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Abstract - A general mixed multivalued mildly nonlinear variational inequality is considered. We

establish an existence for (GMMMNVI) by replacing convexity assumptions with merely topological
properties.

1. INTRODUCTION

In the years 1983-1985, Horvath [2] obtained minimax inequalities by replacing
convexity assumptions with merely topological properties.
In this paper, we consider a general mixed multivalued mildly nonlinear variational
inequality, introduced and studied by Siddiqi ef ol [3], and prove the existence of its
solution without convexity.

Let X and Y be two real Banach spaces. Let K — X be a nonempty closed
convex subset of X, g: K —» K be a continuous mapping, T, A: K -> 2H5Y) be the

multivalued mappings, where L(X,Y) is the space of all linear continuous mappings
from X into Y. '

Consider the general mixed multivalued mildly nonlinear variational
inequality (GMMMNVI). Find u ¢ K, x € T(u) and y € A(u) such that g(u) € K and

<x =y, g(v) — g(u) > +b(u, g(v)) - b(u, g(u)) > 0, for all g(v) e K, - (1)
where b : K x K — R is a nonlinear form.

2.  EXISTENCE THEORY

First, we give definitions for the existence theorem for (GMMMNVI), that can
be found in [1]. '
Definition 2.1. Let X be a topological space and {I'a} be a family of nonempty
contractible subsets of X, indexed by the finite subsets of X.
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A subset DX is called weakly H-convex if, for every finite subset AcD, it
results that I'anD is nonempty and contractible. This is equivalent to saying that the
pair (D,{ T'anD}) is an H-space ;

A subset KX is called H-compact if there exists a compact, weakly H-
convex set DX such that KOACD for every finite subset AcX ;

A multifunction G : X —> 2%, is called H-KKM mapping if

Liey G(x)), for every finite subset A < X.
Lemma 2.1. [1]. Let ( X, {T'a}) be an H-space and F : X - 2% an H-KKM
multifunction such that
(a) For each xeX, F(x) is compactly closed, that is BnF(x) is closed in B, for
every compact set BcX;
(b)  There are a compact set LcX and an H-compact set KX such that, for each
weakly H-convex set D with KcDcX, we have

N{F(x)"D}cL

xeD

Then

. nF(x)-ﬁd).

xeX
Now, we state and prove the main Theorem of this paper.

Theorem 2.1. Let ( X, {I k}‘) be an H-Banach space and Y be an ordered Banach
space. Assume that

1° T,A . X — 2% pe the compact valued, continuous multivalued mappings ;
2, g : X — Xis a continuous mapping ;
3°.  b:Xx X — Risa continuous, nonlinear form :

: A h
4°, foreachveX,sz{uﬁx IxeT(v), y € A(v)such that }

<x-y,8(v)-g(u) > +blu,g(v)) - blu,glu)) <0
is H - convex or empty;
59, there exists a compact set LcX and an H-compact set ECX such that for
every weakly H-convex set D with ECDcX
{veD : 3 x €T(v), yeA(v) such that
<x-y, g(v}-g(u)> + bu,g(v)) — b(u,g)) = 0, for all ueD} < L.
Then (GMMMNVI) is solvable. |
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Proof : Let

F(u) = {v e X:3xeT(v),y € A(v) such that } |

| <x-y,g(v) - g(u) >+ b(u, g(v)) - blu, g(w)) 2 0
First we prove that F is an H-KKM mapping and the conditions (a) and (b) of
Lemma 2.1 hold. '

Suppose that F is not an H-KKM mapping. Then there exists a finite subset KX

such that I', & - F(u) Thus thereexistsze I, such that

zg F(u), for all uekK,
that is

<x-Y,8(z)-g) >+bu,gz) - b(u,g)) <o, forallue K, x e T(2), y € A(2).
By assumption 4°, K = B, and I,  B,,since B, is H-convex. Therefore z e B,, that is
there exists x e T(z), y € A(z) such that

<x-y,%2)-8(2) >+b(z,82)-b(zg02) <0,
which is not possible. Thus I', < Y F(u) for every finite subset K of X, so that Fisan
H - KKM mapping.
Next, we prove that for every u e X, F(u)is closed. Indeed, let {v_}be a sequence in F(u)
such thatv, = v, e X, g(v, )= g(v,)e X.Since v, € F(u)forall n, there exists x, € T(v)
and y_ e A(v)such that

Xn - Yo 8(Va) - (W) >+ b(u, g(va)) — blu,g(w)) = 0.
Since T(v) and A(v) are compact, without loss of generality, we can assume
that there exists xoe T(V) and yo € A(v) such that x, — x¢ and y, = yo. Now
since <,,.> , b(,,.) are continuous and X, —> Xg, Vo = Yo, Va —> Vo, &(Vn) > 2(Vo),
we have
Kn~ Yo, 8(Va) - () > + b(u, g(vy)) — bu,g(w))
—> <Xo —Yo, &(vo) — g(w) > + b(u,g(vo)) - b(u,g(w)) = 0.
Therefore v,e F(u) and so F(u) is closed for every ueX, that is, the condition (a) of
the Lemma 2.1 holds. It is easy to see that the assumption 5° of the Theorem 2.1 is
same one with the condition (b) of the Lemma 2.1.
Then by Lemma 2.1
(F(w) = ¢,

ug X

consequently, there exists upeX, xo € T(ug), Yo A(ug) such that g(up)eX such that
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< Xo —Yo, 8(V) — 8(t) > + b(ue,g(v)) - b(ug,g(uo)) 2 0, forall g(v) € X.

This completes the proof.
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