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Abstract: An analytical model of an optical vortex microscope, in which a simple phase object was
inserted into the illuminating beam, is presented. In this microscope, the focused vortex beam interacts
with an object and transmits the corresponding information to the detection plane. It was shown that
the beam at the detection plane can be separated analytically into two parts: a non-disturbed vortex
part and an object beam part. The intensity of the non-disturbed part spreads out over the center;
hence, the small disturbance introduced by the object can be detected at the image center. A first
procedure for recovering information about the object from this set-up was proposed. The theory
was verified experimentally.
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1. Introduction

Resolution in classical optical microscopy is limited by diffraction and is roughly defined by the
formula A/2NA, where A is a wavelength and NA is a numerical aperture of the microscopic objective.
For modern nanotechnology, cell science, and medicine, this resolution is far too low. For this reason, a
number of non-classical imaging systems, both optical and non-optical, have been promoted over the
last three decades. Despite the remarkable success of non-classical superresolution imaging systems,
there is still room for new solutions overcoming the drawbacks of the presently used systems. The idea
of superresolution microscopy using phase singularities has been developed for more than 25 years
now. The first system (named SUPHIM—SUperresolution PHase Image Microscope) was proposed
and tested by V. Tychynsky [1,2]. Although the solution proposed by Tychynsky was not successful [3],
the phase singularities are still believed to constitute a potential solution for new imaging microscopic
systems [4-18] (not all of which were focused on superresolution [7,8,13,14]). Presently, the most
successful superresolution system using optical vortices is the STED microscope [9], where the vortex
beam is used as a depletion beam. In this paper, we investigate the new vortex microscope (called
OVSM—Optical Vortex Scanning Microscope). We use the optical vortices in a different way than the
SUPHIM or STED. Spektor proposed a system [4-6] in which the sample is scanned by a focused vortex
beam (i.e., a beam carrying an optical vortex), which seems to be a similar idea to the OVSM. However,
Spektor measured the intensity profile of the focused vortex beam diffracted by the sample (phase
step). Thus, the special properties of the vortex beam were actually lost during the measurement. As a
result, only the position of an isolated phase step was measured.

It is worth noting that in recent years the idea of superresolution, with the beam carrying optical
vortices, has been supported by works devoted mostly to superoscillations [19-21]. However, it is not
yet clear whether our system can be understood in terms of superoscillations.

The OVSM is a different solution from the one already presented in the literature. The investigated
sample interacts with the illuminating beam that contains an optical vortex. Thus, it can be considered
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as a new microscopic system working with structured illumination [22-25]. The schematic view of our
system is presented in Figure 1: the conventional Gaussian beam passes through the spiral phase plate
and is focused on the sample plane, where it interacts with the investigated object. The sample plane is
imaged into the CCD camera. The interferometer’s reference arm enables detection of the interference
fringes, from which the internal structure of the object beam can be recovered. The important part
of the OVSM metrology procedures is the internal scanning method (ISM). ISM [26,27] is realized
by moving the vortex lens [28,29] perpendicularly to the direction of the incident laser beam. In this
method, the sample needs to be scanned just by an optical vortex, while the entire focused beam stays
in one place. The intriguing properties of the ISM were discussed in some papers [30,31].
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Figure 1. (a) Optical scheme of the Optical Vortex Scanning Microscope (OVSM); the exemplary
interferogram and the recovered phase maps; (b) OVSM optical system as it is represented in the
analytical model. Vortex and magnifying units are represented by two-dimensional transmittance
functions (thin element approximation).

To develop procedures for the object topography reconstruction from the images recorded with
the OVSM, a good theoretical understanding of the instrument is necessary. Previous papers [32,33]
presented an analytical description of the OVSM in the scalar Fresnel approximation. The calculations
were divided into three parts (Figure 1b). In the first part, the laser beam propagation through the
vortex unit to the sample plane was calculated [32]. The calculations were difficult due to the off-axis
position of the vortex lens. The derived formulas (Equation (1)) were in good agreement with the
experimental results. In particular, the observed vortex trajectory rotation when the observation plane
moves away from the vortex unit was in accordance with the calculations. This rotation allows an
experimental determination of the optimal sample plane’s position, which is called critical plane. In the
second part, the vortex beam propagation through the entire OVSM system, with no sample, was
described [33]. It was shown there that a vortex beam propagation across any number of lenses (in
paraxial approximation) can be described in terms of a function G (Equation (2)) with coefficients
As, Bsyx, Bsyy, Cs, and (), that can be calculated from the parameters of the set-up (see [33] for details).
Hence, the complex amplitude at the plane—zs can be expressed by:
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Here, m is the topological charge of the optical vortex. Formula (1) can be used for any integer m;
however, in the case of the OVSM, we limit it to the simplest case m = 1. Index s indicates the step of
our calculations. The case of s = 1 determines the sample plane; for s = 2, we are at the imaging unit
plane; s = 3 determines the observation plane located by the CCD camera (Figure 1b). () is a complex
constant. The derived formulas for the complex amplitude at the OVSM observation plane z3 are:
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where k is a wavenumber, z1, zp, and z3 are distances shown in Figure 1b, f; is the focal length of the
focusing lens in the vortex unit (Figure 1b), f3 is the focal length of the imaging unit, x. is a vortex lens
shift (Figure 1a), wy is the beam waist, and zj is the distance between the Gaussian beam waist plane
and the vortex unit.

In [33], the formulas for the vortex trajectory at the observation plane z3 were also given, and the
position of the critical plane was found (where the vortex trajectory is perpendicular to the phase plate
shift). It was shown that between the sample plane and the observation plane, the trajectory behaves
like a standard object in classical imaging: the trajectory angle is preserved and magnified according
to classical formula.

The third part of our calculations, which is the subject of this paper, includes a basic phase object
located at the sample plane (Figure 1b). This paper presents the results and finishes the whole series.
The next section describes the theory. Section 3 provides a brief discussion of the analytical calculations;
Section 4 presents the experimental results; Section 5 concludes the paper.

2. Basic Phase Sample

The previous paragraph showed how the laser beam propagation through the OVSM system
(Figure 1b) can be calculated. Since the phase and amplitude of the beam can be directly computed, the
reference arm of the OVSM (Figure 1a) was neglected in the calculations. In the next step, the object is
put in the sample plane, which coincides with the critical plane (or is very close to it). The critical plane
is a plane where the vortex trajectory is perpendicular to the vortex lens shift [27,30,31]. The vortex
point (i.e., the point where the phase is singular) is most sensitive at this location. The object is a glass
plate with a small rectangular phase groove or pillar. Its center is at position xs, ys, and its size is sx
and sy. The object introduces an additional phase shift £¢. This small object is expected to have little
impact on the total diffraction spot at the observation plane. However, there is an optical vortex in
the middle of the beam. The core of the optical vortex is almost dark, and its phase changes rapidly
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rendering this insignificant influence detectable. The focused vortex beam illuminating the sample can
be represented in a general form:

”1(951,]/1) = a(xl,yl)eiff’(xl,yl)_ ©)
The rectangle phase object transmittance function is

(A s )y

tp(x1,y1) =e sx sy (10)
where ITis a rectangular function.
Just behind the sample plane, we have:
. X1 —Xs Y{—VYs .
ui(x1,y1) = a(xg,yy)e s e (11)

The above exponential function can be expanded into a power series against the phase shift ¢:
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which means that behind the object plane, the beam can be written as a sum of the free propagating
vortex beam u,), and the object beam 1,,. An object beam is a vortex beam multiplied by a rectangular
function and a constant phase term. The vortex beam u,, was already calculated and given in
Formula (3) with the proper coefficients (4)—(6) (see [33]). Now, the object beam u,, needs to be
calculated. The object is assumed to be so small that the phase and amplitude variations inside the
rectangle can be neglected. Hence:
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where x5 and ys are coordinates of the rectangle center. With the Fresnel diffraction integral, the
complex amplitude distribution of the object term at imaging unit plane (Figure 1b) can be calculated

1op (X2, 2) = ﬁelhz( 3+43) (xs,ys)eil/?(xsz}/s)(eil/} - 1)‘”11(%, WT;VS)eiﬁ(ﬁ*ﬁ)e*‘%(-"1x2+y1yz>dxldyl (14)
R2
By applying the substitution
x=xs+x; p=ys+y (15)

the coordinate system is moved to the rectangle center, and the integral takes the form
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Since the phase object is small compared to the distance z,, the phase variation of the quadrature
term is also small; thus, the whole exponential term can be considered to be constant:

Upp .XZ/]/Z QIJH(Sx Sy)e_iZkz[X/(XZ_XS)+y/(y2_yS)]dxldy/ (18)
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The integral has a solution:
HH(ﬂ/ SJ) iz W o) (o)l g — gy sinc(’%z‘(xz _ xs)> smc(’é—f(yz xs)) (19)

Finally, we have:

Uop(X2,12) = sxsstinc(gsx(xZ - xs)> sinc(ksy(yz - ys)> (20)
27 222

This formula describes the complex amplitude distribution of the phase object term at the imaging
unit plane. In the final step, its image at the observation plane must be calculated. The sinc function
results in long expressions; therefore, it can be replaced by the cosine function, properly adjusted by
the B factor, as shown in Figure 2. This is possible as the rectangle is small enough for its image to be
widely spread over the imaging unit aperture. As a result, only the central part of this image passes
through the imaging unit. Then, the replacement formula takes the form:

sinc(I;Z(xz - xs)) — Cos (ﬁ;sx(xz - xs)); sinc(iZ(m ys)> — COS (ﬁ;Z(yz - ys)) (21)

Z
and (20) takes the form
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Figure 2. (a) Plot of the functions sinc(ox) and cos(opx), ¢ = ksx/2zp; (b) plot of the difference
between sinc(ox) and cos(of3x), 3 = 0.557. Within the aperture radius, the difference is acceptably small
(below 1%).

Expression (22) evaluates the complex amplitude of the beam part at the imaging unit plane
(Figure 1b). Now, this solution needs to be multiplied by the lens transmittance function, and then
the complex amplitude distribution at the observation plane is determined. The lens transmittance
function is t;, = exp{—ik/2f>(x3 + y3) }. Applying the Fresnel diffraction integral, we get:

L83y k(o
))cos(B52 2 =)o E G ATEE R, (29)
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x
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= msxsy {Il(xs,ys)gl(f)(xs/ys) (ezw _ 1) 1222 (3 +yq) 25 (3+93) (24)

[1]

where ) is an aperture area. The first element of the imaging unit is the microscopic objective with a
circular aperture with a diameter equal to 7 mm. Our main interest is the central part of the beam at
the observation plane. In such a case, the circular aperture can be replaced by a rectangular one. At this
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stage of research, the results calculated for the rectangular area are valuable, and the final formulas are

much simpler. With a square aperture, the following integrals must be computed:
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where erfi is the error function [34]. Thus, the whole solution is:
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1| e Ry cos((F 4 vs)Gy) + (37)
WG | eIV (—ixy cos((—F +ys)Gy) + Gysin((—F +:)&y)) — Eysin((=F +y:)y)

So far, the considered phase object has been small enough to assume the phase and amplitude
inside its area to be constant (Equation (13)). This assumption is problematic at the areas of fast
amplitude or phase changes. The first case occurs at the bright part of the vortex beam, the second
one close to its center. The problem can be avoided by dividing the object into smaller parts. Each
part inherits its own phase and amplitude values. The problem of extremely fast phase changes in the
vicinity of a singular point (vortex point) is eliminated by the zero amplitude value. The transmittance
function for the composed object becomes:

int, =

xl/yl = Z Z llPH ’ (38)

where x;,; and ys are coordinates of the sub-rectangle at the j-th and k-th positions. Thus, the right
side of Equation (13) can be rewritten:

N M .
1(p(x1 W oy ) el (s ysik) X1 = Xs;i Y1~ Ysk iy _
a(x1,y1)e ]72_ 1 1;:1 a(xsj, Ysy)e I1 ( w sy (e 1) (39)

Here, all sub-rectangles are assumed to be both (1) the same size and (2) not overlapping; thus,

(31) becomes
N M

Uop (X3, y3 Z Z Ejk il’ltx;]' inty;k (40)
j=1k=1
where inty; and inty are values of int, and int, (36) and (37) is calculated for the sub-rectangle at the
j-th row and k-th column. Ej is the value for & (24) for the rectangle at the j-th row and k-th column.
The derived formulas are complicated; however, some interesting conclusions concerning image
creation by the OVSM can be drawn on the basis of these formulas. Also, they show a way for the
future development of image reconstruction procedures. This will be discussed in the next section.

3. Numerical Examples

In this section, we briefly present the basic conclusions derived from our theory and its
experimental verification. We start with a one micron phase square etched in a glass plate, introducing
the phase shift i = —m into the incident laser beam. The glass plate with this square phase groove is
positioned at the sample plane. The vortex lens shift is x. = 0. The phase square is decomposed into
8 x 8 sub-rectangles. The numerical examples were calculated using Formula (40). Figure 3 shows
the amplitude and phase distribution of the vortex beam at the sample and observation planes of the
OVSM optical system (Figure 1b).

Figure 4 shows the amplitude and phase distribution at the observation plane of the object beam
u,y for three different y-positions of the square groove within the beam (the groove position is changed
perpendicularly to the optical axis). When the phase square center is at the beam center (y = 0), the
resulting amplitude at the observation plane is low, and the characteristic zero amplitude point is at
the image center. The phase distribution reveals a characteristic vortex structure (column (a)).
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Figure 3. Phase and amplitude of the beam at various planes of the OVSM optical system. (a) The
amplitude of the incident Gaussian beam. The beam waist is wy = 0.4 mm, the distance between the
beam waist and the vortex unit plane (Figure 1b) is zy = 600 mm, and the wavelength is A = 632.8 nm;
(b) the amplitude of the focused beam at the sample plane; (c) the phase of the focused beam at the
sample plane; the focusing lens focal length is f1 = 9 mm, and the sample plane is a critical plane,
which is located at z; = 8.95 mm from the vortex unit; (d) the amplitude of the vortex beam 1, at
the observation plane; (e) the phase of the vortex beam at the observation plane; (f) the same as (e),
but shown at a reduced area. The distance between the sample plane and the imaging unit plane is
Zp = 9.11 mm, and between the imaging unit and the observation plane it is z3 = 729 mm.

Figure 4. Amplitude (top) and phase (bottom) of the object beam v, at the observation plane for
three different positions of the phase square center y; within the beam: y; = 0 (a); ys = 1 pm (b), and
ys = 1.5 um (c). The phase square size is 1 pm x 1 um. The focal length of the magnifying lens is f3 =9
mm, and its diameter is d = 7 mm. The distance between the sample plane and the magnifying lens is
zp =9.11 m, and the distance between the magnifying lens and the observation plane is z3 = 729 mm
(Figure 1b), so the system magnification is 80x. The red-dashed rectangle shows the phase image of
the rectangle. The absolute value of the phase is plotted at the phase portraits. In this way, the image is
not blurred by 27t phase jumps.

Moving the sample (phase square) center off-axis results in a higher image amplitude, and the
image center becomes free from optical vortex. The image has a higher amplitude because the phase
square is illuminated by the ring part of the vortex beam. The phase maps (b and c) reconstruct
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the phase square. We can see a rectangle of almost constant phase (marked by a dashed red line),
which moves when the object is moved. The image size results from both system magnification
and diffraction. For the one micron-size rectangle and objective with NA = 0.4, the diffraction has a
remarkable impact on the image and the image is about two times larger than the object.

Figure 5 shows the amplitude and phase distribution of the total beam u,;, + u,, for different
positions of the square groove within the beam (the same as in Figure 4). In part b and c, the amplitude
distribution of the vortex beam is modified by the object part in a visible way.

7 ..
L
LA A A s

Figure 5. The total beam u,;, + u,, amplitude for three positions of the phase square center ys: ys =0
(a); ys =1 um (b); and ys = 1.5 pm (c). The parameters are as in Figure 4.

4. Experimental Results

To verify our theoretical calculations, the measurements were performed in the system shown
schematically in Figure 1a. The He-Ne laser beam passed through the spiral phase plate and was
focused by the microscope objective (<20, NA = 0.4) to the sample plane. The size of the vortex ring
at the sample plane was 6.5 um. The sample plane was observed by the CCD camera through the
imaging unit (magnification 160x), which consisted of the microscopic objective (x20, NA = 0.4) and
the additional lens of an effective focal length equal to 25 mm. The recorded interferograms were
proceeded using carrier frequency techniques, as described in a previous paper [31]. In this way, the
phase and amplitude distribution of the object beam was reconstructed. In the first step, we recorded
the reference interferogram (without the object), which is the part i, in Formula (12). The phase and
amplitude part of the reference beam were extracted. Next, the phase square 1 um x 1 um in size and
250 nm in depth was inserted into the sample plane. Figure 6a presents the white light image of this
sample as seen by the CCD camera in the set-up presented in Figure 1. As this image is fine and of low
contrast, the Atomic Force Microscopy profile is also shown in Figure 6b.

a b
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b |
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\ [
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200 \ f

1504 Waonan)

0 25 5 7.5 10 125
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Figure 6. (a) Image of our sample detected by the CCD camera in white light; (b) scan of the square
profile taken with the Atomic Force Microscope. The sample was etched in a polymer with refractive
index n = 1.49.

Figure 7 shows the result of the phase map reconstruction. The reference image was subtracted
from the total image (Figure 7b), and the resulting complex amplitude was multiplied by the complex
conjugate amplitude of the reference image (Figure 7c). Figure 7b shows that by using this procedure,
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an image of the sample was obtained. Figure 7d shows the profile of the image along the line shown in
Figure 7c. The measured phase depth is almost 1.2 radians, as was expected. The width evaluated
from the experimental conditions is 1.9 um, which is larger due to the diffraction effects and consistent
with the effect observed in Figure 4, where the diffraction spot representing the phase square image
was doubled due to diffraction effects. Although the calculations were performed for the imaging
unit magnification 80 x, the numerical aperture was the same as in the experiments. So, we expect a
blurring of the image due to diffraction by the same factor.
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0 0 0 1
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J([;rm] J([;rm] J([;rm] X[;rm]

Figure 7. Recovering the image of the 1Ium X 1pm-phase step with the OVSM: (a) Phase map of the
image captured with the OVSM. The spiral phase distribution is characteristic of the vortex beam.
(b) The phase map of the beam after subtracting the reference image. The image of the phase rectangle is
readily seen. (c) To extract this image from the spiral background, the image from part (b) is multiplied
by the conjugated reference image. (d) Phase profile taken along the line shown in part (c). The figures
are rescaled by system magnification (160x). (e-h) Same as above in the case where the vortex was
removed from the beam; the trace of the sample is not visible.

The one micron phase square is large enough to be reconstructed without breaking the classical
resolution limit. However, here we tested our analytical model and the resulting reconstruction
procedure. To do so, a sample with well-controlled geometry was necessary. Moreover, with an
objective with NA = 0.4, a phase object 1 pm x 1 um in size can hardly be seen (Figure 6a). We applied
the same reconstruction procedure for the pure Gaussian beam. The vortex plate was removed, and
the set-up was aligned for imaging with a non-vortex beam. Figure 7e—h show the results. Now, the
reference beam was free from vortex. There was no trace of the sample after reference beam subtraction
(Figure 7b), and it was hardly visible after multiplication by the conjugated reference beam (Figure 7c).

In the experiment, we also measured the position of the groove within the beam for different
microscope table shifts (Figure 8a—c). The sample was moved with steps equal to 0.5 um. We traced
the position of the sample on the phase maps and compared it with the shift set by the microscope
table driver. The results are shown in Figure 8d.
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Figure 8. (a—c) The recovered phase maps for different positions of the phase square within the beam;
(d) the shift measured with OVSM. The solid line shows the position determined from the microscope
table shift, and the crosses show the measured values (R = 0.999).

Figure 9 shows the phase square image when its center is close to the vortex beam center.
The vortex beam center is dark, so the square is illuminated by almost no light. As a result, its
image is very poor. The same can be seen in Figure 5a. Examples of the imaging of two other phase
samples are shown in Figure 10.

phase[pi]

X[pm]

Figure 9. Imaging of the 1 um X 1 um phase step with the vortex beam. The phase square center is at
the vortex center: (a) The sum of the reference and object phase map; (b) the total image phase map
after subtracting the reference image; the image of the phase rectangle is not seen; (c) to extract this
image from the spiral background, the image from part (b) is multiplied by the conjugated reference
image; (d) the phase profile taken along the line shown in part (c).
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Figure 10. Examples of the recovered phase maps of two more samples observed using the OVSM:
two 1 um X 1 pm phase squares separated by a distance of 2 um (left), and phase groove of a width of
0.5 pm (right).

These examples showed that vortex beam illumination opens the gate for high-resolution
microscopic systems (such as OVSM). The presented analytical model of the OVSM was a starting
point for developing a first procedure of object beam reconstruction. Images of the phase objects were
obtained. The procedure is both simple and fast. The results obtained from the calculations based on
the model are in good agreement with the experiment. However, there is certainly still a lot of room
for developing more sophisticated and accurate reconstructing procedures.

5. Conclusions

For the first time, a theory for the scalar description of imaging using the OVSM was presented.
This theory was tested experimentally and supported the general idea of imaging using OVSM.
The focused vortex beam interacts with the object and transmits the corresponding information to the
detection plane. The beam at the detection plane can be separated into a non-disturbed vortex part 1,
and an object beam u,;,. The intensity of the non-disturbed part is spread out over the center, so the
small disturbance introduced by the object can be detected at the image center. In some respects, the
idea of the OVSM is similar to the vortex coronagraph project [35,36]. The vortex coronagraph uses
the vortex lens as a special phase filter. The image of a centrally located star occupies the central part
of the image. The telescope with the vortex lens spreads its light out of the image center. Thus, the
off-axis planet can be observed in the central dark core of the vortex beam.

In our system, the image of the object was combined with the structure of the vortex beam.
Nevertheless, the phase distribution of the object can be reconstructed, as shown in Figure 6. This is the
simplest way of object reconstruction. Moreover, this model of the OVSM opens up new possibilities
for the development of reconstruction procedures and for optical system optimization. This will be the
subject of our next communication.
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