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Abstract - If we choose a natural companion basis for (k +1)-dimensional semi-ruled
surfaces in semi-Buclidean space E"*', then the metric coefficients are
gy =€0y, 1<i,7<k. In this paper we show that the Ricei curvature tensor of a (k +1) -

dimensional semi-ruled surface in the semi-Euclidean space E7* is
S= 3 0 (o0, 800 + SRl + 206 Ry 5okl P, @0
gL RO #0900 A l.%giﬂ Eil\yy T B0 IV E Yy

Here, {0,,6,,...8,} is the dual basis of the local coordinate basis {eg.ey,- 0, ) -

1. INTRODUCTION

(k +1) -dimensional ruled surfaces in E” are studied by H.Frank and O.Giering, [1], [2].
Several properties of two-dimensional ruled surfaces are also given by C. Thas, {3]. The
Ricci curvature tensor of a (k +1)-dimensional ruled surface in E” is calculated by A.
Sabuncuoglu, [5]. In this paper, we will calculate the Ricci curvature tensor of the (k+1)-
dimensional ruled surface in terms of metric coefficients g, ’s and 1-forms 6,,8,,..,6,,

where {6,} is the dual of the coordinate frame field {g,,e,,..,€,}.

2. FUNDAMENTAL CONCEPTS

Let o be the smooth curve

ol — EM
t = olf) = (o, (), 0,0 (1))



150

in the (n-+1)-dimensional semi-Euclidean space E{f“ where {0} < I <. Let
" {e (), e5(1), ... e, (1)} be an orthonormal vector system defined at each point a(t) of the

curve o. This system spans a subspace of the tangent space TE” aflon)) at aft) e Eroas
- v

this space is denoted by Ek,u(t)’ then it is a & -dimensional subspace of the form
E @ =8 {e(0).e,() (O VY. 0spsv.

Ek,u(t), i =1, will be cail_ed a sgminsubspace and

<ei(t)’ ej(t)> = 8!'5:_}'5 g = {+1 )

is satisfied. For p =21, there are ptime-like vectors in the semi-subspace Ek,p(t)' Since
there is no time-like vector field on E, o) for p=0,then £, (()=F,(f) and it is a
Euclidean subspace. If =1, then there is one time-like vector, so E, ((£)is a time-like

subspace. _
Throughout this paper, we assume that Ek,p(t), u =1, is a semi-subspace.

Definition 1 While the semi subspace Ek'u(t) moves along a curve a in EP | it forms a
(k +1)-dimensional surface. This surface is called the (k +1)-dimensional generalized
semi-ruled surface in the (n+1) - dimensional semi-Fuclidean space E{f” and is denoted
by M".

On the other hand, let

M =JE, @
’ tel
such that £, \ () < E"*! where '{el(t),ez(t), --€ (1)} is an orthonormal vector field system

defined at every point on the curve a. It is knows thatM" is (& +1)-dimensional
submanifold of £"*!.

Definition 2 £, (1) is called the generating space at (1) of the semi-ruled surface M and

the curve a is called the base curve of M g
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Let M" be a (k+1)-dimensional generalized semi-ruled surface in E*,
Ek.u(t) = Sp{ei(t)? ez(t_), A0t E\',’”, 0<pu<v, be the genera-ting space and o be

the base curve parametrized by the arc-length. Then, M~ can be expressed by the
parametric equation

k
ot uy, uy,.. 1y ) = aff) + Ziuiei(t), (tu, vy, 1) eIxR* ()
Iz

Let M" be a (k +1)-dimensional semi-ruled surface in the semi-Euclidean space E*!, let
{e;.¢5,..,¢,} be the natural companion bases of the generating space Ek,p(s) and

ey = P, (%) be a vector field such that {e;,e,,... e, }is an orthonormal basis of y(M ). We

get

k
Q; = G'(t ) + télluiei (t)

and

Py, =¢g(r), 1<i<k

if we take the partial derivation of ¢ in equality (1). Throughout our this paper we assume
that the system '

. k
{a(t)+§uiéi(t), €,€,..¢} )

is linearly independent.

Definition 3 Let M* be a (k+1)-dimensional semi-ruled surface in E',
Ek,u(t) =S8p {g(£), e, (1), .., e, (N} E'™ o<u<v, be the generating space in M" and

é, 05i<k bethe derivative of e; along o, then the vector subspace
A(t) = Sp {el’eil”'?ek’éi"")ék}
is called the asymptotic bundle of M™ in E, RUE

If
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dim AN =k+m, 0<m<k

then there exist an orthonormal basis of A4(f) containing Ek,#(t), which is dénoted by

lenes, vt st

Since Ek’u(t), i =1 is a semi-subspace we have

e =e, &=

For p=z1, there are p time-like vectors in the semi-subspace Ek‘u(t). Since Eff” isa

- semi-Euclidean space, there are v time-like vectors in an orthonormal basis of Er
Therefore there are u time-like vectors in basis of the asympto’ac bundle A(f)" contammg
(t) Hence,

A(t) = Sp {ei,ez,.. ?ek,ak_i_l,..,ak_l_m}
is a semi-subspace.

Theorem 1 Let M™ be a (k +1)-dimensional semi-ruled surface in E,’f“, Ek,u(t) be the

generating space and A(t) be the asymptotic bundle of M. If dim A =k +m, 0sm<k,
then we choose an orthonormal basis {e;,e,,..,e.} of E,(2) such that

k
=j_Z=_ AT RS LS l1<i<sm,
and
Eahj; ’ m+lsh<k,
where,
Bylly = ~0y , &;=(e;e;), gy = &8,

andfor r<u
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Ky > Ky >0 > Ky, >0
Kyt S Kppin <o <Ky, <0,
see [6].

The basis {¢),e,,...e,} we considered in theorem 2.1 is called the natural companion
basis of Ek’u(t).

Let M™ be an semi-Riemann manifold and R be the Riemann curvature tensor. The
Ricci tensor field S is defined in the form

: k )
S(X,Y)ﬂ_z%)35<R(enX)Y;ei> (3)
where XY e x(M™). We have
k .
Riey,.e))e; = :}ng,.J}ﬂej BESN VES 2N (4)
P :

where {ey,e,,..,¢,} is basis of x(M™) [4].

3. THE RICCI CURVATURE TENSOR OF A
(k+1)-DIMENSIONAL SEMI-RULED SURFACES IN £

In this section, we calculate the Ricci curvature tensor of a (% -+ 1) -dimensional semi-
ruled surface in terms of metric coefficients g; and l-forms 6,,6,,..,0,, where

{0¢.0,,..,0,}is the dual of the coordinate frame field {e,,¢,,.., e}
Theorem 2 Let M™ be (k +1)-dimensional semi-ruled surface in EX*', {e,,...e }is the

natural companion basis of £y (), and the metric coefficient of M * be Gy 1sij<k.
Then

k : k m 2 2
2
G0 = ;}13:‘({;;’ + jglag'u j) +h§_:18k+h(7}h FepnKutty) g Myar)
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()

Theorem 3 The Ricci curvature tensor of a {k + 1) -dimensional semi-

ruled surface M" is

k .
%ﬁ Jh (EGR}:OJQOO + ER;W + zg;o(s hif “i'ﬁgR;,Oj))ej ®9h .
k k
Proof Let X = 'Zo xe; and ¥ = _%yie,. . Since R is a tensor field, we have
J= . i=

k k

R(e;, X)Y = R(e;, jé:o X e j)(lg()yheh)

k

= i %-—0 xjth(eis e;le,

By equation (4), we find

k ko
R(e;, X)Y = j,%_:(} X; yh([EORhijef)

x I

From (3), we-obtain

k k
SK)= 2ol 3 xnRiene)

ey,

E jth gj<el:ei>

M?:-

ih

"'-

i =0

[y
T

_rne z: JeRigene)

Since {(¢;,¢;) =@, 1<il<k,using(5), we find
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J k
ST = % %2 oiRiyO)
X o kg koo koo
= X %R0 800 + 28Ry G50 + D8R0 Gor + L EMG0:
Jh=0 f=0) 1=0 i=0
_ & 0 ki X 0 i
= j;@:O X ¥Ry Yoo +i§0ha—j +I.§Ogi0(8r'Rhij +egR0 ).

Since {6,,,0,,..,0,} is the dual of the basis {¢),¢,...¢,},
(6, ®6,)X.7)=0,(X)8,(N) =€ %y,

with the appropriate substitutions in S(X|Y) we get
SX.Y) = j;éogjh@j(X )8, (¥ XeoRyo 900 +I.§0th‘j +i§}gio(8iRhij + &Ry )

k k. k .
_ 0 0
= MZ:OB 1 EoRh0,900 +i§)R;’t!:f +i§DgiO(8iRhij +e0Ry0 N0 ; @6, )X, T)
Since this is true for each of X,¥ e x(A") then

k P |
, 0
5= J %:0 sfh(goRhOngO +;.§'0R;1ij +i§()gi(}(8iRh{f + EOR;/JU j))@ J @8,
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