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Abstract In thls paper numerxcai algonthms for solvmg fuzzy ordmary d1fferent1a1
equatlons are considered. A scheme based on the 2nd Taylor method in detaﬂ is
discussed and this is followed by a complete eiror ‘analysis. The aigonthm is 1llustrated
by solving some linear and nonlinear fuzzy cauchy problems. '
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1. INFRODUCTION

The topics of numerical methods for solving fuzzy differential equations have been
rapidly growing in recent years.. The concept of fuzzy derivative was first introduced by
S.L. Chang, L.A. Zadeh in [1]. It was followed up by D.Dubois, H. Prade in [2], who
defined and used the extension principle. Other methods have been discussed by
ML Puri, D.A. Ralescu. in [3]. and R. Goetschel, W, Voxman in {4] The fuzzy
differential equation and the initial value problem were regularly treated by O. Kaleva
in [5] and [6],by S. Seikkala in [7]. The numerical:method for solving fuzzy differential
equations is introduced by M. Ma, M. Friedman, A. Kandel in [9] by the standard Euler
method. The structure of this paper organize as follows:

In section 2 some basic results on fuzzy numbers and deﬁmtlon of a fuzzy derivative,
which have been discussed by S. Seikkala in [9] are given. Th sectiori3 we define 'the
problem, this is a fuzzy cauchy problem whose numerical solution is the main interest
of this work. The numerically solving fuzzy’ differential equation by 2nd Taylor method
is discussed in section 4. The proposed algorlthm 15 dlustrated by solvmg some
examples in section 5 and conclusion is in section 6.

2. PRELIMINARIES
Comnder the mlt:al value problem R

:?a)faﬂm "ﬁﬁ

Ma)=c.

(D

in 2nd Taylor method ‘ _ .
Y =¥+ TG y), i=0LIGN -1 <9,
and
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- T(t,-,y,-)~f(t,.,y,..)+2f (79975 NS ‘ (3)
where S :

a=t, <t <..<ty =b and h=:—b—;\;—a—='t;ﬂ —t. 4

i

A triangular fuzzy number v, is defined by three numbers g, <a, <a, where the
graph of v(xY), the membershlp functton of the fuzzy number V, is a triangle with base
on the interval [a,,q;], and vertex at x= a2 We specify v as (a,/a,/a,). We will
write: (l)v >0 if a, >0; (2)v>0 if @, 20; 3V <0 if a, <0 and v =0 if a, <0.

Let E be._the set of aH upper semicontinuous, normal convex fuzzy numhers with
bounded r-level sets It means that if ve€ E then the r-evel set .

-l ={sv(s)zr}, 0<r<l,
is a closed bounded interval whach is denoted by

V1, =y (r)v, (1]

Let I be'areal mterval A mappmg x:1 —->E is calied a fuzzy process and its r-level
'set is denoted by _

[x(t)] m[xl (1.‘ r) xz(t r)] te I re (O,AI].."“

The denvative x (z) of a fuzzy process x i defined by

{x(t)] —~{x (t r), x' (t ], IEI ‘re (01]

provzded that this equauon deﬁnes a fuzzy number, as in Slkkala [7]
| _ 3.AFUZZY CAUCHY PROBLEM -
“Corisider the fuzzy initial value probiem L
{x )= f (t x(t)) te I {0 T] (5)
x0)=x,,
where f is a continuous mapping from R, xR into R and xoéE with f41eife1 set
[xo} =[x, (0; ), X, (O r)] re (0,1].

The extension principle of ’Zadeh leads to the followmg deﬁmtlon of f(; x) When
x= x(t) isafuzzy number T |

- f@x)()=sup{x(z)|s=F(t,7)}, seR.
It follows that
@0, =lf,G, x50, £,0.x50], re(l],
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where

fi@x;r)y=min{ 2,4} |ue [x, (5,r),x, (6 )1
L& xr)=max{ f,u) [uelx,(tr),x, (1]},
The mapping f (¢, %) is a fuzzy process and the derivative f'(t,x) is defined by

(6)

L, =0 xS @ xn)l, ";7‘@(‘0,1],‘-1" ”
provided that this equation defines a fuziy number f'(t,x)€ E where

£ x5 ) =min{ £1(,u) [ueLx, (6,9).%, )]}
5 @ xry=max{ f'({t,u) |ue[x1(t ), xz(t M}
THEOREM 3.1- Let f satzsfy o '

m

=P |SgGlv—, 120, vreR,

where g:R, XR, -~>R+”.is” a ‘continuous ‘mapping ‘such that r—g(t,r) is
nondecreasing, the initial value problem .. . . - . Lo

W O=gtu(t), wO)=u,, (8)

has a solution on R, for u, >0 and that u(l) O is the only solution of (8) for u,=0.
Then the fuzzy initial value problem ( 6) has a umque fuzzy solution.

Proof [7].
Since _ L B : _
x'(@) = f'{t,x) =%{~(r,x(z))+«g£-(t,x(t)).f &x@). - O -
Hence by (7) it follows that
f (r,x;r)=min{%€(t,u)+ I e u.f, u)IME[x;(t A0
o 4o

Flo @ xry=max{==(t,u) + = (t,u).f (t,u) lu€lx, (& r)x, (]
o o H IR E LY ‘

4,2ND TAYLOR METHOD
Let the exact solution [Y(r)]. =[¥,(t;7),Y,()] is approximated by some
[y, =Ly, (t;7), y,(t;r)]. The 2nd Taylor method is based on the - :

x(t+h;r)=x(t;r)'+hx'(t;r)+"l'12”x"(f;?‘), (11)

where x(t;r)is ¥, and Y, alternatively. We define
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F[I,x;r]=f1(t,x;r)+§f'g (t,x;7),
_ - ho, _ (12)
G{t,.xf, r] :-: falt,xr) +—2— Y (r,x; P},

The . exact and .approximate solutions at,.f,,0Sa<N are. denoted by
Y@, =Y, L0 and [yE)], :[yi(tn,r), V4 (2,57)] respectaveiy The

solution is calculated by grid points at (4). By 2nd Taylor method and substituting ¥}
and ¥, in (11) and considering (12) we have

Y, (t,.:7) = ¥, (¢, ) + BFLE,, Y (2, )ir],

n+l?
Y2(1’L .r).zYZ(tn;r)_.i-hG[tn’Y(.tn);r}a

n+l?

(13)

hence we have o
¥ (tnﬂ;r) = y1(tn;r) + hF[tna y(t'n'_);r_]! (14) o
vt = Y_z:(tn i)+ hGl,, y(t, )irl,
where D o
2Oy =x0r) .y, (0r) = x,(0r)
The following lemmas will be applied to show convergence of these approximates
Jde., -
lim, o y,(57) =X, 57),
lxmh_,g Y2 (5 n=Y, (t r)

LEMMA 4.1- Let a sequence of numbers {W }N -0 sansfy
[W  ISAW |+B, 0Sn<N-1,
for some given posiﬁ’ve constants ‘A and B.Then
A" -1
A-1" _

Iw, 54 W+
Proof see [9].

LEMMA 4.2- Let a sequence of numbers {W ol 0 {V }f 0 sansfy

|W,; IS W, | +A max{{W, |||V, [} + B,
v, ;l<[V |+Amax lW L1V, 1}+B

for some given positive.constants A and ‘B .; and denote
U, 1= W, l+|V,l, 0snsN-1.

Then
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-

A -
A-1

IU |<A 24 I+B

L, 0Sn<N -1, where A=1+2A and B=2B.
Proof [9].
Let F(t,u,v) and G'(f,'it,a}')';be the functions F and G 'in (12), where u and v are
constants and u <v . In oth_e:words _
F*(t,u;v) = min{ f(¢;,7) | 7€ {u,‘{}]‘};+'gnﬁnk%§(¢,r) + %c—(x,rj ft,7)|Te [1v]),
T
daf f

G’ (t,u;v)=max{f ¢, 7)|T€[u,v]} + ﬁmmtx{—.(r,'r) +=—(,7) f(t,7)|TE [u,v]}'Q
. 2 or " 9T -

ie. F'(t,u,v) and G'(t,u,v) are obtained by substituting [x(t)], = [u,v] in (12). The

domain where F~ and G~ are defined is

K= {(tu v)|0<t<T ~eo <y < oo, ~—-oo<u<v}

THEOREM 4.1- Let F" (r U,v) and. G (t,u, v) belong to C (K) and let the partial

derivatives of F* and G" be bounded over K. Then, for arbztmry fixed r:0sr<l1,
the approximately solutions (14) converge to the exact solunons Y, r) and Y,(t;r).
uniformly in t.

Proof : It is sufficient to show _ , _
lim, ,, yi(tN,r) Y,(tyir),
Climy L, yz(tN,r) Yo (tys1)s

where ¢, =T . For n=0 1, N -1, by usmg Taylor theorem we get

Y (to3r) = 1,0, r)+hF‘{t;,,1ﬂ(t_n;r),Y_z(t ;)] + 6!’"’(6,11),
R (15)

thrm;r)=Yza,,;r)+hG*it;,n<r,,;r),Yz(r I+ R OUGHE

where £,..6,, € (t ) Denote

n+[ .
W Y(tn,r) yi(tn,r)
V, =Y (0 =y, (7).
Hence from (14) and (15)

W =W, +h{F[t,,Y,(t,;r), Y, (7))~ F[z,,,yl(t,,,r),yzan,r)}}+%Y“’(§ﬂ),
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Vi =V, +H{G'It, X051 1 (0] = G I, 3, (300, 3, (1,511 Jfgyzm &)

Then
h3
| i |<lW ]+2Lh max{|W_ LIV, ]}+

3"

| - |<|V |+2Lh max !W |[V |}+

where : .
| "M ='max|Y(3).(t;r)| , M, :max[YG)(t;r)},

for € [0,T] and L >0 is a bound for the partial derivatives of F* and G*. Thus by

lemma 2
W, e Q4L |0, |+ g, CEAEY L
4Lk
IV I<(1+4Lh) [U |+ __M W
4Lh

where |U; = W, [+|V, |. In particular
(1 +4Lh) h — 1

W, KQ+4Lw)Y U, +
Wy < 0+ 4L0)" 10| T
(1+4Lh)”-1

V<1+4Lh”U+
Vals @42 10, T

Since W, =V, =0 we obtam

A g
!WN e m, Ly,
241
{V tm. e4LT 1..};2. Co e
24L

andif — 0 we get W, -0 and V, —0 which completes the proof.
5. EXAMPLES

EXAMPLE 5.1- Consider the fuzzy initial value problem, [9],

Y@=y 1el=[0,T],
y(0)=(0.75 +0.25r,1.125 - 0.125r), 0 < r <1.
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By using 2nd Taylor method we have

T I
;Vl(tm,r) y;(t,,,r)[1+h+"2~—] o

2

h
Y, (t,m ; r) - ¥, (t,, ; r)[l s+ ———}
The exact solution is given by
Y6n=y e . YEn=y,0ne
whichat t =1, S
Y(l r) [(O 75 + 0 25r)e (1. 125 0 125r) e}, 0 <r <1

The exact and approx1mate soiutzons are compared and plotteci at t= I in Flgure 5. 1

ri1 iy T e
Euler |
' * Tayler o vl
0:8 - Exact = -
06 f -
04 _
0.2 A
0 ]U - : |%
18 2 22 24 2.6 2.8 8

Figure 5.1, (A =0.2)
EXAMPLE 5.2.- Consider the fuzzy initial value problem, [9],

{ Y @=00), [abl=(-11],

47

(~1)=(e =0.5(1~ r)J" +05(1 r))0<r<1

We separate between two steps .

(a)t<0: The parametnc form in thlS case is

¥y, r)—-tyz(t r) ‘_ yz(t r)-tyl(t r),
(f r)= (1+t )yz(t i’) (t r) (1+t )y1(t r),
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with the initial conditions given. The unique exact solution is
Y (t; r)—- ‘2 y2(0 )»i- 2 yi(O r,
A+B
Yz(t;r):‘_‘_"i—" 2(0 )+ ) y;(o r)a

u’-a*) 1
where A=e¢ ? ,B=-.
A
(b)t 20 : The parametric equations are
Yiry=y@r) Y, sty 6,
YO =0+, YLD =0y, ),
with the initial conditions giveni The unique exact solution at ¢ > 0 is

# e

Y, ()=, (0;r)e? k_l’z(t;r)=y2(0;r)e7

The exact and appfoxir_na’te solutions ar'e_ compared and ploted in Figure 5.2.

06

0.2

Figure 5.2, (h=05)

EXAMPLE 5.3- Consider the fuzzy initial value problem
Y@ =ky ) +ky, y(0)=0,
where k >0, for i=12 are triangular fuzzy numbers, [ 10].
The exact solution is given by ‘ ;
Y (tr)y=1,(r) tan(a), (r)t), _
Y, (t;r) =1, () tan (@, (1),
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with S _
__l]._(r.)t"—f k“(r)/k“(r - l(r)z kn(r)/kiz(r ,
- _ @ (r), kn(r)/k“(r wz(r)—_ ,klz(r)/k”(r), o
where . '
[k] —[k“(r) km(r‘)] and [k ] "‘[kza(r) k,, z(r)]
and

k(1) =05+05r k& ,(r) =15~ 05r and km(r) 075+025r kn(r) 1.25- 025r
The r—level sets of y (t) are ‘

Y Gn =k, (r)sec? (0,01,

Y, )=k, ;(r)sec (cuz(r) 1),
which defines a fuzzy number. We have

Fi&, y;7) = minfk u® +k, |ue [3,0), ¥, 60k € [k, (7). ;z(r)}k e{km(r), ky, ()1},
Fot,yir) = max (ko? +ky |u€ Ly, 030, 3, () by € oy (), Ky (D) K, € ey (9, K (91,

£y = min{2k: u® + 2ukk, |1 € [, (50, 7, (0] k; € Thy (7), K, (M) Ky € Ty, (7). Ky, (1),
f'a @ y;r) = max(2k"u’® + Euklk;_l‘_@ € [y1 & r), b (t_; r)}, k, € [k;,, (r), k_},z (r)], kz € [kz,'; (_r"),__:'fcz,2 (1.
* There are two nonlmear prograrmngs and can be solvmg by GAMS software Thus

the suggested Taylor method in this paper can be used. The exact and appr0x1mate
solutions are shown in Figure 53)at t=1. S

r 1 S ;l‘ NI . B 1 R T T - T N ' - ‘
Euler. -
Taylor o
08 - Exact — o
0.6 | P S RO
0.4 | 4
02F ¢ NG
0 . .

“Figure 5.3; (h=0.1)



50 S. Abbasbandy and T. Allah Viranloo

6.CONCLUSION

We note that the convergence order of the Eliie_r rnethod in [9] is O(h). It is shown
that in proposed method, the convergence order is O(h®) and the comparison of

solutions of example (1) ,(2) in this paper and [9] shows that this solutions are better for
these examples. . ‘ . _
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APPENDIX

In this section, the list of computer programs of the exampies has been written in
MATLAB env1r0nment ‘

1- The computer programs of Example (5.1).

a=input(' Enter a: );  b=input(’ Enter b: ");
N=input(' Enter N (for number of partition of time) : );
nr=input(’ Enter r (for number of partmon of leveD : ",
h=(b-a)/N, -
for ir=0:nr; _

r=ir/nr; temp=x0f(r); .

yl()=temp(l);  y2(1)=temp(2);

ytl(l)mtemp(l), yt2(1)=temp(2);

t=a;

for n=1:N; '_ : o
al=f(t, yl(n) y2(n) r,n N) a2=g(t,y1{(n),y2(n),r,n,N);
yl(n+1)=yl(n)+h*al; 2+ 1)=y2(n)+h*a2;

al=f(t,yt1(n),yt2(n),r,n,N); a2=g(t,yti(n),ytZ(n),r,n,N);
- ytl(n+D=yt1(n)+h*(al+(h/2)*ff(t,yt 1 (n),yt2(n),r,n,N));
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yt2(n+1)-yt2(n)+h*(a2+(h/2)*gg(t,yt1(n),yt2(n) t,n N)),

t=t-+h;
end

Z(r+D=yI(N+1);  z(2*nr+2-in)=y2(N+1);

zt(ir+ )=yt1(N+1);  zt(2*nr+2-in)=yt2(N+1); - : e e e
alpha(2#nr+2-if)=r; 0

~ alpha(ir+1)=r;
temp=ytf(r);

ze(ir+1)=temp(l);  ze(2*nr+2-ir)=temp(2);

end

plot(z,alpha,'y',zt,alpha,'t',ze,alpha,'b");

- function x0f=x0f(r)
x0f(1,1)=75+.25%r;
x0f(1,2)=1.125-.125%r;

function y=F(t,y1,y2,r,n,N)
y=yL;

fonction y=ff(t,y1,y2,r,n N)
yl=fmin('fd1'y1,y2,[0 1 e~12})
y=fd1(y1);

function d=fd1(x)
d=x;

function ytf=ytf(r)
yHi(1,1)=(.75+.25%ry*expf1);

functlon y»G(t,yl,yZ I, N)

y=y2;

j function y-gg(t,yl,yz T, n N)

© yl=fmin('fd2"y1,y2,[0 1.e: 12]),
y=fdl(y1);

functmn dmfd?.(x) o
d-»-fdl(x) SR

2- The computer programs of Example (5.2).

function x0f=x0£(r)
x0f(1,1)=sqrt(exp(1))-0.5*(1-r);

function ytf=ytf(r)
temp=x0£(r);

x@f(1,z)=sqrt(éx§;<1)'>-+_~0_.5*<i-ﬁ:_ -

ytf(1,D=temp(2)*(L-exp(1))/2 + temp(1)*(1+exp(1))/2;
ytf(1,2)=temp(2)*(1+exp(1))/2 - temp(I)*(exp(l) 1)/2

function y=f(t,y1,y2,r,n,N);
if n<=(N/2)
y=t¥yZ;
else
y=t*yls
end

function y=ff(t,y1,y2,r,n,N)

yl=fmin('fd1’,y1,y2,[0 1.e-12]);

y=(1+t*)*fd1(yl);

function d=fd1(x)

funcuon ymg(t,yi,yZ r,n,N)
xf n<=(N/2)

y=t*yl;

Cy=try2; o
end

function y=gg(t,yl,y2,r,n,N)
yI=fmin(fd2y1,y2,[0 1 c~12])

y-—( 1+t*t)*fd1 (y 1 )

functlon d=fd2(x)

51

ytf(1 2)-_(1 125 125*r)*exp(1), o . -‘;;
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d=x; d=-fd1(x);
3- The computer programs of Example (5.3).

a=input(' Enter a: ); b=input(’ Enter b: ); |
Ne=input(’ Enter N (for number of partition of time) : *);
or=input(’ Enter r (for number of partition of level) : ');
h=(b-a)/N;
for ir=0:nr;
r=ir/nr; temp=x0f(r);
yl(D=temp(1);  y2(1)=temp(2);
ytI(1)=temp(1); yt2(1)=temp(2);
templ=k1(r); temp2=k2(:);
t=a;
for nml N; :
yl(n»i-l)“-y1(n)+h*(temp1(l)*yp1(yl(n))+temp2(l))
y2(n+1)=y2(n)+h*(temp1(2)*yp1{y2(n))+temp2(2));
al=temp1(1)*yp1(ytl(n))+temp2(1);
a2=templ(2y*ypl(yt2(n))+temp2(2);
ytl(n+1)=ytl(n)+h*(al+(h/2)*ff(yt1(n),temp1(1),temp2(1))); .
yt2(n+1)=yt2(n)+h*(a2+(h/2)*fi(yt2(n), templ(Z) temp2(2)));
t=t-+h;
end
zZ(ir+D=yI(N+1);  zZ(Z¥nr+2-in)=y2(N+1);
zt(ir+ D=yt IN+1);  zt(2*nr+2-ir)=yt2(N+1);
alpha(ir+1)=r; alpha(2*nr+2-ir)=r;
temp=ytf(r,b); o
ze(ir+)=temp(l); ze*nr+2-ir)=temp(2);
end R
plot(z,alpha,'y',zt,alpha,'r',ze,alpha,’d");

function y=x0f(r)
y(1,D=0;  y(1,2)=0;

function y=k1(r) * function y:k‘2'(r).

y(1,1)=.5+.5%r; L - y(1L,1D=.7540.25%r;
v(1,2)=1.5-0.5%r; ' y(1,2)=1.25-25%r,
function y=ypl(x} function z=ff(y,cl,c2);

y=X*¥X; z=2%cl*cl¥y¥y*y+2*cl*c2%y;

function y=ytf(r,b)

ko=ki(r); kt=k2(r); :
Tam1=sqrt(kt( l)lko(i)) omlmsqrt(ko(l)*kt(l))
lam2=sqrt(kt(2)/ko(2}); om?2=sqrt(ko(2)*kt(2));
y(1,D=lam1*tan(om1*b); y(1,2)=lam2*tan(om2*b);



