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1 Derivation of the coupled Adler delay differ-
ential equations

We assume that both lasers are operating above threshold. The laser equations
consist of six equations for the amplitudes and phases of the laser electrical
fields, E; = R;exp(i®;) (j = 1,2), and the carrier densities N; and Ny [1].
They are given by

Ry = NiRy+eRs(t—7)cos(0+Py(t —7) — B — C), (1)
o) = —%—&-aNl —I—E%Iﬂsin(e—i—@Q(t—T)—@l—C), (2)
TN{ = P —N;—(1+2Ny)R}, (3)
Ry, = NaRy+eRi(t—7)cos(d+ @it —7)— Dy —C), (4)
o, = %+QN2+5%;T)sin(0+©l(t—7)—@2—0), (5)
TNj = Py— Ny—(1+2N5)R3. (6)



We assume weak detunings and large delays and scale A and 7 as
A=ecAjand T=¢"11; (7

where Ay and 71 are O(1) quantities. If ¢ = 0, we recover the rate equations for
two solitary lasers. If P; > 0, they approach their steady state values (R;, N;) =
(1/Pj,0) on the ¢ time scale. If 0 < ¢ << 1, we note from Eq. (2) and (5) with
N; = O(¢) that @’ = O(¢e). This means that the evolution of the phases is slow
compared to R; and N;. It motivates to look for an asymptotic solution that
depends on two distinct time scales, namely ¢t and s = et. Specifically, we seek
a solution of the form

Rj(t,S,e’:‘) = \/Pj—|—8Rj1(t,S)—|—..., (8)
Nj(t,s,e) = eNj(t,s)+ ... (9)
(I)j(t, 8,5) = <I>j0(t,s) +€<I>j1(t,s)—|—... (].0)
The assumption of two independent times requires the chain rule
dY
a e (11)

where the subscripts ¢ and s mean partial derivatives with respect to ¢ and s.
The leading order problem is O(1) and provides an equation for ®;, given by

Pjor =0 (j=12) (12)

which implies that ® ;9 = q)jo(s) is an unknown function of s. The next problem
is O(e) and is (j = 1,2)

let - ley/ Pj = \/ PB*]' COS(9 + @3,j0(8 - T1) - (I)jo(S) - C) (13)

TN;j1, 4+ 2¢/PiRj1 + (14 2P;)N;; = 0. (14)

Because the right hand side of Eq. (13) is a slowly varying function of s, the
solution of Egs. (13) and (14) quickly approach their quasi steady state values
on the ¢ time scale:

Pa_
Njip = - ;] cos(0 + P3_jo(s — 71) — Pjo(s) — C), (15)
J
1

2\/ﬁj
We next consider the equation for ®;; (j = 1,2)

A1

e = F=%

+ Oéle

B

] Sin(9+<1>3,j(s—7'1)—<1>j(s)—C)—@jos. (17)



The left hand side admits a constant as a nontrivial solution. In order to obtain
a bounded solution for ®;;, the right hand side needs to satisfy the solvability

condition (j = 1,2)
1 t
lim — [ Fj(t, s)ds = 0. (18)

tﬂoot 0

This condition leads to two delay-coupled Adler equations given by

d® A P
dslo = —71 - a\/ECOS(Q + ®oo(s — 71) — P10(s) = O)
[P
+ Fsm(@—&—i)go(s—n) — ®y9(s) - C), (19)
1
d® A P;
djo - 71 e /F; cos(f 4 @1o(s — 1) — Pao(s) — O)
[P .
+ B sin(0 4+ ®19(s — 71) — Pao(s) — C). (20)
2

Combining the trigonometric functions and using the original variables and pa-
rameters, Egs. (19)-(20) become

dd A P .
= Do Rt - - @), (2)
dd A P, .
T; - 54-5 F;(l—f—a?)sm(ﬁo—i—@l(t—ﬂ—‘I)z)- (22)
where
0o = 0 — C — arctan(a). (23)

2 Compound Laser Modes if P,/P; << 1

The compound laser modes (CLMs) are the solutions of Egs. (21) and (22) of
the form
<I>1:wt, <I>2:wt+a. (24)

Inserting (24) into Egs. (21) and (22) leads to two equations for w and o given

by
A P
w o= ——4¢ —2(1+a2)sin(90—w7+0), (25)
2 Py

N
2 Py

w (14 a?)sin(6y —wr — o). (26)

Eliminating o, the solution for w = w(A) is obtained by solving the following
quadratic equation for A = A(w)

A2
— (F2Cy + FiCo) + AwF F_(C1 4 Co) +w? (F{C + F2Cs) —4e*(1+a%) = 0

4
(27)



where

P 1 1
Fo=4]= 1/ = cand Co= ———— (28
=V sin?(0y — wr) ane e cos?(0p — wr) (28)

The condition for having real roots is provided by the discriminant

wQ(F_%_C'l + FECQ)

W FF?(C 4 Cy)? = (F2Cy + FC) [ —4e%(1 4 a?)

] >0 (29)

Eq. (29) sequentially simplifies as

F_%_FE(C%-FCQQ-FQCng) F2F201
CFACICy — FACH0, — F*F2C3
+4€2(1 + a2) (F201 + F2C2
w2 I:F_%_FE(20102) F40102 — F40201
+482(1 +« ) (F201 + F202
—C1Cow? [F2 = F?)? 4+ 4e2(1+ o®) (F2C + F2Cs
—160102&12 + 452(1 + 042) (FECl + F_?_CQ

Y
=

) >
) > (30)

Introducing

into Eq. (30), we find
—16C, Cow? + 4€%(1 + o) <(; —2+42)Cy + (% +2+ ;c)02> >0, (32

or equivalently, the following quadratic equation for z

462(1 -+ Ot2)2(02 — Cl) — 160102&]2_
2 1 > 0
v ”{ 122(1+ a2)(C1 + Ca) =0
2(02 — Cl) 160102&)2 T
2
- 1 >0
v +I|: Ci+ Oy 452(1+a2)(01+02)_ + - ’
4?1
4+ [2(sin2(00 —wr)) — cos*(By — wT)) — ﬁ_ +1 > 0,
22 + 2 | —2cos(2(fg — wr)) — L +1 > 0. (33)
0 2(1+a?) ] =
By gradually changing wr from wr = —1.5 to wr = 1.5, we determine the real
roots of the quadratic equation
402
2 _
z°+x {2 cos(2(0p — wT)) — 52(1“‘042)] +1=0. (34)

They delimit the domain of real solutions for A = A(w). From Eq. (34) and
assuming w? = O(z 1), we find the limit

P
WiT — 47 (1+0a2)= asz — 0. (35)
2 P,



The corresponding values of A are given by
Ai = —Qwi. (36)

Solving the quadratic equation (27) and then taking the limit P»/P; — 0 leads
to

4P, [ 1
A — —2w i— e, (wy —w) (w—w-) (37)

which implies that the CLM frequency is
A
w=-3 w_ <A <2wy) (38)

in first approximation.

3 Stability of the CLMs if P,/P << 1

From Eqgs. (21) and (22), we determine the linearized equations for the CLMs
(24). By considering small perturbations proportional to exp(At), we find that
the growth rate A satisfies the characteristic equation

M 4 aey/(T+ a?) VB coslto —wr + o)
+\/§COS(00 —wT —0) -0 (39)
[ e2(1 + a?) cos(fy — wt + o) }
x cos(fp — wr — o) (1 — exp(—2AT))

We determine the solution of Eq. (39) in the limit P/P; — 0. We know from
Eq. (35) that the frequency w scales like €4/ P;/P. It motivates to scale A as

Py

A=gy) =
€P2

A. (40)

In terms of A, Eq. (39) can be rewritten as

52P1A2—|—62P1A /7[ 7 cos(fo —wr +0) }

+ cos(fp — wr — o)
e2(1 + a?)cos(fy — wr + o)

x cos(fp — wT — o) (1 —exp(—2¢ %AT))

=0 (41

In the limit P»/P; — 0, the two first terms of Eq. (41) dominate and we obtain
A=—/(1+a?)[cos(fy —wr — )], (42)
in first approximation. Stability (instability) now means the condition

cos(fp —wt — ) >0 (cos(fp —wr — o) < 0). (43)



The condition
cos(fp —wr —0) =0 (44)
corresponds to A = 0 and characterizes the limit points of the CLM orbits.

We next wish to relate this condition to the bifurcation diagram of the CLMs.
Taking the derivative of Eqgs. (25) and (26) with respect to A, we find

dw 1 P dw do
aa — ettt ) (45)
dw 1 P dw do
- - _~H . 4
A > PV BT ) (46)
where
P,
H = ¢ F(l + a?)cos(0p — wt + ) (47)
1

Hy, = 51/%(1+a2)cos(90—w7—0). (48)
2

Multiplying Eqgs. (45) and (46) by dA/dw and reorganizing lead to two linear
equations for dA/dw and do/dw

1dA do
—— = =14+ H{(- — 4
2 dw +Hi(-7+ d(,u)7 (49)
1dA do
—— = 1—Hy(—1——).
2 dw 27 dw) (50)
Solving those equations, we obtain for dA /dw
AN 2
— Hy + Hy +2eTH 1 H. 1
dw H1 HQ[ 1+ 2+ eTih 2] (5)

Eq. (51) is valid for arbitrary values of the pump parameters. It provide the
slope of the CLM curve w = w(A). A limit point (or saddle-node bifurcation
point) of the CLM orbit satisfies the condition dA/dw = 0. In order to relate
this condition to Eq. (44), we analyze Eq. (51) in the limit P,/P; — 0. In this
limit, Hy ~ y/P1/P2 — oo and (51) simplifies as

dA
— =-2. 52
7o (52)
But a different limit is however possible if
P
cos(fy — wr — o) = O(Fz) —0as P,/P, — 0. (53)
1

In this limit, both H; and Hy are O(y/ P2/ P;) small quantities and (51) simplifies

as
dA 2
dw  Hy— H,
The condition dA/dw = 0 now implies Hy; + Hy = 0. The necessary condition
is however (53) which clearly matches (44) in first approximation.

(Hy + Ho) (54)



4 The critical case if P,/P, — 0

We now consider the case P; = O(1) and |P,| small. Physically, we expect that
Laser 1 acts as a Master laser injecting its signal into Laser 2 being the Slave
laser. In this section, we first show that there is a critical scaling between P;
and ¢ for which our previous asymptotic solution assuming P; = O(1) (j =
1,2) becomes invalid. After evaluating the critical scalings of all variables and
parameters with respect to e, we plan to develop a new asymptotic theory valid
in the limit € — 0.

Inserting (16) into (8) for j = 2, we find that the long time solution for Ro
is given by

(14 2P,)P)/?

R2:P21/2+€ 2P

cos(f + P1p(s — 1) — Pag(s) — CO). (55)

If | P;| — 0, the two terms perturbation expansion becomes non uniform as soon
as
P2 e, (56)

or equivalently, if
Py~ 23, (57)

With (57), Eq. (55) then indicates that
Ry~ Py/% ~ Y3, (58)

Using (15) and (9), we determine the scalings for the N; as

Ny~ ey/Py ~ e¥3 Ny~ J% ~ 23, (59)

Last, we learn from (35) and (36) that w and A follow the scalings

w e~ e?/3and A ~ /3, (60)

We are now ready for a new asymptotic analysis. We first define the new para-
meters po, and Agy as
Py =&*Ppy, A=ePAy, (61)

and introduce the new variables r1, ro, n1, and no defined by

Ry =P+ 54/31"1, Ry = 51/37"2, Ny = 54/3n1, and Ny = £2/3n, (62)



Inserting (61) and (62) into Egs. (1)-(6), we obtain

r = {nm/Pl+r2(t77)cos(0+<1>2(t77')7<13170)}+... (63)
A ang

o = 2/3/_22 + 4/3 ) - (64

! = 2) c +T\(;P—)sm(9—|—<l>2(t—7') o, - C) + (6

Tn& = =2 P1T1—N1(1+2P1)—|—..., (65)

o= g2/ [n2r2+ Plcos(9+<1>1(t77)ffb270),}+..., (66)
2 [ A P

o, = 23 [22+an2+ Tlsin(9+¢1(tr)¢)20)]+..., (67)
2

Tnl, = py—mng—r1s+ ... (68)

We now seek a two time solution of the form

o= rio(t,s) +e2Pr(t,s) + ... (69)
Ty = Tgo(t, S) + 62/37‘21(t 8) + ... (70)
ni = n(t,s)+e*3ni(t,s) + ... (71)
ng = nglt,s)+e / no1(t, s) + ... (72)
D; = Djo(t,s) +e2/30j(t,s) + ... (73)

where s = ¢2/3t is defined as a new slow time variable. This variable is motived
by the right hand sides of Eqgs. (64), (66) and (67) indicating that ro and the
phases ®; are, in first approximation, functions of s.

We now proceed as in Section 1. The leading order problem is O(1) and is
given by

rior = nlox/l?ﬁ + 7ro0(t — 7) cos(0 + Pog(t — 7) — P19 — C),  (74)
Dot = 7120t = Poor =0 (75)
Tnie = —2v/Pirig—mnio(l+2P), (76)
Tnaoe = p2—mao — g (77)

Eq. (75) tells us that @19, 720, and Poq are all three functions of the slow time
s. Recall that the delay 7 was scaled like 7 = =171 in Section 1. Eq. (74) then
becomes

TlOt:Tllo\/]?1+T20(57€71/37'1)COS(0+(I>20(87671/ Tl) q)lO( ) C) (78)

Egs. (78) and (76) are two coupled equations for r; and n;. Because the second
term in the right hand side of Eq. (78) is slowly varying, r; and n; quickly
approach their quasi steady state values on the t time scale. They are

1/371)

n 7’20(8—87
0 = -

VP

_n10(1 =+ 2P1)

Tio = 9 /P,

cos(0 + Bog(s — e /371) — Byo(s) — C), (79)



Similarly, 72, in the right hand side of Eq. (77) is a slowly varying function of s
and noq is quickly converging to its quasi steady state on the ¢ time scale. The
latter is given by

Moo = P2 — 7’%0. (81)
The next problem for ®y1, 791, and ®5; is O(¢?/3) and is given by

A
D11y = —Pyg5 — 72, (82)
T21¢ = —T20s -+ NnaTo -+ Pl COS(9 + (1)1(8 — 671/37'1) — (I)Q(S) — C), (83)
Ay vP (0 + @1(s — e~ 1/37my)
‘I)QH = _(I)Qos + 7 + ang + ro Sin —@2(8) . C . (84)
Solvability of these equations requires the three conditions
d‘I)lo AQ
_ =2 85
ds 27 (85)
d
% = ngry 4+ /Py cos(0 4 By (s — e /3y) — By(s) — C), (86)
d®s

A P
ds 72 +ang + \Fsin(ﬂ + @1 (s — 7 /071) — By(s) — O). (87)
2

The solution of Eq. (85) with ®10(0) =0 is

A
Py = ——2s. (88)
2
With (88), Egs. (86) and (87) become
dT20 =
15 = Mere + /Py cos(01 — o) (89)
d® P, —
20 = A2 —+ ang + ! sin(91 — (I)Qo) (90)
ds To
where
A
0, = 0+ 725*1/371 e, (91)
_ A
Py = P+ 728 (92)

Together with (81), Egs. (89) and (90) are the equations of a laser subject to
an injected signal.

We now verify that the steady state solutions of Eqgs. (89) and (90) corre-
sponds to the CLMs, previously defined by (24). The steady state solutions of
Egs. (89) and (90) corresponds to r constant and ®9 = o constant. Using (92),
we determine ®oq as

A At
@20:—723—1—0:—7 +o. (93)



The original phase ®5y exhibits the frequency

w=-— (94)

which is the CLM frequency as Po/P; — 0 given by (38).
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