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Abstract: External seeded free-electron lasers (FELs) hold promising prospects for producing intense
coherent radiation at high harmonics of a conventional laser. The practical harmonic up-conversion
efficiencies of current seeding techniques are limited by various three-dimensional effects on the
electron beam. In this paper, a novel method is proposed to extend the wavelength coverage of a
seeded FEL by combining the reverse taper undulator with the echo-enabled harmonic generation.
The proposed technique can significantly enhance the bunching at ultra-high harmonics and pre-
serve the electron beam qualities from degradation by deleterious effects. Theoretical analysis and
numerical simulation are performed, and the results demonstrate that stable, intense, nearly fully
coherent FEL pulses with photon energy up to 1 keV can be generated. The proposed technique may
open up new opportunities to obtain laser-like pulses at sub-nanometer wavelength.

Keywords: free electron laser; reverse taper; seeded FEL; intra beam scatting; synchrotron radia-
tion effects

1. Introduction

The high gain X-ray free electron laser (FEL) opens new chapters to various frontiers
of nanoscale scientific applications in biology, chemistry, material science for the abilities to
provide femtosecond pulses with gigawatt peak power and tunable wavelength down to
less than 0.1 nm. The successful operations of several X-ray FEL facilities indicate a new
era of X-ray science, most of which employ the mechanism of self-amplified spontaneous
emission (SASE) [1–5]. While SASE FEL holds promising abilities to produce X-ray pulses
with great spatial coherence and tunable wavelength, its output has typically limited
coherence in the temporal and spectral domains since the initial signal arises from chaotic
spontaneous emission with fluctuating temporal structure [6]. Many recently developed
or emerging scientific techniques require the femtosecond X-ray pulses with intense peak
power, spatial as well as temporal coherence at sub-nanometer wavelength [7–9]. Self-
seeding [10–17] is developed to generate full coherent X-ray pulse by implementing an
optical monochromator to reduce the bandwidth of the noisy SASE spectrum. However,
the intrinsic SASE fluctuation, microbunching instability of the electron beam [16] and the
properties of optical monochromator [12,16] might significantly affect the characteristics of
self-seeding FEL.

External seeded FELs are developed to provide stable and fully coherent FEL pulses
by triggering the amplification process with external conventional lasers at the ultraviolet
wavelength. To produce coherent pulses at extreme ultraviolet (EUV)/X-ray range, fre-
quency up-conversion schemes [18–21] are generally required due to the lack of intense and
coherent laser sources at short wavelength. Among these external seeded techniques, the
recently developed echo-enable harmonic generation (EEHG) [22–30] has the highest har-
monic up-conversion efficiency, holding the capability to generate intense, highly coherent
soft X-ray pulses with a wavelength of a few nanometers [30]. Theoretical and numerical
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investigations within the framework of idealized models indicate further extension of
the coverage of a single EEHG to shorter wavelength is very challenging due to various
three-dimensional effects [23,28]. These effects play important roles in the forming process
of the fine structure of EEHG and will eventually lead to the damping of bunching at 2 nm
and below.

In this paper, we propose a novel technique to extend the photon energy coverage
of a single-stage seeded FEL by combining the reverse taper undulator [31–35] with the
EEHG. The proposed technique first operates a single-stage EEHG to generate coherent
microbunching at a relatively low harmonic. Then a reverse tapered undulator is utilized
to enhance the bunching while suppress the growth of energy spread. Further harmonic
jump and amplification of the short wavelength radiation are realized in the final radia-
tor. The proposed technique can significantly reduce the difficulties and requirements in
implementing external seeding at a sub-nanometer wavelength range.

2. Method and Principles

Figure 1 shows the schematic layout of the proposed technique, which extends the
photon energy coverage by two frequency up-conversion processes: the first up-conversion
process uses a typical single-stage EEHG scheme; the second up-conversion process benefits
from the use of reverse tapered undulator, which can amplify the bunching factor at high
harmonic but suppress the increase of energy spread [33]. The electron beam from the linac
firstly passes through a modified EEHG stage, which consists of two modulator-chicane
modules, two seed lasers (λseed1 = λseed2 = λs) and a reverse tapered undulator resonated
at a target harmonic of the seed. The electron beam interacts with the first seed laser to
produce a relatively small energy modulation in the first modulator. Then the electron
beam passes through a strong magnetic chicane to stretch the energy modulation, leading
to a finely striated pattern in the electron beam. After that the electron beam sequentially
interacts with the second seed laser in the second modulator and passes through the
second magnetic chicane to generate a significant bunching at high harmonics, where
only a small energy modulation is required considering that the slice energy spread in
individual striation is relatively small. After passing the second modulator, the beam is
density modulated at the wavenumbers given by ka = nkseed1 + mkseed2, where kseed1 and
kseed2 are the wavenumbers of two seed lasers, kseed1,2 = 2π/λseed1,2, and n, m are non-zero
integers. Then, we can obtain ka = (n + m)ks and λa = λs/a, where λa = 2π/ka and a is
integer a = n + m. The harmonic up-conversion efficiency of EEHG can be qualified by the
bunching factor, which can be calculated by Xiang [23].

bn,m =
∣∣∣e−1/2[nB1+(Km+n)B2]

2
Jm[−(Km + n)A2B2]× Jn{−A1[nB1 + (Km + n)B2]}

∣∣∣ (1)

where A1,2 are the energy modulation amplitude divided by the initial energy spread σE0 ,
B1,2 = R56

(1,2)KσE0 are the dimensionless dispersion strengths for the two dispersions,
K = kseed2/kseed1 = 1.
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Afterwards, the electron beam passes through a reverse tapered undulator to enhance
the coherent microbunching while suppressing the growth of the energy spread. The
reverse taper technique was initially used to increase the saturation efficiency of FEL
oscillation [31]. Recently, polarization control in an X-ray FEL has been experimentally
demonstrated in LCLS by using reverse taper technique [34]. With an initial bunching
factor ba, the fundamental bunching factor ba(z) and the complex amplitude of energy
modulation bp in the reverse tapered undulator can be expressed as [33]

|ba(z)|2 ' |βẑ|2η̂,
∣∣bp
∣∣2 ' |βẑ|η̂ (2)

where β is the taper strength β = − λu
4πρ2

K
1+K2

dK
dẑ , η̂ is the normalized FEL power, λu is

the undulator period, ρ is FEL pierce parameter, and ẑ = 4πρz
λu

(z is the distance along the
undulator). Due to the non-linear harmonic radiation [36,37], the bunching factor at the a1
th harmonic of the resonance of EEHG becomes [35]

|bh|2 ∝ A|βẑ|2η̂, (3)

where A is a constant and h = aa1. According to Equations (2) and (3), one can find that
the bunching factor bh is proportional to β while the energy modulation amplitude bp

is proportional to
√

β. Compared with the non-tapered undulator, the bh varies slowly
with β while the power of radiation and energy spread induced by emission are reduced
significantly, which means that the quality of the electron beam can be well preserved. The
electron beam is extracted when the bunching at higher harmonic λh (λh = λa/a1, a1 is the
harmonic number) grows sufficient large. Finally, the electron beam passes through the
radiator to initiate coherent radiation at a target higher harmonic and further amplify it
to saturation.

3. Results
3.1. Performance without Three-Dimensional Effects

To illustrate the feasibility of the proposed technique, simulations with MATLAB and
GENESIS [38] are carried out using the typical parameters of a soft X-ray FEL, as listed
in Table 1. An electron beam with beam energy of 2.5 GeV and bunch length of 100 fs is
adopted, and various three-dimensional effects are ignored in this simulation. Specifically,
we consider an electron beam with uniform current I, energy spread σE0 and normalized
transverse emittance ε in the longitudinal position. Here, we consider a seed laser with
the conventional wavelength of 265 nm [29] and harmonic up-shift numbers of a = 75
and a1 = 3. To ensure the seed laser can well modulate the electron beam, the lengths
of seed lasers are chosen as 200 fs. The bunching factor in Equation (1) is determined by
four parameters A1, A2, B1, B2. The optimized values of B1, B2 vary by using different
combinations of n and m, and the optimized value of B1 is nearly inversely proportional
to |n| [23]. Here, we adopt n = −2 and m = 77 to optimize the bunching factor b75. The
energy modulation amplitudes are A1 = 3.5, A2 = 2, the calculated b75 as a function of
B1, B2 are shown in Figure 2a, where the optimized values are B1 = 15.75, B2 = 0.43. With
these optimized values, the calculated b75 as a function of A1, A2 are shown in Figure 2b.
The relation between the calculated bunching factor and harmonic number is presented in
Figure 2c, where one can find that b75 = 0.058. The bunching factor is optimized at 75th
harmonic, therefore b75 is larger than the bunching factor at other harmonics. According
to Figure 2, one can find the bunching factor is sensitive to the optimized parameters,
therefore there are jumps between different harmonics.
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Table 1. Main parameters of a soft x-ray free-electron lasers (FEL) facility.

Parameters Value

Electron beam energy 2.5 GeV
Energy spread 0.005%
Peak current 500 A

Bunch length (rms) 100 fs
Normalized emittance 1 µm-rad

Longitudinal phase space Uniform
Current profile Gaussian

Seed laser wavelength (1,2) 265 nm
Reverse tapered undulator period 43 mm

Radiation undulator period 27 mm
Seed laser length 200 fs
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calculated bunching factors and harmonic numbers h.

In our simulations, the electron beam is initially generated in GENESIS. Firstly, we
ignore 3D effects and perform the modulation processes with a simple 1D algorithm based
on MATLAB using the simple equations in Xiang [23]. Simulation results are illustrated
in Figure 3. This bunched electron beam is then sent into the reverse tapered undulator
resonated at 75th harmonic (3.5 nm) of the seed. The strength of reverse taper β has been
tuned to optimize the bunching factor at 225th harmonic and reduce the growth of the
electron beam energy spread as well [33]. Simulations for the reverse tapered undulator
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and the final radiator are performed with GENESIS. Figure 4 shows the energy spread at
saturation σs and saturation peak power Ps as functions of the taper strength β. One can
find that the σs and Ps increase with β and the FEL saturation peak power drops quickly
when β is negative.
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While stronger reverse taper strength can suppress the radiation power better, the
detuning effect to the spectrum needs to be considered. Here we adopt the taper strength
β = −0.5. The undulator parameter K at the entrance of undulator is 1.71. The evolutions
of FEL peak power, bunching factor at the 225th harmonic (3rd harmonic of the undulator)
and the energy spread along the undulator distance for different cases are presented in
Figure 5, where one can clearly see that the radiation power and the energy spread are
significantly suppressed by the reverse tapered undulator and the bunching factor can
grow sufficiently high. The bunching factor at the 225th harmonic should dominate FEL
amplification process while keeping the energy spread small in the following radiator.
A relatively large bunching factor of 0.1 is chosen considering that the energy spread grows
very slowly. The equivalent shot noise seed power can be calculated about 86 W, which
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can be easily suppressed by the bunching factor. To achieve a bunching factor of 0.1, the
required length for the reverse tapered undulator is about 12.3 m (blue dots in Figure 5),
where the electron beam is extracted in our simulation.
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strength β. The “crosses” represent the simulation results and the solid lines are the fitting curves.

The bunched electron beam and the radiation pulse from reverse tapered undulator
are sent into the radiator to amplify the radiation at 225th harmonic. For comparison,
simulations for a single-stage EEHG operated at 225th harmonic have also been performed.
As mentioned before, the optimized value of B1 is nearly inversely proportional to |n|, the
value of |n| need to be relatively large to reduce the value of B1 thus reducing various three-
dimensional effects. The optimization of n for ultra-high harmonic have been performed
in Zhou [39]. Here, we adopt n = −4 and m = 229 to optimize the bunching factor of
EEHG, and the optimized parameters are A1 = 6.1, A2 = 1.05, B1 = 55.48, B2 = 0.99. The
bunched electron beam from the single-stage EEHG is directly sent into the final radiator.
Figure 6a shows the gain curves for different cases. The proposed technique gets saturation
with the total undulator (the reverse tapered undulator and the final radiator) length of
30 m (blue lines). The output peak power is about 1 GW. When the taper is tuned to
zero, coherent radiation at 225th harmonic cannot be amplified due to large energy spread
induced by the undulator (red lines). The single-stage EEHG saturates at about 28 m with
an output peak power of 1.8 GW, higher than that achieved by the proposed method due
to the smaller energy spread. The normalized spectra at saturation are shown in Figure 6b,
where the FWHM (full width at half maximum) spectral bandwidth of the proposed
technique is 1.27× 10−5, comparable with that from a single-stage EEHG. However, the
performance of a single-stage EEHG is very sensitive to various three-dimensional effects
such as intra beam scatting (IBS), coherent and incoherent synchrotron radiation (CSR and
ISR), leading to the overwhelming of the coherent signal at ultra-high harmonics [23,28].
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3.2. Performance with Three-Dimensional Effects

The merit of the proposed technique is that it can decrease the harmonic number
of EEHG by several times, this can significantly decrease the impact of various three-
dimensional effects. The ISR effect of chicane 1 will cause energy diffusion on the energy
bands in longitudinal phase space [40–44]. The CSR wake of the chicane 1 can introduce
additional energy modulation at long wavelength [45–50]. These effects will result in
the damping of the bunching factor and the output coherence at ultra-high harmonics.
When the beam with a relativistic energy γ passes through a dipole with a length L, a
bending radius R and a bending angle θ, the ISR induced energy spread can be calculated
by Chao [40]

∆σE,ISR
2

E02 = 2.6× 10−10E0(GeV)5 1
R2(m2)

θ

2π
. (4)

We assume that the chicane 1 has a symmetric four-dipole structure, the length of each
dipole is 1 m and the distance between the first two dipoles is 4 m. The distance between
the middle two dipoles is 0.5 m. The bending angle is about 2.34 degrees for the proposed
technique and 4.39 degrees for single-stage EEHG. The ISR induced energy spread of
chicane 1 is calculated as 5.2 keV for the proposed technique and 17 keV for single-stage
EEHG. The dispersion strength of chicane 2 is 0.43, which is relatively weak and the ISR
induced energy spread is negligible. The length of each dipole in chicane 2 is 0.3 m and
the distance between the first two dipoles is 1 m. The distance between the middle two
dipoles is 0.5 m. The longitudinal effect of CSR is characterized by the rms induced energy
difference in the electron beam, and the CSR-induced relative energy difference can be
calculated by Derbenev [48]

∆ECSR = 0.22
NγLmc2

R2/3σb
4/3 , (5)

where N is the number of electrons in one bunch, σb is the length of the electron beam.
The CSR induced energy difference is calculated as 0.83 MeV for the proposed technique
and 1.26 MeV for the single-stage EEHG. Figure 7 shows the ISR induced energy spread
and CSR induced energy difference as functions of the dispersion strength of chicane 1.
With a much weaker chicane 1, the proposed technique can significantly reduce the ISR
induced energy spread, and it can also preserve the purity of spectrum by reducing the
CSR induced energy difference in the electron beam.
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To study the effects of CSR and ISR, simulations are carried out by the combined
use of the codes ELEGANT [51] and GENESIS. GENESIS is employed to perform the
simulations in the undulators, including the initial beam generation, energy modulation
and radiation processes, while the density modulations in the two dispersion chicanes
and the beam transport through drift sections and matching quadrupoles are simulated by
ELEGANT, taking into account the CSR, ISR and longitudinal space charge effects. In the
simulations, 4,637,465 macro-particles are used. The particles are randomly ordered and
sampled according to the current profile when going from GENESIS to ELEGANT. When
going from ELEGANT to GENESIS, the particles are sliced based on the position in the
electron beam and current profile; we have added the particles by copying the nearest
particles in the longitudinal position. Figure 8a,b shows the peak power and bunching
factor evolutions along the radiator of the proposed technique for different cases. These
results indicate that the CSR and ISR have limited impacts on the proposed technique.
Figure 8c shows normalized the radiation spectra at saturation. One can find that CSR
and ISR effects have induced some sidebands and broaden the FWHM spectral bandwidth
of the proposed technique to 5.08× 10−5, which is still much narrower than the output
FWHM spectral bandwidth of a soft X-ray self-seeding (about 1× 10−4) [52]. For a single-
stage EEHG, the coherent signal at 225th harmonic will be totally overwhelmed by the
noise induced by CSR and ISR effects, as shown in Figure 8c, where one can observe that
the final spectrum becomes a typical SASE structure.

The IBS [53–55] also has significant effects on the bunching factor of EEHG [50]. The
IBS effect can be hardly handled in the simulations above. The IBS model for EEHG can be
simplified as collisions that occur in a drift section of length S after the chicane 1, and the
distribution function of the electron beam f satisfies the formula [54]

∂ f
∂s

=
1
2

D
∂2 f

∂∆E2 , (6)

where D is the diffusion coefficient, D = π1/2e4Λ
2εreσx2

I
IA

, re is the classical electron radius,

IA = mc3/e is the Alfven current (IA = 17.05kA), I is the beam current, σx is the transverse
size of beam, Λ is the coulomb logarithm. In the practical units, D = 3.1 I

εxσx
if assuming

Λ = 8. The bunching factor with coulomb collisions can be expressed as a product of the
bunching factor without collision bh

(0) and a suppression factor

bh = bh
(0)e−S/L, (7)

where L = 2σE0
2/Dh2B2

2. Figure 9 shows the bunching suppression factors as functions of
the drift section length S for three different harmonics (h = 75, h = 150, h = 225). One can
find that the bunching factor is very sensitive to the IBS effect when the harmonic number
is larger than 100. In this paper, the total length of modulator 2 and chicane 2 is about 4 m,
the bunching suppression factor is calculated as about 0.9, which is acceptable for EEHG at
75th harmonic. While for the single-stage EEHG, the bunching suppression factor for a 4 m
long transmission section is about 0.3, which will decrease the bunching factor to the shot
noise level.
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4. Discussion

In this paper, simulations of the proposed technique are performed with and without
three-dimensional effects, the results show that the proposed technique can extend the fre-
quency up-conversion efficiency of EEHG and reduce the various three-dimensional effects
of beam by radiating at relatively lower harmonic of EEHG. The spectral bandwidth of the
proposed technique is narrower than that of a conventional soft X-ray self-seeding [52].
The proposed technique can further extend the photon energy coverage to hard X-ray by
increasing the harmonic number, and it also has a relatively simpler configuration than
the two-stage seeded FEL [56] while achieving similar FEL radiation. It should be noted
that the proposed technique may have some possible issues due to that EEHG and reverse
tapered undulator are utilized: firstly, the three-dimensional effects may affect the bunching
forming process of EEHG for high charge electron beam; secondly, the optimization of
reverse taper parameters may affect the properties of final FEL pulses, these topics would
be studied in the future.

5. Conclusions

In summary, a new method is proposed to extend the photon energy coverage of a
single-stage seeded FEL by combining the reverse taper technique with the EEHG. Using
the typical parameters of a soft X-ray FEL facility, theoretical analysis and numerical
simulation demonstrate that the proposed technique can significantly decrease the impact
of various three-dimensional effects. The proposed technique is feasible to produce the
coherent X-ray radiation at 1 keV with a relatively simple configuration. Therefore, it
can reduce the difficulties and requirements in implementing external seeding at sub-
nanometer wavelength range.
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