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ABSTRACT : In this paper, we will define the iso-taxicab trigono-
mietric functions cos; 8, sin; ¢, tan; and cot; 8. Then, we will give the
subtraction formulas for iso-taxicab trigonometric functions cos; # and

siny 8.
1. INTRODUCTION

The most useful, the most understandable, and the most ap-
plicable geometry is, of course, the Euclidean gmmetxj;*; Why s this
true? To answer this question, we definitely has to look at the non-
Euclidean geometry. The first non-Euclidean geometryl that we can
think of is that the hyperbolic geometry. It is known that the hyper-
bolic geometry is not easy to understand. Both the theory and the
applications of hyperbolic geometry are quite sophisticated.

In 1975, by using a different metric in R?

dr(A, B) = |z — za| + [y1 — 1l
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for A = (z1,41), B = (%3,%2), E. F. Krause has defined a new geom-
etry, named by taxicab geometry. The taxicab geometry is a non-
Buclidean geometry. It satisfies the Euclid’s 13 axioms, except one,
side-angle-side axiom. It has a wide range of applications in the real
World, and 1t is easy to understand {1].

Clearly, the taxicab geometry arises when travelling by a taxi in
a town which has vertical streets and horizontal avenues. And the
taxicab plane has squares as a block. The points and the lines of
taxicab geometry are the same as in Euclidean gebmetry.

In [2], K. O. Sowell has introduced the iso-taxicab geometry. As it
is mentioned by Sowell, at the origin there are three axes: the z-axis,
y-axis and y'-axis, having 60° angle with each other. These three axes
separate the plane into six regions, called hextants. These hextants
will be numbered [ — VI in a counterclockwise direction beginning
with the hextant where the coordinates of the points are both positive
(Figure 1.1).

Figure 1.1 ’ Figure 1.2

Points will still be named by ordered pairs 4 = (a;,a5) of real
numbers with respect to the z-axis and y-axis (Figure 1.2). At any
point in the plane, three lines may be drawn parallel to the axes which
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separate the plane into six regions. Two points, then, have'a I ~ IV
orientation, a I] — V orientation, or a I1/ — VI orientation to one

another (Figire 1.3 - 1.4 - 1.5).
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Figure 1.3 Figure 1.4 Figure 1.5
The similarities and differences of Fuclidean, taxicab and iso-taxicab
geometries are also discussed by Sowell [2]. For instance, because angle
measure is not depending upon the distance function, angles may be
measured as in Fuclidean geometry. Only Euclidean plane geometry
has a rotation_ invariant metric; therefore one should expect proper-
ties involving angle measurement to be altered in taxicab geometries.
Specifically, the side-angle-side axiom may be assumed in neither iso-
taxicab geometry nor in taxicab geometry. Of course, any theorem
which relies on the side-angle-side axiom is also invalid in each of
these taxicab geometries. Among these are the angle-side-angle theo-
rem and the side-side-side theorem. The taxicab circle is a square and -
#p = 4. The iso-taxicab circle is hexagon. Because the circumference
of iso-taxicab circle is six times the radius, 75 = 3.
It is also given in [2] that in iso-taxicab geometry, three distance
functions arise depending upon the orientations of the points : For

A= {xy, 1), B = (23,1)
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(i) |zi— @+ —wl . I— IV orientation
di{A,B)=1{ (i) |y — , II — V orientation
(i#d) |zy — @] , 111 — VI orientation
If the points lie on a line parallel to z-axis, the formula (##¢) holds;

parallel to y or y/-axes, the formula (i) holds.
2. TRIGONOMETRY ON ISO-TAXICAB GEOMETRY

We first start with defining the iso-taxicab unit circle and
then trigonometric function. Then, we will determine cos;(8), sin;(8),

tan;(f), and cot;{6).

Definition 1. The set of points such that the iso-taxicab distance
from the origin is 1 defines the iso-taxicab unit circle which we can
- write as
(z,y) | |z|+lyl=1 , I— 1V orientation
Cr=< (z,y)| ly=1 , 11—V orientation
(z,y) ]| Jz|=1 , Il — VI orientation
Definition 2. Let;rf : 10, 27;) — C; be a function such that

Figure 2.1
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bel = [0,%F)

bell = [%F Bz
0elll = [ZL mp)
0elV = |, %4x)
PeV = [&r 2r)
6eVI = [Zz o)

[ is called the iso-taricab trigonomeiric function.

It is easy to show that f is one-to-one

Using the definition of C}, we can write

0} = (z,y) &

-

I—=z
3—y
3y
4+
{ 6+ y

Y

=
w @
=0
=0
=§
=40

and surjective function.

¥
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Gell
Gelll
e lV
eV
geVl

Thus, using the iso-taxicab trigonometric function, each angle 0

can be represented by a real number in the interval {0,6).

2.1 COSINE AND SINE FUNCTIONS

Definition 3. Let 6 be an angle and () be a point as in Figure 2.2.

Let P == {r,y) be the intersection point of the line OQ and the unit

circle Cy. Then, the x coordinate of P defines the Cosine function and

the y coordinate of P delines the Sine function. Namely,

cos; (0} = z, sin;(8) = y.
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Oy 0\,
=9 / x
Figure 2.2

So, by using Definition 1 and Definition 2, we have the following
table:

0l = cosi(0)= 1-6 , sinj(6)= 0
0ell = cos;{f)= 1—6 , sin(0)= 1
Gelll = cosi(6)= ~1 , singf)s= 3-8
eIV = cos;(0)= 6—4 , sing(f)= 3¢
8eV = cosi(f)= 6—-4 , sing(f)= —1
eVl = cos;(6)= 1 , sing(#)= 0-6

Therefore, we can draw cos;(0), and siny(8) as follows:

cos;(6) yldlol-di-1i-1{o0 ] 1|11
sing@) |0 3|21 1| 1]0|-1]-1]~1]0

With these values, the graphs are
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Figure 2.4 (The graph of Sine)

2.2 TANGENT AND COTANGENT FUNCTIONS
Definition 4. '

Let P be a point on the iso-taxicab unit circle,

N Yo
but not on the y — axis. Let T' = (1,1) be the h
: “F= (1)
intersection point of the line x = 1 and the / My X
S . 0} /(1,8)
line OF. The ordinate of the point T is called A
the iso ~ lazicab tangent of the angle § and

denoted by tang(8). Figare 2.5



It is clear from Figure 2.5 that tan; () = = =

Definition 5.

T

Let P be a point on the iso-taxicab unit circle,

but not on the x — axis. Let C = (¢, 1) be the

intersection point of the liney =1 and the

line OP. The apsisse of the point C' is called

the is0 — tazicab cot angent of the angle 6 and
denoted by cot;(6).
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Figure 2.6

It is clear from Figure 2.6 that cot;{8) = . C_OSI(Q)
y  sing(8)
From Definition 4 and Definition 5, we have the following table:
[
&, el
&5, Oell
6—-3 , 6elll
tan;(8) = ¢ »
= ., felV
&, eV
| 0~-6 , deVi
and cotz{#) = 1/ tan,(#). Thus,
tan;{(#) 113 |+ —o0)—2¢~-1 0
cot () | —oo 400 1|3 0 —3|-1] =00 400
o | m [m[%] w
tang{#) | +o0 —o00 | -2 —1 0
cot(8) 0 —31-1|~-00 +4o0
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With these values, the graphs are

-3

Figure 2.8 {The graph of Cotangent)

2.3 SUBSTRACTION FORMULAS
We first, want Lo recall that we have six quadrants, I, 11,111, IV, V,
and V1I; and two angles, 0;, 0,. Thus, we have 6% = 36 possibilities.
Then, for each case, we have to apply to the Definition 1 and Definition

2 for the vectors #, #, and the diflerence vector 03 = 6; — 0.
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Example 6. Suppose 8, € I, 0, € I. Then 83 = 6, — 6, € I (Figure
2.9). Let ‘

P = (z,y) = (cos;{(th),sin(6))
Po= (d,y) = (cos{th),sin;(6))
Pro= (f”} :(/") = (0081(93), Sin!(93))

Figure 2.9
Thus, we have
Fbl‘@] LYy = 93 , £y = ]
Forﬂg:y' :92,.'7,J+yl = 1

Forf; : ¢ = O3 , 27 +¢y" = 1
Solving these equations for " and y", we get

2 = l4z—o yn - ywy’

which implies that

0051(91 - 92) = 1 -+ C0s5; (91) - COS[(QQ)
sin;(t‘?l - 92) = sin;(ﬂl) - Sin;(@:;) .



We, now, give the table of formulas for 36 cases:

By | By | O3 cosy (61 — 62) sing (61 — 63)
1y I 117 I 1 -+ cos;(8;) — cosy(6s) siny{fy) — sing(65)
2017 | 11T 1+ cosp{y) — cos;(6) | — cos {6y} + cosg(6s)
$ | 17111 1 | 14sini(0:) —sing(6) | —sing(8:) + sing (62)
4 IV | IV ]| I 1 — cos;(6) + cos;(6s) —sing(61) + sin;(6,)
51V IV I 1 — cosp(81) + cos(02) cosz(6;) — cosz(6a)
6 | VIVl I 1 - sing(6y) + sing(6;) sin (61} — sinz{05)
7111 1 1 + cos; (1) — cos;{8:) — cosi(fy) + cos;(6s)
8 | II | I | I} 1+4cosi{6y)— cos;(gg) 1
9 ([I1y I | Il | —1+sin/(61) — cos;{6a) 1
10|11 I |11 1 siny (6;) + siny (6,)
V|1 IT | I | —1+sin,(0,) — cos;(0) | 2 — sing(6h) + cos;(fy)
12 | 1Ty I | 1T | —1+sing(6;) — cosy{f) 1
13 1v ] 1 |11 1 sins(6;) + sing (6s)
14| IV | 1 | IV | —1+ cosp(8;) + cos;(fy) siny{#;) -+ sin; (0;)
15[ 1V | 11 | 11 | =1+ sin,(6,) — cos;(65) 1
16| IV | 15 | 11T -1 | —cosy(8,) — cos; (62)
1|2V | 1T 1 | 14 sin,(0)) —sing(62) | — sing (61) + sing (62)
181 IV [ 111 11 | 1+sing(6) — sing (62) 1
19 V | I | IV | =14 cos;(6;) + cosi(fa) | —cos;(6;) — cos;(62)
200 V I V | =1 + cos; (6;) + cos; (0s) -1
21|V | 1T |11 ~1 — cosy(6,) — cos;{6s)
22|V I |1V | =1 = cos; (6)) + cosy (03) | — cos;(61) — cos {f)
23|V (1| 1] ~ cos;(f1) — siny{fy) 1

211



241V 1 JIT | 111 ~1 2 — cosy(64) — sin(02)
2V IV | T 1 ~— cosp{ly) + cos;(f) cosy (6y) — cosy (B2)
26| V | IV | 1T | 1~ cos;(6y)+ coss (6,) 1

27 | VI Vv 2 +sing(6;) — sinz(62) -1

28/ VI| I VI 1 sing(6;) — sin;{6s)
20\ VI I L IV | L 4sing (81) + cosy (02) | —2 — sing(6;) — cos;{6s)
301 VI I |V | 1+45sing(0) + cos;(62) ~1

31| VI| 111|110 1 — sing (61) — siny (6y)
B2y VI IIT | IV | —1+sing(6;) + sing(6,) — siny(6y) ~ sing(6y)
83\ VI IV | 11 | —2— sin;(6;) — sin;(8,) 1

34 VI{IV {111 ! — sing () — sin;(6y)
3B1VI| V I | —1—sin;(8)+ cos;(fy) | 2+ sin; (6;) — cosy (65)
86| VIV | 11 | —1—sin; (6;) + cos; (6) 1

A similar computation will give us the formulas of addition which

we will leave as a “nice” exercise to reader. We note that there are 42

cases.
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