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Abstract- In this paper, the effects of the side walls on the unsteady flow in a duct
of rectangular cross-section are considered. In order to show the effects of the side
walls on the flow, two illustrative examples are given. One of them is the unsteady
flow due to an applied pressure gradient in a duct of rectangular cross-section. The
other is the unsteady flow in a duct of rectangular cross-section moving parallel to
its length. These effects depend on the values of the aspect ratio. The variations of
the velocity and the volume flux with respect to the aspect ratio show that these are
appreciable effects of the walls on the flow. It is found that the required time to
reach the steady-state for the flow with side walls is shorter than that for the flow
without side walls.
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1. INTRODUCTION

Effects of the side walls and edge effects occurring when the fluid flows in a
finite domain have been investigated by many authors. The effect of the side walls on
steady flow have been studied by Erdogan [1, 2]. The flows between disks of large but
finite radii were examined by Brady and Durlofsky [3]. They showed that the effects of
the end are not confined to a region near the end. The flow of an elastico-viscous
liquid due to a rotating disk have been examined by Griffiths et al. [4] and they
showed that edge effects can have quite a strong influence on the flow characteristics.
Griffiths and Walters [5] noted that edge effects affect the whole of a flow field.

In this paper, effects of the side walls on the unsteady flow in a duct of
uniform cross-section produced by an applied pressure gradient or by impulsive
motion of a boundary are investigated. In order to show the effects of the side walls on
the unsteady flow in a duct of uniform cross-section, two illustrative examples are
given. One of them is the unsteady flow in a duct of rectangular cross-section moving
parallel to its length and the other is the unsteady flow in a duct of rectangular cross-
section due to an applied pressure gradient. The unsteady flow in a duct of rectangular
cross-section have been investigated by many authors. Fan and Chao [6] have studied
the flow in a duct of rectangular cross-section for various boundary and initial
conditions. Drake [7] has investigated the flow in a duct of rectangular cross-section due
to periodic pressure gradient. Erdogan [8] has investigated the starting flow in a duct of
rectangular cross-section due to an applied pressure gradient and has compared it with
the starting flow between two parallel plates.

The fluid in a duct of rectangular cross-section where sides are at rest starts by
sudden application of a constant pressure gradient. The solution of the governing
equation for an incompressible viscous fluid may be obtained by a method which can be
applied to all unsteady unidirectional flows [9, 10]. The solution has two parts: the first
part corresponds to the solution for the steady-state and the second shows the deviation
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from the steady-state. The solution has two non-dimensional parameters. One of them is
the non-dimensional time v¢/b*and the other is the aspect ratiob/a; where v is the
kinematic viscosity of the fluid, 7 is time and, 2a and 2b are the length of the sides of
cross-section of rectangular duct. The first term in the time-dependent part survives
longest; therefore, the first term dominates the series. The expression is obtained for
large times however, it can also be used for small values of the time, if a sufficient
number of terms are considered [11]. For v¢/b* =0.5, the volume flux across a plane
normal to the flow for a duct of square cross-section, b/a =1, is about 0.8394 and the
volume flux for the flow between two parallel plates, b/a =0, is about 0.7180.

In order to show the effect of the side walls on the unsteady flow the second
example is the unsteady flow in a duct of rectangular cross-section moving parallel to
its length. The results obtained are compared with those of the unsteady flow between
two parallel plates suddenly set in motion with the same speed along the flow. For
vt/b* =0.5, the volume flux across a plane normal to the flow for a duct of square
cross-section, namely b/a =1, is about 0.8086 and the volume flux for a duct in the
absence of the side walls, namely b/a =0, is about 0.7639. If the non-dimensional time

is fixed, when the aspect ratio increases, the volume flux increases due to the effect of
the side walls.

2. UNSTEADY FLOW IN A DUCT OF RECTANGULAR CROSS-SECTION
Consider the flow of an incompressible viscous fluid in a duct of rectangular
cross-section whose sides are at x=xaand y=xb as shown in Figure 1 and it is

assumed that @ = b throughout the paper. The governing equation is
ow_ ldp +v[azw asz

d  pdz 8x2+ay2 :
where w(x, y,t)is velocity, v is the kinematic viscosity of the fluid, p is the density of
the fluid, dp/dzis an applied pressure gradient and x,y,zare coordinates. The
boundary and initial conditions are

w(ta, y,t)=0, w(x,tb,t) =0, w(x,y,0)=0. 2)

v

(1)

b

Figure 1. The coordinate systems for a duct of rectangular cross-section

The fluid starts with sudden application of a constant pressure gradient. Using the

method given in [9, 10], the solution subject to the conditions (2) can be found in the
following form
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andup =(2p+1)7£/2a,ﬂ.q =g+ /2b, T=vt/b*. When T goes to infinity equation
(3) reduces to

w y: 3 (-1)" coshA x

_I_gff_bz - _—_—2 = (2n+1)* coshAa

osA y

n

2u dz
which is the velocity for the unsteady-state in a duct of rectangular cross-section. The first
two terms in equation (3) show the velocity in the case of the steady-state in a duct of
rectangular cross-section. The term of double sum is the part of time-dependent of the velocity.
The first term in the part of time-dependent dominates the series. When the aspect ratio goes to
zero, equation (3) reduces to

w _yi 2 (-D" ~(zn+n —1'

EEEEe——— C052 ‘+’1 i
L dp,. S on+1) Gn ) b

2U dz
which is the velocity for unsteady flow between two parallel plates. In this case, there is no
effect due to the side walls. The variation of the velocity at x=0, with respect to y/b for

various values of b/a and v /b is illustrated in Figure 2.
1.0

T ——

t t t t + t + +
o2 0.4 06 0.8 1.0
wi{U,y,T) / w(0,0,20)

Figure 2. The variation of w(0, y,7)/w(0,0,e°), at x=0, with respect to y/b for various
values of b/a and vt/b*>. A: b/a=0, vt/b*=0.5;B: b/la=1,vt/b*=05;
C: bla=0,vt/b*=co.
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The volume flux across a plane normal to the flow is

O(=)  a°| 7' aZ@n+1)’ | SE@p+1) (2q+n
| bz /a* e—bzgp;+l‘§)r ’ )
(24+1)
az Q2p+1)°
where
(o) " 102 h Z tanh 4 a

—4ab’(dpldz)/3u 7° a’<d@2n+1)°

which corresponds to the volume flux in the case of the steady-state. When b/a goes to
zero, equation (4) reduces to

o(r) 1 96 1 —(hﬂf%

Q(>) ‘i 2n+1)?
which corresponds to the volume flux for the flow between two parallel plates. For
vi/b* =0.5, the volume flux for a duct of square cross-section, b/a=1, is about

0.8394 and the volume flux for the flow between two parallel plates, b/a =0, is about
0.7180. If the non-dimensional time is fixed, when the aspect ratio increases the volume
flux increases due to the effect of the side walls.

3. UNSTEADY FLOW IN A DUCT OF RECTANGULAR CROSS-SECTION
MOVING PARALLEL TO ITS LENGTH
Consider the flow of an incompressible viscous fluid in a duct of rectangular
cross-section where sides are at x =taand y =tbas shown in Figure 1 and it is assumed

that a 2 b throughout the paper. The governing equation is

ow *w 9w

—=V + 4 S
( 3 ] (3)

ot ox>

where the symbols are defined in the previous section. There is no applied pressure
gradient and the fluid starts suddenly due to the motion of the duct parallel to its length.
The boundary and initial conditions are

w(xa,y,t)=W and w(x,xb,t)=W for >0,

w(x,y,00=0 for -a<x<a and -b<y<b. (6)
Using the method given in [9, 10], the solution subject to conditions (6) can be found
in the following form

—)2te 32 42
EZ =) g " W COS ML, X COSA, Y . (7)
p=0g=0 2p+1)(2g+1)
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When the aspect ratio b/a is equal to zero, equation (7) reduces to

=1V —(ons ’—’fir
- wt i e( i cos(2n+l)£l
W T 2n+l1 2b

which is the velocity for the flow between two parallel plates moving along the flow.
In this case, there is no effect of the side walls on the flow. When the aspect ratio b/a
is equal to unity, equation (7) shows the velocity of the flow in a duct of square cross-
section. The variation of w/W , at x=0, with respect to y/b, for various values of

b/a and vt/b*is illustrated in Figure 3.
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Figure 3. The variation of w/W , at x=0, with respect to y/b for various values of
bla andvt/b*. A: bla=0,vt/b*=0.1;B: bla=0 ,vt/b> =033 C Blta=1,
vt/b*=0.5.

The volume flux across a plane normal to the flow is

{(Zpﬂ)z%ﬂEqH}z]ﬂ—zr
a 4
E E . (8)

If the aspect ratio b/a goes to zero, equation (8) reduces to

;;2
Q 1___8.... 1 —(2u+l) ?r (9)
2bW o (2n+ l)
which is the volume flux for the flow between two parallel plates moving along the flow.
In this case, there is no effect due to the side walls. For v¢/b?> =0.5, the volume flux for

a duct of square cross-section, b/a =1, is about 0.8086 and the volume flux for the flow
between two parallel plates, b/a=0, is about 0.7639. If the non-dimensional time is
fixed, when the aspect ratio increases the volume flux increases due to the effect of the
side walls.
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4. CONCLUSIONS

Effects of the side walls on the unsteady flow in a duct of uniform cross-section
produced by an applied pressure gradient or by impulsive motion of a boundary are
investigated. In order to show the effects of the side walls on the unsteady flow in a duct
of uniform cross-section two illustrative examples are given. One of them is the
unsteady flow in a duct of rectangular cross-section moving parallel to its length and the
other is the unsteady flow in a duct of rectangular cross-section due to an applied
pressure gradient. It is found that the flow in a duct with side walls reaches steady-state
earlier than the flow in a duct without side walls. This arises due to friction between the
fluid and the wall.
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