the beam has the largest wavefront curvature (in the initial plane
and in the far field, the wavefront is flat). The Rayleigh range is the distance that can be
treated as a boundary between the near field (z << z0) and far field (z >> z0).

The product of two LG beams in Equation (1) with identical waist radii, also termed
as a pLG beam, is given by

pLGp,q,m,n(r, ϕ) = LGp,m(r, ϕ)LGq,n(r, ϕ) =

= exp
(
− r2

w2 + i(m + n)ϕ
)( r

w
)m+nLm

p

(
r2

w2

)
Ln

q

(
r2

w2

)
.

(3)
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A four-parameter family of beams in Equation (3) presents a generalization of conventional
LG beams of Equation (1), as it becomes identical to single-ring LG beams at p = q = 0:

pLG0,0,m,n(r, ϕ) = exp
(
− r2

w2 + i(m + n)ϕ

)( r
w

)m+n
= 2−(n+m)/2LG0,m+n

(√
2r, ϕ

)
. (4)

From the general Equation (3) for the pLG beam in the initial plane, the topological
charge (TC) of a pLG beam can be found as a sum of TCs of two constituent LG beams.
The power-normalized orbital angular momentum (OAM) of the pLG beam is also found
as a sum of two constituent LG beams, i.e., equals m + n. Then, we proceed to derive a
relationship for the Fresnel transform of function given by Equation (3). The pLG beam can
be decomposed into a finite sum of conventional LG beams (Appendix A):

Lm
p (x)Ln

q (x) =
p+q

∑
k=0

CkLm+n
k (2x), (5)

where Ck = 2q−kP(k+m−q,k+n−p)
p+q−k (0)P(k−q,p−k)

q (0) and Pµ,ν
α (0) denote Jacobi polynomials at

zero [35]. From Equation (5), the amplitude of the pLG beam in Equation (3) is given by a
finite sum of conventional LG beams:

pLGp,q,m,n(r, ϕ) = exp
(
− r2

w2 + i(m + n)ϕ
)( r

w
)m+n p+q

∑
k=0

CkLm+n
k

(
2r2

w2

)
= 2−(m+n)/2

p+q
∑

k=0
CkLGk,m+n(

√
2r, ϕ).

(6)

The relationship in Equation (6) enables the amplitude of field from Equation (3) to be
derived at any distance z:

pLGp,q,m,n(r, ϕ, z) = w
2(n+m)/2w(z)

exp
(
− r2

2w2(z) +
ikr2

2R(z) + i(m + n)ϕ
)
×

×
(

r
w(z)

)n+m p+q
∑

s=0
CsLn+m

s

(
r2

w2(z)

)
exp(i(2s + m + n + 1)γ(z)),

(7)

with R(z) = z [1 + (z0/z)2] being the curvature radius of the wavefront.
With the constituent beams in superposition in Equation (7) having different Gough

phases, we can infer that the pLG beam of Equation (3) does not preserve its structure
upon free-space propagation. However, with the transverse intensity pattern of beam
from Equation (7) given by a set of concentric intensity rings whose maximum number
is p + q + 1, changes in the intensity pattern upon free-space propagation of beam from
Equation (7) are limited to the inter-ring energy flow.

It would be of interest to analyze a particular case of pLG beams whose constituent
Laguerre polynomials are identical. In the source plane, the beam, which has been given
the name “squared” LG beam, or (LG)2 beam, is given by:

pLGp,p,m,m(r, ϕ) =
[
LGp,m(r, ϕ)

]2
= exp

(
− r2

w2 + i2mϕ

)( r
w

)2m
[

Lm
p

(
r2

w2

)]2

. (8)

Similar to the general pLG beam in Equation (3), the beam in Equation (8) is not
modal and does not preserve the intensity structure upon free-space propagation. At the
same time, unlike the beam from Equation (3), in the far field, the beam from Equation (8)
preserves its structure, being Fourier-invariant:

Ff

{
pLGp,p,m,m(r, ϕ)

}
=
(

iz0
f

)
(−1)m+1pLGp,p,m,m(ρ, θ) =

=
(

iz0
f

)
(−1)m+1 exp

(
2imθ − y2)(y)2m

[
Lm

p
(
y2)]2

,
(9)
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where y = kwρ/f, f is the focal length of a spherical lens, (ρ, θ) are the polar coordinates in
the Fourier plane, and Ff { } is the Fourier transform. A comparison of relationships for
complex amplitudes in the source plane (Equation (8)) and at the focus of a spherical lens
(Equation (9)) shows that they are identical up to a constant. In the Fresnel diffraction zone,
the (LG)2 beam is described by a finite superposition of conventional LG beams, which are
similar to Equation (7) but have different coefficients:

pLGp,p,m,m(r, ϕ, z) =
(

iz0
z

)
(−1)m+1 (m+p)!

πm!σ2m+1 (y)2m exp
(

ikr2

2z + 2imϕ
)

exp
(
− y2

σ

)
×

p
∑

s=0
(−1)s Γ(s+1/2)

Γ(m+s+1)

(
σ−2

2
)2sL2m

2s

(
y2

σ(2−σ)

)
,

(10)

where y = kwρ/z, σ = 1− iz0/z, Γ(x) is the gamma function. In the general case, Equation (10)
is consistent with Equation (7) because in both cases, the complex amplitude is expressed
via a finite sum of conventional LG beams. The difference between Equations (7) and
(10) is that the latter only contains LG beams with even radial indices. Equation (10) also
suggests that at p = 0 (zero-valued radial index), the intensity pattern of the LG beam is
a single ring, as Ln

0 (x) = 1, so in the sum in Equation (10), only the first term is retained,
meaning that the beam from Equation (1) with a squared amplitude is preserved upon
free-space propagation.

Another particular case of pLG beams in Equation (3) is obtained by considering the
product of two LG beams with even TC and tailored values of azimuthal numbers in the
Laguerre polynomials:

pLGp, q, n−m, n+m(r, ϕ) = exp
(
− r2

w2 + i2nϕ
)
×

×
( r

w
)2nLn−m

p

(
r2

w2

)
Ln+m

q

(
r2

w2

)
, n ≥ m ≥ 0.

(11)

The complex amplitude of the beam from Equation (11) at the focus of a spherical lens
(in the Fourier plane) is given by an explicit relationship:

Ff

{
pLGp, q, (n−m), (n+m)(r, ϕ)

}
=
(

iz0
f

)
(−1)m+1 exp

(
2inθ − y2)

×(y)2nLn−m+p−q
p

(
y2)Ln+m−p+q

q
(
y2). (12)

From Equation (12), the product of two beams in Equations (3) and (11) is seen to be
Fourier-invariant at p = q. From Equations (11) and (12), at p = q and m = 0, the conversion
of a pLG beam into an (LG)2 beam is seen to occur.

We can derive a relationship for the “energy” of the pLG beam, using it when normal-
izing such beams:

W =
∞∫
0

2π∫
0

∣∣∣pLGp, q, m, n(r, ϕ)
∣∣∣2rdrdϕ

= πw2

4 {(m + p)!(n + q)!}2
min(2m+p,2n+q)

∑
k=0

{
Pm−k,k−m−p

m+p (0)Pn−k,k−n−q
n+q (0)

}2

(2m+p−k)!(2n+q−k)!k!2 .

(13)

3. Numerical Simulation

Figure 1 depicts numerically simulated intensity and phase patterns from the standard
LG beams (Equation (1)) of two different orders and from the pLG beam (Equation (3)) of
the same two orders, shown in the source plane and at the half Rayleigh range. We note that
with the waist radius of beam from Equation (1) taken to be 21/2 w, and not w, the Rayleigh
range of beam from Equation (1) is twice that of beam from Equation (3). Shown in Figure 1
are intensity and phase patterns at the Rayleigh range for beam from Equation (3), i.e., at
kw2/2 = z0/2. The patterns were numerically simulated using Equations (1) and (3) in the
source plane and using a Fresnel transform at the half Rayleigh range.
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Figure 1. Patterns of intensity (columns 1 (a,e,i) and 3 (c,g,k)) and phase (columns 2 (b,f,j) and
4 (d,h,l), dark—0, white—2π) from conventional LG beams (Equation (1)) of the orders (p, m) = (2, 1)
(row 1) and (q, n) = (3, 4) (row 2) and from a pLG beam (Equation (3)) of the order (p, q, m, n) = (2, 3, 1, 4)
(row 3) in the source plane z = 0 (columns 1 and 2) at the half Rayleigh range z = z0/2 (columns 3 and 4)
for the following parameters: wavelength λ = 532 nm, waist radius w = 0.5 mm. The scale bar in all
pictures is 1 mm. The topological charge was measured along a dashed circle in the phase patterns.
Shown in the bottom row in (i,k) are intensity profiles.

From Figure 1, the intensity profiles are seen to be preserved upon free-space prop-
agation for both conventional LG beams, while varying for the pLG beam. In particular,
in the source plane, the first (from the center) intensity ring is brightest, with the second
ring becoming brightest at the Rayleigh range of beam from Equation (3). According to
Equation (3), the beam is supposed to have p + q + 1 = 6 bright intensity rings. However,
just four and five intensity rings can, respectively, be seen in Figures 1i and 1k. Meanwhile,
the intensity profile in Figure 1i and phase pattern in Figure 1j confirm that there are six
bright rings and five intermitting dark rings (where a phase jump by π occurs). In Figure 1k,
the rings are fused, reducing the total number to five.

As predicted by Equation (3), the TC of beam from Equation (3) is found as a sum
of TCs of Equation (1): 1 + 4 = 5. This can be seen from the phase pattern: in Figure 1c,d,
TC = 1 (a single phase jump by 2π along the dashed circle); in Figure 1f,h TC = 4 (four phase
jumps by 2π along the circle); and in Figure 1j,l TC = 5 (five phase jumps along the circle).

With the Rayleigh range of the Laguerre–Gaussian beams from Equation (1) being
twice as large, following the propagation over a distance of z = kw2/2, these diverge not
by a factor of 21/2 ≈ 1.41, but by a factor of just (5/4)1/2 ≈ 1.12 (Figure 1a,c,e,g). In the
meantime, the beam from Equation (3) expands by a factor of just about 1.5.

Figure 2 depicts the intensity distributions of the pLG beam in different transverse
planes (initial plane, near field, Rayleigh range, far field) for other values of the indices p,
q, m, and n. In all three cases, the energy is redistributed between the light rings so that
in the near field and in the Rayleigh range, the peripheral rings are much brighter than
they were in the initial plane. However, the number of bright rings is reduced in the far
field. The third row confirms Equations (8) and (9), meaning that the squared LG beam
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is Fourier-invariant. The intensity in Figure 2l looks the same as in Figure 2i, despite the
perturbed patterns in the intermediate planes (Figure 2j,k).
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Figure 2. Intensity patterns of a pLG beam (Equation (3)) of the orders (p, q, m, n) = (1, 4, 1, 4) (row
1(a–d)), (p, q, m, n) = (2, 3, 2, 3) (row 2 (e–h)), (p, q, m, n) = (3, 3, 1, 1) (row 3 (i–l)) in four different
planes: in the source plane z = 0 (column 1), at the half Rayleigh range z = z0/2 (column 2), at the
Rayleigh range z = z0 (column 3), and in the far field z = 10z0 (column 4). Other parameters are the
following: wavelength λ = 532 nm, waist radius w = 0.5 mm. The scale bar is 1 mm (columns 1–3)
and 10 mm (column 4). The yellow curve below each figure shows the intensity profile.

4. Conclusions

We introduced in this paper a four-parameter family of vortex beams overlapping
well-known LG beams. The new beams represent a product of two different LG beams
with the same radius of waist and can also be termed as a product of LG (pLG) beams. If
in a pLG beam, both Laguerre polynomials have the same indices, such a beam may be
referred to as a “squared” LG beam, or (LG)2 beam. The proposed pLG beams have been
expressed as the superposition of a finite sum of conventional LG beams. For the (LG)2

beams, an explicit Fourier transform has been derived. A particular case of pLG beams
whose Laguerre polynomials are described by specially tailored azimuthal indices n − m
and n + m has been analyzed, and their Fourier transform has been deduced in an explicit
form. The pLG beams are promising for optical communication applications [22,24].
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Appendix A

Here, we briefly describe the derivation of Equation (5):

Lm
p (x)Ln

q (x) =
p+q

∑
k=0

CkLm+n
k (2x), (A1)

where Ck = 2q−kP(k+m−q,k+n−p)
p+q−k (0)P(k−q,p−k)

q (0) and Pµ,ν
α (0) denote Jacobi polynomials at

zero. To achieve this, we use the orthogonality of the Laguerre polynomials:

∞∫
0

e−cxxλLλ
p(cx)Lλ

q (cx)dx =
(q + λ)!
q!cλ+1 δp,q, (A2)

with δp,q being the Kronecker’s delta. Thus, the expansion coefficients in Equation (A1) can
be written as

Ck =
2m+n+1k!
(k+m+n)!

∞∫
0

e−2xxm+nLm+n
k (2x)Lm

p (x)Ln
q (x)dx =

2m+n+1k!
(k+m+n)! ap,q,k.

(A3)

To obtain the coefficients ap,q,k, we use the following generating function:

∞

∑
p=0

∞

∑
q=0

∞

∑
k=0

ap,q,ksp
1 sq

2sk
3 =

∞∫
0

e−2xxm+n
exp

[
−x
(

s1
1−s1

+ s2
1−s2

+ 2s3
1−s3

)]
(1− s1)

m+1(1− s2)
n+1(1− s3)

m+n+1 dx. (A4)

From Equation (A4), we obtain the following expression for the coefficients ap,q,k:

ap,q,k = (m + n)!
∥∥∥sp

1 sq
2sk

3

∥∥∥ (1− s1)
m(1− s2)

n

(r1 − r2s3)
m+n+1 , (A5)

where r1 = 2− s1 − s2, r2 = s1 + s2 − 2s1s2, and the following designations are introduced
for the derivatives: ∥∥∥sλ

∥∥∥ f (s) =
1
λ!

dλ

dsλ
f (s)|s=0.

After some transformations, the expression (A5) can be rewritten as

ap,q,k =
(m + n + k)!

2m+n+p+q+1k!
‖sptq‖(s + t)k(1− t + s)p+m(1 + t− s)q+n. (A6)

We return to the coefficients Ck using Equation (A3). Then, instead of Equation (A6),
we obtain:

Ck =
1

2p+q ‖s
ptq‖(s + t)k(1− t + s)p+m(1 + t− s)q+n. (A7)

The derivatives in Equation (A7) can be represented via the Jacobi polynomials of
zero argument:

‖sptq‖(s + t)k(1− t + s)p+m(1 + t− s)q+n =

P(k+m−q, k+n−p)
p+q−k (0)2p+q−k‖sptq‖(s + t)k(s− t)p+q−k =

P(k+m−q, k+n−p)
p+q−k (0)2p+q−k‖sp‖(s + 1)k(s− 1)p+q−k = P(k+n−p, k+m−q)

p+q−k (0)2p+q−kP(k−p, q−k)
p (0)2p,

P(k+m−q, k+n−p)
p+q−k (0)2p+q−kP(k−q, p−k)

q (0)2q.

(A8)
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From Equation (A8), if p > q, we finally obtain the expansion coefficients as

Ck = 2q−kP(k+m−q,k+n−p)
p+q−k (0)P(k−q,p−k)

q (0). (A9)
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