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Abstract: Due to the important application in the study of vibrational circular dichroism and helical
dichroism of chiral molecules, the tunable vortex beam at mid-infrared region has attracted increasing
attention. Based on orbital angular momentum (OAM) conservation in nonlinear interactions, the
vortex pumped singly resonant optical parametric oscillator (SRO) is recognized as a versatile source
of coherent vortex radiation providing high power and broad wavelength coverage from a single
device. However, the low parametric gain and high oscillation threshold under continuous wave
(cw) pumping has so far been the most challenging factor in generating cw tunable vortex beams. To
predict the output characteristic of vortex pumped SRO, a theoretical model describing the vortex
pumped SRO is needed. In this study, the theoretical model describing the vortex pumped SRO is
set up under collimated Gaussian beam approximation. Output characteristics of different SROs
are simulated numerically. By proper selection of pump scheme (such as double-pass pumping
scheme), the vortex pumped mid-infrared SRO can oscillate at a relatively low pump power. By
controlling the gain (mode overlap ratio between the pump and resonant wave in the nonlinear
crystal) and loss (employing a spot-defect mirror with different defect size as the output coupler) of
the resonant signal mode in the SRO, the OAM of the pump beam can be directionally transferred to
a specific down converted beam. The transfer mechanism of the OAM among the pump light and
the down-converted beams and factors affecting the transfer are studied. Our study provides the
guidelines for the design and optimization of vortex pumped SRO under cw operation.

Keywords: vortex beam; singly resonant optical parametric oscillator; single-pass pumping scheme;
double-pass pumping scheme; mode overlap ratio; spot-defect mirror

1. Introduction

Chirality is the most common feature in nature and widely exists in living organisms,
such as amino acids, sugars, DNA, etc. Optical fields with chirality are divided into circu-
larly polarized light fields carrying spin angular momentum (SAM) and vortex light fields
carrying orbital angular momentum (OAM) [1]. The difference between the absorption of
left-handed and right-handed circularly polarized light by chiral molecules is called circular
dichroism (CD). Similarly, the absorption difference of a chiral object to the opposite OAM
state light beam is referred to as helical dichroism (HD) or OAM dichroism [2]. The re-
searchers analyzed the interaction between OAM and different chiral substances [3–6] and
realized the recognition of chiral substances based on HD spectroscopy [7]. The interaction
mechanism between SAM and chiral substances has been proved in the dipole. However,
in the dipole approximation, whether the light with OAM interacts with chiral objects
has been controversial [2]. The study on the interaction between chiral substances and
the OAM light field can not only deepen the understanding of the mechanism, but also
provide a new vision for the detection of chiral substances. Due to the containing of the
chemical bonds such as O-H/N-H/C-H, most chiral molecules exhibit strong absorption of
light at 3–5 µm. It is particularly important to generate high quality tunable optical sources
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containing OAM. The typical vortex beam (VB) usually contains an exp(ilφ) term, and
each photon of the VB carries the OAM of l} (} is the reduced Planck constant). Based on
the OAM conservation in nonlinear frequency conversion, tunable vortex lasers at mid-IR
range have been generated by vortex pumped optical parametric amplifiers [8] or optical
parametric oscillators (OPO) [9–32]. In addition, the OAM conservation in a nonlinear
process also allows the use of quantum resources (OAM sate) in quantum state generation
and measurement [33–35]. Compared with other OPOs, although the threshold of the
singly resonant OPO (SRO) is higher, it can achieve stable, high-power tunable output
without locking the cavity length. Therefore, the vortex pumped SRO is an ideal choice for
generating stable and high power tunable mid-infrared vortex lasers.

Researchers have undertaken a lot of work in the area of vortex pumped OPO. At the
early stage, limited by the high oscillation threshold of continuous wave (cw) SRO, studies
about vortex pumped OPO mainly focused on the doubly resonant or triply resonant OPO
or pulse vortex pumped SRO. Early in 1999, Padgett MJ and coworkers presented the first
vortex pumped OPO and verified the OAM conservation during the optical parametric
process [9]. In recent years, Khoury AZ and coworkers carried out systematic theoretical
and experimental research on the double or triple OPOs pumped by a continuous wave
vortex, and realized the control of the down converted vortex beams [10–12]. Omatsu T
and coworkers generated vortex beams from near-IR to mid-IR through the nanosecond
pulse vortex pumped OPO, and demonstrated that the distribution of pump OAM in down
converted beams are determined by the mode overlap ratio between the pump and the
resonant waves in the nonlinear gain [13–17]. Samanta GK et al. reported the operational
characteristics of OPO pumped by a picosecond pulse vortex beam [18–22] and the doubly
resonant OPO pumped by a cw vortex beam [23]. Hu ML and coworkers realized the
tunable vortex signal output from the femtosecond pumped OPO by inserting the q-plate
and 1/4 wave plate in the resonant cavity to convert the signal mode from fundamental
Gaussian to vortex [27,28]. Zhu XZ et al. studied the backward OPO pumped by vortex
beams [29]. Yusufu T presented the SRO pumped by the laser sources with nanosecond
(picosecond) pulse duration, and realized the vortex signal (idler) output by adjusting the
loss of the resonant wave in the cavity [30–32]. For cw vortex pumped SRO, due to the low
parametric gain, the threshold is rather large. The cw SRO is more sensitive to the cavity
parameters, and the methods to control the transfer of pump OAM are also limited. In
the cw vortex pumped SRO performed by Samanta GK et al., the pump OAM can only be
transferred to the non-resonant idler OAM [24–26]. It is still unable to realize the arbitrary
transfer of the pump OAM in the SRO under cw operation.

In this paper, a theoretical study of the operation characteristics of the cw SRO under
different pump schemes, such as single-pass-pumping (SPP) and double-pass-passing
(DPP), are presented. Simple analytic solutions of the coupled-mode equations for the SRO
under collimated Gaussian beam approximation are outlined in Section 2. Simulations for
experimental results are performed by using the real experimental parameters in Section 3.
The resonant signal mode in the SRO is also analyzed for different conditions (mode overlap
ratio between the pump and the resonant waves, and defect-size of the spot-defect mirror)
in Section 4. Finally, the discussion and conclusion are presented in Sections 5 and 6,
respectively. This study provides the guideline for the design of the vortex signal output
from the cw vortex pumped SRO with a relatively low oscillation threshold.

2. Theoretical Description of Output Characteristics for Different SROs

In order to give a guideline for the design and optimization of the vortex pumped SRO,
the theoretical model for the SRO is presented. Figure 1 shows the schematic of the SROs
to be investigated in our theoretical analysis. For the SPP-SRO [as shown in Figure 1a], the
coating parameters of the input coupler (M1) and output coupler (M2) are the same. They
are high transmission for the pump and idler, and high reflection for the resonant signal.
The optical parametric process only occurs in the forward leg. For the DPP-SRO [as shown
in Figure 1b], the coating parameter of the input coupler (M1) is high transmission for the
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pump and idler, and high reflection for the resonant signal, while the coating parameter of
the output coupler (M2) is high transmission for the idler, and high reflection for the pump
and resonant signal. The optical parametric process occurs in both the forward leg and the
backward leg. Since the loss of intra-cavity signal power in the cavity is small (Vs < 0.1),
the intra-cavity signal power is assumed to be constant. Using the slowly varying envelope
approximation, the coupled-wave equations in the SRO are given by [36–38]

dAp/dz = i4πdAi As exp(−i∆kz)/npλp, (1a)

dAi/dz = i4πdAi A∗s exp(i∆kz)/niλi. (1b)
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Here, Aj is the amplitude of the wave j in the SRO crystal. The subscripts p, s, and i
denote the pump, signal and idler fields, respectively. d is the effective nonlinear coefficient
of the SRO. ∆k = 2πnp/λp − 2πns/λs − 2πni/λi − 2π/Λ is the phase mismatching condition
in the first order quasi-phase matching crystal based-SRO. nj is the extraordinary refractive
index in the quasi-phase matching crystal with a poled period of Λ at the wavelength λj.
Since the focusing parameters of pump and signal were usually selected to be less than 1
(ξp,s ≤ 1, the Rayleigh length is longer than the crystal length) in the real experiments, and
the collimated Laguerre-Gaussian (LG) vortex beam approximation is adopted. Meanwhile,
the phase mismatch and thermal effects induced by the absorption of nonlinear crystals are
ignored for simplicity.

The pump and signal amplitudes in the SRO crystal can be solved as

Ap(z) = Ap(0) cos(qz), (2a)

Ai(z) = iq1 Ap(0) sin(qz)/q. (2b)

Here, the parameters q1, q2, and q are expressed as

q1 ≡
4πd
λini

A∗s ; q2 ≡
4πd
λpnp

As; q ≡ √q1q2. (3)

The typical amplitude distribution of the optical field for LG vortex beams LG0l
carrying TC l can be expressed as:

A0l(r) =

√
P0l

πncε0|l|!w2

(√
2r

w2

)|l|
exp(− r2

w2 ) exp(ilθ). (4)

Here, P0l= 2π
∫ ∞

0 rdr2ncε0|A0l(r)|2 is the power of the vortex beam, n is the refractive
index of the transmission medium, ε0 is the permittivity of the vacuum, and c is the light
speed in vacuum. w0l = w(|l|+ 1)1/2 and w are the beam radii of the LG0l vortex beam
and the fundamental mode (LG00) of the LG0l mode, respectively. r, θ and z are the radial,
azimuth, and longitudinal coordinates, respectively.
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2.1. SPP-SRO

In this case, the optical parametric process only occurs in the forward leg. The signal
power gain ∆Ps on the forward leg is given as [36–38]:

∆Ps = −8dε0ωsIm
∫

A∗s Ap A∗i dxdydz = 8dε0ωs
∫ ∞

0 dr2πr q∗1
q A∗s

∣∣Ap(r, 0)
∣∣2∫ lOPO

0 dz sin(qz) cos(qz)

=
2λp
λs

Pp0

|lp|!
∫ ∞

0 exp(−2u)(2u)|lp| sin2
[

glOPO exp(− r2

w2
s
)
(√

2r
ws

)|ls|]
du = λpPp0θ/λs

(5)

Here Pp0 = npcε0πw2
p
∣∣Ap0

∣∣2 is the incident pump power. ωs = 2πc/λ is the angular
frequency of the signal light. lOPO is the length of nonlinear crystal. θ represents the
proportion of pump power converted in the SRO process of the forward leg,

θ =
2∣∣lp∣∣!
∫ ∞

0
exp(−2u)(2u)|lp| sin2

glOPO exp(− r2

w2
s
)

(√
2r

ws

)|ls|du. (6)

g is defined by:

g2l2
OPO =

32π2d2lOPOξsPs

npniλiλsλpcε0|ls|!
. (7)

Here Ps = nscε0πw2
s |As|2 is the intracavity signal power. To simplify the expres-

sion above, the mode overlap ratio between pump beam and signal mode (m) and the
normalized parameter (u) are introduced:

m = w2
p/w2

s ; u = r2/w2
p. (8)

The focus factor ξp,s = lOPO/(kp,swp,s
2), and the wave vector kp,s,i = 2πnp,s,i/λp,s,i.

The oscillation condition for the signal light in SRO is

∆Ps = Ps(Ts + Vs) = λpPpθ/λs. (9)

Here Ts is the transmission of the output coupler for the signal, and Vs is the roundtrip
power loss caused by non-ideal factors, such as scattering and Fresnel loss of the resonator
mirrors and crystals surfaces. For each incident pump power Pp0, the intracavity signal
power Ps can be solved from Equation (9).

Near the threshold, the pump depletion in the SRO crystal can be ignored, and the
intracavity signal power is low. The parameter glOPO is far less than 1 (glOPO << 1), and
Equation (6) can be approximated as

θ =
2g2l2

OPO
|lp|!

∫ ∞
0 exp(−2u)(2u)|lp| exp(− 2r2

w2
s
)
(

2r2

w2
s

)|ls|
du =

g2l2
OPO

m|ls |(|lp|+|ls|)!
|lp|!(1+m)|lp |+|ls |+1 . (10)

Substituting Equation (10) into Equation (9), the corresponding threshold pump power
of the SPP-SRO can be expressed as

PSPP−SRO
th =

npnicε0λ2
s λi(Ts + Vs)

∣∣lp∣∣!|ls|!(m + 1)|lp|+|ls|+1

32π2d2lOPOξs(
∣∣lp∣∣+ |ls|)!m|ls| . (11)

2.2. DPP-SRO

In this case, the optical parametric process occurs in both the forward leg and the
backward leg. The pump power at the end of the nonlinear crystal on the forward leg can
be read as:

Pp
′ =

(
Pp0 − ∆Psλs/λp

)
= Pp0(1− θ). (12)
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Similarly, the signal power gain ∆P’s on the forward leg is given as:

∆P′s = 8dε0ωsIm
∫

A′∗s A′p A′∗i dx′dy′dz′

=
2λp
λs

P′p
|lp|!
∫ ∞

0 exp(−2u′)(2u′)|lp| sin2
[

g′lOPO exp(− r′2

w2
s
)
(√

2r′
ws

)|ls|]
du′ = λpP′pθ′/λs

(13)

where z’ is the new coordinate axis along the backward direction, and z’ = 0 indicates the
end of the crystal on the forward leg. A′p,s,i represent the amplitudes of the pump, signal
and idler fields on the backward leg, respectively. θ’ represents the proportion of pump
power converted in the SRO process of the backward leg,

θ′ =
2

lp!

∫ ∞

0
exp

(
−2u′

)(
2u′
)lp sin2

g′lOPO exp(− r′2

w′2s
)

(√
2r′

w′s

)ls
du′ = θ. (14)

g’ is defined by:

g′2l2
OPO =

32π2d2lOPOξsPs

npniλiλsλpcε0|ls|!
= g2l2

OPO. (15)

When the DPP-SRO is operated stably, the oscillation condition is:

∆Ps + ∆Ps
′ = Ps(Ts + Vs) = λpPp0[(1− θ)θ + θ]/λs = λpPp0(2− θ)θ/λs. (16)

Ps can be obtained as an implicit function of the incident pump power Pp0. The
threshold pump power of the DPP-SRO is given by

PDPP−SRO
th =

npnicε0λ2
s λi(Ts + Vs)

∣∣lp∣∣!|ls|!(m + 1)|lp|+|ls|+1

64π2d2lOPOξs(
∣∣lp∣∣+ |ls|)!m|ls| . (17)

If a spot-defect mirror [39,40] is used as the output coupler, the transmission T’s of the
spot-defect mirror on the resonant transverse mode can be calculated as:

T′s =
1
|ls|!

∫ ra

0

(
2r2

W2
s

)|ls|
exp(− 2r2

W2
s
)rdr =

1
|ls|!

∫ νa

0
ν|ls| exp(−ν)dν (18)

Here ν = 2r2/W2
s . Ws(|l|+ 1)1/2 is the radius of resonant signal mode LG0l on the

spot-defect mirror, and ra is the radius of spot-defect on the output coupler. At this time,
the output coupler Ts shown above should be replaced by (Ts + T’s).

The extracted signal power from the SRO is given by

Ps,out =
(
Ts + T′s

)
Ps. (19)

The signal extraction efficiency and pump depletion can be written as:

ηp−s =
Ps,out

Pp0
=

Ps(Ts + T′s)
Pp0

, (20)

ηdep =
λs(Ts + T′s + Vs)Ps

λpPp0
. (21)

3. Output Characteristics of Vortex Pumped SROs

Output characteristics of different SROs are numerically calculated using the theory
shown in Section 2. Without special statements, the parameters used in our numerical
calculations are: ε0 = 8.854× 10−12 As/(Vm), c = 3.0× 108 m/s, d =16 pm/V, lOPO = 50 mm,
λp = 1.064 µm, λs = 1.538 µm, λi = 3.452 µm, np = 2.16, ns = 2.15, ni = 2.09, Ts + Vs = 5.0%,
ξs = 1, and m = 0.686, respectively.
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The pump depletions of DPP-SRO and SPP-SRO as functions of pump ratio (the
ratio between the pump power and the threshold) under different m values for different
combinations of pump vortex order lp and resonant signal vortex order ls (lp = 1, ls = 0
and lp = 2, ls = 0) are shown in Figure 2. According to the threshold expressions shown
in Equations (11) and (17), the threshold of the DPP-SRO is half that of the SPP-SRO. To
compare these two cases, Figure 2 is plotted using the pump ratio of DPP-SRO as the
horizontal ordinate. It can be seen that the pump depletions decrease with increasing m
under the same pump ratio, and the DPP-SRO can realize higher pump depletion over a
wider pumping range than the SPP-SRO at the same m. The maximum pump depletion
happens at the pump ratio of about 3–5 for DPP-SRO and 2–3 for SPP-SRO, respectively.
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nal are chosen such that the theoretical calculations fit the experimental results well, since 
the thermal lens effects of nonlinear crystal due to the absorption of interaction waves will 
change the beam waists in nonlinear crystal. The specific fitting parameters are: λp = 1.064 
μm, λs = 1.972 μm, λi = 2.310 μm, np = 2.20, ns = 2.17, ni = 2.16, Ts + Vs = 6.3%, wp = 85 μm 
(for lp = 1) or 81 μm (for lp = 2), and ws = 91 μm (for lp = 1) or 75 μm (for lp = 2). The good 

Figure 2. Pump depletion of SROs versus pump ratio under different m. ls = 0 and lp = 1 (a);
and lp =2 (b).

Numerical simulations of experiment output characteristics of vortex pumped SRO
performed by A. Aadhi et al. [24] are shown in Figure 3. The simulation parameters are
chosen according to the experimental conditions and the beam waists w of pump and
signal are chosen such that the theoretical calculations fit the experimental results well,
since the thermal lens effects of nonlinear crystal due to the absorption of interaction
waves will change the beam waists in nonlinear crystal. The specific fitting parameters are:
λp = 1.064 µm, λs = 1.972 µm, λi = 2.310 µm, np = 2.20, ns = 2.17, ni = 2.16, Ts + Vs = 6.3%,
wp = 85 µm (for lp = 1) or 81 µm (for lp = 2), and ws = 91 µm (for lp = 1) or 75 µm (for lp = 2).
The good agreement between the theoretical analysis and the experimental results verified
once again the correctness of our theory.
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4. Predictions for the Resonant Signal Mode in SROs

For vortex pumped SROs, the oscillation threshold determines how the OAM of the
pump beam is transferred to two down converted beams. The SRO tends to oscillate with
the resonant signal mode that has the lowest oscillation threshold. The oscillation threshold
of SPP-SRO for different pump vortex order lp, mode overlap ratio between the pump and
the signal m, and the defect size of spot-defect mirror ra, are numerically calculated.

Figure 4 shows the calculated threshold of the SPP-SRO for different vortex orders
of the pump and the resonant signal using the formula shown in Equation (11). With the
increase of pump vortex order lp, the resonant signal mode with higher vortex order ls
has the lower oscillation threshold. It shows that the SRO tends to oscillate with higher
signal vortex order ls for higher pump vortex order lp. In addition, we also find that the
oscillation threshold increases with increasing the vortex order of pump lp.
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Figure 5 shows the oscillation threshold versus the mode overlap ratio m for different
combinations of pump and signal vortex orders. For lp = 0 (fundamental Gaussian beam)
shown in Figure 5a, the resonant signal mode ls in SRO keeps the fundamental Gaussian
beam (ls = 0) for m changing from 0.2 to 2, and other signal modes (ls 6= 0) are far from
oscillation; considering that the vortex order of the signal light is no bigger than that of
the pump, we only calculate the oscillation threshold for the case ls ≤ lp below. For lp = 1,
shown in Figure 5b, the resonant signal mode ls in SRO oscillates with the fundamental
Gaussian beam (ls = 0) for 0.2 < m < 1, vortex mode with ls = 1 for 1 < m < 2; For lp = 2
shown in Figure 5c, the resonant signal mode ls in SRO oscillates with the fundamental
Gaussian beam (ls = 0) for 0.2 < m < 0.5, vortex mode with ls = 1 for 0.5 < m < 1, and
vortex mode with ls = 2 for 1 < m < 2, respectively; For lp = 3 shown in Figure 5d, the
resonant signal mode ls in SRO oscillates with the fundamental Gaussian beam (ls = 0)
for 0.2 < m < 1/3, vortex mode with ls = 1 for 1/3 < m < 2/3, vortex mode with ls = 2 for
2/3 < m < 1, and vortex mode with ls = 3 for 1 < m < 2, respectively. These results show that
the signal light in SRO tends to oscillate with the fundamental Gaussian mode for small m
(small pump beam spot), and leaves the OAM of pump light transferring to the OAM of
the idler beam. The conclusion is consistent with the early experimental results [24]. By
carefully controlling the pump beam size wp in nonlinear crystal, different OAM transfer
requirements of pump light in SRO can be achieved. However, as the pump mode overlap
ratio m (pump beam size wp) becomes larger, the oscillation threshold also increases.
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The relationships between the threshold of SPP-SRO versus the defect radius ra for
different combinations of pump and signal vortex orders are presented in Figure 6. The
threshold increases slowly (almost unchanged) with the increase of ra for ls 6= 0, and the
larger the value of ls, the wider the range of ra that keeps the threshold nearly unchanged.
As shown in Figure 6a, the signal wave with ls = 1 can oscillate at the threshold of 5 W in
the fundamental Gaussian beam pumped SPP-SRO for ra = 36.5 µm (0.21 Ws). For lp = 1
shown in Figure 6b, the signal wave with ls = 1 can oscillate at the threshold of about 4.2 W
in the SPP-SRO for ra changing from 14 µm (0.08 Ws) to 40 µm (0.23 Ws). For lp = 2 shown
in Figure 6c, the signal wave with ls = 1 can oscillate at the threshold less than 5 W in the
SPP-SRO for ra less than 40 µm (0.23 Ws), and the signal wave with ls = 2 can oscillate at
the threshold less than 6 W in the SPP-SRO for 50 µm (0.29 Ws) < ra < 70 µm (0.40 Ws). For
lp = 3 shown in Figure 6d, the signal wave with ls = 2 can oscillate at the threshold less than
6 W in the SPP-SRO for ra < 70 µm (0.40 Ws), and the signal wave with ls = 3 can oscillate
at the threshold less than 8 W in the SPP-SRO for ra changing from 90 µm (0.52 Ws) to
100 µm (0.57 Ws). It can be seen that the spot-defect cavity mirror makes SRO oscillating
with the high-order signal mode under high-order LG0l mode pumping. It can be seen that
the spot-defect cavity mirror makes SRO oscillating with the high-order signal mode under
high-order LG0l mode pumping. Thus, by selecting the appropriate size of the spot-defect
on the output coupler, the high-order signal mode can oscillate in SRO without significantly
increasing the threshold.
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5. Discussion

Two transverse mode control methods, including the gain-control method and the
loss-control method, can be employed to oscillate at a high order signal mode in SRO. For
the gain-control method, the pump vortex order lp and mode overlap ratio m between the
pump and signal in nonlinear crystal can be used in an experiment. The SRO will oscillate
with a higher order signal vortex for a higher order pump vortex. By carefully controlling
the pump beam spot wp (mode overlap ratio m) in nonlinear crystal, a signal mode with
different vortex orders will oscillate in SRO. For the loss-control method, the spot-defect
mirror will be used as one cavity mirror of the SRO cavity, and it will introduce different
degrees of loss for a different order signal vortex. The SRO can oscillate with high order
signal mode at a relatively low pump threshold by employing the spot-defect mirror with
proper spot-defect size.

6. Conclusions

In summary, the model describing the vortex pumped SRO under collimated Gaussian
beam approximation is set up. The SRO threshold for the double-passing case is half that for
single-pass pumping case, and the DPP-SRO can keep high efficiency over a wide pumping
range. The oscillation threshold for different combinations of pump vortex order lp and
resonant signal vortex order ls, different mode overlap ratio m between the pump and
signal in nonlinear crystal, and the spot-defect radius on output coupler ra is numerically
calculated. Our study provides a new design idea for the vortex pumped SRO under cw
operation to arbitrarily transfer the OAM of a pump to that of the down converted beams.
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