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Abstract In the present work, we have obtained principally new results for
solvability and non-solvability of one problem for second order abstract differential
equations with the main linear part

The method, based on solving corresponding Dirichiet problem, lies on the basis of
present investigations.

In section 1, we present the formulation of the basic problem and reduce the short
review of same investigations related to given problems.

In section 2, we show the roll of the corresponding subsidiary boundary value
problem for linear equation in the study of the basic probles

In section 3, we present the theorems of existence and nos tence of the soluty
the ballistical problem for nonlinear absiract ditferentia uatons with tl
linear part, in the case. when th - mital and ¢ ter m ired

are not coinciding

Also we can prove the theoreins of solvabili nd non- abihty of «
problem in the case, wher the nitial and the latier points O sired trajecio
coinciding.

I. INTRODUCT!

LetHbe a Hilbert space with norm -, . let © [ [0 {;.H} be the spacc

functions u(t) with values in H, these are continuous together with the:
derivatives up to K-th order inclusive on [0. T}

Let us consider the second-order differential equation in the space H
u(t)- Au(t)=Pu(t). tefo.T]
where A is a self-adjoint positive-definite operator in H, P is a nonlinear operator.

We want to find pair (u(t),t) such that te [O,T] and ue C(z) ([O ‘C] ‘H), satisfies
(1) forte [O,t] with the boundary conditions
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and the special condition

u©)| =v, (4)

H

where v) 0 is a given number; a and b are given elements of a linear manifold H
from the space H.

Problems of this kind occur in ballistics, optimum control theory and dynamics of
charged particles.

The similar problem on the minimum of given functional on solutions of Dirichlet
problem for partial differential equations of elliptic type is considered in [1] and
other papers.

Problem (1)-(4) has been studied in the case of ordinary differential equations and
functional-differential equations in [3]-[4], in the case of linear partial differential
equations of elliptic type and in the case of linear abstract differential equations in

[6]-[11].

Certain general questions of the theory of functional-differential equations and
methods of investigations of problem (1)-(4) (method of dependent variables, method
of independent variables) for separate classes of differential equations are given in

[5].

We have obtained principally new results for solvability and non-solvability of
problem (1)-(4).

The study of the properties of the solution of Dirichlet problem for linear non-
homogeneous elliptic equation, depending on the boundary values of the variable “t”,
side by side with other propositions, lies on the basis of present investigations.

This allows us to establish the existence and nonexistence of the solutions of the
special boundary value problem for linear abstract differential equations by the
natural hypothesis on initial data of the problem without the application of the
traditional fixed point theorems requiring a map of the concrete set into itself. Such
questions also can be established for the nonlinear abstract differential equations with
the main linear part, if one uses fixed point theorems [2].



2. REDUCTION OF PROBLEM TO THE SYSTEM OF OPERATOR
EQUATIONS

The solution of the subsidiary linear equation

u(t) = Au(t)+o(t) ()

satisfying the boundary conditions (2), (3) can be expressed by the formula

u(t)=Po=3C, (t7)u, . ©6)

shy/A, (T—t shyA,t T
l;(— ) +by = “J.Gn t,s; T)(pn( )d
shy/iy T sh,/ T

G,(ts:7)= 1 { ntSh\( n 0<’[<S
e VA Sh\ N |shy/A, Ry, s<t<tT

Here a,.b,.0,(t) are associated Fourier coefficients of elements a, b, ¢(t) for

system {u, | of eigen elements corresponding to eigen elements A, of operator A
([8]-[9D).
The transformation u = Py reduces problem (1)-(+4) to the system of equations
o(t) = (Pzo)(t)]

4 (7)
(:1»((9’ =0
where
(P @) (t)= (PP, o) (t)
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: % bk, T — 1 { . 7
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a, A, —+b, A, ——— —— shyA, (T —s)p, (s)ds Lo
shyi, t o shyk, T sh\/k j (s J' J{

The problem (1)-(4) is equivalent to the system (7) in the following mean.
If (u(t),t) is the solution of problem (1)-(4), then (p(t).7) is the solution of (7),

where ¢(t)=u(t)— Au(t); and if (¢ (t).t) is the solution of (7), then (u(t).7) is the
solution of problem (1)-(4), where u(t) = (P,0)(t).



Consequently, the conditions, guaranteed the existence or nonexistence ot solution of

problem (5). (2)-(4) may be constituted the part of the sufficient conditions to
solvability or non-solvability of problem (1)-(4)

3. THE THEOREMS IN THE CASE a# b
Theorem 1. Assume that the following conditions are satisfied:

1) A is a self adjoint positive-definite operator in Hilbert space and has a discrete
spectrum;

2) P:C"([0.T];H)—C"(]o.T]:H) i=0.1 (C" :C) and satisties the Lipshitz
condition Yu.u € C([0.T].H)

“Pu—Pu <0O|lu—u

.0 ) 0;

( (

3) arb;a,beD(A);

4) For the number & wheref < (0, T], then the inequality

o~ lblyy, ~Ib-aly,  ethyiE 0.
holds,

Here A, is the smallest eigenvalue of operator A, H  is the energy space generated
by operator A;

5) The Inequalities

o 0T, [PRol _volol, —[o-al, e e

“ 2\/K ’ l—en - &

are satisfied for all te(0,£] (or V1e(0,T] ),

where

_ § shyA g, (t—t)+b shyA, t
)0 = Ay ———F—— ——>U,.
( n=1 " sh Ap T ! shyip T !



Then problem (1)-(4), where conditions (2) and (3) hold even in the scase of the
norm in  H,., has at least one solution (u(tkt). for which

u(t)e c*'([o.1]:H). relr,.E].

where

1 ko+l 20— |b-afy cthyA; €

T = In N () = —
- A i \
2k ko -l VAk bk —ak]

by —ay is the first nonzero Fourier coefficient of b-a, for which according to the
condition 3)isb—a = 0:

v—|b
> } l\+] TO" k:_L”H_\_
2\F k-1 b—aly

Besides, there exists no solution (u(t);t) of problem (1)-(4). for which

u(t)e c'([o.7];H), t<(0,7,).

Theorem 2. The problem (1)-(4), where the conditions (2) and (3) hold even in the
sense of the norm in Hp can not have a solution (u(t);1) : u(t)eC‘z’([(),r];u) :
1e(0,T] 1f

I) The conditions 1)-3) of Theorem 1 are satisfied;

2) The Inequality

holds:

3) The Inequalities

o1 [PPoOle [o-alhy, ~[blu, -

2h T 1-8 T

hold, where

sh\/— —t shrt
Fo0= Z{ sh\/—t shrt

en -
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