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Abstract: The influence of the interference between coherent processes in third-order nonlinear
Raman scattering on the spectral shapes of Raman-scattered light waves is numerically modeled and
discussed in the cases of commonly used coherent Raman spectroscopy techniques. The effects on
the lineshapes depending on the laser intensity are analyzed for the coherent Raman spectroscopy
performed via the excitation of molecular systems with focused laser pulses at high intensities. In
this case, the interplay between the coherent processes in nonlinear Raman scattering, as well as laser
power-induced resonance effects, may be significant and should be taken into account in the spectral
lineshape analysis in coherent Raman spectroscopy and its related applications, since the coherent
Raman spectra may be considerably modified.

Keywords: coherent Raman spectra; two-photon Raman resonance; coherent anti-Stokes Raman
scattering (CARS) spectroscopy; optical four-wave mixing; stimulated Raman scattering; optical
parametric interaction; nonlinear optical processes; nonlinear optical multiresonant phenomena

1. Introduction

It is known from the basic theory of nonlinear Raman scattering [1–6] that two types
of nonlinear optical (NLO) processes may be simultaneously induced by the laser-field
excitation of NLO media having Raman responses: stimulated Raman scattering (SRS)
and Raman-resonant four-wave mixing (RRFWM), both being described by the third-
order (cubic) NLO susceptibility (χ(3)) of the medium (Raman susceptibility). Sharing the
common energy levels of the NLO medium, these processes interact within the medium.
The interference, i.e., the interplay between them (and in some cases, the competition)
through χ(3), is well established theoretically and experimentally in atomic/molecular
systems, and a large number of studies have been devoted to the characterization of its
complex physical mechanism related to the third-order Raman response of NLO media.
Examples of interference effects between the key physical processes of coherent Raman
scattering in NLO media, that have been known for a long time, are the destructive
interference between SRS and RRFWM (the parametric suppression of Raman gain) [7,8],
that between stimulated hyper-Raman scattering and RRFWM [9,10], the constructive
interference of SRS and optical four-wave mixing (FWM) having a common emission
channel [11], Raman gain coherently added to SRS through RRFWM in coherent Raman
mixing (biharmonic pumping without probe wave) [2,12], and the combined RRFWM-
SRS action resulting in a photon exchange and energy transfer to the Raman-active NLO
media [13–15].

Conventionally, at a moderate excitation laser intensity, the spectral information from
RRFWM (coherent anti-Stokes Raman scattering (CARS) and coherent Stokes Raman scatter-
ing (CSRS)) is derived by analyzing the corresponding experimentally obtained lineshapes

of coherent Raman spectra (CRS), defined as
∣∣∣χ(3)

∣∣∣2. At a relatively high excitation laser
intensity, however, in the RRFWM lineshape analysis it is reasonable to consider the effect
of parallel-running coherently stimulated Raman scattering: SRS in the Stokes region in the
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CSRS process and the inverse Raman scattering affecting the anti-Stokes wave in the CARS
process. To the best of the author’s knowledge, the influence of RRFWM-SRS interference
on the spectral shapes of the coherent NLO processes when the Raman-active medium is
pumped with focused high-intensity nanosecond (ns) laser pulses has not been considered
in coherent Raman spectroscopy, unlike the effects of the laser’s linewidth (e.g., [16–20]),
the effects of the temporal profile of the laser pulses (e.g., [21]), and the effects of pump
intensity fluctuations (e.g., [17]).

Furthermore, under high-intensity resonant excitation, the Raman susceptibility χ(3)

can not be regarded as constant. In the field of coherent Raman spectroscopy, this situation
has been discussed for some cases [22–24], but little attention has been paid to the effects of
pump laser intensity on CRS. A detailed understanding of all these laser intensity-induced
processes is currently of research interest and of practical significance, e.g., for analytical
and sensing applications of CRS where lineshape analysis is of central importance. Con-
temporary research based on the basic concept of the nonlinear interaction and interference
of the involved coherent light waves is related to theoretical approaches and numerical
analyses under constant-field approximation (e.g., [14]), as well as constant-intensity ap-
proximation (e.g., [25]). In the latter case, Kasumova and co-authors reported in their recent
study [25] based on the theory of coupled waves, a detailed analysis of CARS near the
exact resonance, and the behavior of the intensity of the anti-Stokes scattering component
examined as a function of the length of the nonlinear medium, phase mismatch, pump and
signal intensity, and the self-action of the light wave in Raman-active NLO media.

In the present work, based on the classical description of nonlinear Raman processes,
the aim is to model how the nonlinear RRFWM-SRS interference can change the shapes of
CRS excited with intense laser pulses. Also, the impact of the laser beam intensity on χ(3)

and thus on the lineshapes of resonance CRS is numerically modeled in a strong excitation
regime. The results will give the possibility to correct the lineshape analysis of CRS for
molecular systems, in particular, molecular condensed media, in cases when these effects
are significant.

2. CRS in the Presence of SRS

Let us briefly recall the fundamentals and the basic description of the interaction be-
tween the processes RRWFM and SRS. In case of slowly varying amplitude approximation
and under other common assumptions [1,6], one can take the following coupled equations
for the complex field amplitudes ES(ωs, z) and E∗

a (ωa, z) of the Stokes and anti-Stokes
wave, respectively [6]:

∂Es

∂z
= λssEs + λsaE∗

a ei∆kz (1a)

∂E∗
a

∂z
= λaaE∗

a + λasEse−i∆kz (1b)

that describe the propagation of the Stokes and anti-Stokes waves in the absence of pump
depletion, i.e., for a small conversion of laser light into scattered light. These equations
also describe a forward FWM process. Here ∆k = |2kL − ks − ka| is the phase mismatch
for RRFWM in the Z-direction (the pump-laser beam), and kL, ks, ka are the wavenumber
vectors of the excitation laser, and Stokes and anti-Stokes waves with frequencies ωL, ωs,
and ωa, respectively. (|ki| = ωi n(ωi)/c), where n(ωi) is the value of the index of optical
refraction as a function of the wave frequency ω). The nonlinear-coupling coefficients λ’s
include the corresponding Raman susceptibilities χ’s of the NLO medium and determine
the spectra. Since χs = χ∗a , and assuming for the projections ksz and kaz on the z-direction:

ω2
s

c2ksz
=

ω2
a

c2kaz
=

η

2π
(2)

it follows
λss = λsa = i Y (3a)
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λaa = λas = −i Y (3b)

where the complex parameter Y is

Y = ηχs|EL|2 (4)

with the complex amplitude of excitation laser field EL assumed to be constant (a non-
depleting pump). In the next, the off-resonance interaction with the medium is considered
(i.e., when the incoming laser wavelengths are tuned far from any of the electronic absorp-
tion edges of the sample), and the linear absorption (coefficients) of the medium and the
optical losses are ignored for simplicity.

For an isolated Raman resonance t → g at vibrational frequency ωtg, the resonant part χr

of the Raman susceptibility expressed by the Raman linewidth Γtg and the Raman shift (the
detuning from the exact Raman resonance) δ = ωtg − (ωL − ωs) can be taken in the form

χr
s =

R
δ + iΓ

= χ∗r
a (5)

where R is a real constant. The addition of non-resonant background B (whose value is
assumed to be real and only weakly frequency-dependent, so assumed to be frequency
non-dependent) leads to χs = χr

s + B and χa = χr
a + B. For convenience, in calculations, it

can be used as

χs = χr
s + B = B

(
χr

s
B

+ 1
)
= B

[
R/ΓB

δ/Γ + i
+ 1

]
(6)

At some experimental conditions, the RRFWM processes are decoupled from the
SRS, with which they share common excitation/emission channels, and can be registered
separately [5,26]. If the second coherent term in Equation (1a) corresponding to the RRFWM
process is neglected, for NLO interaction in the medium extended in space from 0 to z = Z,
one obtains a simple expression for the intensity of the Stokes wave:

Is(Z) ∝ |Es(Z)|2 ∝ |Es(0)|2 e−2 ImY Z (7a)

which describes an amplification for the “pure” SRS, as well as the technique “Raman gain
spectroscopy” (RG) at ωs = ωL − (ωL − ωs). If the same is applied to Equation (1b), then
the solution in this case is

Ia(Z) ∝ |E∗
a (Z)|2 ∝ |E∗

a (0)|
2 e2 ImY Z (7b)

which represents the “Raman loss” (RL) ωa = ωL + (ωa − ωL).
By taking only the second term in Equations (1a) and (1b), an isolated parametric

process of RRFWM is described. This is the case when EL is relatively low and the threshold
of the SRS processes is not reached. Then, one derives from Equation (1a) at Ea = const the
“pure” CSRS spectrum

Is(Z) ∝ |Es|2 ∝ |χs|2 sinc2(∆kZ/2)Z2 (8a)

and from Equation (1b) at Es = const, the “pure” CARS spectrum

Ia(Z) ∝ |E∗
a |

2 ∝ |χa|2 sinc2(∆kZ/2)Z2 (8b)

both with lineshapes given by the squared modulus of the Raman susceptibility. This
idealization is assumed in CARS/CSRS spectroscopy (and its related applications) and the
CRS lineshape analysis is done modeling the spectra with |χ|2.

In reality, as is known, the SRS and RRFWM coherent processes can act together and
interfere [1,6,9,13,27,28]. To account for this situation, one may solve Equation (1b) and derive
the corresponding field of the anti-Stokes component (for CARS and RL) at Es = const and
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EL = const. Similarly, the integration of Equation (1a) alone gives the field of the Stokes
component (for CSRS and RG) at E∗

a = const and EL = const. Since the solutions:

E∗
a (z) = E∗

a (0) e−iYz + Es(0) Y
e−iYz − e−i∆kz

Y − ∆k
(9a)

Es(z) = Es(0) eiYz + E∗
a (0) Y

eiYz − ei∆kz

Y − ∆k
(9b)

present neither SRS, nor pure RRFWM, some differences from the four idealized spectral
shapes described by Equations (7) and (8) should occur in the CRS at certain values of
Y, z, and ∆k. In the following, using the solutions expressed by Equations (9a) and (9b),
the corresponding lineshapes of the CRS will be checked and will be verified under what
conditions they are still described by using the conventionally accepted lineshapes: |χ|2 for
RRFWM, and Lorentzian lineshapes for RG/RL.

The calculations were done using MathCad (v. 2.52) computer software (MathSoft Inc.,
Cambridge, MA, USA). The spectral shapes were computed for four values of |EL| in the
range of 7 × 102 − 5 × 103 esu (⇔ laser light intensity ∼= 90 MW/cm2−4.5 GW/cm2 for
the linear polarization of the light and the refractive index of the NLO medium n = 1.5),
i.e., an extreme light intensity is not reached. In a good approximation, one can accept that
at off-resonance χ(3) does not depend on EL for such intensity values. Any photo-induced
changes of χ(3), e.g., caused by population redistribution, enhancement due to a molecular
alignment induced by the pumping, etc., are also neglected. Additionally, it is assumed that
no saturation due to two- or multi-photon absorption and ionization, or other nonlinear
processes, takes place. Also, ∆k is assumed to be constant in the narrow range of frequen-
cies where the considered lineshapes were calculated for three values ∆k = 0, 5 cm−1,
and −5 cm−1 (bearing in mind that phase-mismatch |∆k| = 5 cm−1 is possible in condensed-
phase CARS experiments with focused beams). Moreover, in cases of strongly focused beams,
similar values of scalar wave-vector mismatch can lead to a nonzero value of the phase-
matching integral [29] and can even be optimal for the parametric amplification in FWM of
the type ω4 = ω1 − ω2 − ω3 [29], which can be a FWM involving Raman (ω2) photon.

The length of the active zone of NLO interaction was taken to be Z = 0.3 cm, which
is a reasonable length for experimental conditions in condensed media. The other model
parameters necessary for the calculations were fixed to be ωs = 15, 000 cm−1 and ns = 1.5,
the Raman linewidth Γ = 0.5 cm−1, and R/ΓB = 2. The non-resonance cubic susceptibility
B was taken to be comparable to the Raman susceptibility in order to distinguish, in the
spectra, the features of RRFWM processes from those of SRS. The value B = 10−12 esu
(⇔ 1.4 × 10−20m2V−2 according to [30]) was chosen to be between 10−14 esu (typical
for standard organic solvents [31] and transparent organic amorphous polymers [32,33],
as evaluated by CARS spectroscopy and lineshape analysis at visible wavelengths) an
10−10 esu (π-conjugated organic polymers, e.g., some polydiacetylenes [34]). Since the
calculated results essentially depend on B, it should be noted that the results for the pairs
{|EL| = 103 esu; B = 10−12 esu}, {|EL| = 102 esu; B = 10−10 esu}, and {|EL| = 10 esu;
B = 10−8 esu, e.g., measured for semiconductor-doped glasses [35–37]} are the same if
the other model parameters are kept fixed. In this sense, the meaning of ‘high-intensity
off-resonant excitation’ is relative; moreover, the usual small-signal-limited FWM theory is
used here.

2.1. CARS and CSRS Spectra Influenced by SRS

The CARS spectroscopy technique implies that the ratio ξ = |Es(0)|/|E∗
a (0)| of the

input (z = 0) amplitudes of the Stokes and anti-Stokes waves is high. Figure 1 presents the
anti-Stokes spectra calculated by Equation (9a) for ξ = 103 and for three values of ∆k. As
it is seen in Figure 1, the lineshape of the spectrum of the anti-Stokes wave computed for
a low value of EL is close to the FWM lineshape (i.e., the |χ|2-shape corresponding to the
spectrum calculated according to Equation (8b)), and the phase mismatch |∆k| = 5 cm−1
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plays no important role. However, the increase in EL leads to considerable deviations
from the |χ|2-shape. Due to the SRS involved, at a large EL, the spectrum of the anti-
Stokes emission develops from RRFWM-CARS to a spectrum having RL-like features.
Furthermore, a broadening and a splitting of the lineshape arise. The effect is different and
asymmetrical for positive and negative values of the ∆k-pairs, as follows from the coherent
character of the process and since B ̸= 0.
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Figure 1. Normalized anti-Stokes spectra calculated using Equation (9a) for ξ = |Es(0)|/|E∗
a (0)| =

103 at various values of the amplitude EL of the excitation laser field and phase mismatch: (a) ∆k = 0;
(b) ∆k = 5cm−1; (c) ∆k = −5 cm−1; for the other model parameters, see the text in Section 2.1. The
|χ|2-shape is given for comparison (black line).

The results for the Stokes wave obtained by the use of Equation (9b) with ξ = 10−3

(just for CSRS), and for the same conditions as above, are shown in Figure 2. At a low EL,
the Stokes lineshape is also close to the |χ|2-profile, but the increase in EL enhances the
influence of SRS, and this can result in a compression of this spectrum to a symmetrical

spectral line within the Lorentzian
∣∣∣(δ/Γ + i)−1

∣∣∣2. According to the model, the Stokes wave
starts as CSRS, then develops as RG, following the rise in EL. It can be pointed out that in
contrast to the anti-Stokes wave considered above, the changes differ little for different ∆k.
At a large EL, the differences disappear since the process becomes essentially stimulated.

Analyzing Equations (9a) and (9b), e.g., for the case where ∆k ≈ 0 (or |∆k| ≪ |Re Y|),
one obtains a simple condition |G(δ)| Z ≪ 1 for the coincidence of the CARS/CSRS spectral
shapes with the |χ|2-spectrum, where G(δ) = ImY(δ) builds the gain for SRS. In our case,
this condition can be re-written as

η B(R/ΓB)|EL|2 Z < 1 (10)

which also applies to the retention of the Lorentzian shape
∣∣∣(δ/Γ + i)−1

∣∣∣2 of the RG/RL
spectra that are discussed for completeness below.
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Figure 2. Normalized Stokes spectra calculated using Equation (9b) for ξ = 10−3 at various values
of EL and ∆k = 0(a); ∆k = 5 (b); ∆k = −5 (c). The |χ|2-shape is given for comparison (black line).
The system parameters for this figure are the same as for Figure 1.

2.2. Raman Gain (Loss) Spectra

For ξ = 103, the RG spectra calculated by Equation (9b) for the same values of EL
as above are shown in Figure 3a. In this case, the increase in EL compresses the lines-

hape of the Stokes emission within the Lorentzian
∣∣∣(δ/Γ + i)−1

∣∣∣2, i.e., the process remains

an RG, but with a spectrum which is not Lorentzian. On the other hand, for ξ = 10−3

Equation (9a) gives the RL spectra (Figure 3b). In contrast to the RG, an increase in EL
leads to a broadening of the RL spectra and may result even in their saturation. In both
cases (Figure 3a,b), ∆k does not affect the lineshapes, because the condition for RG and RL,
imposed by ξ, cancels the second coherent terms in Equations (1a) and (1b).
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Raman loss (b) simulated by Equation (9a) and ξ = 10−3. The system parameters and the values of
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3. The Effect of Stokes–Anti-Stokes Coupling on the Lineshapes of CRS
3.1. ∆k = 0

Previously, in Section 2, the processes of the development of Stokes and anti-Stokes
waves were considered within the approximation of constant input fields and without
coupling between the Stokes and anti-Stokes waves (S-AS coupling). As known [6,27,28],
this effect can significantly change their intensity. Its influence on the CRS spectra should
be inspected. Using the solution of the coupled Equations (1a) and (1b) [27,28], one can
calculate the spectra |E∗

a |
2 and |Es|2 under the same assumptions and conditions, and for

the same model parameters, as in Section 2.
Let us first consider the case for ∆k = 0. Using the analytical solutions for the functions

E∗
a (z) and Es(z) given in Ref. [27], one obtains:

|E∗
a |

2 ∝ |Es(0)|2
∣∣∣ξ−1 − i Y

(
ξ−1 + 1

)
z
∣∣∣2 (11a)

|Es|2 ∝ |E∗
a (0)|

2 |ξ + i Y(ξ + 1) z|2 (11b)

The results for ξ ≫ 1 (the condition for the realization of CARS and RG) are shown
in Figure 4a,b, as calculated by Equations (11a) and (11b), respectively, for ξ = 103. The
same values of EL used for spectra calculations in the previous section do not change the
spectral shape of the anti-Stokes wave (CARS). It is locked to the |χ|2-shape (Figure 4a) that
is described by expression

|E∗
a |

2 ∝ |Es(0)|2 Z2 |Y|2 (12a)

derived from Equation (11a) for ξ ≫ 1 and relation Z |ImY| ≫ ξ−1, which is satisfied with
the model parameters in our examples.
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Figure 4. Spectral shapes of coupled anti-Stokes (AS) (a,d) and Stokes (S) (b,c) light waves at
∆k = 0. Calculations by Equations (11a) and (11b), respectively, for the two extreme cases of
ξ = |Es(0)|/|E∗

a (0)|. The system parameters and the values of EL are the same as those for Figures 1–3
(see the legends in Figures 1 and 2). The |χ|2-shape is given for comparison (black line).

On the other hand, the same values of EL do change the spectral shape of the Stokes
light wave (Figure 4b). At a low EL, the Stokes wave has a lineshape of an RG, i.e., one that
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is close to the Lorentzian
∣∣∣(δ/Γ + i)−1

∣∣∣2 (Figure 4b). By increasing EL, due to amplification
through energy transfer, the Stokes wave develops in a coherent emission whose lineshape
approaches |χ|2, which is characteristic of a coherent optical wave-mixing process. Indeed,
at ξ ≫ 1 the Stokes wave takes the |χ|2-shape, i.e.,

|Es|2 ∝ |E∗
a (0)|

2 ξ2 Z2 |Y|2 (12b)

derived from Equation (11b) when the relation Z |ImY| ≫ 1 is fulfilled. The latter is
reached at higher values of EL. They lead to a convergence of the spectral shapes of both
the Stokes and anti-Stokes waves.

The spectra for ξ ≪ 1 (the condition for CSRS and RL) can be interpreted similarly.
Calculated by Equations (11a) and (11b) for the same system parameters and values of
EL as above, the Stokes spectrum (Figure 4c) is always locked to the |χ|2-shape (CSRS),
while the anti-Stokes wave at a low EL exhibits a spectral shape as RL (Figure 4d), and for
a higher EL, it inverses into a coherent emission whose lineshape approaches |χ|2, i.e., a
spectrum of CSRS.

Thus, when the phase-match condition for FWM (∆k = 0, or ∆k ≈ 0) is fulfilled,
in the strong excitation regime, the interference between the nonlinear Raman scattering
processes due to S-AS parametric coupling and energy exchange leads to the |χ|2-profile
of the CRS, in contrast to the trends shown by the use of the uncoupled equations in the
previous section. This represents the known fact that no gain can be obtained in a pure
parametric interaction (in this case, it refers to a Raman-gain suppression). The criterion for
the convergence of RG/RL spectral shapes to the |χ|2-spectrum may be written as

η B(R/ΓB)|EL|2 Z > 1 (13)

in cases of no saturation, as well as in the minimal competition of other possible NLO pro-
cesses. Here, one can find an interesting potential possibility. Since the RG/RL lineshapes
at a strong pump under the electronically off-resonant condition resemble the |χ|2-spectral
profile (i.e., provide almost the same spectral information as the CARS/CSRS spectroscopy),
the RG/RL can be used instead of CARS/CSRS since RG/RL spectroscopy techniques
enable some advantages in the experiment. Thus, from the complex interference lineshapes
obtained by RG/RL experiments, one can evaluate the non-resonant third-order NLO sus-
ceptibility (i.e., the magnitude of the pure background contribution, B) of Raman-probed
NLO media, without the need to perform FWM. The same applies to the determination of
other important characteristics relevant to the studied Raman media, such as the values of
the relaxation times, by means of lineshape analysis.

3.2. ∆k ̸= 0

To analyze the case where ∆k ̸= 0 (but not |∆k| ≫ |ReY|), the solutions of the coupled
Equations (1a) and (1b) can be used, in the functional form [27,28]:

|E∗
a |

2 = |a+exp(iK+z) + a−exp(iK−z)|2 (14a)

|Es|2 = |s+exp(iK+z) + s−exp(iK−z)|2 (14b)

where the notations a±, s±, and K± are expressed by [28] (pp. 153–154):

a± = s±
K± − Y

Y
(14c)

s± =
(−K∓ + Y)Es(0) + YE∗

a (0)
K± − K∓

(14d)
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K± =
∆k
2

±
[(

∆k
2

)2
− Y∆k

]1/2

(14e)

To model the shapes of the CRS, the same parameters as above were used. The spectra
calculated for ∆k = 5 (Figure 5) show a narrowing of the shapes of the Stokes and anti-
Stokes light waves with the increase in EL, because the Raman gain becomes essential
(Equation (10) is again the determining condition). At a large EL the CRS approach a
one-and-the-same narrowed lineshape.
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For completeness, it should be noted that within the above model, the trend of in-
creasing differences from the |χ|2-shape in cases of CARS and CSRS with the increasing
pump intensity holds by varying the value of |∆k|, as well as the convergence to a similar
narrowed shape for CARS; CSRS; RG; and RL. The narrowing of the lineshapes of the CRS
becomes stronger as the dephasor |∆k| (actually, the phase factor |∆k|Z) increases. As an
example, Figure 6 illustrates this effect for the CARS spectra. Also, the lineshapes for the
pairs of {negative; positive} values of ∆k may be asymmetric (Figure 6). This holds even
for B = 0. Furthermore, as seen from Figure 6b, at relatively high pump laser intensity the
CARS emission may exhibit spectral characteristics of purely stimulated CRS. All these
circumstances suggest that at ∆k ̸= 0 the application of the |χ|2-form in the lineshape
analysis of CARS/CSRS spectra in a strong excitation regime may be unacceptable. In such
a case, to obtain adequate spectral information, the experimental data (the recorded CRS)
have to be numerically fitted with the functions given by Equations (14a) and (14b). Notably,
spectra modifications such as those discussed above for RG/RL were reported for SRS
lineshapes in the large light–matter interaction limit under the electronically off-resonant
condition in ps and fs regimes (e.g., [38,39]).
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3.3. Effect from Pump Depletion

When a depletion of the pump laser field EL over the NLO interaction length is
included in the Raman waves interaction model, one can expect the most complete descrip-
tion of the coherent processes in nonlinear Raman scattering. Accordingly, the effect of the
nonlinear pump’s depletion on the shapes of CRS was inspected here, as this is the realistic
situation in the usual experiments on coherent Raman generation. For this purpose, the
lineshapes of the CRS were calculated using the numerical solution of the set of the three
coupled equations in the slowly varying amplitude approximation:

−i
η

∂Ea

∂z
= χ∗

aa|EL|2Ea + χ∗
saE2

LE
∗
s ei∆kz (15a)

−i
η

∂EL
∂z

= χaa|Ea|2Ep+χ∗
ss|Es|2Ep + (χsa+χ∗

sa) E∗
LEsEae−i∆kz (15b)

−i
η

∂Es

∂z
= χss|EL|2Es + χsaE2

LE
∗
a ei∆kz (15c)

and the same system parameters as above (i.e., the same nonlinear coupling coefficients).
The following initial conditions were taken: Es(0) = 10 esu, Ea(0) = 10−2 esu (and vice
versa, in order to switch the parameter ξ in the calculations), as well as EL(0) = 1 × 103

esu and 5 × 103 esu. The results from the numerical simulations with the same model
parameters as above (an example is presented in Figure 7 for CARS and RG) show the same
trends for the EL-dependent changes of the CRS lineshapes as in the non-depleted case.
However, a significant narrowing of lineshapes takes place even at a low magnitude of the
pump electric field. Therefore, if the pump depletion is significant, the CARS (and CSRS)
lineshapes will not be close to |χ|2, and the RG/RL lineshapes will not approximate |χ|2 in
a strong excitation regime and at ∆k = 0 (or ∆k ≈ 0). This is reasonable, bearing in mind
that the nonlinear pump depletion gives rise mostly to the gain of SRS, which changes the
shapes of the CRS regardless of the relatively short NLO interaction length (Z =0.3 cm)
chosen in the calculations.
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Figure 7. Lineshapes of anti-Stokes (AS) and Stokes (S) spectra calculated according to the S-AS
coupling model. A comparison of the cases with pump depletion (pink lines) and without pump
depletion (black lines), for the pump laser field amplitude: (a) EL = 1 × 103 esu; (b) EL = 5 × 103

esu. The system parameters are the same as those for Figures 1–6. Lineshapes corresponding to the
non-depleted case (black lines) were calculated using Equations (11a) and (11b) for ∆k = 0, and using
Equations (14a) and (14b) for ∆k = 5.

It should be emphasized that the depletion of the pump and the conversion of the
pump into the coupled Stokes and anti-Stokes waves occurs (above a threshold) along
the interaction length in the NLO medium. Hence, the eventual effect of pump depletion
will be minimal in fs and ps microscopy, whose function is based on the CRS detection at
very strong focusing and for very thin samples. Furthermore, the depletion of the laser
power in the considered case depends on factors such as both the frequency and the spatial
modes of the laser beam, the temporal and spatial fluctuations of the laser pulse/beam
intensity, as well as the spatial distribution of the focused laser radiation. Nevertheless,
in general, the effect from pump depletion on the generation and amplification of the
coherently Raman-scattered waves with S-AS coupling will result in a narrowing of their
lineshapes compared to the |χ|2-profile. However, in some real experiments, a spectral
broadening of CRS lineshapes has been observed, even at relatively low-intensity pumping.
An example is the so-called ‘partially coherent anti-Stokes Raman scattering’ (pCARS),
originally reported by Ishibashi and Hamaguchi [40]. In this specific case, the models
described and discussed above can also be applied to explain the difference in pCARS
spectral lineshapes from the expected CARS lineshapes.

4. RRFWM-SRS Interference and Lineshape Analysis in Coherent Raman Spectroscopy

As demonstrated in Sections 2 and 3, at a relatively high EL, the spectral shape in
coherent Raman spectroscopy can be changed due to the interference between the pro-
cesses of RRFWM and SRS. The strict lineshape analysis has to recognize these changes.
Reasonable questions concern the validity and the applicability of both models which
mathematically describe the RRFWM-SRS interference and relevant shapes of the CRS:
(i) without S-AS coupling and for constant fields of the input waves (constant-field
approximation) (Section 2), and (ii) the coupling mechanism (Section 3). The model (i)
(Equations (9a) and (9b)) is simple but only valid for excitation of the Raman-active medium
at a relatively low laser intensity. The model (ii) (Equations (11a) and (11b) for ∆k = 0, and
Equations (14a) and (14b) for ∆k ̸= 0) is more complex, however, it is more complete and
realistic. It includes the re-bound of Stokes and anti-Stokes waves, hence, a better physical
description of the dynamics of the processes and the parametric-stimulated dualism of the
CRS upon high-intensity pumping could be expected. The Stokes and anti-Stokes waves are
coupled most strongly near the phase-matching direction ∆k = 0 (∆k ≈ 0). In other directions,
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they are also coupled, although rather weakly. Since, in reality, S-AS coupling is most efficient
by increasing the EL, at a high pump intensity, we generally need the model (ii).

In the practically important case of CARS/CSRS, according to the coupling model, the
pump EL does not modify the shapes of CARS/CSRS spectra taken at ∆k = 0. As seen in
Figure 4a,c, they remain close to the |χ|2-profile and may be interpreted with it. However,
besides the perfect phase match ∆k = 0 (or ∆k ≈ 0), ∆k ̸= 0 is also possible in the experiment
and such CARS/CSRS spectra may need treatment with Equations (14a) and (14b). This
happens, for example, when no phase-mismatch correction is undertaken during the
record of the entire CARS spectrum when it is relatively broad. Since, except for the
arrangements of passive phase matching (for example, [41]), the methods for automatically
phase-matching justification (e.g., [42]) require the knowledge of the exact dispersion of the
medium understudy, such a correction is not always possible. Also, this is the situation
with the multiplex CARS spectra. In that case, by means of a strong reduction in the length
(Z) of the NLO interaction (artificially, e.g., by the use of a liquid sample in a jet [43]), one
can prevent the spectral restriction onto the broad CARS band [44], and simultaneously,
the effects discussed here can be avoided if Equation (13) is not jet satisfied. In the modern
laser scanning microscopy utilizing CARS [45–49] and CSRS [50], the phase mismatch is not
critical because it is relaxed by strongly focusing the excitation laser beams into the sample.

In order to be compared, Figure 8 summarizes the shapes of CRS (without the nor-
malization of their intensity) simulated by the two models, (i) and (ii), describing the
interference between coherent Raman emissions under identical corresponding conditions,
at ∆k = 5 cm−1, and for three values of EL, upon non-resonant (off-resonance) excitation
as presumed in all the cases discussed above. At a relatively low EL, e.g., an EL ≤ 103 esu
as in the example in Figure 8, for the present set of model parameters, both models give
identical lineshapes for each of the RG, RL, CARS, and CSRS spectra. In such a regime, the
Stokes wave does not significantly affect the anti-Stokes wave and the CARS/CSRS spectra
could be analyzed by the |χ|2-shape, and RG/RL—with Lorentzian. At a higher EL, e.g.,
an EL > 103 esu, the example in Figure 8 demonstrates the large difference between the
spectral shapes obtained with the models (i) and (ii), as well as the difference between their
intensity changes. From the intensity changes of both anti-Stokes and Stokes waves, it is
clear that an efficient coupling arises in such a strong excitation, i.e., the known parametric
effect of an energy transfer between the coherent waves involved in the nonlinear Raman
scattering. Hence, model (ii) (Equations (14a) and (14b)) has to be ultimately used for the
lineshape analysis of CRS obtained in a strong excitation regime.
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presents the calculated RCARS spectra versus the detuning Δ/Γ,  where Δ = 𝜔 − 𝜔 −

Figure 8. Calculated spectra of anti-Stokes and Stokes CRS using both models: without coupling
(black lines) and with the ‘coupling-effect’ (red lines) for ∆k = 5 cm−1: (a) EL = 5 × 102 esu;
(b) EL = 1 × 103 esu; (c) EL = 3 × 103 esu. The system parameters are the same as those for
Figures 1–7.
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5. Effect of the Pump on the Raman Susceptibility χr

In the previous sections, the Raman susceptibility χr was assumed to be constant with
respect to the amplitude EL of the excitation (pump) laser. As is known, however, by using
a high-intensity pump, an influence of EL on χr takes place, especially under resonant
excitation [22,23] (for the meaning of ‘high intensity’ in these considerations, see [22]). In
the field of laser spectroscopy, the problem with intensity-dependent material properties,
in particular, the effect of the pump laser intensity on the NLO susceptibilities, has been
thoroughly analyzed by many researchers. The possibility of a direct impact of the pump
laser intensity on χr, which could affect the CRS obtained in a strong excitation regime, has
to also be accounted for, since, in some cases, the intensity effects on the spectral shapes
may be even larger than the effects analyzed in Sections 2 and 3.

As a comparison with the above calculations, one can estimate the effect of the pump
on the resonant Raman susceptibility χr, and hence, on the RRFWM spectral shapes. At a
strong-intensity resonant excitation, χr cannot be regarded as constant. In a case of three-
frequency resonance CARS (RCARS) ωa = ω1 + ω2–ω3, this effect has the following func-
tional form given by Hurst and Wright [24] for one strong pump field E1(t) = E1

0exp(−iω1t)
and a four-level molecular system (g;t;k;j) with Raman transition g → t (Figure 9):

χ(r)(ωa = ω1 + ω2 − ω3) ∝
D∗

kg(ω1)[D∗
kt(ω3)Djk(ω1−ω3)−|Ω|2/4]Γkk+[Dtg(ω1−ω3)+Djk(ω1−ω3)] |Ω|2Γkg

[D∗
kt(ω3)Dtg(ω1−ω3)+|Ω|2/4] [Djg(ωa)Djk(ω1−ω3)−|Ω|2/4]

[
Γkk|Dkg(ω1)|2+|Ω|2Γkg

] (16)

where Dij(ω) = ωij − ω − iΓij, and ωij and Γij are the frequency and relaxation constant of
the transition i → j, respectively, and Ω = µkgE1

0/h̄ is the Rabi frequency corresponding to
the strong interaction (pump transition g → k, with dipole moment µkg). The calculations
of the RCARS spectral profiles were performed for the following system parameters:
ωtg = 1000 cm−1, ωkg = 20, 000 cm−1,ωtj = 19, 900 cm−1,Γtg = Γik = Γkk = 0.5 cm−1,
Γkg = Γkt = Γjg = 1 cm−1, and without non-resonant background (B). Figure 10 presents
the calculated RCARS spectra versus the detuning ∆/Γ, where ∆ = ω1 − ω3 − ωtg and
Γ = Γkg. For these values of the relaxation constants Γij and Γjj, the RCARS spectral profile
may be totally changed under strong excitation.
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Figure 9. Schematic of an energy-level configuration of a molecular system and a three-color variant
of resonance CARS process ωa = ω1 − ω3 + ω2.

In particular, the RCARS spectral shape computed for Ω = 2 cm−1 shown in Figure 10a
is consistent with the experimental data for a fully resonant nonlinear line-narrowing
demonstrated in an amorphous system by three-laser RCARS at nearly the same value
of Ω [24]. With the increasing pump laser intensity, the RCARS lineshape calculated
according to Equation (16) can undergo transformation from a single line to a spectrum
with four lines, in accordance with the predictions [51] for a splitting of resonances and the
appearance of power-induced extra resonances in parametric processes, e.g., CARS, under
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strong excitation. The value Ω = 33 cm−1 of the Rabi frequency is reached, for example, at
laser-field amplitude E1

0 = 103 esu (optical intensity ∼= 180 MW/cm2) if µ = 1 D, which
is a typical value for a transition dipole moment of dipole-allowed optical transition. It
has to be noted that the calculations in the example shown in Figure 10 are done under an
all-resonant condition, i.e., for pump ω1 ≡ ωkg and probe ω2 ≡ ωjt (see Figure 9). Any
detuning from these exact resonances leads to additional changes in the lineshape, or to
completely other spectral profiles.
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Figure 10. Calculated three-frequency resonance CARS spectral profile |χa|2, where χa is given by
Equation (16) in the text. The values of Rabi frequency Ω are in [cm−1]. For value of 1 D of the
transition dipole moment, Ω = 122 cm−1 corresponds to the amplitude E = 3.8 × 103 esu of the
driving electro-magnetic field (optical intensity ∼= 2.6 GW/cm2). For the system parameters used in
cases (a,b), see the text.

The simulated RCARS spectrum is strongly dependent on the set of Γ’s. To illustrate
this, Γ’s in the example in Figure 10a are chosen to be small. On the other side, Figure 10b
displays the spectral components in an RCARS spectrum calculated for the same other
system parameters as those above, but with Γtg = Γik = Γkk = 2.5 cm−1 and Γkg = Γkt =

Γjg = 50 cm−1, which are more realistic relaxations for an organic molecule, e.g., organic
dye. In this case, when Ω ≈ Γkg or greater, a laser power-induced spectral broadening
is evident, as that in Ref. [51]. As seen from Figure 10b, the spectra transformations can
appear at Ω which is considerably lower than Γkg. Affected by a number of various factors
and parameters, the trends in these changes in the resonance RRFWM spectra cannot
be straightforwardly analyzed. Essential to the scope of this work is the fact that the
Ω-effect can mask the interference effects discussed above and even cancel them. In any
case, for a proper lineshape analysis of the CRS at a strong excitation in this resonant
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case, Equation (16) has to be used. In general, with this functional form, one can perform
complex multi-parameter fits of CRS recorded by frequency domain experiments, and
thereby an information about the unknown relaxation constants of the probed NLO Raman
medium can be obtained.

6. Discussion: Additional Remarks

The considered laser-induced modifications of the lineshapes of CRS at a relatively
high laser intensity of excitation have not been analyzed in detail and discussed in the
research and application fields of nonlinear Raman spectroscopy (e.g., [1–6,52–55]), since
such hardly observed fine effects are displayed at specific conditions. To detect the effects
discussed in Sections 2 and 3, the CRS have to be recorded with a high spectral resolution
(1 cm−1 , or less) and with an excellent spectral purity. Obviously, this is not the case when
employing broadband ps and fs laser pulses, or spectral continuum (supercontinuum)
pulses, i.e., we need narrowband pulses (bandwidth 0.1 cm−1, or less) provided by ns laser
sources. The present modeling is actually performed considering such an excitation with
monochromatic laser light.

To register the effect induced by the pump on the CRS lineshapes, the CRS recorded at
a high pump laser intensity should be compared with the corresponding CRS obtained at
a low laser pulse energy—a little above the threshold for the nonlinear Raman scattering.
The reference spectrum should be taken under identical experimental conditions, except
for the pump laser pulse energy value. Reasonably, isolated Raman lines with no adjacent
Raman lines/bands are more suitable for such a comparison.

Further, for the correct interpretation of the effect, the value of ∆k in the experiment
has to be known, since it can be crucial for the change of the lineshape of CRS (as shown
in Section 3.2). Hence, the laser beam configuration geometry should be well-defined in
the CRS measurements. With modern high-performance nonlinear Raman microscopy
techniques, such as CARS, CSRS, and SRS, being widely used to provide chemical and
spatial information at a microscale, the CRS signal is generated only at the focus, within a
very small volume along a short length (Z). Due to the very strong focusing (Z ~ several
micrometers) of the laser light on thin samples, numerous spatial projections in a range of
many values of ∆k are possible beside ∆k = 0, for which the nonlinear coherent amplification
of the parametric processes (CARS/CSRS) is the maximum. Thus, the effect of ∆k on the
CRS lineshapes is hardly distinguishable in condensed-phase CARS experiments with
focused and crossed laser beams (slightly crossed) in a phase-matching configuration.

The above considerations for CARS/CSRS also apply to narrowband ns or com-
bined narrowband ns and broadband excitation (e.g., multiplex ns CARS using powerful
Q-switched ns lasers). In any case, however, the maximum coherent output signal cor-
responds to the fulfilment of the phase-matching requirement for FWM (∆k = 0). As
discussed in Section 3.1, in this case, the interference between the simultaneously induced
nonlinear Raman scattering processes always results in |χ|2-lineshapes of the CRS, or
those tending to it upon strong excitation. That is why, the laser-induced effect on CRS
lineshapes can be proven under special experimental conditions. Furthermore, the studied
Raman-active materials (substances) are limited due to their resistivity to laser-induced
damage. To some extent, molecular liquids such as benzene, nitrobenzene, toluene, which
have a relatively strong Raman response, are proper samples to display the laser impact
on the lineshapes of the CRS. However, mixtures of these liquids or their solutions in
other organic solvents are not suitable for this purpose because the contribution of the
local micro-interface effects and Rayleigh scattering [40] in these molecular systems can
mask the ∆k-effect on the CRS lineshapes. Molecular crystals, organic polymers, and
liquid crystals, even if they are optically transparent, exhibit strong Raman resonances
and have relatively high NLO susceptibility χ(3), are also not suitable due to their low
photodegradation/photodamage threshold.

A proper example of experimentally obtained results suggesting the effect induced by
the pump laser pulses on the CRS lineshapes that can be straightforwardly analyzed is the
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phase-mismatched CARS—the so-called ‘partially coherent anti-Stokes Raman scattering’
(pCARS) observed by two-laser CARS experiments in neat toluene and benzene liquids [40].
Both these substances have distinct spectral signatures—strong (sharp and narrow) single
Raman lines attributed to benzene ring Raman-active vibrations at 992 cm−1 (benzene) and
1004 cm−1 (toluene) that have been investigated by pCARS experiments [40]. pCARS is a
nonlinear Raman effect in which collinearly superimposed laser beams (pump and Stokes,
with timely synchronized, spatially overlapped and frequency detuned pulses) focused in a
Raman-active medium do not satisfy the phase-matching condition for FWM (∆k = 0) but
generate nonlinearly enhanced anti-Stokes signal. pCARS has been realized at a relatively
low intensity of the pump in ns regime, and under the electrically non-resonant condition,
i.e., the frequencies of the pump, Stokes and anti-Stokes waves are far from any electronic
resonance of the medium. pCARS is an interesting spectroscopy tool because this kind
of nonlinear Raman probe has some advantages over the conventional CARS technique.
pCARS is a microsurface-specific vibrational optical spectroscopy, sensitive to optically
inhomogeneous systems such as surfaces and colloids, for which the conventional CARS
technique is not effective. pCARS can be used to investigate the local microstructure of
such systems, and the fluctuations and intermolecular interactions in condensed media,
such as liquids and solutions, as well as micro-interfaces.

In collinear geometry, the wavevector mismatch in neat benzene and toluene can
be relatively large. Under the experimental conditions in Ref. [40], ∆k = 26 cm−1 and
∆k = 23.8 cm−1, for benzene and toluene, respectively, as calculated using the data for
dispersion of the refractive index of these liquids (at 27 ◦C) [56]. Therefore, the S-AS
coupling at a Raman resonance is considerably weakened. Thus, unlike the ordinary phase-
matched CARS, the amplification in pCARS during the wave interaction cannot be purely
parametric. In this case, pCARS cannot be described by the model in Section 3. Also, the
pump depletion is not effective in a weak excitation regime, as that of the pCARS realized
in [40]. However, the mechanism of the amplification/generation in pCARS controlled by
∆k can be described with Equation (9a) when the input fields are not very strong.

The analysis of the spectral shapes of the emitted anti-Stokes spectrum in pCARS [40]
indicated that they are close to the |χ|2 lineshape as modeled using the relevant parameters
for toluene and benzene molecules. In fact, such a response corresponds to a parametric
process (RRFWM-CARS). This is reasonable, taking into account the relatively low magni-
tude of the laser fields up to 314 esu (laser pulse energy 0.02 mJ, laser fluence (optical energy
density) ∼= 0.27 J/cm2; laser pulse intensity 17.6 MW/cm2) used in the pCARS research
work [40]. The impact of such a pump on a CARS lineshape should be considerably lower
(recall Figure 1). Nevertheless, a broadening of pCARS lineshapes has been reported, which
increases with the laser pulse intensity [40]. The experimentally obtained increase of the
spectral linewidth (Γ) of the generated anti-Stokes light was from 1.05 to 1.2 cm−1 for
toluene, and from 1.3 to 2.2 cm−1 for benzene [40]. This effect has not been explained. In
accordance with the range of the laser pulse intensity used in [40], the spectral broadening
of the anti-Stokes emission in pCARS in toluene and benzene can be numerically simulated
with Equation (9a) by the use of model parameters consistent with the physical conditions
in the pCARS experiments in [40]. In this case, despite the relatively low pump, lineshape
broadening is evident. It results from the large ∆k and increases with the pump laser
intensity, as shown in Figure 1.

7. Conclusions

Through the numerical modeling of coherent Raman scattering spectra, it is shown
that under specific conditions, the complex interaction between the simultaneously running
coherent Raman scattering processes can modify their spectral lineshapes. Cases are speci-
fied when such changes are important and should be considered in the lineshape analysis
of coherent Raman scattering spectra in a strong excitation regime, when these spectra
could not be modeled by the |χ|2-shape, which is conventionally accepted. The spectra
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modeling considered here is for nanosecond laser excitation; as known, the excitation with
ultrashort pulses (ps/fs) requires non-stationary theoretical modeling.

In the electronically off-resonance case, simple models based on classical equations
were used here for analysis, disregarding all possible effects except those of the parametric
interaction, i.e., the energy exchange between the Stokes, anti-Stokes, and pump waves.
Even in this extremely simplified situation, in a strong excitation regime, the lineshapes of
coherent Raman spectra could differ from the conventionally accepted ones. As expected,
at a fixed length and in the other conditions for nonlinear optical interaction, this effect
depends on the pump intensity and phase mismatch. In particular, the broadband CARS
spectra generated at a relatively high pump-laser intensity should have spectral regions
where the discussed interference effects take place.

The effects modeled here can be exploited to obtain spectroscopic information (the
values of the material parameters of the studied Raman-active media) from data obtained
by coherent Raman spectroscopy techniques: (1) in a strong excitation regime, RG/RL
spectroscopy can be applied instead of CARS/CSRS, and (2) the resonance Raman-resonant
four-wave mixing interaction can be used to derive the value of the dipole moments
of strongly pumped molecular (electronic, vibronic) transitions, and to characterize the
relaxation rates of molecular states (in specific cases of molecular systems).
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