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Abstract: The time dynamics of nonequilibrium charge carrier relaxation processes in SI GaAs:EL2
(semi-insulating gallium arsenide compensated with EL2 centers) and HR GaAs:Cr (high-resistive
gallium arsenide compensated with chromium) were studied by the optical pump-terahertz probe
technique. Charge carrier lifetimes and contributions from various recombination mechanisms were
determined at different injection levels using the model, which takes into account the influence
of surface and volume Shockley-Read-Hall (SRH) recombination, interband radiative transitions
and interband and trap-assisted Auger recombination. It was found that, in most cases for HR
GaAs:Cr and SI GaAs:EL2, Auger recombination mechanisms make the largest contribution to the
recombination rate of nonequilibrium charge carriers at injection levels above ~(0.5-3)-10'8 cm 3,
typical of pump—probe experiments. At a lower photogenerated charge carrier concentration, the
SRH recombination prevails. The derived charge carrier lifetimes, due to the SRH recombination,
are approximately 1.5 and 25 ns in HR GaAs:Cr and SI GaAs:EL2, respectively. These values are
closer to but still lower than the values determined by photoluminescence decay or charge collection
efficiency measurements at low injection levels. The obtained results indicate the importance of
a proper experimental data analysis when applying terahertz time-resolved spectroscopy to the
determination of charge carrier lifetimes in semiconductor crystals intended for the fabrication of
devices working at lower injection levels than those at measurements by the optical pump-terahertz
probe technique. It was found that the charge carrier lifetime in HR GaAs:Cr is lower than that in SI
GaAs:EL2 at injection levels > 101 cm 3.

Keywords: SI GaAs:Cr; HR GaAs:Cr; optical pump—terahertz probe; charge carrier lifetime;
Shockley—Read—-Hall recombination; Auger recombination; surface defect

1. Introduction

Parameters of nonequilibrium charge carriers in a semiconductor are important for
the operation of devices based on it. For some devices—for example, photoconductive
dipole antennas [1]—a short lifetime is required, and it can reach 200-500 fs in some
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gallium arsenide structures [2,3]. Contrary to this, for gallium arsenide X-ray detectors,
structures with a long charge carrier lifetime, which can reach hundreds of nanoseconds,
are necessary [4-6]. Thus, semiconductor material modification methods are required in
order to change the charge carrier lifetime. For this purpose, appropriate technologies
for modifying the properties of semiconductors (doping from melt, diffusion doping, ion
implantation and irradiation, temperature treatments, etc.) were developed [2-7]. In
particular, it is common knowledge that the diffusion doping of GaAs by Cr allows the
fabrication of efficient ionizing radiation detectors on the basis of such materials with
electron lifetimes of 20-80 ns [4-6].

The problem of creating reliable contactless methods for controlling the semiconductor
material properties is topical. One of the most promising methods for determining the
nonequilibrium charge carrier lifetime is the pump-probe technique, in which, after the
excitation of a nonequilibrium charge carrier concentration in a sample by a short, high-
intensity laser pulse, a transmission or reflection is sensed by optical or terahertz radiation
with certain time delays [8-10]. The time resolution of the method may be less than
100 fs. In view of the complexity of the processes occurring in semiconductors when they
are photoexcited by short laser pulses, the interpretation and analysis of optical pump-
terahertz probe (OPTP) spectroscopy data are still challenging. On the one hand, this
method allows the direct sensing of the free charge carrier concentration in semiconductors.
On the other hand, due to the photoexcitation character, the OPTP technique can be
considered a reliable tool only for studying the temporal dynamics of fast recombination
processes at high injection levels, mainly taking place at a semiconductor surface. In view
of the above-mentioned problem, it is of interest to determine the extent to which the
OPTP method can be used to determine the bulk charge carrier lifetime in semiconductors
such as HR GaAs:Cr. In addition, it is meaningful to reveal the dominant recombination
mechanisms at the injection levels occurring at OPTP measurements and to determine
whether the corresponding experimental data can be used to determine the lifetimes at
moderate injection levels. Studies providing new insights into these issues seem to be
of interest.

In the present contribution, SI GaAs:EL2 and HR GaAs:Cr structures are studied by the
OPTP method. Both HR GaAs:Cr and SI GaAs:EL2 are appropriate materials for ionizing
radiation detectors with long charge carrier lifetimes, at the level of tens and hundreds
of nanoseconds [5,6,11]. The EL2 defect states in GaAs are usually associated with Asg,
antisites or their complexes with other intrinsic defects [12,13]. These are the midgap
donor states [12,13]. When the EL2 defect concentration is higher than the concentration
of shallow acceptors, while the concentration of shallow acceptors is higher than the
concentration of shallow donors in GaAs, the complete compensation of shallow defect
states can be reached. This results in a semi-insulating material with a 1.5-3 ns electron
lifetime. An alternative approach is doping of n-GaAs with Cr, which is used to achieve
the shallow defect state compensation. The Cr-related states are midgap acceptors [4,14].
The chromium compensation technology allows the fabrication of HR GaAs:Cr with a
25-80 ns electron lifetime [6]. Despite the fact that HR GaAs:Cr was successfully used to
create ionizing radiation detectors demanded at nuclear physics research centers [15], the
mechanisms responsible for the increase in charge carrier lifetime with the introduction of
chromium need further investigation. To the best of our knowledge, OPTP spectroscopy
has not previously been used to study GaAs:Cr. Nevertheless, the relaxation dynamics
of charge carriers in GaAs:Cr were studied by measuring the photoluminescence decay;,
stationary photoconductivity and photoelectromagnetic effect [16,17]. In these studies,
60-600 ns [16] and 0.5-5 ns [17] lifetimes for electrons were obtained at relatively low
injection levels. The values obtained in [16] are in good agreement with the data obtained
from the measurements of charge collection efficiency (approximately 80 ns [4]). The results
of Ref. [17] are better correlated with the OPTP data obtained for SI-GaAs [9]. As can be seen,
there are considerable differences in the charge carrier lifetime values in GaAs obtained by
OPTP and by the measurements of photoconductivity decay or charge collection efficiency.
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This can be attributed to the strong influence of surface states and high injection levels at
pump-probe measurements, compared to the two latter methods. To reveal the influence of
surface states, in the present study, HR GaAs:Cr and SI GaAs:EL2 wafers with chemically
and mechanically treated surfaces were additionally studied by OPTP. The charge carrier
lifetimes and contributions from different recombination mechanisms at different injection
levels were determined and analyzed for HR GaAs:Cr and SI GaAs:EL2 samples.

2. Experimental and Calculation Details
2.1. Sample Preparation

In the present work, HR GaAs:Cr and SI GaAs:EL2 wafers were studied. The wafers
were 450 pm thick. The initial GaAs ingots were purchased from JSC Giredmet, Moscow,
Russia. Chromium was introduced by the high-temperature diffusion method. The ob-
tained HR GaAs:Cr had a resistivity of at least 500 M()-cm and electron mobility of
4000 cm?/V-s [18]. The SI GaAs:EL2 ingot was purchased from Freiberger Compound
Materials GmbH, Freiberg, Germany.

In order to check the influence of surface recombination on the observed charge
carrier lifetime, the HR GaAs:Cr and SI GaAs:EL2 wafers were first subjected to the
following chemical and mechanical treatments. The first series of samples was mechanically
ground on grinding powders with a grain size of 10 um. This was done to introduce the
developed surface defects. The second series of samples was etched in a sulfuric acid
etchant (H,O:HpO,:HSO4 1:1:3) for 1 min at 60 °C. The third series of samples was
oxidized. The oxidation was carried out in two ways: oxidation in oxygen plasma for
2 min on a Plasmalab80Plus (Oxford Instruments, Abingdon-on-Thames, UK) setup and
oxidation in running water until a visible oxide film appeared on the surface (exposure
time was approximately 7 h). The fourth series of samples was covered by a SiO; film. The
20 nm thick SiO, film deposition was carried out by magnetron sputtering.

2.2. Optical Pump-Terahertz Probe Setup

The charge carrier relaxation dynamics in the samples were measured by the OPTP
method. As is known, this method is based on probing the changes in the terahertz trans-
mittance or reflection of a sample by sending a terahertz pulse onto the sample with various
time delays in reference to the short optical pulse, which induces the photogeneration of
free charge carriers. The probing possibility is due to the strong absorption of terahertz
radiation by free charge carriers.

The schematic view of the experimental setup is shown in Figure 1. For the sample
photoexcitation, generation and detection of terahertz pulses, a Spitfire Pro XP regenerative
amplifier (Spectra-Physics, Milpitas, CA, USA), which generated pulses with the duration
of 35 fs, with energy up to 3.5 m]J at the central wavelength of 791 nm, was used. As can be
seen in Figure 1, the laser pulse from the source, passing through the beam splitting plate
(BS1), was divided into two pulses of approximately equal power. One of them, passing the
delay line DL1, was used for the sample’s photoexcitation. The second one was divided by
another beam splitter (BS2). The more intense pulse (97% of power) extracted at BS2 passed
through a SR-541 chopper (Standford Research, Sunnyvale, CA, USA) and was focused
onto a GaSe crystal to generate a terahertz pulse by optical rectification [19,20]. Another
pulse (3% of power) was directed to the delay line DL2 and then to a ZnTe electro-optical
crystal for terahertz pulse detection. With the help of DL2, the simultaneity of the probing
optical pulse’s arrival and the maximum terahertz pulse field strength (the main maximum)
transmitted through the sample at the ZnTe crystal were established. The signal from the
balanced photodetector (BPD), Nirvana Model 2007 (New Focus, Milpitas, CA, USA), was
registered by a lock-in amplifier, the SR-830 (Standford Research, Sunnyvale, CA, USA).
The length of the DL1 delay line allowed us to obtain a maximum delay of around 4 ns.
The 1D terahertz transmittance scans were made (by DL1), i.e., the temporal profiles of the
terahertz pulses were not recorded in the experiment and only changes in the terahertz
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pulse field strength at the main maximum were registered. It was checked that the 2D
scans did not give any experimental data important for the present study.
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Figure 1. Scheme of the experimental setup: L—lens; M—mirror; BS1, BS2—beam splitters; DL1,
DL2—delay lines; PM—parabolic mirror; TF—teflon filter; A /4—quarterwave plate; WP—Wollaston
prism; NDF—neutral density filter; BPD—balanced photodetector and C—mechanical chopper.

2.3. Experimental Data Analysis

To calculate the nonequilibrium charge carrier concentration using the obtained rela-
tive differential transmission AT /Ty values, the following formula was used [9]:

An(t)

N+1 1
|

o Z(ﬂé}l 1_‘M

where N = 3.4 is the refractive index of GaAs in the terahertz frequency range, Zy = 377 () is
the free space impedance, 8 is the penetration depth of laser radiation (taken to be 1 um for
GaAs), p is the carrier mobility and Ty is the sample terahertz transmittance in the absence
of photoexcitation. In the calculations, the possible charge carrier mobility dependence
on the temperature or injection level was neglected. Experimental dependences An (t) are
often analyzed with the assumption that a single recombination mechanism prevails and
the charge carrier lifetime is independent of the injection level. In this case, the obtained
data can be approximated by the formula

An(t) = Angexp(—t/T), ()

where Any is the initial concentration of nonequilibrium charge carriers, and T is the
charge carrier lifetime. In the present study, it was found that the observed experimental
dependences An(t) were only roughly approximated by expression (2).
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In order to account for the charge carrier lifetime’s dependence on the injection
level and to distinguish the contributions from different recombination mechanisms, the
following equation was used [9,21]:

d
- ngt) T;(tt) N T%f =a+bn(t) +cn’(t), ©

where T is the effective charge carrier lifetime, the a coefficient is responsible for the influ-
ence of surface and bulk Shockley—Read-Hall recombination, the b coefficient is associated
with the effect of interband radiative transitions and Auger recombination through trap
levels and the c coefficient is responsible for the interband Auger recombination effect. The
experimental data were approximated by the expression

t—dlln( n? >+ b In b+ 2cn — /b2 — 4ac 4@
2a a+bn+cn? 2av/b? — dac b+2cn+ Vb2 —4ac)

This expression is the solution of Equation (3) assuming that b* > 4ac and after swap-
ping the dependent and independent variables. The experimental dependences An(t) were
plotted in t-n coordinates and numerically fitted by expression (4).

3. Experimental Results

The OPTP experimental data for HR GaAs:Cr shown in Figure 2 indicate that expression
(4) allows a rather smooth experimental data approximation. This could not be reached
using the approximation by expression (2). The experimental and model dependences of the
nonequilibrium charge carrier concentration are shown in Figure 2a, while the calculated
effective charge carrier lifetime dependence with the resolution into contributions from
different recombination mechanisms for the HR GaAs:Cr sample at the photoexcitation power
of 260 mW are given in Figure 2b. The values of coefficients 4, b and ¢ obtained as a result
of the approximation (Figure 2a) were used to obtain the curves shown in Figure 2b. In
Figure 2b, the black curve represents the dependence T (1) according to Equation (3). The
red curve represents the lifetime if it was determined only by the surface and bulk Shockley—
Read-Hall recombination (values b = ¢ = 0 were substituted into Equation (3)). Similarly,
the green and blue curves describe the contributions of radiative recombination together
with the Auger recombination via traps (at a2 = ¢ = 0 substituted to (3)) and interband Auger
recombination (at a = b = 0 substituted to (3)). As seen in Figure 2b, at nonequilibrium charge
carrier concentration levels above 3 x 10'® cm~3, the Auger recombination mechanisms
predominate in GaAs:Cr. At the injection levels of 5 x 107 cm~2 and lower, the lifetime is
determined almost exclusively by the bulk and surface Shockley—Read—Hall recombination
and it amounts to approximately 2 ns.

The measurements of the same sample were performed at a different photoexcita-
tion pulse power. This was done to check how the range of nonequilbrum charge carrier
concentration, at which the experimental data were measured, influences the approxi-
mation results and the fitting parameter values. As expected, the obtained dependences
show that the nonequilibrium charge carrier lifetime in the limit of low photoexcitation
injection levels is determined by the SRH recombination and is 1.4-2 ns for the measure-
ments taken at different photoexcitation power levels (different by one order of magnitude;
Figures Sla,b and S2a,b in Supplementary Materials). Thus, the obtained deviation of the
extracted a parameter values is not too large. Comparatively, the b parameter values
decrease with the photoexcitation power increase from 20 to 260 mW. As it appears, more
accurate values for the coefficient b are obtained in the case of measurements with a large
photoexcitation level, when the contribution to the total recombination rate from the trap-
assisted Auger recombination is larger. The Auger band-to-band recombination coefficient
¢ can be determined only with a large error, since the reachable injection levels are insuf-
ficient for this mechanism to dominate in the recombination process. As can be seen in
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Figure 2, the predominant contribution from the band-to-band Auger recombination occurs
at injection levels that were not reached in the experiment.
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Figure 2. The experimental and fitting (the parameters are given) time dependences of the nonequilibrium charge carrier
concentration at the average photoexcitation beam power of 260 mW (a) in initial HR GaAs:Cr and (c) after grinding the
surface; (b,d) related calculated injection level dependences of efficient charge carrier lifetime with the resolution into
contributions from different recombination mechanisms.

Further measurements were performed on the samples after chemical and mechanical
surface treatments. The results of the measurements and the data analysis for HR GaAs:Cr
samples after SiO; film deposition on the surface, oxidization in oxygen plasma and etching
in sulfuric acid solution are presented in Figures S2-54 in the Supplementary Materials.
As was established for the HR GaAs:Cr sample, the deposition of a 20 nm thick SiO; film,
etching in a sulfuric acid solution and plasma oxidation did not lead to a lifetime increase.
The values of coefficients a and b also did not change considerably. The observed deviation
in ¢ coefficient was probably induced by the insufficiently wide range of experimental data
to determine them more precisely.

The mechanical grinding of the HR GaAs:Cr sample surface led to an increase in the
charge carrier lifetime in HR GaAs:Cr samples (Figure 2c,d) in the limit of low injection
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levels. This can be attributed to the filling of SRH recombination centers as a result of the
electron redistribution from the created surface defect states. However, at the injection
level of 10'8 cm~3, the charge carrier lifetime was somewhat reduced to 700-800 ps, which
is slightly lower than that of the initial sample. This could also be associated with the
generated defect states and Auger recombination with their participation. The role of
Auger recombination is predominant at an injection level of ~10'7 cm~3 and higher.

SI GaAs:EL2 samples were studied similarly. For the reference SI GaAs:EL2 sample, the
maximum charge carrier lifetime, due to the SRH recombination (25 ns), was determined
(Figure 3). The obtained Auger recombination coefficients b and c were significantly lower
than the values obtained for other samples. In this case, the mechanical surface grinding
led to an increase in surface and SRH recombination (Figure 3c,d). Therefore, it can be
supposed that the mechanical treatment generated the defect states, which, in some way,
reduced the active SRH recombination center concentration.
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Figure 3. The experimental and fitting (the parameters are indicated) time dependences of the nonequilibrium charge carrier

concentration (a) in initial SI GaAs:EL2 and (c) after grinding the surface; (b,d) related calculated injection level dependences

of efficient charge carrier lifetime with the resolution into contributions from different recombination mechanisms.

The SI GaAs:EL2 samples’ surface oxidation also led to an increase in the surface and

SRH recombination rate (Figure S5 in Supplementary Materials).
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4. Discussion

The obtained results show that the OPTP technique usually yields higher charge
carrier lifetime values compared to the values deduced from the charge collection efficiency
measurements. This is due to the higher injection levels and the increased role of Auger
recombination in OPTP measurements. The lifetime values obtained using the model
accounting for the contribution of different recombination mechanisms and extrapolating
the results to the low injection limit amounted to 1-3 ns for HR GaAs:Cr. These injection
levels and the corresponding lifetimes are more consistent with the carrier lifetimes and
injection levels occurring in HR GaAs:Cr-based ionizing radiation semiconductor detectors.

The OPTP measurements at different photoexcitation power values show that the
results are still sensitive to the range of injection levels, especially for the Auger and ra-
diative recombination contributions to the charge carrier lifetime. On the other hand, the
SRH recombination rate values are less sensitive to the injection level and can be robustly
determined from the OPTP experiments. The charge carrier lifetimes determined by the
SRH recombination are important for the HR GaAs:Cr-based X-ray sensor operation. For
proper bulk charge carrier lifetime extraction and exclusion of the influence of surface
recombination, measurements on samples of different thicknesses would be helpful. How-
ever, the measurements performed for the HR GaAs:Cr samples with various surface
treatments show that the contribution from the SRH surface is not too large.

The different influences of surface grinding on the charge carrier lifetimes in SI
GaAs:EL2 and HR GaAs:Cr samples could be explained with the use of simple energy
diagrams assuming that grinding and subsequent surface reconstruction led to the ap-
pearance of additional surface donor-like defect levels in the upper half of the band gap
(Figure 4). The formation of such levels was found in Ref. [22] by DFT calculations. In the SI
GaAs:EL2 sample, these defect states increased the compensation level, slightly increasing
the concentration of active hole traps, but the concentration of SRH recombination centers
increased, leading to a charge carrier lifetime reduction (Figure 4a). In the HR GaAs:Cr
sample, the defect states increased the filling of the Cr-related acceptor states, reducing
the SRH recombination rate, and could also act as deep traps for charge carriers, both
increasing the charge carrier lifetime.

HR GaAs:Cr

before treatment after treatment

after treatment

Ner> Nop>Nga> Ny, Ner> Ngp> Nop > N> Neger

Nsa > Nei; > Nop> Noer

EL2> (E-E,)/2> Eq Eoer> EL2> (E-E)/2> Eg,

Eger> EL2> (Ec- E,)/2

(a) (b)

Figure 4. Energy level diagrams of (a) SI GaAs:EL2 and (b) HR GaAs:Cr before and after the mechanical treatment. The
transitions at redistribution of electrons on the energy states are shown with arrows.

As a result of the performed experiments, the time dynamics of the nonequilibrium
charge carrier relaxation processes in SI GaAs:EL2 and HR GaAs:Cr semiconductor crystals
were studied using the OPTP method. The obtained experimental data were analyzed
within the model, taking into account the Shockley—Read—Hall surface and bulk recom-
bination, radiative recombination, band-to-band and trap-assisted Auger recombination.
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It was found that, at the nonequilibrium charge carrier concentration levels arising in the
measurements, with the sample excitation by radiation with a pulse duration of 35 fs, and
the pulse energy of 0.26 m] at the central wavelength of 791 nm, the Auger recombination
mechanisms have a significant effect, which leads to the relaxation of the nonequilibrium
carrier concentration in HR GaAs:Cr semiconductor crystals during the characteristic times
of the order of 500 ps or less. The Auger recombination mechanisms provide a dominant
contribution to the nonequilibrium charge carrier recombination rate at injection levels
above ~(0.5-3)-10'® cm—3. At lower concentrations, the main recombination mechanism
is the SRH recombination. For most HR GaAs:Cr samples, the characteristic lifetimes,
due to the SRH recombination, are equal to 1.4-2 ns. The obtained Auger recombination
coefficients b and c at the level of 2 x 10719 cm3/s and 1.5 x 1073? cm®/s are in agree-
ment with those obtained earlier for GaAs by measuring the photoluminescence relaxation
kinetics [23]. The results indicate that it is possible to use the terahertz pump—probe spec-
troscopy method for determining the lifetime in GaAs semiconductor crystals intended for
the manufacture of devices requiring long nonequilibrium charge carrier lifetimes.

There is experimental evidence that, at high-intensity fluxes and in high-energy beams,
the GaAs detector charge collection efficiency is decreased and the rise time is increased.
Usually, during the operation of ionizing radiation detectors on SI-GaAs, the injection
level is not high, as a single beta-particle having energy of 2 MeV can produce 1 electron—
hole pair per energy of 4.2 eV and have an energy loss of 6 MeV /cm [24]. Thus, a single
beta-particle having the energy of 2 MeV can produce 166 electron-hole pairs per 1 um of
path. Taking into account the track diameter of the order of few microns, one can calculate
the electron concentration ~ 1012-10'* cm~3. For tracking applications—for example,
at the Large Hadron Collider or Forward Calorimeter of International Linear Collider
(FCAL ILC)—much larger, higher-energy particle fluxes are available, leading to high
injection levels and making high-injection-level measurements of charge carrier lifetime
very much relevant.

5. Conclusions

The time dynamics of nonequilibrium charge carrier relaxation processes in SI GaAs:EL2
and HR GaAs:Cr were studied by the optical pump-terahertz probe technique. It was
found that, at the concentration level of nonequilibrium charge carriers typical of OPTP
measurements, Auger recombination mechanisms have a significant effect. The Auger
recombination mechanisms make a decisive contribution to the recombination rate of
nonequilibrium charge carriers at injection levels above ~(0.5-3)-10'8 cm 3 cm 3. At lower
carrier concentrations, the SRH recombination prevails. For HR GaAs:Cr samples, the
characteristic charge carrier lifetimes, due to the SRH recombination, are approximately
1.4-2 ns. The obtained results indicate the possibility of applying the OPTP technique to
the determination of the charge carrier lifetimes in semiconductor crystals intended for the
manufacturing of electronic devices working at lower injection levels, compared to those
occurring in pump-probe measurements.

Supplementary Materials: The following are available online at https:/ /www.mdpi.com/article/
10.3390/photonics8120575/s1, Figure S1. The experimental and fitting (the parameters are given)
time dependences of the nonequilibrium charge carrier concentration at the average photoexcitation
beam power of 20 mW (a) in HR GaAs:Cr (b) related calculated injection level dependences of
efficient charge carrier lifetime with the resolution into contributions from different recombination
mechanisms. Figure S2. The experimental and fitting (the parameters are given) time dependences
of the nonequilibrium charge carrier concentration (a) in HR GaAs:Cr after SiO, film deposition (b)
related calculated injection level dependences of efficient charge carrier lifetime with the resolution
into contributions from different recombination mechanisms. Figure S3. The experimental and fitting
(the parameters are given) time dependences of the nonequilibrium charge carrier concentration (a) in
HR GaAs:Cr after etching in sulfuric acid solution (b) related calculated injection level dependences
of efficient charge carrier lifetime with the resolution into contributions from different recombination
mechanisms. Figure S4. The experimental and fitting (the parameters are given) time dependences of
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the nonequilibrium charge carrier concentration (a) in HR GaAs:Cr after oxidation in oxygen plasma
(b) related calculated injection level dependences of efficient charge carrier lifetime with the resolution
into contributions from different recombination mechanisms. Figure S5. The experimental and fitting
(the parameters are given) time dependences of the nonequilibrium charge carrier concentration (a)
in SI GaAs:EL2 after oxidation in running water (b) related calculated injection level dependences of
efficient charge carrier lifetime with the resolution into contributions from different recombination
mechanisms. Figure S6. The AFM data for HR GaAs:Cr wafers: (a) initial, (b) after etching in sulfuric
acid solution and (c) after grinding the surface. The analysis justifying the Equation (3).
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