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Abstract: The analytical expression of the cross-spectral density function of a twisted anisotropic
Gaussian Schell-model (TAGSM) beam transmitting in turbulent ocean is derived by applying a tensor
method. The statistical properties, including spectral density, the strength of twist and beam width of
the propagating beam are studied carefully through numerical examples. It is demonstrated that
the turbulence of ocean has no effect on the rotation direction of the beam spot during propagation.
However, the beam shape will degrade into a Gaussian profile under the action of oceanic turbulence
with sufficiently long propagation distance, and a beam with a larger initial twist factor is more
resistant to turbulence-induced degeneration. As oceanic turbulence becomes stronger, the beam
spot spreads more quickly while the twist factor drops more rapidly upon propagation. The physical
mechanisms of these phenomena are addressed in detail. The obtained results will be helpful in
optical communication systems underwater.
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1. Introduction

In 1993, a twist phase was first imparted to a Gaussian Schell-model (GSM) beam, the most classical
type of partially coherent beam [1]. It has the form exp[iuk(x1y2-x2y1)], where k is the magnitude of the
wave vector and p is the twist factor (a measure of the strength of the twist phase); (x1, y1) and (xy,
Y2) are two points in the transverse plane, perpendicular to the propagation axis of the light beam.
Notably different from the conventional quadratic phase or vortex phase, the twist phase is an intrinsic
two-dimensional phase and related with two points. In addition, the twist factor is bounded in strength
|pl < 1/ (k69?), with &g being the transverse coherence width, to ensure a bona fide twisted beam, and,
therefore, the twist phase vanishes in the coherent limit (i.e., 6y tends to infinity). This unique phase
endows partially coherent beam with a new degree of freedom and brings about some interesting
and useful properties. The beam impressed with twist phase possesses orbital angular momentum
(OAM), and its beam spot rotates during propagation due to the twist phase [1,2]. The statistical
characteristics of a TGSM beam propagating through a paraxial ABCD optical system [3,4], diffractive
axicons [5,6], dispersive and absorptive media [7], uniaxial crystals [8] and random media [9,10] have
been extensively studied. It have been confirmed that the twist phase can play an important role
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in optical imaging, optical trapping and optical communications. The TGSM beam can be used an
illumination to overcome the classical Rayleigh limit by an order in imaging systems [11]. The twist
phase can be used to enlarge the trapping area when a partially coherent beam is applied for trapping
Rayleigh particles [12], and it also has the ability to reduce the turbulence-induced scintillation of the
beam during its passing through a turbulent atmosphere [13]. Recently, a bona-fide TGSM beam has
been generated by Wang et al., which makes progress toward its application [14].

As the twist phase imposed on a partially coherent beam has the possibility of destroying the
nonnegativity of the beam’s cross-spectral density (CSD) function, it cannot be imposed on a partially
coherent beam arbitrarily. As a result, the aforementioned studies were confined to the TGSM beam,
which is the most-used and simplest class of twisted partially coherent beam. Recently, Borghi and
co-workers proposed a modal analysis method to decide whether a twist phase can be imposed on
a partially coherent beam with axial symmetry [15]. Later, the sufficient and necessary conditions
for devising a genuine twisted CSD function with axial symmetry were obtained by Borghi [16].
Mei and Korotkova proposed another method for devising the bona-fide twisted CSD function [17].
More recently, Gori et al. presented a general mathematical formula for devising the genuine twisted
CSD function with axial or rectangular symmetry [18]. Owing to these works, the twist phase has
renewed the interest of researchers. Different kinds of theoretical models for twisted CSD functions
were proposed, and the propagations of these new twisted beams passing through free space, uniaxial
crystals and linearly random media were explored in detail [19-26].

In order to realize the further utilization of laser beams in the fields of remote sensing and imaging
and wireless information transmission [27-32], it is urgent to investigate the propagation characteristics
of laser beams in random media such as turbulent atmosphere and ocean [33-35]. Nevertheless, in the
case of atmospheric or oceanic transmission, the beam will experience extra beam spreading, beam
wander, intensity fluctuation and coherence degradation, which greatly limit the performance of the
optical systems. The turbulence of ocean is somewhat more complicated than that of atmosphere.
It can be characterized by the random index-of-refraction fluctuation of optical waves [36-38], which
is dependent on the relative strength of temperature salinity fluctuations (w), the rate of dissipation
of mean-square temperature (x7) and turbulent kinetic energy per unit mass of fluid (¢). In general,
oceanic turbulence is much stronger than atmospheric turbulence under the same traveling distance.

Owing to their important applications in underwater communications and imaging,
the transmission characteristics of a variety of laser beams such as vector beams [39-42], high-order
beams/beam arrays [43-45] and partially coherent beams [46—48] travelling through turbulent ocean
have been revealed.

It has been confirmed that one could reduce the turbulence-induced degradation effects to some
extent by modulating the state of polarization, transverse coherence width and beam mode of the
incident laser beam [49-51]. As we stated previously, the twist phase gives a new degree of freedom
to a partially coherent beam. Some studies have shown that twisted beams can abate/overcome the
degradation effects induced by turbulent atmosphere [14,52,53]. However, the behavior of twisted
beams in turbulent ocean has not been well analyzed so far.

In this paper, the twist phase is embedded to an anisotropic Gaussian Schell-model (AGSM) beam,
and we name it a twisted anisotropic Gaussian Schell-model (TAGSM) beam. We will explore the
propagation characteristics of the beam under the action of oceanic turbulence. In Section 2, the precise
expression for the CSD of a TAGSM beam passing through turbulent ocean is obtained with the aid of
a tensor method. In Section 3, the effect of oceanic turbulence on second-order statistics characteristics
such as intensity distribution, beam width and transverse coherence width is analyzed in detail through
numerical simulation, and we present a summarization in Section 4.

2. The CSD Function of a TAGSM Beam Passing through in Turbulent Ocean

As a statistically stationary, monochromatic, random beam-like field, a partially coherent beam
can be described by a two-point correlated CSD function within the space-frequency domain as
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Wo(ri, 1) = (E*(r1)E(ry)), where r; = (x1,11)" and r; = (x2,12)" are two position vectors in
the transverse plane perpendicular to the propagating direction, E represents the random electric
field, the superscript “T” stands for vector transposition, and the asterisk and angular brackets
denote the complex conjugate and averaging over the random fluctuations of the field, respectively.
The Gaussian-Schell model (GSM) beam source, which is a classical form of partially coherent beam,
can be described by the CSD expression as follows [54]:

Wo(ty, 1) = [To(r1)lo(2)] 1 g (r1 — 12) (1)

where I(r) is optical intensity and g is the spatial complex coherence, which only depends on the
difference of r; —rp. Both I and g are of Gaussian distribution. To generalize the notion of Gaussian
Schell-model sources to include anisotropies in the source-plane intensity and coherence distributions,
an anisotropic Gaussian-Schell model (AGSM) beam is introduced. The CSD of the AGSM beam takes
the form [55]:

1 -1 1 -1 1 -1
Wo(r1,12) = Go exp[—zrlT((r%) r— ng(o%) - E(rl - l'z)T(O'é) (rp - rz)]. ()

Considering the twist phase is embedded to an AGSM beam, the CSD function of a twisted AGSM
beam (TAGSM) as a planar partial coherent source locating at the plane z = 0 and travelling along the
z-axis into half-pace z > 0 can be written as [3,4]:

-1 -1
Wo(r,12) =Gy exp[—%}r{(o‘%) r - %rg(o‘%) - %(rl —rz)T(o‘g)

(r1 —fz)]
xexp[~& (1~ 1) (] + R (1 +12)],

®)

where Gy is a normalization constant; (r% and (ré are matrixes of the transverse beam spot width
and transverse coherence width, respectively; R™! is a matrix of wave-front curvature and J is an

anti-symmetric matrix. The superscript “—1” in Equation (3) denotes the inverse of the matrix. (0‘%)_1,

(0'(%)_1, R~! and J are all transpose symmetric matrices of 2 X 2, expressed as:
2 2
(62)—1 | Vo Vo, (02)—1 _( 1/05 1/0%y ) @
)= 2 27 ) = 2 27 )
1/alyx l/alw 8 1/ogyx 1/ogyy
_ 1/Ryx 1/Ry 0 1
R!= V)= 5
( 1/Ryx  1/Ryy J -1 0/ )

k is the wavenumber, which is equal to 2rt/A, with A being the wavelength; the twist factor u
represents the strength of twist phase. To satisfy the nonnegative definition of the CSD, the value
of the twist factor falls inside the range | y| < [kzdet(oé)]_lm, where det is the determinant of the
corresponding matrix. Equation (3) can represent all the known families of fundamental Gaussian
beam, Gaussian Schell-model (GSM) beam and TGSM beam. When R~ = (0‘2)_1 =0and p =0,

g
Equation (3) degrades into the equation for the collimated circular or elliptical Gaussian beam with the

matrix (0'%)_1 determining the initial shape of the beam. If u = 0, and the principal x and y axes of all

. _ -1 -1 .. . . . .
three matrices R™!, ((rf,) and ((r%) coincide with the x and y axis of the Cartesian coordinate system

established in the laboratory, the beam becomes an aligned astigmatic GSM beam. In most generated
cases, if i # 0 and the principal axes of all three matrices do not coincide, the beam turns into a general
TAGSM beam. To obtain the CSD formula of a TAGSM beam travelling through turbulent ocean, we
rewrite Equation (3) in a more compact tensor form [8], given by:

W(r) = Go exp[—%ﬂfT(Mfl)}”], (6)
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where 7T = (r1,12) = (x1,y1,%2,2) is a row matrix. Mi‘1 represents a partially coherent complex

curvature tensor of a 4 X 4 matrix.

_ -1 -1 1
M- — R+ 5+ (0?) +il"1(6§> ‘u{l— %{(cé) ,
1 W’ =% (03) +ok(62) 7+ (o) -RT

’ @)

When a partially coherent beam passes through turbulent ocean from the source plane to the
output plane, within the valid area of paraxial propagating, the CSD of a partially coherent beam
passing through turbulent ocean in the output plane can be treated with the help of the extended
Huygens-Fresnel (eHF) integral [53]:

Wo(p,z) = 47]:2222 [ d*r1dPra Wo (7)h* (x1, 1) (r2, p2)
X<exp [‘Y*(I‘l, 01,Z> + \F(rZ/ P2, Z)])m’

®)

where p = (u1, 01)T and p, = (u, Uz)T are two position vectors in the output plane distance z from
the source plane. h(r, p) is the response function in free-space propagation without turbulence:

h(r, p) = exP(%lr— plz), )

The last term in Equation (8) stands for the contribution of the complicated phase perturbation
caused by seawater. The second-order statistics of its ensemble average expressed by angular brackets
with subscript “m” will be calculated. ¥(r, p, z) signifies the complicated phase for a spherical wave
transmitting from (r,0) to (p,z) in oceanic turbulence. Supposing that the oceanic turbulence is
homogeneous and isotropic, it can be specified by [38-40,42]:

<exp [T* (1'1, P1, Z) + T(I‘z, P2, Z)])

= eXP{_kZZM[(l‘l —1)* + (p1 = p2)* + (1 — p2)-(r1 - rz)]}, (10)

with
n2 [T
M= 5 f 3D, (x)dx, (11)
0

Here, @, is the power spectrum of the refractive index fluctuations of the oceanic turbulence,
taking the following form:

@, () = 0.388 x 107871/ 311/3(1 1 2.35(x)* /3| f (x, w, xT), (12)

where x denotes the spatial frequency of the three dimensions, and ¢ is the turbulent kinetic energy
dissipation rate, where its value varies from 1071° to 10™* m?/s® per unit mass of fluid. 1 represents the
magnitude of the Kolmogorov inner scale with the value of 1073 m, and

flie,@,xr) = AL (@210 460 — 2pe~Ars?). (13)

Xt in Equation (13) denotes the mean-square temperature dissipation rate, Ar, As and Ars have
numerical values of 1.863 x 1072, 1.9 x 10~* and 9.41 x 1073, respectively, and the value of 6 depends
on the equation 6 = 8.284(1<17)4/ 3 +12.978(xn)*. Further, w is the magnitude determined by the
temperature and salinity fluctuations of ocean water, and its value varies from -5 to 0, with the
dominant cause of optical turbulence changing from the temperature to salinity.
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In order to evaluate the eHF integral shown in Equation (8), we first rewrite the response function
as the following tensor form:

ik (<r=-1— =1— —7=-1_
I (x1, p1)h(x2, 03) = eXP[—%(rTB 7-2rB p+p B p)], (14)
with
= zZ 0
B = 1
( 10 ) (15)

I entering in Equation (15) is one 2 x 2 identity matrix and p = (p,, p,) = (11,01, U2, vz)T. Then,
the second-order statistics of Equation (10) can be specific in the tensor form:
. krae | To= | ~Tg=
(@xp[¥"(r1, p1,2) + ¥ (x2, p,2)]) = eXP[—E(VT57+ FSp+p Sp)], (16)

where

= . I -1
S—2kzzT( T ), 17)

On substituting Equations (14) and (16) into Equation (8), and after vector integrating, the CSD
function of TAGSM beam in the output plane takes the form:
T2 expl - &

Wo(p,z) = [det(BM; ! + BS +1)] exp( -5 BTMglﬁ), (18)

where the partially coherent curvature tensor My! in the output plane is given by:

M =B 8- -2 B ) B D), (19

Equation (18) is derived through the integral formula as follows:

" T AT n/2 11,21
d xexp(—x AX+ lk X) = Wexp(—zk A k), (20)
where x and k are n-dimensional vectors.

By setting p; = p,, the spectral density of the TAGSM can be obtained by Equation (18):

— DNA— 55 = —1/2 k~/ —1~
S(p ,z) = [det(BM; ' + BS +1)] exp|zp ™ [p }, (21)

in which p’ = (plT, plT) = (u1,v1,u, v1)T, with M;ll can be simplified as:
-1 - N
M= |1 +8) "+ B (22)

In the following section, we will mainly analyze the propagation characteristics of a TAGSM beam
passing through turbulent ocean according to Equations (18) and (21).

3. Numerical Simulation and Discussion

In this section, the evolution properties of the TAGSM beam propagating turbulent ocean under
different beam parameters and turbulence parameters will be discussed with the help of the formulas
obtained in the preceding section.
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We will first focus on the evolution properties of the intensity distribution on propagation in the
absence of oceanic turbulence. Figure 1 shows the contour of the TAGSM beam’s normalized spectral
density at different distances. For comparison, the twist factors in Figure 1 are set as 0.005 m~!, 0 and
—0.005 m~! from the first row to the third row, respectively. The other parameters used in the calculation

0.05 0.05 005 0 ) _»

. -1 _ 2 -1 _ -2 2 -1 —
are A = 632.8 nm,R™! = 0,(c?)" = ( 005 0.1 )mm and (og) ~ = ( 0 005

One finds from the initial parameters that it is a collimated beam source with an elliptical beam profile
(see Figure 1(a-1,b-1,c-1)) and a circular symmetric degree of coherence. The oriental angle 6(z) which

is formed by the long axis of the elliptical beam spot and x-axis can be extracted from the matrix (G%)_l
at propagation distance z using the following formula:

202 o2
90 Inex" 1
0= —arctan[%]. (23)
T ley(alyy - lex)

z=0km

p=0.005m"'

P— —0. 101 —

3 EE—— —0.04/
03-0.015 0 0.015 003 —0.04-002 0 002 0.04

~0.10-005 0 0.

pu=0m-'

0.02
-0.02-0.01 0

p=-0.005m"

0.02 0.03 PO — —0.04! —_— 0 —
0.02-0.01 -0.03-0.015 0 0.015 0.03 =0.04-0.02 0 0.02 0.04 1 0.20-0.10 0 0.10 0.20

& [m] u [m] u [m] w [m] w [m]

Figure 1. Normalized spectral densities (contour graph) of a TAGSM beam at several propagation
distances z in free space for different values of the initial twist factors. (a) u = 0.005 m~L; (b) u=20 m~L;
(c) u = —0.005 m™L.

In the original plane, the value of 6(z = 0) is —31.7 degrees, only depending on the initial
parameter (0%)_1. When the TAGSM beam passes from the original plane to the plane at distance z,
besides beam spreading, the beam spot displays clockwise (see Figure 1(a-1-a-5)) or anti-clockwise
(see Figure 1(c-1-c-5)) rotation relative to the z-axis due to the effects of the twist phase. Atz =2 km,
it approaches 7 /2 rotation compared to the angle 0(z) in the original plane. For u = 0, the beam profile
does not rotate during propagation, but the angle 6(z) will shift from —31.7 degrees to 31.7 degrees at
distance z = 0.4 km. This is because the beam spreads much faster along the minor axis than along the
major axis, and, therefore, the minor axis will turn to “the major axis” at z = 0.4 km.

In the presence of oceanic turbulence, the propagation properties are very different than those
without turbulence. As shown in Figure 2, the beam profile degenerates to a nearly Gaussian shape
of circular symmetry in the far field and remains an invariant beam profile with further travel,
independent of the initial twist factor. However, the propagation features are similar to those without
turbulence when the propagation distance is smaller than z = 0.3 km; i.e., this distance varies with
the strength of turbulence. These phenomena can be explained from the action of oceanic turbulence
on the beams. The strength of action on the beams gradually accumulates as the travelling distance
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increases. Within a short propagation distance this strength of action on the TAGSM beam is weak.
Thus, the propagation features with and without turbulence are similar in this case. With the travelling
distance increasing, turbulence gradually dominates the propagation characteristics of the beams,
and, therefore, the spectral densities of the TAGSM at relatively large distances exhibit the same
behavior shown in Figure 2(a-5,b-5,c-5), regardless of the initial beam parameters. One should point
out that we suppose the oceanic turbulence used in the calculation is homogeneous and isotropic.
This is the reason why the beam profile degenerates to the nearly Gaussian shape in the far field
(turbulence-dominated region).

(a) z=0km z=0.15km z=0.3km z=1km z=2km

.02 —0.06!
-0.02-001 © X ~006-003 0 003 006 -030-015 0 015 (]_-»0

u [m] w|m]

-0.06 0.30 1.00!
-0.06-0.03 0 -1.00-050 0 050 1.00
u[m]

0.005m’"

02001 0 001 002 0030015 0 0015 0,03  006-003 0 003 006 030015 0 015 030 = ~100-050 0 0.50 100
u[m] u [m] u [m] u[m] w[m]
Figure 2. Normalized spectral density (contour graph) of a TAGSM beam at several propagation
distances z in oceanic turbulence (w= —2.5, ¢ = 1077 m2/s3, y7 = 1078 K?/s) for different values of
the initial twist factor. (a) u = 0.005 m~; (b) pu=0 m~L; () u = —0.005 m™!

In order to learn about the influences of the three turbulence parameters y7, € and w on the
spectral densities, in Figure 3, we plot the contour of the TAGSM beam’s spectral density in turbulent
ocean at distance z = 0.3 km for different turbulence parameters. This is under the condition of the
same beam parameters as in Figures 1 and 2, except that the turbulence parameters w, ¢ and y7 are
setas —2.5, 107 m2/s® and 108 K? /s respectively. One sees that the larger values of parameters yt
and w and the smaller value of parameter ¢ will accelerate the transformation of the beam spot into a
Gaussian shape. From Figure 3, it can be concluded that the larger values of parameters yt and w and
the smaller value of the parameter ¢ mean more powerful oceanic turbulence.
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0.9
0.8
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m 0.6
0.5
0.4
0.3
: 0.2
v =10°°K ., 4 0.1
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0 0.02 0.04 —0.06—-0.03 .03 X X .2 0 020 040 —4.00-2.00 0 200 4.00
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0.7

]|
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- L

(l_!(){ —0.20l —
—0.10-0.05 0 0.05 0.10 -020-0.10 0 0.10 0.20

u [m] u [m]

0.06! S
—0.06—0.03 0 0.03 0.06

u [m]

0.04

e=10""m?/s e=10"m%/s

. 02
£=10°m’/s 0.04 £=10"'m?/s 0.1

16l pe————— —0.06! —0.04! —0.0:
0.16-0.08 0 0.08 0.16 —0.06—-0.003 0 0.03 0.06 0.04-0.02 0 0.02 004 -0.04-002 0 0.02 0.04
u [m] u [m] u [m] u [m]

Figure 3. Normalized spectral density (contour graph) of a TAGSM beam (u = 0.005 m ™) at propagation
distances z = 0.3 km in oceanic turbulence with different turbulence parameters: (a) x7; (b) w; (c) €.

Now, we are more concerned with the effects of initial twist factor on the propagation of the
TAGSM beam with and without oceanic turbulence. In the case of the same parameters used in
Figure 2, Figure 4 presents the effect of different twist factors on the beams’ spectral density at the
same propagation distance of z = 0.3 km in free space (a-1 to a-4) and in oceanic turbulence (b-1 to
b-4). In free space, the nearly circular Gaussian profile of the beam is transformed into an elliptical
profile, with the twist factor increasing from 0 to 0.01 m~!, and the oriental angle 0(z) also depends
closely on the twist factor. Under the action of turbulence, the beam profile degenerates into circular
Gaussian profile, as we discussed previously. However, the beam with a large twist factor seems to be
more resistant to turbulence-induced degeneration. For w = 0.01 m~!, the beam profile still keeps an
elliptical shape in turbulence (see Figure 4(b-4)) while it reduces to a circular Gaussian shape with
1t =0.003 m~! (see Figure 4(b-2)).

j L ____1=0.0060 |
).04-0.02 0 0.02 0.04 -0.04-002 0 002 0.04 -0.06-003 0
i [m] u [m| u [m]

0.03 0.06

<0 10 “:MI 0 u=0.00€ p=0.01m""!

z ~0.10! —0.10 — ~0.10
-0.10-0.05 0 0.05 0.020 —0.10-0.05 0 0.05 0.10 -0.10-0.05 0 005 0.10 -0.10-0.05 0 0.05 0.10
u [m]  [m] w [m]  [m]

Figure 4. Normalized spectral density (contour graph) of the TGSM beam at propagation distance
z = 0.3 km for different twist factors. (a) in free space; (b) in oceanic turbulence.

Effective beam width, beam coherence width and twist factor are useful parameters to characterize
the beam spreading and coherence properties during propagation. This information can be extracted



Photonics 2020, 7, 37 9of 14

from the partially coherent complex curvature tensor shown in Equation (19). Through mimicking the
form of the curvature matrix in source plane, M;! in Equation (19) can be written in the following
form [3],

mip Mmiz M3 My T D

M1 mpy mp mpy mpy | [ Ry —g(col_)l - 7(05g) ;(ffog) _JeroJ I
M3y M3y M3z M3y i(Ugg) + o) ¥ —Ro_l—ﬁ(ﬁzl) _]L((o%g)
My Mgy M43 Mgy

The twist factor, beam width and coherence width in the output plane can be obtained by (0‘31)_1,

(Ggg)_l and i, from Equation (24), respectively. Note that M ! is a transposed symmetric matrix; i.e.,
only ten elements are independent. By applying the characteristics of the transposed symmetry, we
can get the expressions for the beam width, coherence width and twist factor as follows:

o2 ( (ik(my + mz + 2m13)) " (ik(m1p + msq +m3p)) " ] 25)
of (ik(maz + mas + myg +mz2)) " (ik(map + mag +2maq)) " |
2 (=ikmyz) ™" (—ik(myg +m3p)) ™"
= , 26
Oog ( (—ik(mys +mz)/2)"" (—iknmgg)”! (26)
o = (m1a —mz2)/2, (27)

Since the output beam parameters cannot be expressed directly as a function of the initial beam
parameters, one can study the evolution of the parameters shown in Equations (25)—(27) through
numerical simulations. In the calculations below, the beam and turbulence parameters are chosen to

B 4,1 (005 005 2 2yt _ (005 0
be A = 632.8 nm, R™! =0, (d7) —(0.05 01 ) =10 00

xr =108 K?/s, u = 0.005m™" and ¢ = 1077 m? /s>, unless other values are specified. The behaviors
of beam spreading are the same in both directions of the x and y axis during propagation. Thus, only

) mm—2, v = -2.5,

beam spreading along the x direction is discussed.

Figure 5 shows the evolution of the beam width along the x direction o« for different initial beam
parameters and turbulence parameters at distance z along the propagation direction. As expected,
the oceanic turbulence leads to extra beam spreading during propagation. The beam spreading gets
more rapid as the turbulence increases. The beam’s initial parameters also play a significant role in
determining its spreading. It is demonstrated in Figure 5c,d that a large twist factor or small coherence
width leads to rapid beam spreading. Figure 6 shows the variation of twist factor via propagation
distances in the case of different initial beam parameters and turbulence parameters. It is clear that
the twist factor decreases monotonously as the propagation distance increases, no matter the value of
the initial beam parameters and the turbulence parameters. As we know, the twist factor has a close
association with the OAM flux in the z direction. If the oceanic turbulence is homogenous and isotropic,
the OAM is conserved during propagation, implying that the OAM flux keeps invariant on propagation.
According to [56], the beam’s average OAM flux in the z direction is J, = —Znﬁkyo(z)det[of (z)]l/z,
where 7 represents the number of photons passing through the cross section per second, # = h/2n
with i denoting the Plank constant, and det denotes the determinant of a% (z). Owing to the fact that J,
is a constant and the beam width increases monotonously on propagation, the twist factor decreases
with the travelling distance increasing. Comparing this with the spreading of the beam, the twist factor
drops quickly as the turbulence increases and the initial coherence width decreases.
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of xT; (b) for different values of ¢; (c) for different values of the initial twist factors; (d) for different
values of coherence width.
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Figure 7 shows the evolution of the coherence width go¢xx with propagation distance for different
turbulence parameters xt (Figure 7a) and ¢ (Figure 7b), and different initial twist factors (Figure 7c).
For comparison, the variance of the coherence width without turbulence at different travelling distances
z is also plotted in Figure 7a,b (see the solid lines). As expected, the diffraction effect with the
propagation distances increasing causes an increase in the coherence width. With turbulence present,
the coherence width first increases with the propagation distance increasing and reaches its peak.
After that, it decreases with further propagating. This phenomenon is the result of two factors
counteracting each other. One is the diffraction effect, which enlarges the coherence width during
propagation; another is the decoherence effect, caused by the turbulence of the ocean, which reduces
the coherence of the propagating beam. In the case of a short propagating distance, the diffraction
effect has an advantage over the decoherence effect. Under this circumstance, the coherence width
keeps increasing with the beam propagating. However, the effect of turbulence increases gradually
with the propagation of the beam. Once the de-coherence effect begins to prevail at a certain distance,
the coherence width starts to decrease as the propagation distance further increases. It can be seen from
Figure 7a,b that the summit of the coherence width and its corresponding propagation distance are
intimately dependent on the turbulence parameters. The stronger the strength of oceanic turbulence
(large value of xT or smaller value of ¢), the smaller the maximum of the coherence width. Within a
short propagating distance, the coherence width increases more rapidly for a large initial twist factor.
However, when the transmission distance exceeds 0.05 km, the evolution behavior is almost the same
and has nothing to do with the initial twist factor. It can be concluded that when z > 0.05 km the
beam’s coherence width is determined by the dominant oceanic turbulence.
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Figure 7. Evolution of the transverse coherence width ,gxx of a TAGSM beam via the propagation
distances z in free space and oceanic turbulence (a) for different values of xt; (b) for different values of
&; (c) for different values of the initial twist factors.

4. Conclusions

In summary, the evolution of features such as the spectral density, twist factor and beam width
of a TAGSM beam propagating in turbulent ocean and free space has been studied comparatively.
Under the action of oceanic turbulence, the beam profiles of TAGSM beams with different initial
beam parameters exhibit similar behavior, degenerating to a Gaussian shape in the far field, while the
rotation of TAGSM beams is not affected. When the oceanic turbulence is strong, the beam profile
degenerates to a Gaussian shape rapidly, and the beam width expands more rapidly. Accordingly,
the twist factor drops much faster due to the conservation of OAM in propagation in turbulent ocean.
Our results clearly show that a TAGSM beam with a large initial twist factor is more resistant to
turbulence-induced degeneration on propagation, and will be useful in underwater optical information
transmission and imaging.
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