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Abstract: We used the classical Lie symmetry method to study the damped Klein-Gordon equation
(KGE) with power law non-linearity u +a(u)u; = (uPuy)y + f(u). We carried out a complete Lie
symmetry classification by finding forms for «(#) and f(u). This led to various cases. Corresponding
to each case, we obtained one-dimensional optimal systems of subalgebras. Using the subalgebras,
we reduced the KGE to ordinary differential equations and determined some invariant solutions.
Furthermore, we obtained conservation laws using the partial Lagrangian approach.

Keywords: non-linear damped Klein-Gordon equation; Lie symmetries; optimal systems; reductions;
invariant solutions; conservation laws

1. Introduction

The aim of this study was to perform a complete Lie point symmetry classification
of the (1 + 1)-dimensional damped Klein—-Gordon equation (KGE) with power law non-
linearity:

ug +oa(u)uy = (WPuy)y + f(u), B#0, (1)

where & () u; and uf represent the damping and power law non-linearity terms, respec-
tively. The presence of the terms a(u) us, (uf uy)y, and f(u) introduces non-linearity into
the equation, making it pertinent to analyze the non-linear dynamics of the significant
system. For example, the non-linear term uf u, can introduce phenomena like solitons
and shock waves. Equation (1) has a wide range of physical applications in quantum
mechanics, non-linear dynamics, wave propagation, and applied mathematics research. In
general, this equation presents an interplay between non-linearities and wave-like behavior,
making it all-inclusive, from quantum field theory, particle physics, quantum mechanics,
and mathematical physics to applied mathematics. The second-order partial differential
Equation (1) is an extended form of the Klein-Gordon equation:

uy = Uxy + f(u), ()

which appears in quantum mechanics and describes the motion of spinless scalar particles.
Equation (1) can be constituted as a test case in applied mathematical research for analytical
as well as numerical methods for solving PDEs. To find the Lie point symmetries of (1),
we followed the classical Lie group approach proposed by Sophus Lie in 1881. The group
symmetry method is feasible to find exact solutions, conservation laws when a Lagrangian
exists, and reductions of differential equations. This approach is efficient to deal with
linear and non-linear partial differential equations (PDEs) as well as ordinary differential

Math. Comput. Appl. 2023, 28, 96. https:/ /doi.org/10.3390/mca28050096

https://www.mdpi.com/journal /mca


https://doi.org/10.3390/mca28050096
https://doi.org/10.3390/mca28050096
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mca
https://www.mdpi.com
https://orcid.org/0000-0002-6498-0664
https://doi.org/10.3390/mca28050096
https://www.mdpi.com/journal/mca
https://www.mdpi.com/article/10.3390/mca28050096?type=check_update&version=1

Math. Comput. Appl. 2023, 28, 96

2 of 38

equations (ODES). The reader is referred to the well-known books of Ovsiannikov [1],
Bluman [2,3], Olver [4], and Ibragimov [5] for detailed explanations of this versatile method.

The classical approach has been widely applied to study the group properties of
various non-linear partial differential equations, including the wave and heat equations,
see for example [1,6]. Azad et al. investigated Equation (2) by the classical Lie approach.
They performed group classification and obtained the symmetry generators for each case.
Additionally, they provided reductions and some exact solutions of the Klein—-Gordon
equation [7].

This study involved finding the Lie point symmetries for all viable forms of the
arbitrary functions and deducing the optimal system of one-dimensional subalgebras
as well as the local conservation laws via the partial Lagrangian approach. Reducing
the number of independent variables of PDES and constructing conservation laws are
two important applications for identifying the solutions and physical properties of the
governing equations. We found the reductions of (1) via the optimal system of one-
dimensional subalgebras, as these provided the possible combinations of Lie symmetries
that are helpful for determining the reduced form of the original differential equation.
The two main methods for finding the optimal system include the adjoint representation
method presented by Olver [4] and the global matrix method given by Ovsiannikov [1].
In general, Lie symmetry analysis is indeed a flexible method to study diverse aspects of
differential equations, including the identification of conserved vectors and the deduction
of solitary wave solutions. Solitary waves frequently appear in different physical systems,
like plasma physics, non-linear dynamics, and water waves. Also, conservation laws are
highly important as they are used to find non-local symmetries, detect the integrability of
PDEs, and check the accuracy and existence of numerical solution methods. The conserved
currents are useful for finding the solutions of non-linear and linear differential equations
by double reduction theory. Bokhari et al. proposed the generalization of double reduction
theory to obtain an invariant solution for a non-linear system of gth order PDEs [8,9].

A number of approaches are available to find the conservation laws of differential
equations. One of these methods is the partial Lagrangian approach introduced by Ma-
homed and Kara [10], which is an efficient technique to find the conservation laws without
the existence of a typical Lagrangian. Other methods include the Noether approach [11],
which relies on the existence of a Lagrangian; the multiplier approach; and the direct
method [12].

Tian et al. proposed an effective, efficient, and direct approach to investigate symmetry-
preserving discretization for a class of generalized higher-order equations and also pro-
mulgated the open problem regarding symmetries and multipliers relating to conservation
laws [13]. Moreover, Tian et al. studied the conservation laws and solitary wave solutions
for a fourth-order non-linear generalized Boussinesq water wave equation in [14] as well
as the chiral non-linear Schrodinger equation in (2 + 1) dimensions, see [15]. The authors
also resolved the non-local symmetries and soliton—conoidal interaction solutions of the
(2 + 1)-dimensional Boussinesq equation in [16].

This paper is arranged as follows: in Section 2, we find the complete Lie point sym-
metries of the damped Klein—-Gordon Equation (1) by deducing the particular forms of
unknown arbitrary functions a(u) and f(u). In Section 3, we list the optimal system of
one-dimensional subalgebras and corresponding reductions for all the cases that arose in
Section 1. The graphs of some of the exact solutions are displayed as well. In Section 4, the
conservation laws, via the partial Lagrangian approach, are presented.

2. Lie Symmetry Classification

The principal Lie point symmetries of (1) are obtained in this section. Also, for all
possible forms of smooth functions f(u) and a(u), a complete Lie group classification is
performed. For this, we take the Lie point symmetry generator as

X = §1(t,x,u) 9 + ffz(t,x,u) 9 + C(t,x,u) J

ot ox ou’ ®)
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According to Lie group theory, the invariance condition leading to Lie point symmetries of
(1) is

AP (s +a(w)ur = @Pux)s = F0)) | gguation 1)-0 = O @

where X2/ is the second-order prolongation required, which is up to the order of Equation (1)
and is given by

- .
2] — i 7 ij
X X+ o ui+(P

: ©)

ouyj’
where

¢' = Di(Q) — uD;&,

¢! =Dj(¢") —u;Di¢), i,j=12,
and D; is the total derivative operator

5] d 1.2
Dj = o+ ttig. + ..., (3,20) = ().

We arrive at the following determining system of PDEs, after expansion of (4) and compari-
son of the coefficients of independent partial derivatives equated to zero,

Cuw=0, & =0, & =0, (6)

“2Buf T G = (20n = B)uf =0, @)
Cay + Gpa(u) +28n — & = 0, ®)
~B(B-1) P77 — puf g+ 2puP (G~ ) =0, ©)
—CpuPT 4+ 2(88 g uf =0, (10)
—Cfu + () G+ (Gu = 280) () + G — P L = 0, (1)
By means of Equation (10), we easily have
(=@ - 12)
Invoking Equations (7) and (12), we obtain
(3 +4) & =0 (13)
The following cases arise from Equation (13)
1. %x =0, ,B 7é *%r
2. (3p+4) =0
Case 1: 2. =0andB # —%
This implies
é‘z =c1Xx + cp.
Using (12) in (8), we obtain
2 4
B(Cl — & uay + agf - (B+1)Ciflt = 0. (14)

If a(u) is an arbitrary function of u, then

gd=o
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which then gives from (14)
g =0,
implying that { = 0. Hence, for arbitrary a(u), Equation (1) has a two-dimensional
principal Lie algebra, spanned by
d d
Xl—az XZ_E' (a #0)

Now, for the complete classification of (1), we look for all the choices for which the principal
Lie algebra extends. For this, differentiation of (14) w.r.t. u gives

2 2
5o - &) ueu + (5 (e - &) + &) wu = 0. (15)
Two subcases arise here.
1.1. ay, #0,
1.2. o, = 0.
Subcase 1.1: o, #0
In this case, from (15), we have
2 1 Xuy 2 1 1
—(c1 — u— + —=(c1 — + = 0. 16
gl —ul g -+ (16)
We now consider
Kyy
u— = k.
Ky
This gives
ki e
= . 17
% k+1u +ky, ki #£#0 as a, #0 (17)

Here, k1, ko and k are constants. From this, we have two more subcases, viz.

111 k # —1,
112. k= —1.

Subcase 1.1.1: k# -1

By invoking (17) in (14) and equating the coefficients of different powers of u, we
arrive at

201 (k+1) = 2& (k+1) + Bg} =0, (18)
which gives
~2(k+1)
B—2(k+1)
provided k; = 0, otherwise, there are two symmetry generators, X; and X,, which form
the principal algebra. Equation (12) implies

¢ = cit+ecs, P #£2k+1)

2

‘T p2ten "

Now, from (11), we have
flu) = fru¥*s.

The principal algebra in this case extends to the three-dimensional algebra spanned by X
and X, in addition to

3 2(k+1) 9 2 ?

B =y T okt At T B2kt D) Yo
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provided B # 2(k+1).

Subcase 1.1.1.1: B =2(k+1)
If B = 2(k+1), then (18) givesc; = Oask # —1. This implies ¢> = ¢, and

2
{=- B '5} u.

By inserting this value of { into (8), we arrive at

2 2

(*Bu“uu + (1*B)“u)(ﬁ =0.

In this case, we have

2 2

—Butxuu + (1- B)ocu =0.

However, if ¢} = 0, there is only the principal algebra generated by X; and X. After some
manipulation, we deduce

_ ki k+1 .
S k-1

and from (11), we determine

L

1 1
T [u fu + (k+1k1uk+1 +k2)(—@u) — Qyu —(2k+3)fl=0. (19

& Cr

Differentiating w.r.t. t and u, respectively, gives

1
k1 Mk (@) = 0,

i
which in turn implies
1

C—tlt =c3 as kg #0.

ot
The resultant equation yields

&= —2—4 Foese Bt oy £ 0. (20)
3

From (19), we obtain

1

f(u) — _m cs k1 uk-i-l +f1 u2k+3 _

(kacs + c3) u.

2(k+1)

Here, f is constant. For these forms of (1) and f(u), the principal algebra occurs, since
the determining system gives c5s = 0.

Subcase 1.1.1.1.1:  If § = 2(k+1)andc; = 0
The infinitesimals in this case are
1
1
=yt = —— k #£ —1.
¢ cat+c¢5 C k+1c4u, =+

The algebra in this case extends the principal algebra as we also have

0 1 )

Y= G Yo
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where
f(u) = fLu®*3 and a(u) = uk+t,

Subcase 1.1.2: k= -1

This leads to
a(u) = kyln(u) + ko,

where kq and kj are constants. Substituting in (14) and equating the coefficients of different
powers of u, we obtain the following infinitesimals:

H=ua, & =c and 7 =0.
This results in X} and X, only.

Subcase 1.2: ay, =0

If o, = 0, then
a = k (constant).

For this form of a(u), (14) results in

4

kel - (g + D& =0 (21)
After some manipulations, we find
1 Bk o B _

From here, we arrive at the following two subcases.

Subcase 1.2.1: B # —4

In this subcase, we have

Bk
&= %al + uze4+ﬁt, k # 0.

Now, (11) gives
a(—ufu+f) =0

which further leads to two subcases.
Case A: cg =0

This yields the following form of f

4+2p o 1+
u) = — Ku+ fulth,
The algebra in this case is three-dimensional, generated by
] 10
1 al XZ - E gr

Case B: aqa #0

In this case, we deduce
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u) = K u,
where the infinitesimals
Bk
F=ax+c = %lh + ap et
2 Bk Bk
= —(cq — et P ay)u,
¢ 13( lrrny: 2)
generate a four-dimensional Lie algebra with generator
d 2 90
Xy =x—+ —u—
S B “ou

together with X7, X, and &3 from Case A.

Subcase 1.2.1.1: B#—-4k=0
If k = O0thena = 0. Therefore, (21) yields

&= 3t + ¢y

Now from (11), we obtain
f(M) = fl uliﬁklr

and this gives a three-dimensional Lie algebra spanned by the principal algebra in addition

to
X —xi—b— ki ti—l—#ui
T 70x T kg+1) ot Blki+1) ou

Herein, f1 and k; are constants.

Subcase 1.2.2: g=—4
For this case,

¢l=q1m, k#0
leads to two different subcases.
Subcase 1.2.2.1: B=-4k#0
Here, we have
flu) = fiu.
For these forms of the functions, the principal algebra extends to three-dimensional with

d 1 0
Y= T
along with &}, &, from Case A.
Subcase 1.2.2.2: B=-4k=0
In this case, &' is undetermined. Differentiating (11) twice with respect to u, we find

(c1 —5&)g+ (1 — &Hugu =0 (22)

and by differentiation of the resulting equation w.r.t. f, we have

gtlt (58 + ”gu) =0,
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where ¢ = fuu.
This gives rise to two subcases.
Case C: & =0
One has
61 = c3f+ cyq,
and
flu) = frul.
The algebra in this case is spanned by &7, X, and
0 fi—1 0 2 0
Xy =x—— + -t — U
3 ox * (fi+3) ot (A+3) ou
Here, f1 and f; are constants.
Case D: 5¢+ugy, =0
In this case, we have
g(u) = In(g1u™®),
and from (22), we obtain
gl} =0= C1,
which results in X7 and 5.
Case 2: B = —% and &2, # 0
For this case, (12) becomes
3 1
¢ = _E(ijx — &) u. (23)
Now from (8), we have
3
—5 (@ —ghuw + gl +28h =0 (24)
and differentiation w.r.t. u yields
(5 ‘;Itl - 35;%) &y + 3(@1 - 5925) Uy = 0. (25)
We then need to consider the following subcases:
2.1. o, = 0.
22, ay #0,
Subcase 2.1: ay, =0
This implies
a(u) = A (constant).
which reduces (24) to
GHA+ 28 =0, (26)

and admits the solution )
{fl = ch + Cze_%t, A # 0.

Subcase 2.1.1: A=0

From (26),
=t + oo
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Now from Equations (11) and (23), we obtain
3(2F —eufu+3u PR, — B +a)f =0 (27)
and differentiating this w.r.t. , we arrive at
—2c fu - ”_4/3 gazcxx + (369% - Cl) ”fuu = 0. (28)

For arbitrary f(u), only the principal algebra occurs. For f(u) not arbitrary, differentiating
(28) with respect to x, we find

3(:;’3263( 1/[7/3 fMM - g}%xxx = 0. (29)

We consider
F = M7/3fuu/
which gives
f(u) = ZFl 1/[_1/3 + hu + F,
and thus (29) becomes
38 P — Gx = O (30)

Here, F;, F; and F; are constants. By substituting the values in (27) and comparing the
coefficients for different powers of u, we determine the following equations:

G — 3R =0, (31)
aqbkh =0, (32)
(3¢2 4+ ¢1)F3 = 0. (33)

From (32), we have two possibilities, c; = 0,or F, = 0.

Subcase 2.1.1.1: F, #0andcp =0
If c; = 0, then from (33), we have

&ZF =0.

1. If¢2 = 0and F; # 0, then { = 0 generates the principal algebra only.
2. If¢2 # 0and F3 = 0, then from Equations (30) and (31), we deduce

1 -
52 — _ ﬂ] + aze 3F1x + a?)e 3F1x.
3

The principal algebra extends to four dimensions generated by

1 9 0

1——£51 2= 5

d 3+/3F 0

_ 3Fx( 9 1.9
X = e (ax 2 ”au)’
Xy =e 3F1x( 0 3v/3F ui)

a—i_ 2 Ju

Subcase 2.1.1.2: F, =0andc; # 0

From Equation (33), we have two choices
1. IfE2 # f% c1 and F3 = 0, the Lie algebra in this case is five-dimensional with
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d 3 0
s = t& + Eu G
in addition to admitting &}, A>, A3 and X from subcase 2.1.1.1, where f(u) = % Fu1/3,
2. If (’,‘]2( = —% cp and F3 # 0, then the Lie algebra in this case is determined by
&2 = —% c1x + ajand ¢ = 2c¢; u, which gives
0 1 0 0
Xy =t — ox — +2u —
L TR R T T

along with the principal algebra generators &} and &5.

Subcase 2.1.2: A#0
In this case, again from (27), we find (30), (31) and

3
o (B + §A2) =0, (34)
(—682 + Acye 2')F = 0. (35)

Herein, different subcases result.

Subcase 2.1.2.1: ¢ =0and F, # —% A?

If c; = 0, from (35), we have two choices
1. If&2 = 0and F3 # 0, we obtain the principal algebra only.
2. If& # 0and F; = 0, then the symmetry generators are

_ 209
Aot
and X7, A3 as well as X from subcase 2.1.1.1 (2).

Ao

Subcase 2.1.2.2: F = —% A?andcy #0

In this case, we have two possibilities from (35).
1. IfF; = 0, then

9 3
flu) = iu_l/B’Fl - §A2u.
For this case, the principal algebra extends to five dimensions, in addition to A3, X} from

subcase 2.1.1.1 (2) one has

42 34,0
W= et (g T Ay

2. If i3 # 0, then the symmetry generators are A and &) only.

Subcase 2.2: a, =0
In this case, from (25), we have

k
lx(u) — ﬁllulﬁ‘rl + kz

Here we have two cases.

Subcase 2.2.1: k # -1
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If k # —1, then from (24), we deduce
3(k+1)& — (3k+5) ¢ = 0. (36)
After some manipulations, we have
F(u) = Bu?+s,
and obtain the principal algebra along with

9 3(k+1). 0 39
o= xort 3krs ' T a5 o

provided k # —3.

Subcase 2.2.1.1: k= -5/3
From (23) and (36), we find

k&t +284 =0, (37)

with solution

2 _1
&= Zap + aze R,
ko

provided k; # 0. Thus, from (11), we have

Fu) = Skikput® — 2 Bu v fut/?
8 16
and 3
a(u) = —3 kiu=23 4+ k.
These forms of functions result in
0 2 9
X = — X = — —
To o TP kot
d 3 d
— gkt (2 2 i
Y= et (G gk gy,
Subsubcase 2.2.1.1.1: kr =0
In this case, Equation (37) gives
gl = axt + as.

And after some calculations, we arrive at

flu) = fru='73.
The algebra in this case is spanned by the principal algebra and

0 3 0
Subcase 2.2.2: k = —1
This yields
a(u) = kyIn(u) + ko,
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and hence from (14) we derive
H=a, & =c and 7 =0.

This results in the principal algebra only.

Case 3: B = —% and &2, = 0

This case reduces (25) to
(5¢F —3c1)ay 4+ 3(¢ — 1) uay, =0

Again we consider two subcases.

Subcase 3.1: ay, =0
This implies
a(u) = k (constant),
which reduces (24) to
k‘:tl + 26}1&/

leading to two more subcases.

Subcase 3.1.1: k=20

Following the usual steps, as we performed in the above cases, we obtain the following
form of function f

flu) = fu’?,

which results in the principal algebra, and additionally

P O R )
3T 79 "o+1 ot oc+1 ou
provided ¢ # —1and o # 3. Here, 0 is constant.
1. Ifc = —1, then

flw) =,

which yields the principal algebra and A5 from subcase 2.1.1.2 (1).
2. Ifoc = 3, then

f(u) = fiu
and for this form of function we find
d 3 0
Xg, — xa - E u @,

in addition to X7 and A5.

Subcase 3.1.2: k#0

After some manipulations, we obtain

_3 oc—1

f(u) = 1(307_7)(2—‘7)"2”4'f1”0/

with the Lie algebra in this case being two-dimensional spanned by X and X5.

Subcase 3.2: a, =0

This case has the same Lie algebra as in Subcases 2.2.1 and 2.2.1.1.
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The above classification is summarized in Tables 1-3.

Table 1. Complete classification.

Cases Forms of «(u) Forms of f(u) Lie Symmetry Algebra
Case 1
2.=0, p# —% Arbitrary Arbitrary X = %, X = %
Subcase 1.1: «, #0
o= k% Ukt 4 Ky,
ki # 0
111 k# -1
B #2(k+1) a = kIlel ykt1 flu) = fLu?+3 X1, X, and
— .0 2 (k+1)
A3 = X5~ gD
9 2 3
o+ e Yo
flu) = *m ca ky uk
c3#£0,B=2(k+1) a = Fuktt - 2(k#+1)(k2 3+ 3)u+t Xy, X, only.
fl u2k+3
c3=0p=2(k+1) a = k}fT]l”kH flu) = fu?+3 X, X, X = t%— (lerl) u%
1.1.2: k= -1
k=-1 a = kyIn(u) + ky X, X, only.

Subcase1.2: «, =0

x=k
12.1: B# —4, k#0
4+2
B#—4 =0 x=k f) = —G2ERu+ ful™P X =2 =1
£h 9 k )
Xy = e¥F (5§ — FZpug)
Xl—a%ﬁ,k&:%%,
442 L
B# 4 0 #0 a=k flu) = — G5 - T3}
X4:x%+%u%
121.1: B # —4, k=0
2=0 f) = fut-ph Mt B,
xd At 2oyl
x T ) Pt T Bl D) Y ou
1.2.2: p=—4
1221: p=—4, k#0
=42 =12
“k ) = fin L
Xy = x5 —quyy
1222 p=—4,k=0
X, X, Xy =x2 4 ]
a=0 flu) = fhuh R e T )

) 2 d
For = ) You




Math. Comput. Appl. 2023, 28, 96 14 of 38
Table 2. Complete classification.
Cases Forms of a(u) Forms of f(u) Lie Symmetry Algebra
Case 2
2.#0, p=—3 Arbitrary Arbitrary X = %, X = %
Subcase2.1: «, =0
a = A (constant)
211: A=0
xa=0 fw) = JRu Y+ hu+F
2.1.1.1: Fz 7é 0, 1 = 0
(1) e1=0, B#0 x=0 f) = JRu® + hu+ K X= 3k g M=
X = *ﬁ%, X =2,
(2)c1=0, ;5=0 a=0 fw) = §Ru™Y? + Bu X3:e3plx(%73‘/2T1u%),
Xy = V(1 S )
X u
2112: F =0, 7& 0
Xy, X, A3, Xy from subcase
F=0 xa=0 flu) = §Ru™l/3 2.1.1.1 (2) in addition to
X5 = t% + %u%
_ Xy, X, and
B #0 x=0 fu) = 3Ru? + K Ve 1.8 2
4 Xy =t5 —gx 55 +2u g
21.2: A#0
x=A fw) = JRu Y + hu+F
2121 B #-3A% =0
X =223 X, Aand
= = =9 -1/3 2 A otr s A3
F=0 a=A fu) phu +Fu X, from subcase 2.1.1.1 (2)
F5#0 a=A f(u):%Flu’1/3+F2u+F3 Xy, A only.
2122: H=-3A% ¢ #0
X1, Xp, A3, Xy from subcase
FE=0 a=A fu) = Ju™13F — 2 A%y 2.1.1.1 (2) in addition to
A= (g - JAug)
F#0 a=A fw) = Ju™3F — 2A2u+F X, X, only
Subcase 2.2: «, #0
221: k# -1
Xy, Xy, Xy = x 2 4 Ak
k 1, A2, A3
k#—l,k#—% N = ﬁuk'ﬂ-l-kz f(u):F2u2k+3 o3 a ax 3k+5
ot 3k+5 * du

flu) = %k1k2u1/3 - l%k%u +

) 2 9
Xl:ar Xz:fy,

k# -1, k=-3,k#0 o= —3ku?23 +k - 1 2
3 2 fiu 1/3 X3:e_7k2[(%—%k2u%)
k# -1, k=-3 k=0 = —3ku?/3 flu) = fu=l/3 X, X, Xy =t3 +3ul
222 k=-1
k=-1 a(u) = kyIn(u) + ky Xp, X, only.
Table 3. Complete classification.
Cases Forms of a(u) Forms of f(u) Lie Symmetry Algebra
Case 3
&2.=0, B= f% Arbitrary Arbitrary X = %, X = %
Subcase 3.1: «, =0
a =k (constant)
311: k=0
Xy, X, Xy = 9 =3
¢ # -1, 0#3 a=0 flu) = frue? b B S Xt o
b — ev1tou
c=-1,0#3 0 flu) = fru=1/3 X, N, X =t3+3ul
(77&—1,(7:3 0 f(u):flu Xl, Xz,Xg—xW—%M%
31.2: k#0
c# -1, 0 #3 o=k fw) = -3 g5 2= 0)Fu+ fu Xy, X only.
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3. Optimal System of Subalgebras

To perform the reductions of (1) in an efficient way, we look for all the disjoint linear
combinations of one dimensional subalgebras, partitioned into dissimilar classes. This can
be accomplished by finding the optimal system of one dimensional subalgebra. In this
section, we find the optimal system using an adjoint action representation method due to
Olver [4] for each case discussed above.

To find the optimal system, we take a general element X € I'3, given by

X =e1X] + e + ez, (38)

where the adjoint action representation is defined by
X e
Ad(e™) X = X —e[&;, &] + a1 (X, [X, Xl +.... (39)

Applying (39) on the generic element (38), we obtain the following optimal system of one
dimensional subalgebras for each case:

Subcase 1.1.1:

Xt = x5+ &,

X2 =X,
X3 = Xl +€2X2,
Xt = X,

Subcase 1.1.1.1.1:

Xl =25 + e Ay,

X2 =X + A,

A% = xy.
Subcase 1.2.1 (A):

Xl = 61.)(1 + Xz,
X=X+ A,

X =x
Subcase 1.2.1 (B):

X=X, + Ay,

X2 = X5+ Ay,

X3 = x,

X=X+ X,

X% =X,
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Subcase 1.2.1.1:

Subcase 1.2.2.1:

Subcase 1.2.2.2 (C):

Subcase 2.1.1.1 (2):

Subcase 2.1.1.2 (1):

Xl =
xX? =
X% =

= A5 + ex Ay,
=X ek,
- X

=X + A3 + Ay,

X1 + e Ay,

= ey + Ay,
= e X + Az,

X.

= X5 + Xy + A,
= Xy + A,
=e ) + As,

= X3 + A&,

= X5,

=X + A3 + Ay,
=X + Ay,
=X + &,
=X,

=X, +e3 X3,

X3,

= X3 + A
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Subcase 2.1.1.2 (2):

Xl

X2 =

X3

X4_

=X, + Aj,
A,

=e A + Ay,

= A].

Subcase 2.1.2.1 (2): This subcase has the same optimal system as in subcase 2.1.1.1 (2).

Subcase 2.1.2.2 (1):

Xt =
X? =

X3

X8

Subcase 2.2.1:

Xl

X3 =

X4

Subcase 2.2.1.1:
A1
2
XB

Xy + A3 + Ay,
X + Ay,

=e A1 + A + A,
Xt =
X° =
X0 =
X7 =

e X1 + Ay,
Xz + Xy + &5,
Xs + Ay,

A3,

=e A + &5,
X% =
ylo _
pl
yi2 _

Xy + Xs,
X5,

e1 X + Ay,
X

=X + A,
= A3,

er X + A,
= A].

=e A1 + Ay,
= e A1 + A,
—

Subcase 2.2.1.1.1: The optimal system of this subcase overlaps with the optimal system of
subcase 1.1.1.1.1; however, the symmetry generator X3 is different.



Math. Comput. Appl. 2023, 28, 96

18 of 38

Subcase 3.1.1:

X% = A5,
X3 X + e Ay,
Xt =X

Subcase 3.1.1 (1):

X! = e1 X1 + Aj,
X2 =)+ X,
X3 = .

Subcase 3.1.1 (2):

X! =e X, + A,
X2 =X+ ek,
X3 = X,

3.1. Reductions to Ordinary Differential Equations

In this section, we invoke the above optimal systems to perform reductions of (1) for
each case. In some cases, we are able to find the exact invariant solutions.

3.2. Reductions for Arbitrary Functions a(u) and f(u)
We begin with x; = %. By the method of characteristics, we have

dx _di _ du
1 0 0
which yields the following invariants, t = w and u = ¢(w). Using these similarity

variables, we determine the following reduced ODE,

" 1 12
oo+ f9) + Be e = 0.
Now, we consider the symmetry generator x, = % and have

dr _dt _ du
0o 1 0

which gives x = wand u = ¢(w). Hence, we obtain the reduced ODE

¢+ ap)e = f(9).
3.3. Reductions for Subcase 1.1.1

In this case, Equation (1) takes the form

1
Uy + 1 ky bt uy = fuPt 4 puP w2+ uPuy,. (40)

For
d 2(k+1) d 2 d

1 _ - . _
Y =Dt ey T2k Yo
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we find the following invariants:

B—2(k+1) 1

w = (x + l)t 20k+1) u= ¢t (*k+1)
and corresponding to these, (40) reduces to
" ! ].
(9F = PP g —wg (x4 ok g+

B-1 /2 2(k+1) ky kel k+2
POt o (Ao T T ) = O

(B=2(k+1))? (B—2(k+1))(B—4(k+2))
(k1) A(k+1)2 :
As for X2, the reduced ODE is the same as above. However, the similarity variables are

wherep = and x =

B=2(k+1) _ 1
w = xt 2(k+1) , u = 4)t (k+1)‘
Likewise, for
d
X = — + ,
ax ' Zot
the similarity transformations are w = e;x — tand u = ¢(w). According to these

transformations, (40) takes the form

" 1 I _ ’
and this gives the traveling wave solution. Now, for the time translation generator,

d

Xt ==
ot’

we obtain , ,
9o+ BeP e + g™ =0,

where w = xand u = ¢(w).

3.4. Reductions for Subcase 1.1.1.1.1
Equation (1) has the form

i ﬁkl W = P 20k 1) g P g (41)
For the generator,
] d 1 d
Xl - 2 f— — —— oy
x Ty T Gyt aw

we find the following reduced form of (41):

1 " ! 1 2 !
(V419 49 (k™ =14 Sk+1)9% ) +
1 1
kq k+2
$RPET S e - ) = O

where the invariants corresponding to this generator are

1 1
w = e—x—ln(t), u=¢t D,
1
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The symmetry generator
d d
X% = — + —
ox — ot
results in the ODE,

1

2k+3  _

(4)2(k+1) _ 1) 4)” + (P, 4)k+1 (2(k+ 1) (Pk 4), _

via the invariants w = x = tand u = ¢(w). Now for translation in x,

J
3 2
X_E)x'

we have the invariants of the form w = tand u = ¢(w), which reduces (41) to

o

Dokl g k43
k+1k1¢¢ fip 0.

¢// —'—

3.5. Reductions for Subcase 1.2.1 (A)

In this case, Equation (1) becomes

Uy + kup = —w Ku + fi w14 ﬁuﬁ_l ui + uP . 42)

(4+p)?

The symmetry generator
PR
X

=
¥l

yields the invariants

wzlx—t, u = ¢(w),

k

which result in the following reduced form of (42):

(4+2pB)

1 " ! 1
(@ —D¢ +¢ (2o +0) + 9 (A" —(ppzk) =0
Corresponding to X2, the similarity transformations
1 2mt
= —_ — = ﬁ
w X - e, u ge ,

give rise to the reduced ODE

" 1 ' 2 1
(¢ —1)¢ + 5 (B(k+1) +2(m+1))¢ — 4+ﬁ<p + fipPt F29pP 192 = 0,
where m = —%. Furthermore, we have
" ! 4k2
_ B+l _
0 ke 4 e = et =0,

for the translational symmetry operator X3

3.6. Reductions for Subcase 1.2.1 (B)

Equation (1) in this case admits the following form:

Uy + kup = 7M Ku + ﬁuﬁ_l u,zc + uPuyy. (43)

(4+p)?
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For o 10 2 9
Ty 2 4 -2 =
S R TR 1T
the PDE (43) reduces to the ordinary differential equation
" ’ —4 (2 — ﬁ) (4+2,B)
bRy g ¢ (P20 1) 192 - =0,
(0" =)o+ 9 (FpmgP =) + 9 25 0" — (i p)

by the similarity variables w = kt — In(x) and u = x*/F ¢.
Also, X2 leads to

(@ = 1)¢" +¢(4+ﬁ+¢ﬁw +hwt ) - 524>—0

subject to the invariants

4 Bk
w = In(x) + ;kﬁ e,
and
_2(4+ﬂ %t_;'_ Bk t)
u=¢e BUFKC ip
For the generator
0 2 9
x? = -
ax B Y ou
the invariants
w=1t u= xz/ﬁqb

result in the following reduced form of (43):

4428
(4+pB)?

Now for X*, the reduced differential equation is given by

¢ + k¢ + K — (4+B) P =0

4+2p
(4+B)?
Similarly, associated with the time translation symmetry X, (43) reduces to

4428
(4+p)?

Also, the symmetry generator X' has the invariant transformations

K¢ =0.

(P —K3) 9" + K2¢ + ppP~lg? —

PP’ + ppPle? — ~¢ = 0.

2k
w=x+ +'Be 4“5 u=¢e zip!

Bk '
which transform (43) into the form
(9f —1)¢" +pgf 9% =0,

having the solution

p(w) — 4)(;213:1 =dqi (d) + w).

In the same manner, for the translation symmetry in x, we deduce the following reduction:

4428
(4+p)?

¢ + k¢ + K¢ = 0.
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The exact invariant solution corresponding to this is
_2p _2
u(x,t) = die P M dye R
with the graphical representation.
24P 1y

(

(ki +1)2w? — ¢P) 9" + = (2= B2k +1)) (ki + 12w — ppP~ 192 +

(k1 + 1)

K

w? — ¢F) ¢

"

Figure 1 shows that the solution decreases exponentially in time. The terms e *+#

_2
and e ¥~ represent different components of the wave. As time increases, the shape and

behavior of the solution will change with these components. Both components constitute a
2+

different decay rate of the wave. The rapid decay term e 4+# “! causes faster damping of
the wave.

i
i
mmﬂm;mmll T
L
i
/) s
il
i
i

t 0 0 x
_2tp __2
Figure 1. u(x,t) = dye wpkt 4 dye mpkt

3.7. Reductions for Subcase 1.2.1.1

Equation (1) becomes
up = frut PR BuP U 4wy, (44)
The generator

0 kq 0 2 0

1 _ . . _
A =g T F D5 Bl ) Yo

(k1 +1)

having invariants
B Eal
w=x(kit+ (ky+1)) *,
2
u=¢ (kit+ (ky+1))Fh

transforms (44) into

4— 2Bk

2
2 B2

— 1-Bki — .
3 ¢— fig

Similarly, X2 leads to

+ lgfw(z—ﬁ(zklﬂ))(klu)zw(/,’ e 4ﬁzzfzkl¢ ~ fet PR — g

where the similarity variables are
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Moreover, the Lie generator X gives the following reduced form of (44):

(¢F — )¢’ + P o2 + figt Pl =0
Now, for X#, we have ,
o — A q;l*ﬁkl =0,

by means of the invariants w = tand u = ¢(w), which yields the following exact invariant
solution

2k 2k 9
P(w)? (M +1) R (%, 2—}3k1;1 + 2—}5k1;_2f1¢(w) 1)

d1 (2—PBk1) d1(2—Bk1) — (d 2
= + w)-
2 f1 p(w)? PR 2
fl gfﬁkl + dl
3.8. Reductions for Subcase 1.2.2.1
Equation (1) in this case is
uy + kuy = fru — 4y~ uJZC + u Uy, (45)

The Lie generator X'! has the similarity variables

_ _ Kk _ 12

w = In(x) t,  u=¢x %
€2
that reduce (45) to the form
_4 k2 " _5 /2 _4 ! k2 ! 1 _3
@7 = 5)¢ —4979" +3¢7¢9 + ¢ — ¢+ fig=0.
€ €
Now for X2, we have
4 k2 " 5 /2 kz /
("= 5)¢ —4¢ 79" + ¢ + fi¢=0.

€ €

via the similarity variables
= — —t = .
w=x o u=4q¢
Also, for the translation in time
10
X3 =__
k ot’

(45) becomes , )

97 — 49T + fig=0.
3.9. Reductions for Subcase 1.2.2.2 (C)

Equation (1) for this case is
uy = fo wh — 4y=> u,zc + u * . (46)

X! with the similarity variables

f1+3

w=x((i-1t*x (1 +3) "7,

W= ¢ (-1t = (fi+3) 7T,

converts (46) to the ODE as

(B+ AP — ¢ +26+A) ¢ w+ 4992 +2(fi+1)p — frp/t = 0.
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For X2, we derive the following similarity transformations:

_h+8
w = xt A1

u = 4>t_f1%]
which transforms (46) into
(3+f1) 2(3+f1) 4 » 1 fi—o.

Also, for the traveling wave symmetry generator X3, we obtain the following reduction
(97% 3 —1)¢" — 49797 + L9 = 0.
Similarly, for X 4 we obtain the reduction of (46) as
P 497097 + gl = 0.

3.10. Reductions for Subcase 2.1.1.1 (2)
In this case, (1) can be written as

9 4
Uy = lel u=1/3 + bhu — gu_”?’ ut + u 43y xx- 47)
The symmetry generator X'! reduces (47) to

_ " 9 _ 4 _ ’

where the similarity variables for this symmetry generator are

1 L
=t — —=t h+/3F
w N an™ " (sinh \/3F; x)

and
u = ¢ (cosh \/3F x)~%/2,

Likewise, X2 has similarity variables w = 3F ex x + tand u = ¢, which transform (47) into
" 9 — Y
(9F2e3p 43 —1)¢p + Frop + ;qufl/?’ —12F2 3¢ 73 9% = 0.

Now we consider X3, which has the respective invariants of the form

3,/3h

1
(U:t_\/TTle\/ﬁx, u:(pe 2 X,

and for these invariants we arrive at the following reduced differential equation:

(973G~ 1)¢" + B~ 397197 =0

Now for X4 we find
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which results in the same reduced differential equation given above. The reduced ODE for
XS is 4 9
o4/ (P” Y B¢ — §¢—7/3 ¢’2 i ZH )

3.11. Reductions for Subcase 2.1.1.2 (1)

In this case, (1) takes the form
R Vi B /L B —4/3 48
= g hu U uy +u Uxx- (48)
The symmetry generator X'! reduces (48) to
_ " 9 _ 4 l 3
(¢7*° = 1)¢ + B¢ — ™7 = 2977Pp2— 19! =0,

where the similarity variables for this symmetry generator are

w—— ;Fl tan~1(eV3RI) 4 In(p),

and

u = \/3F (eV3h¥ — o= VBRX) 1 ¢ 3/2,

For X2, the invariants are given by

3 1 3Fx
w = ln(t) _ Le\/ﬁxr Yy = 62( 3F1x+\/3716 1%)
v/3F
that yields
—4/3 2 43 4 730 3 3

(97 + )¢ +97 0 — 29T - S9! =0 (49)

Now for X3, the invariants
w:ln(t)—k?x, u=¢t’?,
1

reduce (48) to

" r 3 4 / 9
(¢~ —e)g —2ei¢ —Jelp— 297792 + [ Redp P =0

The reduction of (48) for X* is the same as given in (49), with respect to the following
invariants:

_3(./3F 1 ,—/3Fx
w = ln(t) 4 Le_ 3F1x’ u=ge 3 (VBRx+ \/3Tle )

V35

The reduced differential equation for X is

_ n 3 4 / 9 _
(977 —wh)g =10 — 3979+ (R P =0,

subject tow = xtandu = ¢+3/2.
In a like manner, for X%, the reduction of (48) is given by

"

(972 —1)¢" — TRV - ST =,
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where the similarity variables for this symmetry generator are

1 L
=t — —Ft h+/3F x),
w N an~ " (sinh \/3F; x)

and
u = ¢ (cosh \/3F x)~3/2,

Also, the Lie symmetry X7 with respective invariants

1
w =t — ——eV3h¥, u=g¢e z %

V3F

gives the reduction

(973 —1)¢" — §4f7/3¢’2 — 0.

Similarly, for X', the reduced form is
_ " 9 _ _ /
(OFF g3 —1)¢" + JR¢ > —12F¢ 7392 0.

The reduced ODE for X? is 9
4)// _ ZF] 4)71/3 = 0.

Associated to X'19, the reduced form of (48) is given by
_ " 4 /
(747 =)y — 397¢? =0,
via the invariants

e*\/Ble 73V3F1x

, u:(pg 2

w = ezt +

1
V3F

Similarly, for X 11 we arrive at the reduced form

subject to the invariants
w = t/ u = (P e 2 x.
The corresponding invariant solution is

3,/3R

u(x,t) = (dy +dat)e” 2z %,

Graphically, this shows exponential decay.

Figure 2 shows exponential decay in the amplitude of the wave. As x increases, the
amplitude of the wave swiftly diminishes. In other words, the wave spreads linearly with
time ¢t and then diminishes exponentially as we move along the x-axis in the positive

34/3F
direction due to the term e~z ¥, This solution illustrates the behavior of the wave that

spreads and grows linearly with time while also decays in amplitude with spatial distance.
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Figure 2. u(x,t) = (d; +dat) e‘ﬁx.
The similarity variables
w=t  u= ¢(cosh/3F x)?,
associated with X'1? gives the following reduction of (48):
" 9 _
¢+ h¢ 13 = o.
3.12. Reductions for Subcase 2.1.1.2 (2)
Here, (1) becomes
4
Uy = F3 — g 1/[_7/3 l/lf'c + M_4/3 Uxx-. (50)

We begin with X! for which the invariants

w=x—(t+1),

and
u=¢(t+1)>

reduce (50) to the differential equation
Qw43 — )¢ + ¢ (6w P — 4w — 1203779 —2¢ + B = 0.

For X2, we obtain the same reduced ODE, as given above. However, the similarity transfor-
mations for this symmetry generator are

w=x—1t, u:¢t2.
Similarly, for X3, the invariants w = x — e;tand u = ¢(w), results in the reduction
_ " _ /
(¢~ —e)g —w'P979% — K =0

The reduced differential equation for the translational symmetry X* is

¢ —F =0,

subjecttow = t and u = ¢ . This results in the following exact solution of (50)

1
M(X,t) =d; + dzt-i—EtZFg,
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and the graphical illustration of this solution is shown below.
Figure 3 shows the quadratic behavior of the solution that increases with time.

0,
et
sty
\\\\\\“\\\\‘ %
i &
A
\\\\\“‘\‘3\‘8““&3&&“‘\‘:%:83{\:\‘3:3&:&
A\ i\ 11 Y wy! AN !
antt il aae ‘:33:‘\:‘\33“\“

i
! o

SRR
'
\:\““\

T

Figure 3. u(x,t) = dy + dyt + 3 2 F5.

3.13. Reductions for Subcase 2.1.2.1 (2)

In this case, (1) can be written as
9 4
up + Aup = Zpl w13 4 FBu— §u77/3 ui +u Y3 Uyx. (51)
The Lie symmetry generator X'! reduces (51) to
~4/3 4 / p o173 _ 4 73,2
(97" =19 —Ap + ho— h¢™ " — 2977797 =0,
where the similarity variables for this symmetry generator are

w=t— \/;)T:ltanl(sinh V/3F x),

and
u = ¢ (cosh/3F x)~%/2,

The reduction of (51) for X2 is

"

(12Ff G *° — A% 9" — A¢ + B¢ + ZFl 973 — 2R G992 = 0.

Corresponding to X3, the invariants

1 3,/3F
e\/3F1x (Pe X

w=t—-— — , u =

v3F

lead to the following reduced differential equation
(B9~ —1)¢" — Ag + Rgp — 597§ =0

Also, X4, yields the following invariants:

3,/3F]

1
w=t+4+ —— e V3h* u=¢e —z 7%,

V3F ’
and by using these invariants we deduce the same reduced differential equation as
given above.
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The reduction of (51) associated to X° is
—4/3 " 4 —~7/3 In 9 -1/3
¢ Fhe— ¢ TeT+ R = 0.

3.14. Reductions for Subcase 2.1.2.2 (1)
In this case, (1) is

9 3 4
Uy + Auyp = ZFlu_l/e’ — EAzu — gu_7/3u§ + u_4/3uxx

The symmetry generator X'! reduces (52) to the ODE

_ ” ’ 4 / 9 _ 3
((p 4/3_1)4) _A(P _g(p 7/34)24_11:14) 1/3_RA2¢:O/

where the similarity variables used are

w=1t- tan~!(sinh \/3F; x),

1
V3E
and

u = ¢ (cosh \/3F x)~%/2,

Now, X2 has the similarity variables

1 emx, y = (pes\/zﬁx,
V3E

and by using these invariants, we arrive at

w=1t—-

(97 =14 — a9 =~ 59792 - LA =0

The similarity transformations

1
w = Inle; e V3HY 41| + ¢,
o J3E leg |

and .
u:¢|e_ 3F1x+61| ,

associated with X3 transforms (52) into

_ " ’ 4 o ’ 9 _ 3
(¢ 7 =1 — A — 9792+ JqR ¢ - Z AT =0
3 4 16
Also, for X*, we have reduction
43 _ 2 4 Aerd — 2 A2 — T 7342 1 2 “1/3 _

Similarly, for X' the similarity variables

w =t u = ¢ (cosh\/3F x)~%/2,
reduce (52) to

3

= A%p = 0.
64 ¢=0

" ! 9
§ + AP+ R+
4

(52)
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For X7, we obtain the reduction of (52)
" ! 3 2

subject to

_3\/3F
w=t u=¢e 7 X

This reduced differential equation yields the following exact solution of (52):

3,/3F
u(x,t) = e” Yy (dq e At 4 dze_%t).

Graphically, we have the following representation.

Figure 4 shows the diminishing behavior of the wave in both space and time. The
combination of the exponential terms creates a solution that represents temporal and spatial
decay. The graphs shows exponential decay as we move away from the origin. Moreover,
the presence of the damping term A causes faster decay. The wave initially starts with the
smaller amplitude and oscillations, but decays exponentially as it moves in both space and
time. It can be seen from graphs that the wave decays with the increase in time and its
oscillations become smaller and smaller.

o
o o

IS
np
n

0.06 d1=5
d,=0.1

3,/3F 34

Figure 4. u(x,t) = e~ 2 ¥ (dje 5! + dye31).

The similarity variables

associated with X8 give

"

(04 —1)g" — 59792+ TR =0
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For X9, the similarity variables

reduce (52) to the ODE

/ 4
o3¢ — §¢—7/3 o7 + Zpl o3 — 0,

The symmetry generator X! results in the reduction

" 9 3

90 +AY — (RGP A9 =0,

subject to
w=1t u=¢e VI 4 )32

In a like manner, X'12 yields

!

d ’_2 -1/3 i 2 _
¢ +A¢ — JR¢V A =0

3.15. Reductions for Subcase 2.2.1

Equation (1) in this respect takes the form

%ni3 4

k+1 . w72 By, (53)

u +Lku
S

For generator X'!, we obtain the reduced form of (53),

ur = qu

(¢p~2 — Bk +52w?) ¢’ + (3k+5)w¢’ (ﬁ ky ¥ —3(3k +5) (6k +11)) —
4 7/3 .1 %+3 _ 3 ekt
3077 ¢ + FR¢ (9k+18)¢+k+2k1q‘) =0,

where the invariants associated with this generator are

3k+5

w=x(@k+1)t+ (3k+5)) 31,

u=¢Bk+1)t+ (3k+5))‘ﬁ.

Corresponding to X2, the invariants are

w = xt73m?>, U= ¢t*ﬁ,
which yield the ODE
a3 (BKE5)? 0 (3k+5) s 1 e (3k+5) -
(¢ Gar Yt G @ ah Gc13) O +9)
(k+2) 1

4 _ /
74) 7/3472 + F24)2k+3 _ k1¢k+2 = 0.

3 (k+1)? o+ k+1
Now, we consider X3, which reduce (53) to the ODE

. " k ! 4 /
((P 4/3—8%)4) 4 k_:lel(l)k+1¢ _ 54’ 7/3472+F24)2k+3 _ 0’
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and this gives the traveling wave solution.
The symmetry generator X* gives the reduction

" kl

4) +k+1¢k+lcp —F2472k+3:0.

3.16. Reductions for Subcase 2.2.1.1

Equation (1) in this case becomes
e 4 (7§k 2/3 4 o) uy = 2 ik ul/d _ 32 173 4 73 —4/3 54
tH 5 1u 2ut—8 1K U 16 21xl+f11/l 31/1 ux+u Uxx. ( )

The similarity variables associated with X! are

w:x—%zelt, u = ¢(w).

Using these, we reduce (54) to the ODE

—4/3 k% 2 " / k% 3 —2/3
(97 —gea)e +¢ (Fa—jakke ™) -
473 ~13 9 13 3 0. _
Similarly, for X 2 we obtain
_ " 3 _ / 4 _ / _
(972 =1)¢ = Sk¢™Pp — 2¢7P92 + fig7 P =10,
with respect to the invariants
k 3k
w:x—ze%t, ufq)e_th

Now, we take X3, which reduces (54) to
S 23 kb 4 SR — 2 kikdl/d — £ 13
¢ 214’ 4>+2<P+16 5¢ 8124) fi¢ = 0.

3.17. Reductions for Subcase 2.2.1.1.1

In this case, we have following form of Equation (1):

3 4
U — E kl M72/3 Uy = fl Z/lil/3 — g M77/3 M,zc + 1/l74/3 Uxx-. (55)
Analogous to X1, the reduced ODE is

4

/ 9 3
—7/3 2 13, 9y 13 3
3€%¢’ ¢+ fidp +4k147 19=0

(lz 4)74/3 o 1) ‘P” + (P’ (;kl 4)72/3 N 2)

with respect to the similarity variables

Similarly, for X 2 we have

(74— 1)¢" ~ Skp Py~ ST+ fr T =,
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with respect to the invariants

Now consider X3, which reduces (55) to the ordinary differential equation

" 3 o ! _
9 = 5k — fg7!P =0,

3.18. Reductions for Subcase 3.1.1

In this case, we have
o3 4 73 2 —4/3
Uy = f1 u — —u uy +u Uxx (56)

The Lie symmetry X! with the respective invariants
o+1

x((c=3)t+ (c+1)) 3,

6

¢ ((c—=3)t+ (¢ +1)) 3,

w =

u —=
transforms (56) into ODE

(97 — (@ +1)?w?) 9" —20+1)(c+5) wg —
20797+ frg7 60319 =0

For X2, we have

2 " !
R e e [ LT
(c+3)

4 7,3 .7 a/3 _
3¢ ¢ +f1¢ 6(0__3)24)_0'

Now A3 reduces (56) to the differential equation

(97473 —1)¢" ~ §¢‘7/3 9>+ fi97% = 0.

Also, for the translation in time X4, we obtain
_ " 4 _ !
970 — 397 e + g7 =0

3.19. Reductions for Subcase 3.1.1 (1)

Equation (1) in this subcase is
(57)

4
Uy = fl M71/3 — 51177/3 u% + l/l74/3 Uxx

Corresponding to X', the reduction of (57) is given by

1  _ 1 / 4 ’ _ 3
(272¢4/371)¢ *2¢73?¢7/3¢2+f1¢ 1/3714):0.
1 1

For X2, we have
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(3(11\/]71\/7 d3/2 9 f1p(w)?’3 ( )%/ +3Sl’lh (\/7\/7)+9f3/2 ( ))2

"

(9% —el) ¢

Also, for translation in x, that is, X3, we obtain

9 —hp =0

This leads to the following exact solution:

4 _ / _
- 30797+ a9 =0

= (d2 + (U)Z

36 f7 (dl + 3 f1p(w)?/3)

3.20. Reductions for Subcase 3.1.1 (2)

Equation (1) in this case is
4
Uy = f1u — 51477/3 ur + u 3, (58)
The symmetry generator X! yields the reduction of (58)

1 " / 4 / 3
(07 = 5)¢ —2¢ — 397 92+ g+ 797 =0,

2

Similarly for X2, we obtain

— " 4 _ !
(¢S —1)9 — 3077+ ip = 0.
Also, for the translation in time, X3, we find

"

99 §¢‘7/3¢’2+ fig = 0.

4. Conservation Laws

Conservation laws, central to symmetry analysis, arise as a result of Noether’s theorem,
which connects continuous symmetries and conserved quantities of a system. In the
framework of Noether’s theorem, a conservation law is a divergence expression, indicating
that certain physical quantities remain conserved due to the symmetries embedded in
a system described by differential equations. The study of these conserved quantities,
inter alia, are useful for double reduction, linearization of PDEs and determining nonlocal
symmetries of differential equations.

In this study, we find conservation laws via the partial Lagrangian approach due to
Mahomed and Kara [10]. A partial Lagrangian of Equation (1) is of the form

L= Zu?— %uﬁu,zc + /f(u)du, (59)

1
2
where
oL
ou
The operator in Equation (3) associated with the Lagrangian (59) is called the partial
Noether operator of Equation (1) if the condition below is satisfied, viz.

1 _
= a(u)uy — Eﬁuﬁ L2,

ALt (D + D)L =W L DB 4 DB, (60)
where,

W=y¢— glut - ‘;rzux/
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B! & B? are gauge terms depending on (x, t, u). From Equation (60), we arrive at the

following set of determining equations:
glzol‘gz:o/gu :0/
gx M'B + Bﬁ == 0,
G — Ca(u) — B, =0,
{f(u) — Bf — B =0.

From Equation (61), we have

¢ = A(t,x).
Also, Equation (63) gives

B = Au— A /tx(u)du +G(tx).
Moreover, from Equation (62), we determine

Bz = —‘3_1'_1./495 M‘B+1 + f(t,x),

with the conserved vectors arising as
Tt - B 1 - A ut,
T = B* + AvPuy,,

subject to the condition

Af(u) = Awu — Ay /w(u)du + G - ﬁilex uPtl 4 F

Now we consider different cases for arbitrary a(u) and f(u).
Case 1: If f(u), a(u), uP*1 and u are not related, then
A=0,
HL+HZ=0.

So, no operators are obtained in this case.
Case 2: If f(u) = 0.

(67)

(68)

Subcase 2.1: If a(u) is arbitrary function of u provided a(u) # uf, the conserved vectors

in this case are

Tt

(A + Azx)/a(u)du Y G- (A + Aax)u,

T = _/3-1|-1AZuﬁ+1 + F + (A + Ay x) uPuy.

Here, A; and A; are the constants.

So, we end up having the following conserved vectors:

(7—{/7—1}() = (—/tx(u)du +G — u, ”ﬁ“x + ]:>'

1
t x| _ _ B - = o |
(7,72)—(x/oc(u)du+g xuy, xuPuy + F ﬁ+1u

)
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Subcase 2.2: If a(u) = uP, the conserved vectors in this case are

TH = —2A3u — (A + A2x+A3(—2t+x2)) (7‘3—1—1

T = *5+1(A2 + 2430) uPT 4 F 4 (Ar + Agx o+ As(=2t + x%)) uPuy.

uﬁ+1 + ut) + g/

Herein A;, A, and A3 are constants.
Subcase 2.3: If a(1) = a is constant, the conserved vectors are

Tt = (A + Azx)/oc(u) du + G — (A + Ao x)uy,

T = —mAz uﬂ+1 + F + (Al + AQX) M‘BMX,

where A; and A, are constants.
Case 3:If f(u) = f1 + fou and a(u) is not linear in u, then
A=0,
HL+HZ=0.

No operators arise in this case.
Case 4: If f(u) = f; + fruP*! and a(u) is not linear in u, then
For f, > 0, the following components are obtained:

TH = —(Ay cos\/ fo(B+1)x+ Az siny/fo(B+1)x / u)du + up) + G,
— (A siny/f(B+1)x — A; cosy/H(B+1) ) [ﬁil,/fz(ﬁﬂ)ww

f£+1 (Aq cosy/f2(B+1)x+ Ay siny/fo(B+1)x uﬁux,
2

where A; and Aj; are constants. Now, for f, < 0, we deduce the following components of
conserved quantities:

TH = —(AjeVREHDx L g o= VABH)x) (/uc(u)du +u) + G

7

7% = A eVRB ] vflzﬂfil+1 WA - (fgﬂ) P+
2
VARG (VRBAD g A B
A e [ fT u f2(ﬁ+1)+uxu],

where A; and Aj; are constants. Hence, for constants A; and Ay, there are two independent
conserved quantities, i.e., 71 = (7], T{*) and T, = (7}, T;*) for (41 = 1, A; = 0)and
(A =1, A =0), respectively.

Case 5: If f(u) = ky [a(u)du.

In this case, we determine the conserved components as
T = Ay (kyu + (1— ki t) (/oc(u)du +up) + G,
T = AL =k ) uPuy + F.

Case 6: If a(u) = « is constant.
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Here, we have different subcases.

Subcase 6.1: If f(u) = f is a constant, the conserved vectors in this case are

T = (A + Azx)/zx(u)du Y6 (A + Arx)u,
1
Tx = —mAzuﬁ+1 + F + (Al + AZ.X) M‘BMX,

where A; and A, are constants.

Subcase 6.2: If f(u) = k;uP*1, the conserved vectors are

ot ot
Th = —cos\/ki(B+ 1)x[As(au +u) + A %] — sin\/k1(B+ 1)x[Ag(au +ur) + Ay %] + G,

N k +1 ot ot
T = COS\/kl(,B+1)x[[1%(_€1)(A4+A2 %)M’S+1 + (A3 + A %) uﬁux] +
) k +1 ot ot
sm./kl(/ﬂl)x[vé(fl)(,atﬁ,atl %)uﬁﬂ (At A %)uﬁ uy] + F.

5. Conclusions

The complete Lie point symmetry classification of (1) was performed for the arbitrary
smooth functions a(u) and f(u). All possible choices for the extension of the principal Lie
symmetry algebra were covered. The optimal system of one dimensional subalgebras was
obtained for each case as arising from the symmetry Lie group classification. Reductions for
all the cases were performed using the Lie subalgebras. Also, exact invariant solutions and
their graphs were presented in some cases. Moreover, we have also studied the conservation
laws via the partial Lagrangian approach. All the possible cases were discussed in order to
find the conserved vectors of (1).
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