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Abstract: We designed a narrow-linewidth external-cavity hybrid laser leveraging a silicon-on-
insulator triple Euler gradient resonant ring. The laser’s outer cavity incorporates a compact, high-Q
resonant ring with low loss. The straight waveguide part of the resonant ring adopts a width of
1.6 µm to ensure low loss transmission. The curved section is designed as an Euler gradient curved
waveguide, which is beneficial for low loss and stable single-mode transmission. The design features
an effective bending radius of only 26.35 µm, which significantly improves the compactness of the
resonant ring and, in turn, reduces the overall footprint of the outer cavity chip. To bolster the laser
power and cater to the varying shapes of semiconductor optical amplifier (SOA) spots, we designed
a multi-tip edge coupler. Theoretical analysis indicates that this edge coupler can achieve an optical
coupling efficiency of 85%. It also reveals that the edge coupler provides 3 dB vertical and horizontal
alignment tolerances of 0.76 µm and 2.4 µm, respectively, for a spot with a beam waist radius of
1.98 µm × 0.99 µm. The outer cavity, designed with an Euler gradient micro-ring, can achieve a
side-mode suppression ratio (SMSR) of 30 dB within a tuning range of 100 nm, with a round-trip loss
of the entire cavity at 1.12 dB, and an expected theoretical laser linewidth of 300 Hz.

Keywords: narrow linewidth; external cavity; Euler gradient resonant ring; hybrid laser; SOI

1. Introduction

Narrow linewidth semiconductor lasers offer numerous advantages such as small
volume and weight, high efficiency, long lifetime, narrow spectral linewidth, and excellent
interactions. These lasers play a crucial role in various fields, including high coherence
optical communication systems [1], dense wavelength division multiplexing (DWDM)
systems [2], high-resolution optical sensing [3], precise clock timing [4], light detection and
ranging (LiDAR) [5], and gravitational wave detection [6].

Wide laser tuning range, high laser output power, and narrow laser linewidth have
traditionally been pursued by researchers in the field. One approach to accomplish these
goals is through the utilization of the micro-ring resonator cavity (MRR). The MRR offers
a wide free spectral region (FSR), which effectively extends the length of the resonator
cavity. Additionally, the optical vernier effect can be employed to achieve a broad laser
wavelength tuning range.

The performance of an external cavity laser is primarily evaluated based on two factors:
tuning range and laser linewidth. The tuning range is directly determined by the optical
vernier effect generated through the combination of resonant rings. On the other hand,
the laser linewidth is influenced by the transmission loss of the waveguide, the overall
optical length of the external cavity, and the laser’s output power. It is worth noting that
the transmission loss and the length of the external cavity are interrelated and mutually
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influence each other. Increasing the length of the external cavity will inevitably lead to
higher transmission losses.

After the pioneering work by Chu et al. [7], who successfully demonstrated the first
tunable laser based on silicon photonics technology, numerous researchers have conducted
extensive studies on resonant external cavities utilizing silicon waveguides and silicon
nitride waveguides [8–11]. The theory behind the Q-value of the resonant ring and the
wide-tunable external cavity laser has been extensively analyzed and studied [12]. Theory
highlights that for external cavity lasers, the key factor in improving the Q-value of the
resonant ring is the utilization of low-loss waveguides. Consequently, low-loss silicon
nitride (Si3N4) waveguides have become the preferred material for external cavity lasers.
The use of ultra-low loss silicon nitride waveguides can achieve extremely high Q-values
for the resonant ring [13]. The combination of grating structure [14] or wedge structure [15]
with a resonant ring can also effectively improve the Q-value of the resonant ring.

However, Si3N4 waveguides also have their drawbacks, including low thermo-optical
sensitivity and high fabrication costs. On the other hand, silicon waveguides exhibit
evident thermo-optical effects and offer certain advantages in terms of thermal tuning
sensitivity. Nevertheless, silicon waveguides suffer from higher propagation losses under
similar conditions. To address this challenge, Tran et al. [12] developed ultra-low loss
silicon waveguides utilizing a shallow ridge waveguide structure, successfully reducing
the transmission loss to 0.16 dB/cm. By incorporating a large three-ring external cavity,
they achieved a wide tuning range of 110 nm and a laser linewidth of 220 Hz. However,
as semiconductor lasers continue to progress towards increased integration, there is a
growing demand for compact and space-efficient external cavity chips. In the case of
circular resonant rings within the external cavity chip, if the shallow ridge waveguide
technique mentioned by Tran et al. is employed, the minimum bending radius needs to
be 600 µm. Such large footprints inevitably compromise the compactness of the external
cavity chip. In order to solve this problem, based on Euler curve [16,17], this paper designs
a compact, high Q-value Euler gradient resonant ring to replace the traditional circular
resonant ring in the external cavity chip, which effectively improves the integration degree
of the external cavity chip and shrinks the laser linewidth.

The output power of the laser is also an important factor that affects laser linewidth
and overall performance. Increasing the optical power of the laser can effectively narrow
the linewidth. In the context of coupling lasers with other components, such as laser plates,
Tsuchizawa et al. [18]. proposed a low-loss mode field conversion structure (SSC). This
structure effectively addresses the challenge of adapting the mode field between different
components, enabling efficient edge coupling.

There are several forms of SSCs that have been explored, including layered polymer
waveguide structures [19,20], multi-tip structures [21–23], nonlinear anticone structures [24],
and subwavelength grating structures [25]. Among these options, a single nonlinear anti-
cone structure may not be suitable for coupling with elliptic light spots from semiconductor
optical amplifiers (SOA). The subwavelength grating structure is relatively simple to pre-
pare but has a complex structure. On the other hand, the layered polymer waveguide
structure offers excellent coupling performance but is challenging to fabricate.

The multi-tip structure is a simple and practical option that does not require complex
fabrication techniques. It is particularly well-suited for the edge coupling of devices on the
silicon-on-insulator (SOI) platform, and it has good compatibility with elliptical light spots.

In this paper, we analyze the mechanism of wavelength tuning in external cavity lasers
and the factors that influence linewidth. We have designed an Euler gradient resonant
ring to enhance the integration of the external cavity chip and to narrow the linewidth. To
further improve the output power and reduce the laser linewidth, we propose a multi-tip
edge coupler that minimizes coupling loss and enhances coupling tolerance. The structure
of this paper is as follows: In Section 2, we theoretically analyze the wavelength tuning
range of the external cavity laser and the multi-ring Vernier effect. In Section 3, we introduce
the method for analyzing the intrinsic linewidth of the external cavity laser and discuss
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the factors that influence the linewidth narrowing factor. In Section 4, we briefly introduce
the basic structure of the laser, simulate and analyze the edge coupler and Euler gradient
resonator ring, and calculate the expected linewidth of the laser. The thesis is summarized
in Section 5.

2. Tuning Range and Side-Mode Suppression Ratio

A single resonant ring cannot achieve a wide tuning range, which can be addressed
by using the optical Vernier effect [26,27]. The Vernier effect in micro-resonators is based
on the principle that maximum power output is only possible when the maxima of the
individual responses of resonators with unequal radii placed in series are aligned. This can
produce a large free spectral range from two or more resonators with much larger radii. For
a Vernier filter consisting of two resonators, the wavelength of the maximum must satisfy
the following equation:

M · FSR1 = N · FSR2 = FSRTot (1)

FSRTot is the free spectral range of the combined resonators. M and N are integers,
with M = N + 1 typically chosen in practical applications. Assuming symmetric coupling
of the resonant rings, the FSR and complex amplitude transmittance of the resonant rings
are given by:

FSRm =
λ2

ngLm
(2)

tm =
−κ2

m · e
−jφ

2
√

a
1 − r2

m · e−jφr a
(3)

ttotal = ∏
m

tm (4)

where m is the number of the resonant ring; λ is the central wavelength; ng is the group
refractive index of the waveguide; Lm is the perimeter of the resonant ring; a is the loss
factor of the light field transmitting in the resonant ring for one circle; φ is the phase
shift generated after the light field transmitting in the resonant cavity for one circle; κm
is the coupling coefficient, and the relationship between the coupling coefficient and the
transmission coefficient rm is κ2

m + r2
m = 1; and ttotal , in an ideal state, is the transmittance

after synthesis.
However, when only a double ring is used to achieve a wide-tuning laser, a smaller

free spectral range (FSR) difference between the two rings is required to provide a larger M
and N. This results in a significant increase in side-mode suppression ratio of the composite
spectrum. The relationship between tuning range and side-mode suppression ratio is
shown in Figure 1a. The primary reason for this phenomenon is that a larger M parameter
reduces the spectral difference between the two rings. Consequently, the side peak intensity
near the main peak cannot be effectively suppressed in the composite spectrum due to
insufficient spacing. Taking the first ring with a circumference of 400 µm as an example,
when utilizing the double-ring Vernier effect, if a tuning range of 600 nm is desired, the
side-mode suppression ratio of the spectrum would be reduced to 2.7 dB (Figure 1b), which
clearly does not meet the design requirements for the external cavity.

In order to obtain a wider tuning range and a high side-mode suppression ratio, a
third resonant ring can be added on the basis of the double ring to suppress the high side
peak strength. The main peak of the third resonant ring is interleaved with the main peak
of the double-ring spectral edge mode by setting the perimeter of the third resonant ring
reasonably, so as to achieve the purpose of suppressing the edge mode intensity. When
FSR3 is set within the range of FSR1/2 < FSR3 < FSR1, the peak valley of the third ring
will overlap with the lateral peak, thereby suppressing the intensity of the lateral peak
(Figure 1c). By introducing the third ring, the external cavity can simultaneously have a
tuning range of 100 nm and a side-mode suppression ratio of 33 dB (Figure 1d).
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Figure 1. (a) Relationship curve between tuning range and side-mode suppression ratio; (b) double-
ring vernier effect spectra with a tuning range of 60 nm, whose side-mode suppression ratio is only
2.7 dB due to its excessive M parameter; (c) a third ring is added on the basis of the double-ring
vernier effect and to meet the requirements of FSR1/2; (d) the intensity of the edge-mode resonance
peak is effectively suppressed by the total transmission spectrum of the third ring after the addition
of the third ring, and the side-mode suppression ratio is 33 dB.

3. Laser Linewidth Theory

The external cavity laser can be likened to a three-section laser cavity, as depicted in
Figure 2a. The active segment (the yellow section) is located on the left side of the model,
where the forward mirror has a reflectivity of r1. The passive segment (the blue section) is
situated on the right side of the model and includes the resonant ring structure, the passive
routing waveguide, and the ring mirror. The left and right sides are interconnected via
end-face couplers with a coupling loss β.
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Figure 2. (a) The three-stage structure of an external cavity laser. (b) The simplified model of an
external cavity laser.

For ease of analysis, the external cavity laser model can be simplified by equating
the passive part shown in Figure 2a to the backward reflector of the SOA (Figure 2b). The
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effective reflectivity re f f is the product of each transfer function of the passive part, given
by the following equation:

re f f (ω) = β · t2
passive(ω) · rmirror(ω) (5)

tpassive(ω) = exp
(
−αpLp − jβpLp

)
(6)

rmirror(ω) = rTSL · t2
total (7)

rTSL = 2κDCtDC

[
t2
DC

(
ejθ + ej2θ

)
− κ2

DC

(
ejθ + 1

)]
(8)

In this context, β denotes the coupling loss, which is approximately 1 dB. Specifics
about the structure and value of the end coupler will be provided below. The transfer func-
tion of the wired waveguide is represented by tpassive(ω), wherein αp and βp symbolize
the electric field propagation loss in the silicon waveguide and the effective propagation
constant, respectively. Lp represents the total length of the routing waveguide. rmirror(ω) is
the equivalent mirror reflection function related to wavelength, with rTSL corresponding
to the tunable Sagnac loop (TSL) mirror reflectivity. As depicted in Figure 3, TSL mirrors
are installed behind the three micro-rings. Here, κDC and tDC are the coupling parame-
ters of the directional coupler, and θ represents the phase shift induced by the thermal
phase modulator.
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Figure 3. Structure of the three-ring external cavity. The laser sequentially passes through three
resonant rings and is then reflected by the TSL mirror to form a resonance and proceed to output. Each
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for phase alignment.

The mirror’s reflectivity will fluctuate between 0 and 1 by adjusting the phase shift of
the phase modulator. During laser operation, this reflectivity is optimized to harmonize
with the laser’s output power.

Upon equating the complex external resonator to the simplified resonator shown in
Figure 2b, we can employ the formal method proposed by Patzak et al. [28], as well as
Kazarinov and Henry [29]. Since the backward reflectance rmirror(ω) is dependent on the
laser frequency, the laser linewidth is substantially narrowed, attributable to the presence
of the linewidth narrowing factor F = 1 + A + B. The formula for linewidth analysis used
in this section is as follows:

∆ν = ∆ν0
F2 = ∆ν0

(1+A+B)2 (9)

A =
1
τ0

Re

{
j
d ln re f f (ω)

dω

}
=

1
τ0

dφe f f

dω
(10)
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B = −αH
τ0

Im

{
j
d ln re f f (ω)

dω

}
=

αH
τ0

d ln
∣∣∣re f f (ω)

∣∣∣
dω

(11)

∆ν0 =
1

4π
vghvnspαtotαm

P0K(ω)
(1 + α2

H) (12)

τ0 = 2ngLg/c is the round-trip time of photon in the active region, αH is the linewidth
enhancement factor, vg for effective group velocity of the active region, h is Planck’s con-

stant, v is laser frequency, nsp is the spontaneous emission constant, αm = 1
Lg

ln
(

1
r1|re f f (ω)|

)
is mirror loss, αtot = αi + αm is total loss, P0 is the laser output power, and K(ω) > 1 is the
weight factor related to the transmittance of the output. Because increasing the reflectivity
of the output will reduce the output power, K(ω) = 2 is used in the following numerical
calculations. The factor A represents the ratio of photon transmission time between the
gain endpoint and the external cavity waveguide. On the other hand, the factor B denotes
the strength of the optical negative feedback effect, reflecting the intensity of the phase
change in the laser’s external cavity. This coupling of phase and amplitude in the laser field
serves to stabilize the laser frequency.

When the cavity is in resonance, the effective optical length of the ring resonator
reaches its maximum, resulting in the factor A also being at its peak. Correspondingly,
the spectral curve resides at the resonance peak position where the rate of change is zero,
B = 0. The presence of the factor A and factor B implies that a laser’s outer cavity with
a longer optical cavity length significantly narrows the laser linewidth. The higher the
Q-value of the resonant ring in the multi-loop filter, the greater the length of the outer cavity
that can be achieved, which in turn enhances the factor during resonance. Simultaneously,
the reflection spectrum of a resonator with a high Q-value also exhibits a narrower full
width at half maximum (FWHM). This condition results in a steeper spectral line slope at
wavelengths deviating from the resonant peak, leading to an increase in the factor. From
the above analysis, it is clear that the use of a higher Q-value micro-ring and an increase in
laser power are pivotal in narrowing the linewidth. In this study, a graded resonant ring,
optimized using an Euler curve, is employed to achieve a high Q-value while ensuring
minimal external cavity loss. Moreover, a novel end coupler has been designed to enhance
the inter-chip coupling efficiency, thereby boosting the laser power. Higher Q-values and
higher laser power result in a narrower laser linewidth.

4. Laser Design
4.1. Laser Structure

The narrow linewidth external-cavity laser assembly, as shown in Figure 4, consists
of a Si/InP gain chip (RSOA), an edge coupler, and a three-ring resonator mirror. The
following description details this structure:

The Si/InP gain chip (RSOA) operates within a gain band of 1528–1568 nm (C-Band)
and features a total internal reflection film that exhibits 95% reflectivity. On the opposite
side, a 1000 m length is coated with a high-reflectance transmittance enhancement film
to improve light transmittance. The gain chip employs a geometric technique, bending
the ridge waveguide by 19.5◦. This modification ensures that the incident light does not
strike the chip’s surface perpendicularly, further reducing reflectivity at one end of the
chip. The exit end is coated with an antireflective film that effectively minimizes most
back reflections.

Edge coupler: There is a significant mode mismatch between the spot size of the on-
chip optical waveguide and that of the gain chip. Thus, a spot converter—an edge coupler
in this case—is necessary for mode matching. In this study, we introduce an edge-face
coupler using a multi-cone scheme, which not only provides higher coupling efficiency but
also allows for greater alignment tolerance.
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Figure 4. Schematic diagram of a narrow linewidth laser. ROSA and the outer cavity chip are
connected by an edge coupler (SSC), and the output is connected by grating coupler after three
resonant rings and TSL mirror. The bus waveguide, resonant ring, and mirror are all designed with
thermal phase shifter for mode alignment.

Three-ring resonant mirror: The external cavity of the laser comprises three resonant
rings and tunable Sagnac loop (TSL) mirrors. Each resonant ring and reflector section is
equipped with a thermal phase modulator. A metal heating layer is vertically deposited on
the oxide cladding of the silicon waveguide to form a micro-heater. This design leverages
the thermo-optic effect for phase adjustment, facilitating intra-cavity mode alignment and
reflectivity adjustment.

4.2. Edge Couplers

The laser is designed with a three-ring structure. The gain band ranges from 1528 nm to
1568 nm and the spot at the laser’s exit surface has a beam waist radius of 1.98 µm × 0.99 µm.

It is apparent that a large beam area cannot be directly coupled with the waveguide
mode of 220 nm by 450 nm. A spot size converter (SSC) is typically employed to enable
efficient coupling between devices with dissimilar beam areas. However, a single-cone-
structured SSC fails to achieve optimal mode matching for asymmetric elliptical beams. In
this study, we designed a multi-tip edge coupling structure to enhance the efficiency of
inter-chip coupling.

Figure 5a illustrates the device with a total length of 90 µm, consisting of a cone
waveguide segment of L1 = 70 µm and a transition waveguide segment of L2 = 20 µm.
Figure 5b depicts the cross-section diagram of the cone waveguide’s right connection and
the left side of the cone waveguide. Wi and Wj represent the width of the left and right
waveguides, whereas Di and Dj denote the distance of the left and right waveguides. Ej
signifies the side distance, and H represents the waveguide height. The values of Di and
Dj depend on the minimum allowable spacing determined by the preparation process
and the number of cone waveguides. Given the present state of the preparation process,
the minimum spacing between waveguides is set at 200 nm, with Dj fixed at 200 nm. To
determine the coupling efficiency of various light spots, we calculate the TE optical mode of
each waveguide cross-section by the MODE method. Subsequently, the coupling efficiency
was computed using the following formula:

η1 =

∣∣∫ E1 × E2dA
∣∣2∫

|E1|2dA ×
∫
|E2|2dA

(13)

E1 and E2 are the field intensity of the spot and the field intensity of the right side of
the coupler.
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We conducted parameter scanning to evaluate the mode coupling efficiency on both
sides of the section, and the corresponding results are depicted in the Figure 6. In the case
of the right section, we ultimately chose Wj = 230 nm and Ej = 340 nm, resulting in a
maximum coupling efficiency of 99%. The values of Dj and Wi for the left waveguide need
to correspond to the light spot that is being coupled. The figure presents the parameter
scanning diagram of the coupling efficiency for the light spot with a beam waist radius of
1.98 µm × 0.99 µm. We selected Di = 540 nm and Wi = 234 nm, resulting in a maximum
coupling efficiency of 85%.

Additionally, this paper includes a simulation of the alignment tolerance for the
designed edge coupler. The simulation shows that the multi-tip design provides a vertical
3 dB tolerance of 0.76 µm and a horizontal 3 dB tolerance of 2.4 µm for a spot with a beam
waist radius of 1.98 µm by 0.99 µm. These tolerance values are significantly higher than
those for an end coupler with a single-cone waveguide.

Table 1 presents a parameter comparison between the multi-tip edge coupler designed
in this paper and other types of edge couplers. It is evident that, compared to other
schemes, the edge coupler designed here can maintain high coupling efficiency with a
shorter length, which aids in enhancing the integration of the laser. Furthermore, this design
does not necessitate high precision in the fabrication process, which helps in controlling
production costs.

Table 1. Performance comparison of end face couplers with different coupling schemes.

Coupling Scheme Coupling Loss (dB) Polarization Length (µm) Comments

A 3D waveguide
structure [20]

2.8 TE
850

Three-dimensional (3D) SU-8 taper, silicon
inverted nanotapers.4.1 TM

Single inverted cone
structure [30] 0.2 TE 1000 Low loss, broadband width, easy

fabrication practical for mass production.

Subwavelength grating
structure [25] 0.63 TE 205

Multiple grating combinations, integrated
thermal phase modulators, phase

compensation
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Table 1. Cont.

Coupling Scheme Coupling Loss (dB) Polarization Length (µm) Comments

Layered polymer
waveguide structures [19]

0.36 TE
300

Thermal oxidation process, good TM
mode support0.66 TM

This work 0.7 TE 90 Compact, multi pointed, high coupling
tolerance, low process requirements

Photonics 2024, 11, x FOR PEER REVIEW 9 of 16 
 

 

 

Figure 6. (a) Parametric scan of the coupling efficiency at the left section of the waveguide. (b) Pa-
rameter scan of coupling efficiency at the right side of the waveguide. (c) Horizontal alignment tol-
erance of the end coupler. (d) Vertical alignment tolerance of the end coupler. 

Additionally, this paper includes a simulation of the alignment tolerance for the de-
signed edge coupler. The simulation shows that the multi-tip design provides a vertical 3 
dB tolerance of 0.76 µm and a horizontal 3 dB tolerance of 2.4 µm for a spot with a beam 
waist radius of 1.98 µm by 0.99 µm. These tolerance values are significantly higher than 
those for an end coupler with a single-cone waveguide. 

Table 1 presents a parameter comparison between the multi-tip edge coupler de-
signed in this paper and other types of edge couplers. It is evident that, compared to other 
schemes, the edge coupler designed here can maintain high coupling efficiency with a 
shorter length, which aids in enhancing the integration of the laser. Furthermore, this de-
sign does not necessitate high precision in the fabrication process, which helps in control-
ling production costs. 

Table 1. Performance comparison of end face couplers with different coupling schemes. 

Coupling Scheme 
Coupling 
Loss (dB) Polarization 

Length 
(µm) Comments 

A 3D waveguide struc-
ture [20] 

2.8 TE 
850 

Three-dimensional (3D) SU-8 taper, silicon in-
verted nanotapers. 4.1 TM 

Single inverted cone 
structure [30] 0.2 TE 1000 Low loss, broadband width, easy fabrication prac-

tical for mass production. 
Subwavelength grating 

structure [25] 0.63 TE 205 Multiple grating combinations, integrated thermal 
phase modulators, phase compensation 

Layered polymer wave-
guide structures [19] 

0.36 TE 
300 Thermal oxidation process, good TM mode sup-

port 0.66 TM 

This work 0.7 TE 90 Compact, multi pointed, high coupling tolerance, 
low process requirements 

  

(d) (c) 

(b) (a) 

Figure 6. (a) Parametric scan of the coupling efficiency at the left section of the waveguide. (b) Param-
eter scan of coupling efficiency at the right side of the waveguide. (c) Horizontal alignment tolerance
of the end coupler. (d) Vertical alignment tolerance of the end coupler.

4.3. Euler Gradient Ring Design

According to the analysis of laser linewidth in Section 3, a high Q-value of the resonant
ring can enhance the spectral characteristics of the external cavity mirror. The Q-value
of a symmetrically coupled resonant ring can be calculated using the full width at half
maximum (FWHM) of the transmission spectrum.

Q =
λ0

FWHM(λ)
(14)

FWHM(λ) =
λ2

0
πLng

1 − ar2√
a(1 − κ2)

(15)

Equation (15) reflects three factors that affect the resonant ring Q-value: resonant ring
perimeter L, coupling coefficient κ, and loss factor a.

To minimize transmission loss, one approach is to increase the width of the waveguide.
By doing so, the loss during transmission can be reduced. Regarding bending loss, the use
of nonlinear curves can be employed to optimize this aspect. Nonlinear curves can help
mitigate the bending loss, thereby enhancing the overall efficiency of the resonant ring.
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Payne–Lacey theory [31] suggests that the unit transmission scattering loss of straight
light waves caused by sidewall roughness can be expressed as:

α = 4.34
σ2

k0d4n2
√

2
g(V) · fe(x, γ) (16)

Among them, the unit for scattering loss α is given in (dB/cm). Here, k0 = 2π
λ is the

wave vector in vacuum. In general, the roughness of the waveguide sidewall can follow
two types of distributions: exponential or Gaussian [32]. Formula (16) can be described
as follows:

α ≤ δ2

k0d4n1
m (17)

The coefficient m is 0.48 for an exponential distribution and 0.76 for a Gaussian distri-
bution. The relationship between the transmission loss, caused by waveguide roughness,
and half of the waveguide width (d) is depicted in Figure 7.
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Based on the analysis from the figure above, the scattering loss of the optical waveguide
is inversely proportional to the width of the waveguide’s cross-section. Considering the
ordinate, when the width of the waveguide is constant, the unit transmission loss of the
optical waveguide is directly proportional to the square of the sidewall roughness δ. For SOI
rib waveguides, scattering loss constitutes the main component of the unit transmission loss.
Additionally, as depicted in Figure 7, the scattering loss remains essentially unchanged
beyond a half waveguide width of 1.2 µm. Taking into account that excessively wide
waveguides are prone to multimode operation, a waveguide with a width of 1.6 µm for
transmission is a favorable choice.

Considering both transmission loss and bending loss, this paper proposes the design
of an Euler gradient resonant ring to replace the original uniform circular resonant ring.
The Euler gradient resonant ring utilizes an optimized width and nonlinear curves to
minimize losses and enhance the performance of the resonant ring system.

The resonant ring is designed using an Euler curve, as depicted in Figure 8. This design
results in an asymptotic bending waveguide profile, determined by the Euler curve [16,17]
and governed by the equation dθ

dL = 1
R = L

A2 + 1
Rmax

. In this equation, R represents the
radius of curvature of the curve, L is the arc length of the curve from the initial end of
the asymptote to the set point, and θ signifies the curve′s angle. A is a constant value
that determines the total length of the curve and the minimum bending radius. As the
arc length increases, the curvature radius of the curve gradually decreases from Rmax to
Rmin at a 90◦ angle. Additionally, the width of the curved waveguide transitions from
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1600 nm in the transmission region to 450 nm in the coupling region. The 450 nm end of the
curved waveguide connects to a rectangular waveguide with a length of Lx, serving as the
coupling area. Two 90◦ Euler gradient waveguides, along with the coupled waveguides,
form a 180◦ Euler gradient U-shaped bending structure, and its effective bending radius is
Re f f . Simultaneously, a linear transmission waveguide, 1600 nm wide and Lc units long,
is positioned between the two 180◦ bends. This, together with the two U-shaped curved
waveguides, constitutes the complete structure of the resonant ring. The design of the
curved waveguide combines the curved waveguide and taper waveguide for low-loss
bending transmission and the ability to alter the mode spot size. This achieves the low-loss
and stable transmission of a single mode, greatly enhancing the integration degree.
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Figure 8. Schematic diagram of an Euler gradient resonant ring structure.

Using a 450 nm single-mode waveguide in the coupling region ensures efficient
coupling and single-mode transmission. The single-mode nature of the waveguide helps
maintain the integrity of the transmitted signal. Additionally, the Euler gradient design
facilitates adiabatic transmission during waveguide width transitions, ensuring smooth
and efficient signal transfer without significant loss or distortion.

To reduce the overall propagation loss of the resonant ring, a wide waveguide with a
width of 1600 nm is utilized. According to simulation results and relevant literature [32,33],
increasing the waveguide width from 450 nm to 1600 nm can reduce the transmission loss
from 1.5 dB/cm to 0.3 dB/cm or even lower, thereby improving the overall performance of
the resonant ring.

The large bending radius at the connection helps to minimize mode mismatch loss
at the connection between the straight waveguide and the curved waveguide. The larger
bending radius reduces the mismatch between the mode field distributions of the two
waveguides, resulting in less loss during the mode transition.

Inserting a 1.6 µm wide transmission waveguide between two 180◦ curved waveguides
allows for the alteration of the resonant ring’s perimeter. Changing the perimeter provides
control over the free spectral range (FSR) of the resonant ring, which enables the tuning
of the resonant frequencies and facilitates applications such as filtering or wavelength
selection.

Figure 9 is presented to illustrate the relationship between the resonant ring’s perimeter
and coupling mismatch loss. To achieve a mode excitation ratio of TE0 to TE1 below −40 dB,
it is necessary for the radius Rmax to exceed 700 µm. Consequently, the value of Rmax is
ultimately set to 900 µm in this study.
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Considering both the size and radiation loss of the resonant ring, the Rmin of the
resonant ring should be as small as possible. Experimental results indicate that radiation
loss can be disregarded for values of Rmin greater than 10 µm [34]. In this specific research,
the values chosen are A = 32 and Rmin = 18 µm, allowing for the smallest bending radius
while still neglecting radiation loss. Given these parameters, the total length of the 90◦

Euler gradient bending is determined to be L = 55.6 µm. Meanwhile, the effective bending
radius (Re f f ) of this structure is only 26.35 µm. Compared to other articles [8–12], the
radius of several hundred micrometers is a significant improvement.

After the parameters of 90◦ Euler gradient bending are determined, the U-shaped
curved waveguide consisting of the waveguide is simulated by FDTD (as shown in
Figure 10) at the wavelength of 1550–1660 nm. The bending loss of the waveguide is
0.014 dB, which effectively reduces the bending loss of the resonant ring. At the same time,
the excitation ratio of the TE0–TE1 mode of the Euler gradient bending reaches −40 dB.
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The Q-value of a resonant ring can indeed be improved by increasing its perime-
ter. However, it is important to consider that a larger perimeter can also lead to higher
waveguide transmission losses. Taking into account the waveguide transmission losses,
a perimeter value of 600 µm is selected for the first ring. This value can achieve a high
resonant ring Q-value while ensuring low external cavity loss.

Using Formula (14), the Q-value of a 600 µm circumference Euler gradient micro-
ring is calculated to be 4.3 × 104. However, if a high-loss traditional narrow waveguide
resonant ring is used, the Q-value would decrease to 3.9 × 104. Meanwhile, a ring with a
circumference of 600 µm has a radius of 95 µm. In contrast, the effective bending radius of
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the Euler gradient resonant micro-ring designed in this article is significantly smaller at
only 26.35 µm.

Accounting for the waveguide width’s impact on the group refractive index of the
waveguide group, adjustments must be made from Formula (15) to (16) to determine the
overall FSR of the Euler resonant ring:

FSRm =
λ2

2ngLu + 2ngLc(m)
(18)

Lm = 2(Lu + Lc(m)) (19)

ng is the average group refractive index of the U-shaped curved waveguide, Lu is
the length of the U-shaped waveguide, ng is the group refractive index of the straight
waveguide, Lc(m) is the length of the straight waveguide segment, and Lm is the total
length of the resonant ring, where m is the number of the resonant ring. According to
Section 2, when L1 = 600 µm, in order to achieve the tuning range of 100 nm, the total
length of the second ring is L = 606 µm and the length of the third ring is L3 = 778 µm.

The power coupling coefficient dictates the extent to which light circulates within the
resonant ring. According to the Formula (15), a smaller coupling coefficient can elevate
the Q-value of the resonant ring. However, the presence of a loss factor means that an
excessively small coupling coefficient can result in the additional loss of resonant light,
consequently diminishing the intensity of the resonance peak. For external cavity lasers,
excessive external cavity loss will significantly affect the laser output power. To avoid
introducing large external cavity reflection losses, we choose κ2

1 = κ2
2 = κ2

3 = 0.1.

4.4. Theoretical Linewidth Calculation for Lasers

The bus waveguide, used to connect the resonant ring across all levels, employs a
450 nm wide ridge waveguide with a length (Lp) of 2000 µm. Its loss calculation is based on
the typical value of a 450 nm wide ridge waveguide, which is 1.5 dB/cm. Simultaneously,
the round-trip loss of the resonant ring, the coupling loss between the RSOA and the
external cavity, and the output power of the primary gain chip are incorporated into the
calculations, with the output power (P0) set to 10 mW. The perimeters of the three rings are
L1 = 600 µm, L2 = 606 µm, and L3 = 778 µm, with coupling coefficients (κ2

1 = κ2
2 = κ2

3) set
to 0.1. The external cavity reflectance spectrum is plotted using Formula (4), as illustrated
in Figure 11a.
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Figure 11. (a) Reflection spectra of the three-ring external cavity. The spectrum has a tuning range of
100 nm and a side-mode suppression ratio of 30 dB. (b) Enlarged image at resonance peak; FWHM is
10.6 pm.

The synthesized spectrum of the external cavity with the gradient Eulerian resonance
ring indicates a tuning range of 100 nm and a side-mode suppression ratio of 30 dB. As
shown in Figure 11b, owing to the gradient Eulerian resonance ring, the spectral resonance
peak of the external cavity displays a normalized intensity of −1.12 dB, and its full width
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at half maximum (FWHM) is only 10.6 pm. If a standard resonant ring with the same
circumference is used, normalized intensity will decrease to −2.4 dB.

The method proposed in Section 4 is employed to analyze the linewidth of the outer
cavity with a three-ring configuration. To highlight the benefits of the low transmission loss
associated with the wide waveguide utilized in this study, both the linewidth narrowing
factor and the linewidth were calculated for transmission losses of 1.5 dB and 0.3 dB,
respectively.

The B factor attains its maximum value at the rising resonance frequency, while the A
factor curve exhibits symmetry and reaches its maximum value at the resonance frequency.
Consequently, the F factor also reaches its peak value at a slightly deviated resonance
frequency. Figure 12a illustrates the results.
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Figure 12. (a) Calculated values for coefficients A, B, and F. The solid and dashed lines represent
the external cavities using Euler gradient resonant rings and standard resonant rings, respectively;
(b) estimated Lorentzian linewidth as functions of frequency detuned from the dual ring.

It can be observed that, compared to the use of conventional micro-rings, the linewidth
narrowing factor for the resonant outer cavity employing Euler gradient micro-rings has
been improved to varying extents. The maximum F-factor for a three-ring outer cavity
using a standard narrow waveguide resonant ring is 45, whereas the maximum F-factor for
a three-ring outer cavity using an Euler gradient resonant ring is 50.

Upon inputting data into Formula (9), the laser’s linewidth curve is derived and
presented in Figure 12b. The three-ring resonator, which utilizes an Euler gradient resonant
ring, is anticipated to have a linewidth narrower than 300 Hz at resonance. In contrast,
the linewidth of a standard circular ring is 400 Hz, and this calculation is based on the
assumption of equal output power. In reality, the higher loss of the standard circular ring
results in reduced laser power, which would further decrease the expected linewidth.

5. Conclusions

As a benefit of the Euler gradient resonant ring proposed in this paper, the utilization
of the three-ring vernier effect enables us to achieve a wide tuning range while maintaining
a low side-mode suppression ratio. The introduction of the new Euler gradient resonant
ring not only reduces the transmission loss of the resonant ring at the same technological
level but also enhances the overall compactness of the optical external cavity chip with a
bending radius of 26.35 µm. The designed Euler triple ring external cavity laser can achieve
a theoretically narrow linewidth output of 300 Hz, while also possessing a tuning range of
100 nm and a side-mode suppression ratio of 30 dB.

As photonic integration continues to advance, the integration and miniaturization of
each device within the photonics circuit become imperative. It is essential to explore the
miniaturization of optical devices such as resonant rings and modulators. It is anticipated
that in the future, with the advent of higher-precision waveguide preparation processes
or novel materials with superior performance, the proposed Euler gradient micro-ring
highlighted in this paper can further enhance the performance of external cavity lasers and
offer fresh insights for optimizing the direction of the resonator design.
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