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Abstract- In this study, we discuss the dual Lorentzian spherical motions and calculate
the real integral invariants of a closed time-like ruled surfaces in R;. Then, we define

the dual angle of pitch of a closed time-like ruled surface, and give a relation between
the dual Steiner vector of the dual spherical motion and dual angle of pitch of the time-
Jike ruled surface. Finally, we obtain a relation between the dual angle of pitch and the
real integral invariants of time-like ruled surface.
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1. INTRODUCTION

The Geometry of ruled surface is very important in the study of kinematics or
spatial mechanisms in R®, [4],[81.[12]. Moreover, it is well known, from H.R Miiller [6]
that a v;- closed ruled surface generated by v;-oriented line of rigid body has two real
integral invariants; the real pitch, [, and the real angle of pitch, A, -

In recent years, by using the real integral invariants of closed ruled surfaces ,
many investigate are done,[4],[5],[7].

Then, by using Lorentzian inner product, many theorems and definitions in R’
are defined again in Minkowski space Rf J[11,[21,[3]). For instance, the distribution
parameter of timelike ruled surface are investigeted by A.Turgut and
H.H.Hacisalihoglu.

In this paper, by using Lorentzian metric, we defined real integral invariants of a
timelike ruled surface and then by using dual magnitudes, dual integral invariant , A, ,
of a vi-closed timelike ruled surface were introduced.

Let us consider Minkowski 3-space Rf = [R® ,(+,+,-)] and let the Lorentzian
inner product of a=(aj, a;, a;) and b=(by, by, b3) € R® be {(a,b) =ab, +a,b, - ab;.
Under this condition, following definitions can be given : For a vector x= a=(aj, a2, as)
€ R}, if {x,x))0, (x,x){0 and (x,x)=0 for non zero x , then x is called, the space-like
the time-like vector and the light -like (null) vector, respectively,[9].

By considering the Lorentzian inner product, we may write inner product of A
and B as follows:

(A,B) = (a,b)+e ((a,b)+(ab,)) , A=atea, , B=b+eb, (1
We call it dual Lorentzian space which is defined and denote by ID,3 J10L

Definition 1 : Let A=(a,a;)=a+€a, eIDf . The dual vector A is said to be space -

like if the vector a is space -like , time-like if the vector a is time-like , and light-like
(or null) if the vector a is light-like, [10].

Definition 2 : Let A, B €ID]. The Lorentzian cross product of dual vectors B and
Ais
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E, E, -E,
AAB=—4 4, 4| , E =e+ce, i=123 2)
Bi BZ B3

where A=(A,4p,43),B=(B1,89,B3) E{ nEy=E3, EyAnE3=—Fy,

E3y A Ey=— Eq [10].

Theorem 1: There is one to one correspondence between directed space-like
(resp. time-like) lines of R13 and ordered pair of vectors (a,ap) such that [10],

a’=1 , aa=0 (3)
The dual Lorentzian and dual hyperbolic sphere of radius 1in R, are defined by
Slz ={A =q+E€ aol |IA]| =(L0);a,a 0€ R13 .;and the a is a space — like } 4)
2 ,,,{A _ —1 00 3 N }
HO = A =g+¢€ aol |4] =(1,0);a,a € Ry, and the a is atime ~ like (5)

respectively,[10].
Theorem 1 gives us, the points on dual Lorentzian unit sphere is one-to-one correspondence

with the oriented space-like lines in the Minkowski 3-space R .

Definition 3: A time-like closed ruled surface X(s) is one-to-one correspondence with a dual
closed curve on the dual Lorentzian sphere,[10].

Definition 4: Let R be a matrix with dual coefficient. R is said to be dual Lorentzian
orthogonal matrix if

10 0
RY=SR'S S=|01 0 (6)
0 0-1

where S is signature matrix in ID], [11].

2. THE CLOSED DUAL SPHERICAL MOTIONS IN ID;
The closed dual spherical motions and real integral invariants of the closed ruled surfaces
are investigated in [5]. In thus part, we want to investigate closed dual spherical motions in Df’ .
A motion of a rigid body about a fixed point O uniquely defines a dual motion
K/K” of the moving dual Lorentzian sphere K with the fixed center O over the fixed
Lorentzian sphere K’ of the same center.
Let {V1,V5,V3} and {E1,E5 ,E3} be two right-handed sets of orthonormal unit

vectors that are rigidly linked to the spheres K and K’ and denoted by

" £y
ValV , E_|Ey (7)
V3 3
respectively. We may write following relation between these dual orthonormal systems by

V=RE (8)
where :
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Rl] RIZ ‘R13
R=| Ry Ry Ry ©)
‘R3§ ‘R32 RBS
is a dual orthogonal matrix and the elements R; of the matrix R will be regarded as functions
of areal single parameter t. In this study , we assume that, V,, V,, E; and E; are space-like

dual vectors, V3 and E; are time like dual vectors.
Since the matrix R is a dual Lorentzian orthogonal matrix, by definition 4 , we may

write
SR'S R=1 o (10)

where 1is the unix matrix and S is signature matrix .
The equation (10), by differentiation with respect to t, yields

(S dRTSR) =—(S R"SdR) (11)
The relation (10} shows that the matrix
Q=(S5 dR"SR) | (12)
is not skew-symetric. Then, we may write
0 of @
Q=[-0f 0 @} BN
3 3 ‘
Qi Qz 0

Differential of the equation (8) with respect to t, yields
avy= Qv +7303
Vs =-QF V) +V3 Q5 (14)
Now , we define a dual vector ¥ with following form: ,
3y 3 21
Y =05V —Q[V - Q1 | (15)
Q% , Qf’ , Qg are nonzero elements of the matrix Q and Wis called the dual

instantaneous Pfaffian vector of the dual motion K/K’. The Pfaffian vector ¥ at a given
instant t of a one ~parameter motion on a Lorentzian sphere is an analogue to the Darboux
vector in the Differential Geometry of space curves. Hence, (14)is written as follows:

dV; =¥ AV; i=1,2,3 (16)
Definition 5: Let ¥ be a dual pfaff vector during the dual motion K/K”. The dual vector D
which is defined as

D=§¥ =@}V, -QV, -QiV,)=d+e d, %))

is called dual Steiner vector of dual motion.
By seperating real and dual parts of (17), we have

d=fy | (18)
dy =§u, (19)
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3. THE REAL INTEGRAL INVARIANTS OF THE CLOSED TIME-LIKE
RULED SURFACE

Let a moving a space-like lines space H be represented by the moving frame
{O V], Vg ,v;;}and H’ be represented by the fixed frame {O 1 €1,€2 , 83} We know that, any

space-like line in H is drawing a closed time-like ruled surface in H’ along the motion. Thus,
the equation of close time-like ruled surface is

LYY=+ vy, @,  x(t+27,v) = x(t,v) v, =1 (20
During the motion, we assume that v, and v, are space-like and v; is a time-like
vector. This time-like closed ruled surface is generated by the axes- v,. Where, v, is a normal

vector of time-like ruled surface. By taking differential from (20), we may write differential
equation of the ortogonal trajectory of v, -closed time-like ruled surface by

(dx,v)=0 , |wf=1 : (21)
and also from (21) , we have

dv =~ (dr,v}. (22)

Definition 6: The pitch (6ffnungsstrecke) of v, (1) - closed time-like ruled surface is defined
by
= §dv=—§{dr,,). (23)

This definition means that, an orthogonal trajectory of v, (t) - closed time-like ruled
surface intersects after one periodic of the axis v, at the P; different from Py Thus ,

lvi mFﬂE

Now, in order to rewrite (23) in terms of the elements of the dual Steiner vector,
we use the following expression for the diffential veloc1ty of the fixed point r(ty) of the
movmg space H with respect to the fixed space H':

Cdr=y, 4y Ar (24)
Y, is the moment vector with respect to a fixed point. In (24), since ¥ and 1y, are
respectively the instantaneous rotational differential velocity - vector and the
instantaneous translational differential velocity vector of the motion H/H’, the
instantaneous dual Pfaffian vector ¥ =y +ey, of the correspondmg dual spheucal

motion K/K’. Then, replacmg (24) in (23), we obtain

L == (vyorfv,wan) | (25)
Denote the moment vector of r, with respect to origin 0, by 1, then
Vg =P AV, (26)
and the last equafien reduces to o
==(§v,wo + v o) @”n

On the other hand the Pliickerian normalized line coordinates v, v, (i=1,2,3) of the

fixed line V in H are independent of the motion H/H'. They depend on the choice
of VinH. : .
Then the last expression becomes

== v +vof¥) (28)

According to the equations (18) and (19) , we may write that
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| fy =d b, =d, (29)
and then (28) reduces to
L, == (v, dy)+{v,d)) (30)
Let us consider a unit time-like vector n; and space like vector n; on (v, v3) which is defined
as follows:
By = ShQ vo + cho v
2 ] ¢ v3 (31)
ny = ch vy + sh@ vy
The time like unit vector n, generates a space-like ruled surface along the ortogonal trajectory of
vi-closed time-like ruled surface during the closed motion. Where ¢ is the hyperbolic angle

between unit time-like vectors nz and V3. Thus, the equation of the space-like ruled surface
is

T=x+wmn we& IR (32

Let H' be a fixed space and denoted by {n; yHn A3 } Thus, from (31), we may write
V,= H,ch@ —n, shQ

(33)
v, =N, ShQ +n, ch@ , p=p(t)
Then , from (33), by taking differential according to the parameter t, we obtain
dvy = dnych@ —dny sho+(nyshe —ny ch@)de 34
dvy= —dny sho +dny chg+(—nych +ny sh@)de
where n, and n; are the adges of fixed system {n; 7 ,#3 } . Therefore
dny; =0 dn;=0 (35
is obtained. Thus, from (34) and (35), we have
dvy = (nysh@Q —nyche) de 36)
dvy= (~nych@Q +ny she)de
is obtained. Then, by using the equation (33),
dva= —v3d
V2 V3 agQ 37)
dV3 ==V dgo
are written. So, from (37), d¢ is calculated as
dQD = (dvz,V3>m —<dV3,V2> (38)
and the total change of ¢ during the motion H/H' is
Jo, = g (39)
(r)
or :
)Lvl"” §d¢,=§<dv2,V3> =—§ {dvy,vp) (40)
()
On the other hand, if we consider real parts of (14) and (15), we obtain that
dvy 0 wy wyiiv|
dv2 = - W3 0 Wy | V2 (41)

dV3 Wy Wy 0 V3
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and
Y =wiyvp —wy vy —w3vs (42)
Then, from (41),
<dv2,V3>= m(dV3 ,v?_) == W (43)
is obtained. Thus, the angle of pitch is written as follows:
A =—fw (44)
Moreover, from (42) , we know that , the steiner vector of the motion is
_ d =S§(W, V=W, Yy — Wy ) (45)
Hence,
(d,vy) =fw (46)
and
Ay = ~{(d,vy) (47)

are obtained.
Thus , the angle of pitch of the closed time-like ruled surface is defined total change of
the hyperbolic angle @ is given following relation:

Ay §do = §ldv,,vs) | (48)

The pitch and the hyperbolic angle of the pitch are integral invariants of a closed time-like ruled
surface .

4, THE DUAL ANGLE OF PITCH OF THE CLOSED TIME-LIKE RULED
SURFACES
Let K be a moving dual Lorentzian unit sphere and K’ be a fixed dual Lorentzian
dual sphere. The two dual Lorentzian spheres K and K’ are represented by the
orthonormal systems {V,,V,,V,} and {E: ,E,,E, }. By definition 3 , a_differentiable dual

closed curve on the dual unit Lorentzian sphere depending on a real paremeter t represent a
differentiable family of space-like lines in IRS . Where {Vl,Vz,Vs} and {B,,E, ,EJ} are

orthonormal systems.
Let V=V, (t) be a closed time-like ruled surface which is the first axes of moving
trihedron during the one parameter closed dual spherical motion. Let

N, =sh®V, + chdV, (49)
be a dual unit time —like vector in dual plane (V,,V;) where @ is dual hyperbolic angle
between time-like dual unit vectors N, and V;.While the first axes V), is drawing the closed
time-like ruled surface during the dual closed spherical motion K /K, the dual unit vector N
draws a ruled surface along the ortogonal trajectors.

Definition 7: The total change of hyperbolic dual angle @ is called the hyperbolic dual angle
of pitch of the closed time ruled surface V(t)} and is given by

Ayl = §dd (50)

where integral is dual line integral.
Now, let us calculate d@ according to one forms of dual motion.
Let N:{N,,N,,N, } and V: {V,,V,,V, } be two dual orthonormal systems. Let a dual

orthogonal matrix which is satisfy definition 4 be as follows:
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0 1 0
R = |ch® 0 —shd 639
~sh® 0 ch®
This matrix is a translate matrix from the orthonormal system V to N. Thus, we have .
V= RN | (52)
From (52}, by taking differential
dV=dRR V (53)
is obtained. Then, the dual matrix dRR, is calculated following forms:
0 0 0 0 ch® sh® 0 0 0
dRR =] dbsh® 0 —dPchd 1 0 0 |=| © 0 ~db
— db chd 0 dOshd 0 shd ch® 0 - cf > 0
_ (54)
Thus, the differential of the adge V, is obtained as .
dVy =« dO V5 (55)
Therefore, d® is given by
d® =(dV,,V,) =—(V,,dV,) (56)
and from (14) and (56)
db=(-QV, +Q}V,,V;) (57)
=- Q) | - -~ (58)
are written _

Theorem 2 : During the closed motion K /K '; the dual space-like vector X , which is fixed
in the orthonormal system {V1 V.,V }, draws a closed time-like ruled surface. The dual angle
of pitch of this time-like ruled surface is _
Ay =-(D,X,) | (59)
where D is dual Steiner vector of the motion K /K.
Proof: Let
Xl
X=X, ' (60)
X, | |
be a dual right system. Where, X , X; is space-like and X is time-like dual unit vectors.

From (56) and definition 7 , the dual angle of pitch of the time-like ruled surface X = Xi(t) is
obtained by

Ay =(dX,,X,) - | (61)

Let M = [My], 1<i,js3, be a dual orthogonal matrix. Thus, we may write following
transformation between the dual trihedron X and V ' |

X=MV AN 7))

On the other hand, following diagram is also commutative in IDI?’ . Namely ;
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VLX

Ql e} (63)

T
av e SMS gy

Where, the matrixs €2 and £2_ shall plays an important part in the theory of dual motion as
in the angular velocity matrix. Then, from (63), we may write

Q. =MQS M'S (64)
If we consider
M, M, M; 10 0
Me=M, M,, M, , S=/01 0 (65)
My My, My, 00 -1

we have following form for £ :
My Wit Mp Wy =Myg Wy Mo Wy +Moy Wy =My W3 — My Wy ~Ma Wy + Ma3 W3
Qg =| My Wyt Mg Ws =My We My Wyt Moy Wy =Moy W — My Wy ~Mzy Ws t My Wy 1(66)

My Wy + Mg Wy =Mz Wy Moy Wy + Moy Wy =Mz Wy =My Wy =My Wy + M33 Wy
where

W, m”le M,, + Q? M, W, :_Qf M, + ‘Qf M,, W, 2_912 M,, + Q? M,,
W, = g12 M, + Q; M, W, = ‘Qsz M, + Qg M, W, = ‘Qf M, + Q‘i M,, (67)
W,=Q M, + QI M,, We= QI M, + QI M,, W= QIM, + QI M,,

Thus, from the following matrix form

B =) dXy |=| My W Mg W Mg W Moy W e Mg W ~Mog W =My W =My W+ Myg W | Xy (68)
&Ky | | My, WosMig W =Mig W Moy W+ Mg W =My W =My W =My W+ My W 3
dX; is written as
dXo= (M) W, + My W, =Mya W)X, + (Mo Wy + Mgy W ~Mp3 W)X,
My W, =My W + My W)X, (69)
Then, '
(dxz’X3> = ‘{[M31M22 “f"f?,zﬂ“’zl}gi2 +[- MypMyy + MMy ]Q% + M31My3 +M33M21]Ql3} 70

or
<dszX3>=“{N[13912+M119‘; ”Mgzgg} (71)

are obtained. By considering the relation (61) , the dual angle of pitch of the space-like line X
is calculated as

Ax, ;§(dxz,x3)=§$(~Mugf-MHQ§-i-Mm Q) (72)

On the other hand , the dual Steiner vector of the motion is
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D = $(Q}V,-Q}V,-Q}V,) (73)
From (62}, we may wrife

Xy =MV, + MV, + MV, (74)
Then, by taking inner product of (73) and (74), we have

(D,X,) =M, Q5 -M,, Q] + M, Q) (75)
Thus ,

AXl :§<dX29X3>$_M13§Q;2“M;;§Q;+M12§913 (76

=—(D,X;) amn

can written. Finally, from (76) and (77}, we get the theorem.
Separating real and dual parts of (59), we have the following relation:

Axy =~{d.x)~& ({do,x)+(d.x,)) (78)
Theorem 3: The dual angle of pitch, A X a dual integral invariant of the time-like

ruled surface X;= X,(t) , has the relationship
AX1 =;LX1 +81X1 (79)

with the real integral invariants.
Proof: If we consider (29), (47) and (78) , we have theorem 3.
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