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Abstract: We propose a circular twist-symmetric dielectric waveguide that is polarization-selective.
In the practical implementation of optical fibers, a selective circular polarization is more convenient
than its linearly polarized counterpart where previous knowledge of the emitted polarization from
the transmitter is unknown. The analysis of the waveguide was conducted with three methods: an
eigenmode approach, simulation of a truncated structure, and the so-called multimodal transfer-
matrix method (MMTMM). The presented simulations demonstrate that the operational band can
be manipulated by tuning the parameters of the structure. Furthermore, the MMTMM allows for a
direct and accurate calculation of the attenuation constant of the rejected circular polarization.

Keywords: higher symmetries; twist symmetries; frequency dispersion; multimodal analysis; circu-
lar polarization

1. Introduction

The electromagnetic properties of periodic structures with higher symmetries were
first studied in the 1960s and 1970s [1–3]. Their properties have recently been revisited
after the discovery of novel and interesting characteristics in two-dimensional periodic
structures [4–6]. Two types of spatial higher symmetries can be found in the literature: glide
and twist symmetry. A periodic structure possesses glide symmetry if it is invariant after
a translation and a mirroring [7,8]. Glide-symmetric structures have been demonstrated
to exhibit lower dispersion and higher refractive indices than conventional structures [4],
properties that are found useful when designing two-dimensional lens antennas [9–12].
Moreover, introducing glide symmetry in conventional electromagnetic band gap struc-
tures enables a broader rejection band and higher attenuation [13,14]. This characteristic
has been exploited in the design of filters [15,16], components based on gap waveguide
technology [17,18], and to avoid leakage in the interconnection of waveguides [19,20].
Other reported properties of glide symmetry include enhanced on-axis anisotropy [12,21]
and magnetic permeability [22].

Twist-symmetric structures remain in turn invariant after N consecutive translations
and rotations of 2π/N rad [7]. Like glide symmetry, twist symmetry reduces the dispersion
of periodic structures and increases its equivalent refractive index [23]. These properties
were experimentally demonstrated in coaxial lines [24,25] and hollow waveguides [26].
Making use of a mode-matching technique, it was demonstrated in [27] that this reduction
in dispersion is caused by the higher-order modal coupling between the sub-perturbations
within the unit cell. The properties of twist symmetries have been used to produce reconfig-
urable stopbands [25] and phase shifts [26]. Metallic cylinders possessing twist symmetry
were employed to produce filters in [28]. Moreover, the increase in the equivalent refractive
index in twist-symmetric structures was used to reduce the size of helix antennas [29] and
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to produce compact lenses [30]. Twist symmetry was also proposed for stacked Frequency
Selective Surfaces resulting in broadband polarizers for millimeter waves [31,32]. This kind
of polarizers can also be found in the optical range [33], which can be useful for detection
of enantiomers [34].

Most of the higher-symmetric structures studied in the literature are bounded struc-
tures and, specifically, all the twist-symmetric structures mentioned above were bounded,
i.e., the structure was placed inside a PEC enclosure—the outside wall of the waveguide
structure. So far, one case of an unbounded glide-symmetric dielectric waveguide was
studied in [35]. In the present work, we analyze the propagation characteristics of an open
fully dielectric structure with twist symmetry as illustrated in Figure 1. Here, a circular
waveguide has twist-symmetric elliptic cylinders embedded.

The polarization selection exhibited by the structure with three-fold twist symmetry
is of practical interest. This feature of mono-polarized propagation is desired in fibers
since the feeding will be independent of the setup [36]. A similar feature was already
proposed with the use of chiral fibers in [37] where a double helix was placed around a
fiber. This helix could be seen as an infinite-fold twist-symmetric structure [38]. Another
example can be found in [39], where a dielectric ribbon waveguide was proposed for sub-
THz communications. Therefore, given the recent advances and development of additive
manufacturing [40,41], twist-symmetric dielectric structures can be of interest for future
wired communication systems allocated in the sub-THz frequency band.

(a) (b) (c)

Figure 1. Dielectric rod embedded with (a) 2-, (b) 3- and (c) 4-fold twist-symmetric elliptic cylinders.

Due to the geometric complexity and dielectric nature of the structure under study,
as well as the strong mode coupling within it, its detailed analysis can only be carried by
means of purely numerical approaches. It is well known that, in a conventional dielectric
rod, the mono-modal operation is determined by the following V number condition:
V ≤ 2.405 [42], which depends on the diameter and dielectric constant. In principle, this is
the only parameter that can be known a priori and that gives us an approximation of the
mono-modal operation frequency of our twist-symmetric dielectric waveguide. Hence,
the three methods of analysis to be used in this work are: (1) the eigenmode solver of a
commercial full-wave simulator (CST Microwave Studio in this work), (2) time-domain
simulation of a truncated structure, and (3) the multimodal transfer-matrix method. In the
next sections, some results and relevant features of these three approaches are reported.

2. Results and Discussion
2.1. Eigenmode Solver

To conduct the simulations with the eigenmode solver in CST, a perfect electric
conductor was introduced at an electrically large distance from the unit cell. In Figure 2a,
the dispersion diagram of a two-fold structure is shown. This structure produces two
linear polarized modes which are not identical. In Figure 2b, the dispersion diagram of two
circularly polarized HE11 modes are illustrated for the case of three-fold twist symmetry.
The results provided by the eigenmode solver in CST reveal that, while the left-handed
circularly-polarized (LCP) mode does not have a stop band in the first Brillouin zone,
the right-handed (RCP) mode has a stopband between 6.4 and 7 GHz. This behaviour
is not intrinsic to twist-symmetric structures, since it is found to depend on the order of
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symmetry. Another example is shown in Figure 2c, where we illustrate the dispersion
diagram of two HE11 modes for a four-fold twist-symmetric structure. In this case, the
two modes are linearly polarized and identical since the periodicity of the protrusions
are symmetric. Although the results are not presented here for the sake of brevity, a
five-fold structure would again excite two circularly polarized HE11 modes but without a
polarization selection property.

(a) (b)

(c)

Figure 2. Dispersion diagram of a dielectric rod with (a) 2, (b) 3 and (c) 4 folds with parameters p = 15.4 mm, w = 3.85 mm,
r1 = 7 mm, r2 = 4.2 mm, ε1 = 10 and ε2 = 3.

In the three-fold case, there is a stopband in the clockwise direction since the pro-
trusions rotate only π rad in one period. However, in the counterclockwise direction,
they rotate 2π rad, so there is no stopband. The rotation of the first three protrusions is
illustrated in Figure 3, for both the clockwise and counterclockwise direction. Only in
the counterclockwise case does the protrusion return to its original location in exactly
one period.

(a) (b)

Figure 3. Dielectric rod with 3-fold twist symmetry. Rotation of the ellipses with (a) right handedness and
(b) left handedness.

In the rest of this manuscript we will focus on the case of order of symmetry N = 3
due to its polarization selection. The handedness of the propagating modes is illustrated in
Figure 4 where the field distribution for different z-planes is plotted.
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Figure 4. Field distribution showing the rotation of the circularly polarized HE11 modes computed by the Eigenmode solver
at 7.2 GHz for p = 15.4 mm, w = p/4, r1 = 7 mm, r2 = 4.2 mm, ε1 = 10 and ε2 = 3.

The first study carried out with the Eigenmode solver is a parametric study of some
relevant geometrical features of the waveguide. The effects of different design parameters
on the dispersion diagram are shown in Figure 5. The mode that propagates discordantly
to the rotation of the protrusions (RCP in our case) has a stopband in the first Brillouin
zone. Figure 5a shows that, when increasing the value of w, the stopband moves up in
frequency and broadens its bandwidth. In Figure 5b, the effect of the inner material is
studied. For lower values of the permittivity, the stopband moves up in frequency, and its
bandwidth increases. Figure 5c shows the variations of the stopband for different values
of r1. It can be appreciated that there is an optimal value for this parameter in terms of
bandwidth. Finally, an increase in the value of r2 also moves it up in frequency, however
here its bandwidth is reduced (Figure 5d).

(a) (b)

(c) (d)

Figure 5. Dispersion diagram computation of a twist-symmetric dielectric rod as a function of (a) w, (b) ε2, (c) r1, and (d) r2.
Unless otherwise specified, the parameters are p = 15.4 mm, r1 = 7 mm, r2 = 4.2 mm, w = p/4, ε1 = 10, and ε2 = 3.

2.2. Frequency Domain Simulation of a Truncated Structure

The periodic dielectric waveguide is studied in this section by means of the Frequency
Domain solver in CST through the simulation of finite structures that comprise 10 and
15 unit cells. In these simulations, perfect matching layers are used as boundary conditions.
Since the software only provides directly the S-parameters of linearly-polarized modes



Photonics 2021, 8, 206 5 of 9

([S]LP), a transformation to circularly-polarized S-parameters ([S]CP) is needed. This
transformation is given by the following operation [43]:

[S]CP =
1
2


1 −j 0 0
1 j 0 0
0 0 1 j
0 0 1 −j

[S]LP


1 1 0 0
−j j 0 0
0 0 1 1
0 0 j −j

 (1)

with the elements of matrices [S]CP and [S]LP arranged as

[S]CP =


SRR

11 SRL
11 SRR

12 SRL
12

SLR
11 SLL

11 SLR
12 SLL

12
SRR

21 SRL
21 SRR

22 SRL
22

SLR
21 SLL

21 SLR
22 SLL

22

 , [S]LP =


SXX

11 SXY
11 SXX

12 SXY
12

SYX
11 SYY

11 SYX
12 SYY

12
SXX

21 SXY
21 SXX

22 SXY
22

SYX
21 SYY

21 SYX
22 SYY

22


where the superscripts L,R and X,Y represent the left/right-handed and x/y-components,
respectively.

In Figure 6, both the reflection and transmission coefficients are plotted. A good
agreement between 10 and 15 unit cells is achieved confirming a good approximation of
the truncation to the infinite periodicity. A high level of reflection is produced by the right-
handed mode within the stopband, in which the left-handed mode is largely transmitted.
This indicates that the attenuation is associated with the stopband rejection rather than
leakage along the open waveguide. The low transmission in lower frequencies is due to
the poor confinement of the modes in the waveguide.

(a) (b)

Figure 6. Circular S-parameters of a truncated structure with 10 and 15 unit cells of a twist-symmetric dielectric rod with
parameters: p = 15.4 mm, w = p/4, r1 = 7 mm, r2 = 4.2 mm, ε1 = 10 and ε2 = 3. (a) Reflection coefficient. (b) Transmission
coefficient. The shaded region indicates the bandgap calculated using the eigenmode solver.

2.3. Multimode Transfer-Matrix Method (MMTMM)

The MMTMM is an efficient hybrid approach able to compute both the phase and
attenuation constants of general periodic structures [44]. It links any unit cell with its
equivalent transfer matrix [T], which can be calculated by any appropriate commercial/in-
house software. Multiple propagative and evanescent modes can be excited in the structure
from its ports, as shown in Figure 7. The multimode method was previously validated
in [45] for fully-metallic and bounded twist-symmetric structures, including a study on
its convergence. Here, we use this method in a more challenging situation in which the
configuration is unbounded and it is fully dielectric. Under these conditions, there are
hybrid modes which are more difficult to evaluate with commercial software.
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Figure 7. Top view of the unit cell and the transfer matrix of its equivalent network.

Our unit cell has periodicity (p) only in one direction (z), thus the computation of the
associated wavenumbers (kz) of its different Bloch modes can be obtained after solving the
following eigenvalue problem [46–48]:

[T]
[

V1
I1

]
= e−jkz p

[
V1
I1

]
(2)

where Vi, Ii (i = 1, 2) are the equivalent voltages and currents associated with multiple
port modes projected by the Bloch modes inside the unit cell. In the application of this
method to the structure in Figure 1b, the transfer matrix is computed by means of the
CST Frequency Domain Solver taking the first three excited modes in the ports of the unit
cell. Although the three modes are linearly polarized, it is important to remark that a
linear-to-circular post-processing of the resulting [T] matrix is not necessary. Since the
outcome of (2) is the eigenvalues and eigenvectors of the structure, the method successfully
finds the wavenumbers of both the LCP and RCP modes. In Figure 8a,c, the phase shifts
resulting from the MMTMM and the CST Eigenmode solver are plotted for two different
examples. A good agreement between both methods is found in the band of interest. The
small disagreement in the width of the stopband can be attributed to the sensitivity of the
CST Frequency Domain Solver to the size of the ports. At lower frequencies, the modes
computed by CST in this band are not well confined, which also causes some disagreements
between the Eigenmode Solver and the MMTMM. Different to the Eigenmode solver, the
MMTMM does allow for the calculation of the attenuation constant in the stopband, as
plotted in Figure 8b,d. This result is important because it informs of the actual rejection
level of this stopband. Thus, Figure 8c,d show that the stopband in the second example is
three times narrower than in the first example and its attenuation level is also about three
times lower. The maximum value of αz in the first example corresponds to an attenuation
of 2.8 dB per unit cell, whereas the results of the truncated structure simulation suggested a
value of 2.6 dB per unit cell. The attenuation constant in the truncated structure is calculated
by subtracting the transmission scattering parameters of two cases with 15 and 10 unit
cells. With this method, we eliminate the effect of the reflections in the transitions.

Finally, a study of the losses was done when lossy materials were used. A value
of tan δ = 0.004 is considered, which is a typical value for additive manufacturing ABS
materials [49]. In Figure 9, the attenuation constant of the left-handed circular mode is
plotted. Both the simulation of a truncated structure and the multimode method are
included for comparison. The results of the simulation for the truncated structure were
smoothed to remove numerical noise. In the multimode analysis, we found numerical
problems to compute the material losses in a narrow band between 6.6 and 6.8 GHz, due
to the presence of an spurious stopband attributed to not sufficiently accurate scattering
parameters provided by the CST Frequency Domain solver. This stopband has been
removed in the figure. Both methods agree well with a discrepancy of around 0.01 dB/m.
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(a) (b)

(c) (d)

Figure 8. Dispersion diagram computation using Bloch multimode for a twist-symmetric dielectric rod with parameters:
p = 15.4 mm, w = p/4, r1 = 7 mm and ε1 = 10. (a) Phase constant and (b) attenuation constant of the right-handed
polarized mode with r2 = 4.2 mm and ε2 = 3. (c) Phase constant and (d) attenuation constant of the right-handed polarized
mode with r2 = 6 mm and ε2 = 5. The shaded region indicates the bandgap calculated using the eigenmode solver.

Figure 9. Attenuation constant using both the multimode analysis and the simulation of a truncated structure. The
parameters are: p = 15.4 mm, w = p/4, r1 = 7 mm, r2 = 4.2 mm, ε1 = 10 and ε2 = 3. Both materials are simulated with
tan δ = 0.004.

3. Conclusions

We proposed a dielectric waveguide embedded with twist-symmetric elliptic cylinders,
which is polarization selective. A dispersion analysis was conducted using several different
methods (Eigenmode, Time Domain Solver of a truncated structure and multimode transfer
matrix method). This analysis revealed that the proposed structure permits the propagation
of two circularly-polarized modes whose operational bands can be controlled by their
structural parameters. Furthermore, we showed that the Bloch multimode transfer matrix
method can be used to calculate the attenuation constant within the stopband of the
rejected mode.
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