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Abstract: We experimentally investigate how initial entanglement between the system and envi-
ronment can be detected in an open system by using some prior knowledge of the joint evolutions.
The protocol we employed requires classical optimization on the results after performing measure-
ments on the system state. Such an approach does not require a full 2-qubit QST, and works in
scenarios where one has access to the system only. We demonstrate the protocol on both pure
entangled states and mixed entangled states. The obtained results show the experimental accessibil-
ity and validity of the protocol. Compared with the previous methods, which also assume access
only to the system, this protocol is less demanding in terms of measurement and state preparation.
The experimental results also show that, using the knowledge of the interaction, we can fine-tune
the protocol, thus showing the potential of the protocol for developing experimentally feasible and
practical entanglement detection methods.

Keywords: quantum entanglement; open system; system–environment correlation; entanglement
detection

1. Introduction

Quantum entanglement, a non-classical and counter-intuitive phenomena, is the
core foundation of quantum mechanics. Quantum entanglement acts as a crucial re-
source in quantum information science. However, in some cases, unwanted initial system–
environment entanglement can be a hindrance, which leads to errors in performing quan-
tum information tasks. In the past two decades since Werner [1] formulated the definition of
entanglement, great efforts have been devoted to entanglement detection, such as positive
partial transpose criterion [2], entanglement witness [3–11], matrix realignment criterion
(or computable cross norm criterion) [12,13], complementarity [14–17], etc. These meth-
ods assume that one has access to both parts of a bipartite system. However, in some
cases, entanglement arises between a system and some other system that is inaccessible.
Detecting these kinds of initial correlation is important for the application of error preven-
tion methods [18]. In recent years, important methods have been proposed [19–27] and
experimentally demonstrated [28–30], which show the possibility of witnessing system–
environment entanglement by measurements performed in open systems alone.

In Ref. [31], the authors address the problem of how initial system–environment corre-
lation can be verified by monitoring system evolution alone if one makes the experimentally
reasonable assumption that the system–environment interaction is known. Their results can
be applied in experimental quantum control and quantum computing where the system
and environment are often assumed to be initially uncorrelated. This theory is then devel-
oped for practical use and considered with the experimentally relevant Hamiltonian [32]. It
differs from previous methods [21–26] in that it does not require the preparation of different
initial states. In addition, it requires less measurement resource than the method in [19].

In this article, we report an experimental detection of initial system–environment
entanglement by measuring the system alone. Such a method rests on prior knowledge of
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the cause of the system–environment interaction but assumes nothing of the environment
state. It is suitable for a scenario where full 2-qubit quantum state tomography (QST) is
not available or access to the environment is prohibited, and the only resource provided
is measurements on the system. We test the performance of the protocol on both pure
entangled states and mixed entangled states. Our experimental results show validity of the
method for verification of initial system–environment entanglement, and further provides
a practical test bed for entanglement detection.

2. Detecting Initial Entanglement in Open Systems

The dynamics of a closed quantum system is characterized by a unitary transformation.
However, for an open system—that is, when the system interacts with some external
environment—its dynamics is non-unitary. For an open system (S), which is initialized (at
time t0) in a composite state ρSE with the environment (E), the dynamics is formulated as
follows: let the system and environment evolve together unitarily, and then trace over the
environment at some time t. Mathematically, the reduced dynamics of the system can be
written as

ρS(t0) 7→ ρ′S(t) = TrE{USE[ρSE(t0)]U†
SE}, (1)

where ρS (ρ′S) is the initial (final) state of the system.
We consider a scenario where for many identical preparations of ρSE, we have only

access to the system and QST is used to reconstruct the density matrix of ρS and ρ′S. Given
an initial state ρSE, we check whether the reduced-state dynamics map (1), ρS 7→ ρ′S, can be
obtained by assuming an initially uncorrelated state ρ∗SE = ρS ⊗ ρ∗E and, thus, determine
whether there exists initial entanglement in ρSE. Apparently, if no such ρ∗SE permits the
reconstruction of the map (1), the system and the environment must be initially correlated
in ρSE. We make no assumptions about the environment state ρ∗E, and just assume that the
system and environment consist of two qubits and are in the form of a direct product state.
The environment can be any valid qubit-state, which can be represented as follows:

ρ∗E =
1
2
(I+ xσX + yσX + zσZ), (2)

where σX(Y,Z) are Pauli operators; x, y, z are real parameters and satisfy x2 + y2 + z2 ≤ 1.
Then, we calculate the final state of ρ∗SE after the transformation under USE and obtain the
reduced final state ρ′∗S = TrE{USE

[
ρ∗SE(t0)

]
U†

SE} of the system.
What we care about is whether this hypothetical reduced-state dynamics ρS 7→ ρ′∗S is

the same as that of (1). We define D to measure the distance between ρ′S and ρ′∗S , which
takes the form

D = min
x,y,z

[
|∆ρij|2

]1/2
(3)

with x2 + y2 + z2 ≤ 1 and ∆ρ ≡ ρ′S − ρ′∗S .
In summary, for a given bipartite state ρSE, the procedure to detect initial entanglement

between the system and environment is as follows: (i) Perform QST on the initial state of
the system to construct the form of the density matrix. (ii) Let the system–environment
state ρSE evolve under the coupling USE. Then, perform QST to reconstruct the density
matrix of the system’s final state to monitor its reduced evolution ρS 7→ ρ′S. (iii) Evaluate
the distance D. Here, a classical optimization process over the parameters {x, y, z} is
required to obtain the value of D. If it ends up with a non-zero value, then the hypothetical
effort to reconstruct the map (1) by assuming a initially separable state ρ∗SE = ρS ⊗ ρ∗E fails,
and initial entanglement between the system and environment is identified. Otherwise,
if D = 0, no initial entanglement is experimentally identified, but the existence of initial
entanglement cannot be ruled out. We provide analyses later for when we can state with
certainty that there are initial entanglements by measuring S only, with the knowledge
of USE. Then, we can fine-tune the parameter τ and, thus, strengthen the performance of
the protocol.
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Initial system–environment correlation cannot be credibly determined by measuring
the system separately, if one has no prior knowledge of system–environment dynamics [31].
From the viewpoint of practical application, we consider the Heisenberg interaction, which
is an experimentally relevant Hamiltonian:

Hex = J(σXσX + σYσY + σZσZ), (4)

with J being a coupling constant. Its corresponding time evolution operator e−iHext is
given by

U(τ) =


e−iτ 0 0 0

0 eiτ cos 2τ −ieiτ sin 2τ 0
0 −ieiτ sin 2τ eiτ cos 2τ 0
0 0 0 e−iτ

. (5)

Here, we use the term τ = Jt for simplicity.
Using the prior knowledge of interaction, we experimentally demonstrate the above

method for certifying initial system–environment entanglement through measuring the
system state alone, with single photons and linear optical setup.

3. Experimental Demonstration

The experimental setup is illustrated in Figure 1. Pairs of photons used in this experi-
ment are produced via a type-I spontaneous parametric down-conversion technique by
pumping a β-barium-borate (BBO) with a 405 nm laser diode. With the detection of trigger
photons, the other photons in one pair are heralded and act as a single photon source.
Experimentally, this trigger–herald pair is counted by coincidences of two single-photon
avalanche photodiodes (APDs). Total coincidence counts are about 11,000 over a collection
time of 1 s within a 3 ns time window.

PBS

APD

HWP
QWP

IF
BBO

State
preparation QST

Phonton source

-45°
0°

45° 45°
0°

45°

45°

45°

45° 45°

45° 45°

45°
45°

CNOT SWAP

CNOT SWAP

CNOT
&

SWAP
BD

Laser

45°

45° 45°

SWAP & CNOT

Figure 1. Photon pairs are produced via type-I spontaneous parametric down-conversion process by
pumping a 1 mm-thick BBO nonlinear crystal with a 405 nm laser diode. Two IFs filter out the pump
and restrict the photon bandwidth to 3 nm. The operations (CNOT and SWAP) are realized with
combinations of BDs and HWPs at 45◦. The system qubit is polarization analyzed via a QST module
consisting of a QWP and two HWPs followed by a BD in front of an APD. Coincidence measurements
are performed via APDs. BD, beam displacer; HWP, half-wave plates; QWP, quarter-wave plate; PBS,
polarizing beam splitter; IF, interference filter; BBO, β-barium-borate; APD, avalanche photodiodes.

The heralded photons are polarized by passing through a polarizing beam splitter
(PBS). Then, a quarter-wave plate (QWP) with setting angles θP

Q is inserted to rotate the
polarizations of the photons.

In the experiment, we test the performance of the method carried out on maximally
entangled states and two types of mixed entangled states. The polarizations of photons
are encoded as the system qubit: {|H〉 = |0〉p, |V〉 = |1〉p} (H (V) represents the horizontal



Photonics 2022, 9, 883 4 of 8

(vertical) polarization; the subscripts p refer to the “polarization” modes). Then, a birefrin-
gent calcite beam displacer (BD) is inserted to introduce two spatial modes. A BD directly
transmits vertically polarized photons and laterally deflects horizontally polarized photons
into upper (U) and lower modes (D), respectively, which are encoded as the environment
qubit {|D〉 = |0〉s, |U〉 = |1〉s} (the subscripts s refer to the “spatial” modes). A half-wave
plate (HWP) at 45◦ is placed to flip the polarizations between |V〉 to |H〉, which is required
for state preparation. The operation of an HWP with setting angle θ can be expressed

in the matrix form as
(

cos 2θ sin 2θ
sin 2θ − cos 2θ

)
, and that of a QWP at ϑ can be expressed as(

cos2 ϑ + i sin2 ϑ (1− i) sin ϑ cos ϑ

(1− i) sin ϑ cos ϑ sin2 ϑ + i cos2 ϑ

)
.

By setting θP
Q at −45◦, the composite polarization–spatial system is generated into a

maximally entangled state, |Φ〉ps =
1√
2
(|01〉ps + i|10〉ps), with a state-preparation fidelity

higher than 99%. The fidelity of the theoretical density ρth and the experimental one
ρexp is defined [33] by F(ρth, ρexp) = (Tr

√√
ρthρexp

√
ρth)

2, which can be evaluated after
construction of the density matrix via a full 2-qubit QST on the initial state.

The operation U(τ) (Equation (5)) can be decomposed into experimentally feasible
operations controlled by two-qubit operation (Ũ(τ)) and CNOT operation (UCNOT):

U(τ) = U†
CNOT Ũ(τ)UCNOT, (6)

where UCNOT = U†
CNOT =

(
I 0
0 σX

)
, and

Ũ(τ) = UCNOTU(τ)U†
CNOT =


e−iτ 0 0 0

0 eiτ cos 2τ 0 −ieiτ sin 2τ

0 0 e−iτ 0
0 −ieiτ sin 2τ 0 eiτ cos 2τ

. (7)

The CNOT operation is realized by two BDs and four HWPs at 45◦ as shown in Figure 1.
The first BD splits the photons with different polarizations into different spatial modes and
HWPs at 45◦ flip the polarization modes of the photons, followed by the second BD that
combines two spatial modes back into one.

Ũ(τ) can be further expanded as

Ũ(τ) = (I⊗ RZ)(I⊗ |0〉〈0|s + RX ⊗ |1〉〈1|s), (8)

where RZ = e−iτσZ and RX = e−i2τσX are qubit rotations. The controlled rotation in (8) is
implemented by inserting a Q-H-Q wave-plate combination into the upper mode, with
angles set at 0◦, (−180τ/π)◦ and 0◦, respectively, as shown in Figure 1. For the rotation
RZ on the environment state (which is encoded by the spatial modes), we first apply a
SWAP operation to transform the modes (between the spatial and polarization modes);
then, we implement RZ on the polarization modes via inserting another Q-H-Q wave-plate
combination, by rotating the HWP to (90τ/π + 45)◦ and fixing the other two QWPs at
45◦. What follows is another SWAP operation that restores the mode transformation. This
SWAP operation can be realized combined with the last CNOT operation to simplify the
experimental implementation.

The last step is to estimate the evolved system state ρ′S, which is realized via single-
qubit QST. By means of projecting the output states into tomographic complete bases
{|H〉, |V〉, (|H〉+ |V〉)/

√
2, (|H〉 − i|V〉)/

√
2}, the density matrix of the output state can

be obtained via maximum likelihood estimation. The projecting measurements are carried
out by a sequence of a QWP, two HWPs and a BD, as shown in Figure 1. The resulting
single photons are detected by avalanche photodiodes (APDs), in coincidence with the
trigger photons.
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To verify the validity of the method for experimentally detecting initial entanglement
with access to the system alone, we also perform 2-qubit QST on the initial states ρSE to
directly determine the actual initial entanglement. Note that more measurement resources
are required than the protocol. The entanglement measure we use here is concurrence [34,35],
which can be evaluated with the measured density matrix from the 2-qubit QST. Concur-
rence varies between 0 and 1, indicating that the degree of entanglement changes from
separable to maximally entangled. The measurement setup for the QST of the initial state
is not illustrated in Figure 1.

4. Results and Discussion

While initially preparing the maximally entangled state |Φ〉ps, we experimentally
investigate what values of τ enable us to detect initial entanglement by the protocol. In
Figure 2, we show the experimental results (blue dots) and the theoretical predictions
(yellow line) of the distance D versus τ. In a period of π

2 , except the interval when
τ2 > τ > τ1 (τ1 = 1

2 arctan (−2) + π
2 and τ2 = 1

2 arctan (2)), D is always non-zero, which
indicates the failure of the hypothetical separable state model. In other words, there must
be initial entanglement. Note that the relation of D versus τ is π

2 periodic.

0 0.55357 1.01722 πι/2

0.0

0.1

0.2

0.3

0.4

0.5

τ0 τ1 τ2 π/2

D

Figure 2. The defined distance D as a function of the evolution time parameter τ for the maximally
entangled state. Outside the interval τ2 > τ > τ1 (with τ1 = 1

2 arctan (−2)+ π
2 and τ2 = 1

2 arctan (2)),
the measured D is always non-zero, indicating the presence of entanglement in the initial state
ρSE. The solid orange curve indicates the theoretical predictions and the blue symbols denote
the experimental results. Error bars indicate the statistical uncertainty, which is obtained from a
Monte-Carlo simulation by assuming Poisson distribution of the photon number.

In the following, we show the performance of the protocol for Werner states:

ρSE =
p
4
I⊗ I+ (1− p)|Φ〉〈Φ|, (9)

where 1 ≥ p ≥ 0. The white noise in ρSE is introduced in postprocessing. The probabilities
p and 1 − p are applied by evaluating the ratios of the measurement outcomes from
two separated experiments for initial states |Φ〉〈Φ|ps and 1

4I⊗ Ips. Figure 3a shows the
numerical analysis of D (colored according to the degree of the distance D) dependence
of p and τ. It can be seen that for different values of τ, the values of the measured D are
different. Therefore, by varying τ, we can fine-tune the protocol for detecting entanglement
of such a class of states (9).
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Figure 3. Performance of the protocol for mixed entangled states. (a) Numerical analysis of D
dependence of p and τ. The density is colored according to the degree of the distance D. The dashed
red line indicates τ = 13

32 π. (b) Results of performing the protocol for detecting initial entanglement. τ

is fixed to 13
32 π such that ρSE is always detected as entangled as long as p < 2

3 ; then, the protocol ends
in good agreement with that of directly detecting ρSE via 2-qubit QST, as shown in (c). (c) Concurrence
of the initial states ρSE for different state parameters p, obtained via 2-qubit QST.

Figure 3b shows the results obtained from performing the protocol. Through numerical
analysis in Figure 3a, we select the optimal value τ = 13

32 π; then, the protocol always enables
detecting the initial entanglement for p < 2/3, but not for values (of p) other than that,
which is consistent with the reality of the entanglement (in concurrence measurement,
see Figure 3c) of ρSE, which is obtained from performing 2-qubit QST on ρSE. To our
surprise, the distance D also coincides with the monotonicity of C (Figure 3c). Compared
with those QST-based methods, this protocol requires less measurement resources but
achieves the same goal. In addition, it does not require access to the environment.

The experimental results are in good agreement with the theoretical predictions, and
the slight differences are due to the experimental imperfection during the state-preparation
stage and the measurement stage. Our results prove that the protocol is valid for detecting
initial system–environment entanglement by only measuring the system. We want to stress
that, although the USE and the states we considered are motivated by realistic experimental
conditions, the protocol can be further explored for other types of joint interactions and
entangled states.

5. Conclusions

We have reported an experimental demonstration of a protocol for detecting initial
system–environment entanglement by measuring the system alone. The protocol requires
classical optimization based on the results after performing measurements on the system
state. This approach works in scenarios where one only has access to the system and a
full 2-qubit QST is not available. We test the performance of the protocol on both pure
entangled states and mixed entangled states. The obtained results show the experimental
accessibility and validity of the method. The advantage of the method is that it requires
fewer measurements than conventional methods based on a full 2-qubit QST; compared
with previous methods, which also assume access to the system alone, it is less demanding
in terms of measurement and state preparation. We also experimentally show that, using
the knowledge of USE, we can fine-tune the protocol, thus demonstrating the potential for
developing entanglement detecting methods for a wide range of states.
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