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Abstract: We construct a stabilized finite element method for linear and nonlinear unsteady advection-
diffusion-reaction equations using the method of lines. We propose a residual minimization strategy
that uses an ad-hoc modified discrete system that couples a time-marching schema and a semi-discrete
discontinuous Galerkin formulation in space. This combination delivers a stable continuous solution
and an on-the-fly error estimate that robustly guides adaptivity at every discrete time. We show the
performance of advection-dominated problems to demonstrate stability in the solution and efficiency
in the adaptivity strategy. We also present the method’s robustness in the nonlinear Bratu equation in
two dimensions.

Keywords: residual minimization; unsteady advection—-diffusion equations; discontinuous Galerkin;
implicit time-marching schemes; adaptive mesh refinement

1. Introduction

The unsteady advection—diffusion-reaction model system poses distinct challenges
for its numerical approximation. A limit case of interest arises when the equation becomes
advection-dominated, showing sharp internal or boundary layers. Classical numerical
methods (e.g., standard FEM) lead to numerical instabilities when the mesh is not suf-
ficiently fine to capture the fine scales associated with these flow features, leading to
unphysical oscillation.

Stabilized methods, such as Stream Upwind Petrov Galerkin (SUPG) [1] or Galerkin
least squares (GLS) [2], overcome this problem by including artificial diffusion in the
governing equation’s variational form. The variational multi-scale method (VMS) [3,4]
captures fine-scale features by modifying the variational form [5-8]. Other technics such as
the discontinuous Galerkin (dG) methods [9-13] stabilize the solution by providing local
conservation and adding inner penalization across the element interfaces.

Methods based on residual minimization, including Least-Squares Finite Element
Methods (LSFEM) and the Discontinuous Petrov-Galerkin method (DPG), seek stability by
minimizing the discrete residual in dual norms [14-16]. Extensions to these ideas regarding
parabolic problems include: [17-20] for dG and [14,21-24] for DPG methods.

Although these methods show stability for advection-dominated problems, the lack
of a priori localization of the inner or boundary layers in the exact solution leads to
expensive simulations on quasi-uniform meshes. Additionally, the lack of robust re-
finement strategies is critical for unsteady problems where the solution varies in space
and time. Thus, we reduce this computational cost by using adaptive methods that
rely on a posteriori error estimators to refine solution singularities. Posteriori error
estimators for unsteady diffusion advection reaction methods are described in [25,26]
and for unsteady dG implementations in [27-29].
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Recently, Calo et al. [30] introduced a new class of adaptive stabilized conforming
finite elements via residual minimization for steady problems. The method combines resid-
ual minimization ideas with the stability of the discontinuous Galerkin formulations. As a
result, the method delivers a stable continuous solution and a robust error representation to
perform on-the-fly adaptivity. The authors introduce the framework in a series of papers for
linear and nonlinear applications (e.g., advection—diffusion problems with heterogeneous
and highly anisotropic diffusion [31], its use combined with isogeometric analysis [32], non-
linear weak constraint enforcement [33], goal-oriented adaptivity [34], for incompressible
flows [35,36], flow in porous media [37], and dynamic fracture propagation [38]).

In this paper, we extend [30] for unsteady advection—diffusion-reaction problems
using the method of lines. Our method offers robust spatial refinements for a user-
selected time marching method. We first approximate the spatial derivatives using a
space semi-discrete scheme and then solve the resulting system using a time-marching
discretization. As particular examples, this paper uses implicit first- and second-order
time-stepping (BDF1 and BDF2) discretizations [39-41].

Compared to other techniques, the main advantage of this method relies on the non-
conformity of the starting dG formulation, which allows us to work with stronger norms
from the dG theory with a continuous trial space. Moreover, the refinement strategy and
its efficiency in obtaining high-resolution approximations from coarse meshes allow us to
overcome the computational cost resulting from the implicit temporal schemes and the
extra degrees of freedom in the saddle point formulation.

The paper’s outline follows: Section 2 introduces the model problem. Section 3
describes some preliminary concepts for dG discretizations for time marching. Then, we
present the well-posedness of the dG method combined with the backward differentiat-
ing formula for time marching. Section 4 describes the residual minimization problem
and introduces our adaptive stabilized finite element method for parabolic problems.
Finally, Section 5 contains some numerical examples showing uniform and adaptive
refinement cases for two-dimension linear and non-linear problems, followed by some
concluding remarks.

2. Model Problem

Let Q € R?, with d = 2,3 be an open, bounded Lipschitz polygon with boundary T.
We denote n as the outward normal vector to I'. For a given open and bounded domain K,
we represent its L? inner product and L? norm as (-, -)o x and || - ||o,x, respectively. We set
(o= (,)oaand || -|lo:= |- |0 for convenience. We define the well-known Hilbert
space H'(Q)) := {v € L*(Q) : Vv € L?*(Q) } with the inner product on Q) denoted by (-, -);
and the space H}(Q) := {v e H(Q):v=00onT}.

Forany T > 0, I > 0, and let V be a Hilbert space, we denote by cl(v):=clo,T;V)
the I-times continuously-differentiable function space in [0, T]. Thus, C°(V) and C!(V) rep-
resent the continuous and continuously differentiable space function in [0, T|], respectively.

The inflow (—) and outflow(+) subsets of the boundary I' are defined by

IT:={xel|p-n<0}, TT:={xel|p -n>0}

where € Lip(Q) (Lipschitz continuous) represents a velocity vector field.

We denote by I'p and I'y the Dirichlet and Nuemann boundary, respectively, such
that I' = I'y UI'p. Thus, we define the inner and outer part of the Neumann boundary
as follows:

Iy:=InnNI", Iy :=TInynrt.

We consider the time evolution of the advection—diffusion—reaction solution defined in
the space-time cylinder Q) x (0, T] for T > 0. The governing equations in strong form read:
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ou—V-kVu+p-Vu+puu = f inQ x(0,7],
u = gp onTp x(0,T],
(«kVu—pBu)-n = gy onI'y x (0,T], 1)
kVu-n = gn on T}, x (0,T],
u(-,t=0) = up(x) inQ,

where y € L™ represents the reaction coefficient, x(x) > 0 the diffusivity, f € C°(L2(Q))
the source term, and gp € CO(H'/2(Tp)) and gy € C°(L?(Ty)) the Dirichlet and Neumann
boundary values. We assume that 8, ¥ and p are time-independent, and that (8- Vv +
po,v)g > 0 for all v € H}(Q)). Denoting Lg, the Lipschitz modulus of B, we consider a
reference velocity B, and a reference time 7, defined respectively as:  B. := |||l and

-1
T, 1= {max(||y\|w,L5)} )
Introducing the billinear form

a(u,v) == («Vu,Vov)o+ (B - Vu,v)o + (pu,v)o,

the weak form of (1) then reads: find u € L2(0, T; H'(Q)) N H'(0, T; L?(Q)) such that, for
eacht € (0,T],

(0¢u,v)o +a(u,v) = (f,v)o, Vo € H}(Q). (2)

3. Discontinuous Galerkin-Based Time Marching Discretization
3.1. Discrete Setting

We set Ty, as the triangulation of (), and K an element of Ty,. We define the finite
dimensional spaces:

Vii(Tp) 1= {veLz(s) - v|g € PY(K) e,VKeSﬁh} 3)

and
Uy(Ty) = Vi(Ty) NCUQ), (4)

where P?(K) denotes the set of functions with degree lower or equal than b on K. Given K;
and K; € Ty two disjoint adjacent elements in Ty , sharing an internal face F = 0K; N dKj,
we define nr as the normal vector on the face F from Kj to K; (see Figure 1). We define the
set of all faces as ., := Uges, F and the internal and boundary faces set by I = S\T
and .7 = .}, NT, respectively. Moreover, we denote by .7 := .#}, N Tp the set of Dirichlet
boundary faces and by .} := .}, N 'y the set of Neumann boundary faces. Let /i be the
element diameter of K € Ty and hr be the face diameter of F € .},. Given a face F € .% 0
we define the jump and average of v across F by

[0 (x) = vl (x) — vliy (x) ~ Vx€F

and

{0}r(x) 1= 5 (0lk, (x) + ol () VxEF.

IfFc.7?, weset [v]p(x) = {u}p(x):=v|g(x) VxeF.

Figure 1. Notation of the element interface.
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3.2. Space Semi-Discretization

We formulate the space semi-discretization by combining the Symmetric Interior
Penalty (SIP) and the upwind dG formulations (UPW) for the steady advection—diffusion-
reaction equation. We set that hx < B, min(T, 7;) to avoid strong reaction regimes, to allow
the mesh to resolve the spatial variation of the velocity field, and to guarantee that a
particle at speed B, crosses at least one mesh element over the time interval (0, T). Let the
semi-discrete dG approximation (1) in the space Vj, be: For t € (0, T], find 6j, such that

(9t on)o + an(On, o) = Cy(vy) Vou €V, )
with 6),(0) = 6. We define the advection—diffusion-reaction billinear form aj, as follows:
ap(u,v) := ap(u,0)™ + ap(u,0)"", (6)
with

ap(u,v)" = KET(K Vi, Vio)g + Y nex([u], [0])r
€ FeA

= L (V) e, o)+ ([l {<Vy0} - np)s) (7)

0
Fes,

- ) ((thu ‘np, o)+ (u, «Vyo-np)p — Tng(u,'U)p)
Fesp

and

ap(u, o) =Y (uu+B-Vyu,0)g+ Y, ((B-np)u,0)p

Kex FesPnr- ®
= L (- np)lul, (o)) + (518 nrllu], [o]) ),
Fe.7

where 7, and n, are two positive penalty coefficients for the diffusion and advection
billinear forms. We define 1, explicitly as (see [30]) :

AGKy) | AQBK)\ _
<p+1><p+d>{%(vu<f> g ), i F=0Kinaky

d A(9K) . _
W, if F=090KnN F,

Ne 1= Mo

)

where 1, > 0 is a user-defined constant, p is the polynomial degree of the test space
and V and A represent the volume and area of an element in 3D, and its length and
area in 2D, respectively. Moreover, 1, modifies the numerical flux associated with the
upwinding billinear form. The centered fluxes correspond to n, — 0 while the upwind
fluxes correspond to n, — 1. We set n, = 1 and n, = 1 for this research. In the general case
when weakly non-homogeneous boundary conditions are enforced, the linear form ¢, (vy,)
for the discrete problem (5) reads:

Cp(v) := (fu(t),0)+ Y (nex(gp,v)F — (80, €Vyv - nF)E)

Fe}"”hD
+ ), ((B-np)gp,v)p+ Y, (gn,0)r (10)
Fes’hDﬂF— Pey;f

We set f,(t) = m,f(t) Vt € [0, T], where 7, is the L? projection onto V. Next, we
manipulate functions of the form (u(t) — v;,) in the space V,j, := H'(Q) + V},. Thus, we can
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write an equivalent form of (5) in terms of the discrete differential operator Ay, : V,;, =V},
such that, for all (u,v,) € V,;, x V,,

(Apu,vp)o == ay(u,vy). (11)

We use the discrete operator A, to formulate the space semi-discrete problem (12) in
the form: for each t € (0, T], then

(9604 (£),0)o + (Apby(t),0)0 = £y(v) in Vo € H)(Q), (12)
with the initial condition 6;,(0) = 71,u(0). We endow V}, with the norm:

1213 = llollZ + 1127w (13)

where ||v||2, and ||v||?,,, correspond to the symmetric interior penalty (SIP) and upwinding

(UPW) norms defined as follow:

[0l3 s = =l Volg+ Y nexl|[o]llof, (14)
Fe s,

and

00120 == M I0lI5 + 318 ne(v,0)or + Y. 18- ne|([0], [¢])or

Fe7y
+ 3 B hkl|B - VoS (15)
Ke¥
Additionally, we define its extended norm as:
01, = ol + X Be(lolBe + B o) + X ksl Vo-mlr. )
Ke¥ Ke®

We introduce the discrete properties of the operator Aj, following [§ 3-4] [42]

Theorem 1 (Discrete operator Ay, properties).

1. Consistency: The exact solution u of (1) satisfies
atu(t) + Ahu(t) = Bh(t) Vit € (O, T]
2. Boundedness: There is a constant Cy,; < oo ,independent of h and T, such that

(Apv,wp)o < Cpuallvl

vaelwnlly — V(o,wy) € Vi X V.

3. Discrete inf-sup stability: There is a constant Cszz > 0, such that

ay(vy,, w
Cstallonlly < sup an (0, 1) Yo, € Vi,
wrevpv(oy  wnlly

3.3. Backward Euler Time Discretization

We first consider the Backward Euler method (BDF1) for time marching and implement
the second-order Backward differentiation formula (BDF2) in Section 3.4. Herein, the <
symbol denotes less or equal to a mesh-independent constant. We define 7 := T/N as the
time step, where T is the final time, and N is a positive integer. We set T < min(T, ;). We
use the following first-order approximation of the time derivative:

n

n+1 _
st = % EV Vneo,...N. (17)
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Thus, the fully discrete problem is: forn =0,--- ,n —1, find (9ZJrl € Vj,, such that
(551)92+1,UZ+1)0 + (Ah92+1/vz+1)0 = (£Z+11 vZ+1)0 VUZ+1 c Vh/ (18)

where 92 = muug and EZH denotes the discrete linear form on V' (10) at time n + 1. We
define the discrete-time operator Ay, ; : V,j, — Vj, such that, for all (u, wy,) € V7 x Vj,,

(Apu,wy) = ap(u,wy) = (u,wy)o + ta(u,wy). (19)

Thus, we rewrite problem (18) in terms of the new operator Ay, ; as:

{Given 07, find 6" € Vj, such that: 0)
(Ap 01, 0p) = (I8, 04)0 Yoy €V,
with
16 = o + Tl (1)
We endow V), with the time-step dependent norm:
leon |12 = N5 + <lleonll5 (22)
and its extension:
leonlI?,« := llwop|Ig + Tlleop][3, (23)

The operator Ay, ; satisfies the inf-sup condition in terms of the norm ||wy||2 by ex-
tending Theorem 1. Moreover, the operator Aj, ; is bounded in terms of the above norm
and its extension ||wy |2 , as:

(Apc(),0n) S llu

3.4. Second-Order Backward Differencing Formula (BDF2)

As above, we use the second-order backward differencing formula as a time marching
method to obtain a fully discrete solution,

vhHTr V(U, wh) S V*h X Vh' (24)

T,*

(552)Un+1 _ 3vn+l — 4" + z]n—l

- €V Vnel,...N. (25)

Forn=1,--- ,k—1,find 9,:‘“ € Vj,, such that

D0, oo + (A o o = (6o Vet eV, (@26)

for this case, we redefine the discrete-time operator Ay, ;, as well as the billinear form a;,
as: Ap 7 : Viy — Vj, such that, for all (u, wy,) € V' x V,

(Ancttywp) = ap (u,wy) == (u,w0p)0 + 37a(u, wy). (27)
We now write problem (26) following the derivation of (20) with
e o= 3oty 4o - oy 2s)

and a given initial condition 6 = 7,u9. We compute 6}, if necessary, with a first-order
method. This operator satisfies the stability properties described in Section 3.3. Thus,
updating (20) with the definitions (27) and (28), the operator Ay, ; is well-posed.
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4. Fully Discrete Residual Minimization

This section describes the stabilized finite element formulation via residual minimiza-
tion on dual discontinuous Galerkin norms formulated in [30] for unsteady problems. We
develop a method that delivers a stabilized discrete solution in a continuous space by
minimizing the residual in a dual discontinuous norm at each time step. Thus, we choose
V}, as a broken polynomial space described in (3) and U}, as its H!-conforming subspace.
Following the formulation (20) in V},, we chose a trial conforming subspace U, C Vj, to
solve the following residual minimization problem:

Given uj , find uZH € Uy, C Vj, such that:
1
1 - 2
w1 = argmin 11— Az,
zpely (29)

1,
= argmin EHRT 1(lh — Apzn) ngr
zpely

where ug = 1yup and [, is defined as [, := uj + T€Z+1 for BDF1 and [}, := %TKZH + %u;’ —

%uZﬁl for BDF2. R;! denotes the inverse of the Riesz map:

Re: V=V (30)
(Reyn, on)vy vy, = W On)e ¥V o € Vi
Problem (29) is equivalent to the following saddle-point problem:
Given uy, find (€Z+1,MZ+1) €V, x Uy, such that:
(e op)c + (A o) = (oo Yo, €V, (31)
(Apeznef™) = 0, Vzy € Uy,
where the residual representation function SZ+1 is defined by:
eyt = Re' (I = Ape) € Vi (32)
We write (31) in the dual space,
Given uj find (EZ-H, uZ+1) € V, x Uy, such that:
Ree!tt + Ap o™t = 1, in V, (33)
Apef™t = 0, in U

Remark 1. Substituting the source term ( KZ“ ) from (20) into the first identity in (33), we obtain,
for BDF1, that:
Reel ™ + Ap o T = ull + Ay 071 — 071 (34)
Rearranging and defining the spatial error at time step i by &' := 6} — ul; then, (34)
implies that:
e = R (Al 7). (35)

Or, equivalently, for the BDF2 implementation:
€Z+l — R;l(Ah’TéﬂH*l _ %gn + %Ci’lfl).

Hence, we can alternatively define eZ“ as an error measure distance from the continuous
to discontinuous approximation at the n + 1 time step with the k previous time-step spatial error

contributions (for a k-order BDF method).
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Adaptive Mesh Refinement

This section describes the adaptive refinement procedure with the following steps.
First, we solve the saddle-point problem (33) to obtain an error representation (¢"*! € V},)
in the norm (||¢"*1||2). Then, we construct a local version of the time-dependent norm (22),
having an error indicator per cell (Ek), such that:

EZ = 1€ 15k + Tl D o, (36)
where 1912 1912 1 17012
€, Lo = I VE" G + B Tl B - VIE TGk +
). (”GK +31B- “F|) (Ie" 1, [ T)o,r. (37)
Fe.,

Here, we use an extension of the Dérfler bulk-chasing criterion [43] to mark the cells
with the highest Ex values based on an accumulative error in a cell loop. We first organize
the cells in the order of decreasing error per cell. Then, the algorithm marks the elements
in two cases: when the accumulative error in a first loop reaches a user-defined fraction
of the error ||¢"*1||2, and when the error of the remaining cells in the first loop is larger
than a chosen fraction of the last refined element. By refining all elements with comparable
errors in an iteration, we guarantee refinement in the elements close to the cutoff, which
the original strategy did not mark; this combined strategy reduces the computational cost
per iteration. Let 77,,¢ be 0.25 in 2D and 0.125 in 3D (see [33]) and v = 0.2 in all cases. Then,
we refine the marked cells using bisection. Algorithm 1 summarizes the marking strategy.

Algorithm 1 Marking strategy
Input: Ty, [le" |2, 7,5, N, v
: Compute Eg all K € T, from (36)
: Sort and store in sortK all K € T}, from highest to lowest Eg values
. Initialize cell to mark Kmarked = sortK[0]
. Initialize the local error of the marked mesh cell Eg,, = Ex[Kmarked)]
: Initialize sum = 0,7 = 0, flag = True and E.,;y =0
: while (sum < erfHe”“H% or Ex;y > (1 —v)Eq )and i < N do
Mark Kmarked
if sum < nfestH% then
sum < sum +Eg;,
else
if flag then
Ecut < EKm
flag < False
i+—i+1
Kmarked < sortK[i]
Exm < Ex[Kmarked]

O 0N O U W N e

e e
@ NP

== =
ARSI

The stopping criterion for the refinement algorithm is as follows. Starting with a
coarse mesh, we refine while the total estimated error in the norm ||e"*1||; remains above a
time-step dependent tolerance E;,; = 7Cy,;, where Cy, is a user-defined constant. For the
numerical examples in this paper, we use Cy,; = 1 x 107°. Algorithm 2 details the imple-
mentation of BDF1.
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Algorithm 2 Algorithm for BDF1

Input: T 1), T, T, Eypp, 1 =0
L ouy = u2
2: fort € {0...T} do
while E > E;,; do
Project uj, on T}
n+1

Solve u, ™" and S’ZH using the saddle point problem from( 33)

3
4
5
. : n+1
6: Compute E using ¢},
7
8

if E < Eq; then
Use €Z+1 and the marking criteria described in the Algorithm 1 to obtain the

refined mesh ¥

9: Tg%f
10: t—t+7
11: n<—n+1

5. Numerical Examples

This section presents four numerical examples to show the performance properties of
our adaptive stabilized finite element method. First, we solve the heat equation problem,
obtaining optimal space and time convergences for uniform refinements. We use the classic
Eriksson—-Johnson problem in the second case to test the adaptive refinement strategy and
its convergence in space for different polynomial degrees and Péclet numbers. The third
example shows the stability in two dimensions for the unsteady pure-advection problem
where the mesh moves in time. Here, we compare the computational time of the stabilized
finite element method using adaptivity for a uniform mesh with the dG method. Finally,
we show the performance of our procedure in a nonlinear unsteady reaction—diffusion
problem with two-branched numerical solutions.

Since we minimized the residual in the energy norm (7), we focused this research on
the spatial convergence study in this norm. For the following numerical examples, we
implement the iterative algorithm described in [30,44] to solve the resulting saddle point
system (33) and use FEniCS [45] as a platform to perform all the numerical simulations.

5.1. Heat Equation (2D)

We start the method’s performance analysis by solving the 2D heat equation while
refining the spatial domain uniformly. Although this case does not present any particular
challenge to classical methods, it is a standard benchmark problem to test space and time
convergences of parabolic problems.

Let the domain Q be [0, 1]?; we consider the problem:

oru—Au = f in Q) x(0,T],
u = 0 onI'p x(0,T], (38)
u(-,t=0) = uy inQ,

with the initial condition:
up = sin(7x) sin(7y),

and the source term f that satisfies the exact solution:
u((x,y),t) = exp(—m?t) sin(7x) sin(7y).

To formulate the fully discrete problem, we combine the SIP billinear form (for x = 1)
with the BDF1/BDEF2 time marching scheme. We show the convergence plots for linear
and quadratic polynomials in space (Figures 2 and 3) and time (Figure 4). To perform
the spatial convergence test, we compute the errors ||u — uy||r (in black), ||u — 6] (in
blue), ||6;, — uy||+ (in green) and ||e, || (in red) for different mesh sizes (Ax). We denote Ax
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equal to hg for uniform meshes. To perform the time convergence, we show ||u — u]|o
varying with the time step 7 for Ax = 0.01. As a result, we recover space optimality for
the continuous approximation (from dG formulation) and the first- and second-order time
convergence for BDF1 and BDEF2, respectively. We show that the saturation assumption
in [30] holds in our formulation (i.e., ||(T) — 0,(T)||x < ||u(T) — up(T)||<) and the residual
representation is efficient until the error dominates (i.e., ||e||+ < [|[u(T) — uy(T)||¢ in [30]).
To illustrate, Figure 3b shows that for p = 2 and high DoF, the temporal error is no longer
negligible to the spatial error; however, the error estimator continues decaying since it does
not consider the temporal error contribution. We will seek to prove these properties in
future work.

107!

1072

1073

llell-

1074 1 I |
0.025 0.010 0.006 0.003 0.002

Ax

Figure 2. BDF1 spatial convergence using fixed time step and uniform meshes.

107!

llell-

1074 . )
0.025 0.010 0.006 0.004

Ax
@) T =0.1,7=0001p=1

Figure 3. Cont.
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1072

107°

1074

10n(T) — un(T) ||~

1077}

—6

10 L L
0.025 0.010 0.006 0.004

Ax
(b) T =1,7 =0.001,p =2

Figure 3. BDF2 spatial convergence using fixed time step and uniform meshes.
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5.2. Advection—Diffusion Problem

We complement the spatial convergence study of the previous example, using adaptive
refinement for the unsteady advection-dominated Eriksson-Johnson problem. Let the
domain Q be [0,1] x [—0.5,0.5]; we consider the exact solution

exp(s1x)—exp(r1x)

u((x,y),t) = exp(—It)[exp(A1x) — exp(Aax)] + cos(my) exp(sT)—exp(=11)”

for f=0and [ =2, A, = —EVIA 4 1w 1;(4"2”2 and s; = 1=V ”2+K4"2”2. Here, we set
B = [1,0] and pu = 0 for different diffusion coefficient values. Based on the exact solution,
we apply Neumann boundary conditions at x = —1 and ¢ = 0; meanwhile, we impose
Dirichlet boundary conditions at x = 0,y = —0.5and y = 0.5 at time ¢ = 0.

The problem’s main challenge is capturing the boundary layer, especially for high
Péclet numbers. Figure 5 shows how the error estimator drives spatial adaptivity to
smooth the regions with sharp gradients in each time step. Figure 6 shows the errors
llu — up||z, ||u — 6)]| and &y ||+ versus the square of total degrees of freedom (DoF'/?) (i.e.,
dim(Uy,) + dim(V},) ); these plots verify the optimal spatial convergence in the fully discrete
energy norm using BDF1 and BDF2 time integrators for linear and quadratic polynomial
trial functions at T = 0.1 and 7 = 0.005. In Figure 7, we verify our method’s convergence
for higher Péclet numbers by setting the diffusivity in 1073 and 10~*. Figure 8 shows the
evolution of our transient solution to the analytical steady-state Eriksson—Johnson. Similarly
to the uniform refinement case, we preserve the efficiency of the residual representative
and the saturation assumptions as stated for the adaptive steady state case.

Level 0 Level 3 Level 6

Figure 5. Mesh refinement 7 = 0.005, T = 0.1,p = 1.
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g
3
=
N
10-5 — — : .
1072 DoF—-1/2 102

(b) BDF2,p =1,2
Figure 6. Spatial convergence for adaptive refinement (BDF1 & BDF2: x = 1072, T = 0.1, T = 0.005).
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Vj,-norm

DoF~1/2
(b)x =104
Figure 7. Spatial convergence for adaptive refinement using BDF2. p =2, T = 0.1, T = 0.005.

Time 0 Time 0.1 Time 0.5

Figure 8. Solution convergence to the steady Eriksson—Johnson solution.
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5.3. Rotating Flow Transporting a Gaussian Profile

In this example, we analyze the performance of our method in a convective transport
problem with a localized disturbance. Thus, we test the adaptive algorithm in the case
where the region of interest moves within the domain as time passes. We study the solution
of a 2D convection—diffusion transport by a rotatory flow of a Gaussian profile. We set
O=1[-2272T=mrB=[y,—x],« =107 u = 0and f = 0. The initial condition is

up = exp(—64(x — 0.5)%) exp(—64y?),
we impose Dirichlet boundary conditions from the exact solution:

B 1 64(x — 0.5cos(t))? 64(y + 0.5sin(t))?
Yt = 556 exP( 1+ 256kt X 1+ 256kt

Figure 9 shows the profiles of the solutions and the corresponding adaptively refined
meshes at different time steps. These results demonstrate the continuous solution stabil-
ity and consistency with the physical phenomena, even for low diffusivities. Moreover,
the mesh nodes concentrate where the solution varies largely, showing the robustness of
the error estimator and the efficiency of the marking strategy when adding new degrees of
freedom. Regarding computational cost, our stabilized finite element formulation using
adaptivity is competitive with the dG methodology using uniform refinement. Solving the
saddle point formulation requires an extra cost due to the additional degrees of freedom.
However, adaptivity compensates for the excess due to the solution’s stability in coarse
meshes and the robustness of the error estimator. Figure 10 shows a comparison between
the total computational cost required to obtain a solution with the adaptive stabilized
method (blue line) and the computational cost using a regular mesh in the dG method (red
line). Besides, the figure shows that the adaptivity can reduce the computational cost by up
to one order of magnitude to get a resolution of 1 x 107> in the energy norm.

Time 0 Time 0.671 Time 7T

Figure 9. Time evolution p = 1 (T = =, T = 71/512).
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Figure 10. Computational cost [s] vs. total degrees of freedom.

5.4. Unsteady Bratu Equation: Non-Linear Diffusion-Reaction Equation

We conclude the method’s performance analysis by studying the solution of a nonlin-
ear diffusion-reaction equation. Let A be a positive real constant and () = [0, 1]2 ; we solve
the unsteady version of Bratu’s problem in the following form:

Find u such that, for T > 0,
o = Au+ Aexp(u)  inQ x(0,T], (39)
u=0 onT x(0,T],
u(-,t =0) =up(x) in Q,

The two-dimensional steady version of (39) has a branched solution for A < A, (lower
and upper branches) and a unique solution when A = A., with A, ~ 6.8081 as a critical
point. The problem’s main challenges are the lack of stable solutions in the upper branch
and close to the critical point A, leading to classical techniques converging only to the
stable lower branch. We test our method’s robustness, accuracy and performance in this
transient bifurcation problem; we compare the solutions obtained in (39) when ¢ — oo, with
the 2D steady Bratu’s approach obtained in [33]. We formulate the space semi-discretization
of (39) as follows:

(40)

Find 6;, € V},, such that:
(00, v)o + 1n(On; 0n) = Ly(vy), Yoy €V,

where 1, (11,; v;) denotes the nonlinear form, including the SIP formulation in (7) with a
non-linear reactive contribution. We define it as:

Mn(upop) =Y (Vi - Vio)k — Y, (Aexp(up), o)k
Kex Ke.s

- ) (({thh} ng, [op])r + ([unl, {Vaon} -np)p — nex([un], [[Uhﬂ)F)-

Fes?

(41)
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For BDF1 time marching, we define the discrete-time nonlinear form as:

(U op) = (up, o)k + Ty (uy; op). (42)

Thus, the full-discrete formulation for problem (39) is:

Given 67, find 0] *! € V}, such that:
(43)

1 ;
M (07 o) = (LS, 04)0 Vo, €V,
with [[¢ := 6} + TﬁZ“. We use a Newton—Raphson iteration scheme combined with the

residual minimization strategy described in Section 4 to solve (43). We seek a solution at
every Newton step increment wy, for each time step 1 4 1 by using the linearized form:

M (s Wy, 0p) = (Wp, 04k +T( Y (Viwy - Viop)k — Y, (Aexp(up)wy, oy)k
Kex Ke o,

- ) <({Vhwh} -np, [op])r + (Twn], {Vion} - np)r = nex([wy], [[W]])F)) (44)

FE:S/};,

Since (44) takes the form of a diffusion-reaction problem, we use a time-step dependent
norm (22), with the SIP contribution to the V},—norm, to minimize the discrete residual of

the linearized system. The norm || - || is enforced with an L, contribution to measure the
nonlinear reactive term. Starting with an initial guess (¢ ', 1)) and given (¢ 7', uj ™),
we find:

(el 1, 6ul ™) € Vi, x Uy, such that: V(z,v;) € Vi, x U,

Gep ™ on) e + 1 (£ 0up ™ o) = (non)o — (7 on)e — (w5 on)  (45)

/ n+1. n+1y _ l n+1. n+1
My 5zn, 08, ) = —my (w75 zn €7
uzJ{l and s’,f{l are updated at every i-th increment as follows:
n+1 __ _ n+l n+1 n+1 __ .n+1 n+1
it = Wy Tkow T, e i =g +kog T,

where k denotes a relaxation parameter from the Damped Newton’s method [46], and it
is detailed to our formulation’s context in [33]. For the time step n = 1, we set the initial
guess (8231, uZEl) = (0, uy), where u,; varies depending on the solution branch we want
to capture. Here, we assume u,; equal to the initial solution (i.e., u,c = ug) with ug = 0
for the stable lower branch and ug = uyp for the upper branch. Since the lower branch
is stable, many different initial guesses converge to it; however, we only use one option.

The unstable upper branch is more restrictive; therefore, we follow [47] and use:

Uup (X, y) = w(x — )y —y?).

Figures 11 and 12 show the two branch solutions obtained for a time step increment
T = 0.1 with an initial mesh of 4 x 4 elements and a final time T = 1.0. Figure 11 shows a
time sequence for lower and upper solutions from t = 0 to ¢t = T at A = 2. Figure 12 shows
the classical bifurcation diagram for Bratu’s problem evaluating the maximum value #max
at the time T for different A values from 0 to A.. At this time, we guarantee a convergent
solution over time to approach the steady state of this problem. We demonstrate the
robustness of our approach and the efficient refinement strategy to capture all stable and
unstable branches, even close to the critical point (A.). We test the accuracy of the results by
successfully validating our bifurcation map at time T with results obtained from different
authors at the steady state [31,47].
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Figure 11. Solution’s temporal evolution for A = 2 for the lower and upper branches.
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Figure 12. Bratu’s bifurcation diagram for T = 1.0 and 7 = 0.1.

6. Discussion

This paper proposes an adaptive-stabilized finite element method based on residual
minimization for unsteady advection—diffusion-reaction problems using the method of
lines. The method provides a stable solution and a robust error representation to guide
adaptivity at every discrete time. We demonstrate the method’s performance for challeng-
ing linear and nonlinear problems with optimal spatial and temporal convergence and the
efficiency of the adaptive refinement strategy to capture sharp inner and boundary layers.
We present evidence that the adaptive refinement process could overcome the required
computational cost to solve the saddle-point problem compared to the uniformly refined
schemas on discontinuous Galerkin approximation. Other time-marching approaches, in-
cluding explicit time-marching schemas with time adaptivity and space-time formulation,
will be described in future publications.
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