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Abstract: In this paper, using the Richards–Wolf equations, the focusing of circularly polarized light
with flat diffractive lenses is considered. It is shown that, as the numerical aperture (NA) of the
lens increases, the size of the focal spot first decreases and then begins to grow. The minimum focal
spot is observed at NA = 0.96 (FWHM = 0.55 λ). With a further increase in the numerical aperture
of the lens, the growth of the longitudinal component leads to an increase in the size of the focal
spot. When a flat diffractive lens is replaced by an aplanatic lens, the size of the focal spot decreases
monotonically as the numerical aperture of the lens increases. In this case, the minimum focal spot
will be FWHM = 0.58 λ and, with a larger numerical aperture, NA = 0.99. We also reveal that, at
the focus of a circularly polarized laser beam, different radius circles are observed to be centered
on the optical axis, where polarization vectors rotate oppositely (clockwise and anticlockwise). This
phenomenon of radius-dependent ‘spin’ separation may be interpreted as a manifestation of the
radial spin Hall effect at the focus.

Keywords: tight focusing; Richards–Wolf formula; optical vortex; polarization conversion

1. Introduction

Tight focusing attracts the attention of researchers due to various effects that do not
appear (or are weakly pronounced) when light is focused with lenses with small numerical
apertures. For example, in complex patterns of transverse energy fluxes [1–4], polarization
conversion [5–7] can be observed at the focus, and, when considering the intensity at the
focus, one can observe focal spots of various shapes [8–10], in particular, spots with a
flat top (flat-top focus) [11–13]. In such focal spots, the shape of the spot approaches a
super-Gaussian distribution. Flat-top beams are needed in lithography [14,15] or optical
data transmission through the atmosphere [16].

In this paper, using the Richards–Wolf equations, the focusing of light with circular
polarization with flat diffractive lenses is investigated. It is shown that, as the numerical
aperture of the lens increases, the size of the focal spot first decreases and then begins to
grow. The minimum focal spot is observed at NA = 0.96 (FWHM = 0.55 λ). With a further
increase in the numerical aperture of the lens, the growth of the longitudinal component
leads to an increase in the size of the focal spot. When a flat diffractive lens is replaced
by an aplanatic lens, the size of the focal spot decreases monotonically as the numerical
aperture of the lens increases.
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2. Methods

A field near the sharp focus can be described using the Richards–Wolf integrals [5]
(Figure 1):

U(ρ,ψ, z) = − i f
λ

θ0∫
0

2π∫
0

B(θ,ϕ)T(θ)P(θ,ϕ)×

× exp{ik[ρ sin θ cos(ϕ−ψ) + z cos θ]} sin θdθdϕ,
(1)

where U(ρ, ψ, z) is the electric or magnetic field strength, B (θ, ϕ) is the amplitude of
the electric or magnetic field in the exit pupil of a wide-aperture optical system (θ is the
polar angle, ϕ is the azimuthal angle), T (θ) is lens’ apodization function, f is the focal
length, k = 2π/λ is the wavenumber, λ is the wavelength of light (assumed to be 532 nm in
the numerical simulation), θ0 is the maximum polar angle determined by the numerical
aperture of the lens (NA = sin θ0), and P (θ, ϕ) is the polarization vector, for the electric
and magnetic field strength having the form:

P(θ,ϕ) =

1 + cos2ϕ(cos θ− 1)
sinϕ cosϕ(cos θ− 1)
− sin θ cosϕ

a(θ,ϕ)

 sinϕ cosϕ(cos θ− 1)
1 + sin2ϕ(cos θ− 1)
− sin θ sinϕ

b(θ,ϕ), (2)

where a (θ, ϕ) and b (θ, ϕ) are functions describing the polarization state of the x- and y-
components of the electric field strength at the focus.
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Figure 1. The geometric interpretation of the problem.

Since the intensity and the on-axis energy flow for light with left- and right-hand
circular polarization are the same, we only consider the right-hand polarization of the field,
the Jones vector for which has the form:

ER =

(
a(θ,ϕ)
b(θ,ϕ)

)
=

A(θ)√
2

(
1
i

)
(3)

where A(θ) is the initial field amplitude, depending only on the polar angle.
Projections of the electric field strength vector near the focus for the initial field (3)

have the form [17]:
Ex,R = −i√

2

(
I0,0 + e2iϕ I2,2

)
,

Ey,R = 1√
2

(
I0,0 − e2iϕ I2,2

)
,

Ez,R = −
√

2eiϕ I1,1.

(4)

where

Iν,µ =

(
4π f

λ

) θ0∫
0

sinν+1
(
θ

2

)
cos3−ν

(
θ

2

)
T(θ)A(θ)eikz cosθ Jµ(ξ)dθ, (5)
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where ξ = krsinθ, Jµ(ξ) is the first-kind Bessel function.
Equation (4) shows that individual transverse intensity components Ix = |Ex,R|2 and

Iy =
∣∣Ey,R

∣∣2 are non-zero on the optical axis (I0,0(r = 0) > 0) and are not symmetric relative
to the azimuthal angle φ, while the longitudinal intensity component Iz = |Ez,R|2 has the
form of a symmetrical ring with zero at r = 0.

The initial amplitude function A(θ) (assumed to be real) can be a constant (plane wave)
or in the form of a Gaussian beam

A(θ) = exp

(
−γ2 sin2 θ

sin2 θ0

)
(6)

where γ is a constant.
From (4), we can obtain the intensity distribution at the focus for the initial field (3):

IR(r, z = 0) = Ix + Iy + Iz = I2
0,0 + I2

2,2 + 2I2
1,1. (7)

It can be seen from (7) that the focal spot from a circularly polarized beam (3) has a
round shape, as the intensity distribution (7) depends only on the radial variable r.

Previously, in [13], the focusing of radially polarized light was considered and the
obtaining of a flat-top focus due to the redistribution of energy between the transverse and
longitudinal components was demonstrated. Equation (7) shows that the same approach
can be applied to circular polarization.

Let us also consider the behavior of polarization in the vicinity of the sharp focus for
this case. Previously, in [18], we showed that, when sharply focusing linearly polarized
light, regions arise in which the polarization becomes elliptical at a near-wavelength
distance from the focal plane. Directly in the focal plane at z = 0, the polarization remains
linear. The polarization state can be characterized by the Stokes vector or the spin angular
momentum. The presence of circular polarization in the beam cross-section is shown by
the third component of the Stokes vector s3 or the longitudinal component SAMz of the
spin angular momentum (SAM), and they are equal to each other and are equal to:

SAMz = s3 = 2Im(E∗x Ey) (8)

Using Formula (4), we can show that, directly at the focus:

SAMz = I2
0,0 − I2

2,2 (9)

Equation (9) shows that there are regions where the longitudinal component of the
spin angular momentum changes sign. Near the optical axis, it is positive, since I2

0,0 > I2
2,2.

Moreover, on a circle of a certain radius, when the condition is satisfied I2
0,0 < I2

2,2, the
longitudinal component of the spin density vector becomes negative. Thus, in the focal
plane, a change in the direction of the rotation of circular polarization should be observed;
moreover, near the optical axis, the initial right-hand circular polarization (3) remains, and,
at some distance from the optical axis, a light ring with left-hand circular polarization
appears. This effect can be called the radial spin Hall effect, since light with a different spin
sign at the focus takes place on different light rings with the same center on the optical axis.

We also note that, at some distance from the focal plane, we can assume that
eikz cosθ ≈ 1 + ikz cos θ; then, Equation (5) can be represented as

Iν,µ = Irν,µ + ikzIiν,µ (10)

where

Irν,µ =

(
4π f

λ

) θ0∫
0

sinν+1
(
θ

2

)
cos3−ν

(
θ

2

)
T(θ)A(θ)Jµ(ξ)dθ, (11)
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Iiν,µ =

(
4π f

λ

) θ0∫
0

sinν+1
(
θ

2

)
cos3−ν

(
θ

2

)
T(θ)A(θ) cos θJµ(ξ)dθ. (12)

Then, instead of (9), we can write:

SAMz = (Ir2
0,0 − Ir2

2,2) + (kz)2
(

Ii20,0 − Ii22,2

)
. (13)

Equation (13) shows that, in contrast to [18], before and after the focus, the SAM
pattern is the same, and differs from the distribution at the focus only in one thing: the first
light ring with the negative SAM (SAMz < 0) has a larger radius than at the focus.

3. Results
3.1. Numerical Simulation of Light Focusing by a Planar Diffractive Lens

Using Formula (1), we numerically model the focusing of a circularly polarized laser
beam (3) with a flat diffractive lens, with its apodization function given by T (θ) = cos−3/2θ.
We assume focusing a plane wave A(θ) = 1 of wavelength λ = 532 nm. Previously, analyzing
the sharp focusing of laser beams, researchers noted that it is with the help of flat diffractive
lenses that it is possible to obtain a focal spot with smaller focus sizes than when focusing
with an aplanatic lens [19].

Figure 2 shows a change in the focal spot diameter along the full width at half maxi-
mum with increasing numerical aperture of the lens.
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Figure 2. Dependence of the focal spot diameter on the full width at half maximum on the numerical
aperture of the flat diffractive lens in the focusing of a plane wave with circular polarization.

Figure 2 shows that, as the numerical aperture of the lens increases, the size of the
focal spot first decreases and then begins to grow. The minimum focal spot is observed at
NA = 0.96 and the spot diameter at the full width at half maximum is FWHM = 0.55 λ.

The increase in the size of the focal spot is explained by the redistribution of en-
ergy between the transverse and longitudinal components of the intensity in such a way
that the ring-shaped longitudinal component increases, broadening the spot. For clar-
ity, Figures 3 and 4 show the distribution of intensity and its individual components for
numerical apertures equal to 0.8 (Figure 3) and 0.999 (Figure 4).
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3.2. Numerical Simulation of Light Focusing with an Aplanatic Lens

Let us replace the flat diffractive lens with an aplanatic lens whose apodization func-
tion has the form T(θ) = cos1/2θ. Figure 5 shows a change in the focal spot diameter in
terms of the intensity at full width at half maximum with increasing numerical aperture of
the lens.
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Figure 5. Diameter of the focal spot at full width at half maximum of the intensity vs. the lens
numerical aperture when focusing a circularly polarized plane wave.

Figure 5 shows that, unlike a flat diffractive lens, an aplanatic lens does not have an
inflection point, and the size of the focal spot decreases monotonically with the increasing
numerical aperture of the lens.

For example, Figure 6 shows the distributions of the intensity and its individual
components at the focus. In this case (NA = 0.95), we see that the focal spot size is FWHM
= 0.60 λ, which agrees well with results reported in [20], where it was shown that circularly
and linearly polarized incident beams were produced at the tight focus identical circular
symmetric distributions of an on-axis energy flow (other conditions being the same). From
Figure 6, it can be seen that the longitudinal component of the intensity is small in this case.

Thus, comparing the focusing of a Gaussian beam (6) with circular polarization using a
diffractive lens (Figure 2) and a refractive lens (Figure 5), it can be argued that the minimum
focal spot size for a diffractive lens is FWHM = 0.55 λ and is achieved with a numerical
aperture NA = 0.96, and the minimum focal spot size for an aplanatic lens is larger and
equals FWHM = 0.58 λ for a numerical aperture NA ≈ 1.

3.3. Polarization near the Sharp Focus

Let us now consider the change of polarization when sharply focusing a light field
circularly polarized in the source plane. The state of polarization is characterized by the
third component of the normalized Stokes vector:

S1 = s1
s0

=
ExE∗x−EyE∗y
ExE∗x+EyE∗y

,

S2 = s2
s0

=
2Re(E∗x Ey)
ExE∗x+EyE∗y

,

S3 = s3
s0

= SAMz
s0

=
2Im(E∗x Ey)

ExE∗x+EyE∗y

(14)

We recall that circular polarization corresponds to S3 = ±1.
Figure 7 shows the distribution of three components of the normalized Stokes vector in

the focal plane, and Figure 8 shows the distribution of three components of the normalized
Stokes vector in a plane located at a distance z = λ from the focus.
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Figure 8. Distribution of the three components of the normalized Stokes vector S1 (a), S2 (b), S3

(c) in a plane located at a distance z = λ from the focus when light is focused by an aplanatic lens with
NA = 0.95.

3.4. Focusing Optical Vortex with Circular Polarization

Consider further the focusing of an optical vortex with circular polarization:

ER =

(
a(θ,ϕ)
b(θ,ϕ)

)
=

A(θ)eimϕ
√

2

(
1
i

)
(15)

where m is the topological charge of the vortex. We note that the function A(θ) in (15) is
identical to that entering Equation (3) and is a Gaussian function defined in (6). Previously,
it has been shown [21] that, when focusing circularly polarized optical vortices with a
planar diffractive lens, negative values of the longitudinal Poynting vector component
can be observed at the focus, meaning that a reverse energy flow occurs. At m = −1, a
peak intensity distribution is observed at the focus [21]. In this case, the distribution of
the transverse intensity component has the form of a ring, while the distribution of the
longitudinal component has the form of a central peak. Actually, using a method discussed
in [17], projections of the electric field (15) analogous to Equation (4) can be derived at the
focus:

Ex = im−1
√

2
eimϕ(I0,m + e2iϕ I2,m+2

)
,

Ey = im√
2

eimϕ(I0,m − e2iϕ I2,m+2
)
,

Ez = −
√

2imei(m+1)ϕ I1,m+1.

(16)

From (16), the relation for the intensity distribution at the focus takes the form:

IV(r, z = 0) = I2
0,m + I2

2,m+2 + 2I2
1,m+1. (17)

For an optical vortex with topological charge m = −1, Equation (17) is rearranged to

IV,−1(r, z = 0) = I2
0,1 + I2

2,1 + 2I2
1,0. (18)

An analysis of (18) suggests that, on the optical axis, only the third term is non-zero
because the integral I1,0 in Equation (5) contains a zero-order Bessel function that equals
unity at zero-valued argument: J0(0) = 1. That is why, at the focus, and given m = −1, the
transverse intensity of field (15), I2

0,1 + I2
2,1, is shaped as a ring with an on-axis intensity null,

whereas the longitudinal intensity 2I2
1,0 is in the form of a circular spot with the on-axis

maximum.
Similar to Equation (9) for the SAM at the focus of the light field (3), the SAM at the

focus field (15) can be derived from Equation (13):

SAMz = I2
0,1 − I2

2,1 (19)
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Equation (19) suggests that, although the intensity (18) on the optical axis is nonzero,
SAMz takes a zero value. The reason for this is that the on-axis intensity is contributed to
by a light field with the on-axis polarization vector, which does not contribute to the SAMz.
At r > 0, if I2

0,1 > I2
2,1, then SAMz > 0 (polarization vector rotates anticlockwise); moreover,

if I2
0,1 < I2

2,1, then SAMz < 0 (polarization vector rotates clockwise). Hence, we conclude
that, similar to field (9), a radial spin Hall effect occurs at the focus for vortex field (15).

The dependence of the focal spot diameter on the numerical aperture of a flat diffrac-
tive lens is shown in Figure 9.
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When the numerical aperture of the lens is approximately equal to NA = 0.93, a flat
top is observed at the formed focus (Figure 10), and the focal spot diameter for this case is
FWHM = 1.03 λ.

Meanwhile, Figure 9 depicts a flat-top focal intensity pattern produced with the aid
of a planar diffractive lens, and we note that the use of a convenient aplanatic lens would
also have resulted in a similarly shaped flat-top focal spot. The fact is that a flat-top focus
can be attained when focusing a circularly polarized optical vortex and not a circularly
polarized, non-vortex beam. This can be better understood by comparing intensities at the
focus in Equations (7) and (18). From (7), the transverse intensity, I2

0,0 + I2
2,2, is seen to have

a maximum on the optical axis, while the longitudinal intensity, 2I2
1,1, is shaped as a ring

with the on-axis intensity null. Therefore, the contribution to the central region of the focal
spot from the longitudinal intensity is smaller when compared with the transverse intensity,
with a flat top not observed in the focal spot in Figure 3. Vice versa, Equation (18) suggests
that the transverse intensity, I2

0,1 + I2
2,1, is shaped as a ring with the on-axis intensity null,

whereas the longitudinal intensity, 2I2
1,0, has an on-axis maximum, with the contributions

from the both components being near the same. As a result, the focal spot has a flatter top
(Figure 10).

Let us also consider the behavior of the polarization at the focus. Figure 11c shows the
distributions of the third component of the normalized Stokes vector at the focus of a flat
diffractive lens with NA = 0.95.

From Figure 11c, it can be seen that, only when focusing circularly polarized light
beams, regions with the alternating directions of the polarization vector rotation are ob-
served at the focus.
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Figure 11. Distribution of the three components of the normalized Stokes vector S1 (a), S2 (b), S3

(c) in the plane of focus when an optical vortex (m = −1) is focused by a flat diffractive lens with
NA = 0.95.

4. Conclusions

In this paper, using the Richards–Wolf formalism, the focusing of light with circular
polarization with flat diffractive lenses was considered. It has been shown that, as the
numerical aperture of the lens increases, the size of the focal spot first decreases and then
begins to grow. The minimum focal spot is observed at NA = 0.96 (FWHM = 0.55 λ). With
a further increase in the numerical aperture of the lens, the growth of the longitudinal
component leads to an increase in the size of the focal spot. When a flat diffractive lens
is replaced by an aplanatic lens, the size of the focal spot decreases monotonically as the
numerical aperture of the lens increases.
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This phenomenon may be ascribed to the fact that diffractive and aplanatic lenses
have different apodization functions. In a planar diffractive lens, the apodization function
entering the Debye integral (1) is given by T(θ) = cos−3/2θ and increases with increasing
angle θ from 0 to π/2. Because of this, at large NA ≈ 1, the focal spot size becomes larger.
At the same time, in a conventional refractive ideal spherical lens, the apodization function
is given by T(θ) = cos1/2θ and decreases with an increasing angle θ from 0 to π/2. Therefore,
with increasing NA, the size of the focal spot decreases monotonically.

Interestingly, the most homogeneous intensity distribution in the focal plane has been
found to be attained when focusing an optical vortex with a planar diffractive lens with
NA = 0.93 (Figure 10).

We have also revealed that, at the focus of a circularly polarized optical beam, different-
radius circular regions centered on the optical axis are formed with alternating directions
of the polarization vector rotation (clockwise and anticlockwise). Such a radius-dependent
separation of oppositely directed ‘spins’ is a manifestation of the radial spin Hall effect at
the focus.

Potential application areas are as follows: a flat-top focus (Figure 10) can find uses in
microscopy for producing a homogeneous visual field, whereas the radial spin Hall effect
(Figures 7 and 11) can be used to set absorbing microparticles into the opposite-handed
rotation (clockwise and anticlockwise) by partially transferring to them the spin angular
momentum of light.
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