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Abstract: In this article, we are interested in the behavior of a three-dimensional model of periodic
perforated piezoelectric plate, when the thickness & of the plate and the size ¢ of the holes are small.
We study the dependence of displacements and electric potential on /1 and ¢, and give equivalent
limits when & and ¢ tend towards zero. We compute analytical formulae for all effective properties of
the periodic perforated piezoelectric plate.
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1. Introduction

Piezoelectric plates and, more generally, structures containing piezoelectric materials
are widely used in engineering applications, such as sensors or actuators. The piezoelectric
effect is the capacity exhibited by some materials to convert a mechanical deformation to
electric field and vice versa. Application to the materials of an electric field produces a
mechanical deformation. The increased application of composite and perforated (lattice)
piezoelectric materials in ground-breaking Micro-Electro-Mechanical-Systems (MEMS)
has stimulated great interest in several studies (see Ikeda [1]).

In the literature, there are several papers concerning modeling on piezoelectric struc-
tures. We refer, in particular, to the works of Rahmoune [2,3] and Sene [4,5], who modeled
the behavior of a piezoelectric static thin plate not perforated with the thickness h tending
to zero. In [6], the authors modeled the thin piezoelectric shell. Kauffman and Saint Jean-
Paulin [7] studied the behavior of the displacement when the parameter of the thickness
of the plate, period of perforation, and the ration between the width of the bar and the
period tended to zero. Figueiredo and Leal [8] used asymptotic analysis to obtain a 2D
piezoelectric model.

The present paper is inspired by Rahmoune [2,3], and Sene [4,5], and again, we use
the asymptotic analysis and homogenization theory (see [9] or [10]) to derive a reduced
piezoelectric model and we give the homogenized system. Explicit formulae of elastic,
piezoelectric, and dielectric homogenized coefficients are reported.

2. Setting of the Problem

In this section, we first introduce some notations. Then, we recall the static three-
dimensional piezoelectric model of non-homogeneous anisotropic thin plate, and we
describe its formulation as a boundary value problem and the variational formulation.
Throughout this paper, L?(Q) in the Sobolev space of real-valued functions that are mea-
surable and square summable in ) with respect to the Lebesgue measure. We use C7° (Y) to

denote the space of infinitely differentiable functions in R® that are periodic of Y. The sub-
script 4 stands for Y-periodic functions in the last variable.

2.1. Geometric of the Medium

Let w, be a bounded perforated domain of R?, the boundary of which dws is regular.
The three dimensional piezoelectric domain (), is defined in the following way (see
Figure 1)

Qe = wex] —h,+h], heR,
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where Q) is plate with middle surface w, and thickness 2h. Ty, = t¢ x| — h, +h| is the set
of the cylindrical perforations. The upper (resp. lower) face is I’ ;z: = we X {+h} (resp.
I, =we x {—h})and T}, = yx] — h, +h[ is the exterior lateral boundary of the plate. We
set I’ = 0QYy,.

a’ff:'

mN
rhs

Figure 1. Perforated piezoelectric plate.

The plate is clamped on the exterior lateral boundary (the Dirichlet conditions) in
the placement in I'7'P = 40 x] — h, +h[, with mes(y/"?) > 0. We use I'""N to denote the
complementary portion of the lateral surface. We have

PN =T,F UL, U (9™ %] —h,+h[) = Tje — 7P, where 7/ U4 = 0w,

We have Neumann boundary conditions on the boundary of the holes on the top and
bottom faces.

2.2. Model Problem

The unknown of the piezoelectric plate model is the pair (u’?, ¢*), where u
(uﬁ‘e, ug‘g, uge) denotes the displacement vector field and ¢ is the electric potential, which
is a scalar field. The current point in (), is denoted by x = (x1, x2, x3). The plate under
consideration is made of linearly piezoelectric and anistropic body; the elastic, piezoelectric
and electric moduli are periodic for the variables x; and x,. The period is the order of a
small-parameter e.

The equations of equilibrium and Gauss’s law of electrostatics, in the absence of free

charges, are written as:

he _

—div th(uhs, ([Jhg) = f' inQ,,, 1)
—div D" (u", ) = 0 inQy,,
we complete the boundary conditions,
u'e = 0 on I
he = 0 on I, o)
ohe(ul, gy nhe = 0 on 9Ty U Fie,
D (u, ¢ n" = 0 on 9T, UT

he’
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where £ € L2(Q),) (in fact, f" refers to the restriction of f in ),). The second-order stress
tensor /¢ = ((Tf‘je) (In the following, we adopt the Einstein convention, with respect to the
summation of repeated indices, and the Latin indices run from 1 to 3, Greek indices (except
€) taking values in {1,2}) and the electric displacement vector D" = (D) are linearly
related to the second-order sy (u) = 1(dxu; + 9;uy) and the scalar electric field 9;¢¢ by the
constitutive law strain tensor
Gl (", 1) =l 50 (w) + el in O,
(©)

Dlhe (uhs/ (Phe) = —el}.l]flskl(uhs) —+ df?fa]«gt)hf in th.

1<ijkl<3

avec (div ) = ajaf}g, div D" = 9;D!¢, 9; = 2, x = (x;) € Q, The material proper-

ties are given by the fourth-order stiffness tensor C?ﬁd measured at constant electric field.
The elastic coefficients satisfies the symmetries conditions, and ellipticity uniformly in ¢,
and the bounded hypothesis. The coefficients of the third-order piezoelectric tensor egﬁc (the
coupled tensor), verifies the symmetry and bounded conditions. The second-order electric
tensor d?]? (dielectric permittivity), measured at constant strain, verifies the symmetry and
bounded conditions (see [11,12]).

We recall that the variational problem (1)—(3) has a unique solution (uhg, o) ¢
Ve () X Wie (Qe ), corresponding to the saddle point of this functional (see [11,12]):

(v, ¥) - %/

(chg(v,v) + 261 (u, ¥) — dhe(‘I’,‘I’)) dx — fvdx,
Qe

th
where X

uv) = C,ﬁd Sij(u) sk (v),

ehs(u, ‘P) = efksl skl(u) ai\P,

d“(¥,Y) = dif 9,Y ¥,

and
Vie(Qe) = { veH! (Q), v=0 on aoh},

Whe(Qe) = { $ € H' (Qye), $ =0 on th}-
In order to study the different limit process (h or € tends to zero).

3. The Thin Plate Behavior

We are interested in the limit of three-dimensional problem (1)-(3), when the thickness
h of the plate and the period ¢ size of holes goes to zero.

3.1. Limit as the Thickness Tends to Zero

The first goal objective is to establish the limit of the three-dimensional variational
problem associated with the problem (1) and (2), when & — 0. We make a suitable choice of
the orders of magnitude of the data (4) and (5), and using similar to those of Rahmoune [2]
and Sene [4], in order to take into account the presence of holes, we can state the result
below, which describes the limiting behavior of the electromechanical state when the
thickness / tends to zero.

Theorem 1. For the piezoelectric variables (ul¥, ugs, @"€) solution of three-dimensional problem
associated the initial problem (1) and (2) defined in Q.. We make the following assumptions about
the magnitude of the data with respect to h

Fle) = B2 fo (x), 2 (x) = W3 f3(x°) - S
{ h(x) = g (), gh(¥1) = Wga(xt), &= % YX'E e @
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where the couple (f, g) is the element (independent of h) of (L?(Q))® x (L?(Q))3. Moreover, we
assume that elastic, electric and piezoelectric constants are independent of h. We define the scaling
of the unknowns:

m)(xf) VA" € Qe 5)

2£(x1/ xZ) - xga/xugs(xl; xz),

=
wm
—

=
~

uh (h) = ug (x) = u
{ - “ge(xlfxz)/ (6)
¢° () = @™ (x1,x2).

where the limits u3(x1,x3), U3 (x1,x2) and ¢%(x1,x7) satisfy the solution of the variational
problem

Find (u%, u%, 9%) € Ve(we) x We(we) x HY (we) /R, such as
[ {0l 8 0% )ap (08) + Qa0 07V Ea(9) — Mg (1)0505 }

@)
= / {pav + pavs + my av3} dx®,
We
Vo (005, 9°) € Ve(we) X We(we) x HY(we) /R,
where
Ve(we) = {U,x S Hl(wg), v, =0 on ’y;”o}
We(we) = {03 € Hz(cug), v3 = 0and d,v3 = 0on 72”0},
+1 L +1 +1
My = /_1 (x3fa + (82 —8a))dx3, pa = /_ fudxzand  ps :/_1 f3 dxs,
9P
+
8 =8lrz Eu(y) = oy’
( Uy ru3 ' P Oe / { Capst [551’( Oe) - x3at5Tug1 - éE’yaﬁE’Y((POS)} dxs,
+1
9% = [ { B apsep (12) + B Ea(9%) } ds, ®
+1
Mg ”3 / . { ,X,g&aér”g + xSC,X/ggTsor(”O ) — XSéEWIBE'y((POS)} dxs,
where
e e - e3k3€3a
A€ - ot BELEE + 63“51/1375 Ci?;zxﬁ = CkBaﬁ + /5’
Capst Capst — C3japY3j3kCk3ap &y d3‘°-3
e ﬁde Tps = Cut “aiay
~ 14 'Y f)/ € 4
éfyac[% = efya/} - C%jaﬁb§j3ké§k3 + ds ’ where gd b£ . ©)
e dg o _ €3k3%373348
3 3 = GBap T T e
Ao = oy + € 05580 0s — “ds , ;B Saﬁ . ~£d§3€
0 = M3t eysbyaieys
€3/385k3
~S . . . £
b® is the inverse of 3 x 3 matrix (c3]-3k + 7{133 >3X3.

The proof of Theorem 1 is exactly the same as in Rahmoune [2,3] and in Sene [4,5]. We
refer to Mechkour [12] for details.



Math. Comput. Appl. 2022, 27,100

50f7

3.2. Limit as the Period Tends to Zero

We now study the limit electrodynamic state when the period of perforation ¢ tends to
zero. Since the perforated plate has a periodic structure with period ¢, this is a homoge-
nization problem. We denote by x the macroscopic variable and by y = ¢ the microscopic
variable. Let us define (), of periodically perforated subdomains of a bounded open set
Q. The period of Q) is €Y*, where Y* is a subset of the unit cube Y = (0, 1)3, which
represented the solid domain. We use the two-scale convergence approach as introduced
by Nguesteng [13] and Allaire [14]; we obtain
Theorem 2. The sequences (uf)eso, (¢)es0, (1 = 1,2) two-scale convergences in u®, ¢,
respectively, where (u%, ¢2°) is the unique solution of two-scale homogenized problem (Membrane
plate equations)

—div e (u®,¢") = of inw,
—divDH(u®,¢%) = 0 inw,
(10)
u?o = 0 onodw,
Y = 0 ondw,
where 6 = 1y« (y)dy represents the volume fraction on reference element. The new homogenized
Y*
law is defined by
900
Oﬁ%(u?orqﬂo) = Cﬁ;gqséﬂ,x(”?O) + e?aﬁ;)Té’
11
H(,00 ;00 H 00y 4 gH 9% o
D, (uz P ) = _eagqsgﬂ,x(uz )—l—dlng.
The homogenized coefficients CaHﬁgq/ egx 8 and dfg are defined by
¢ A 9,"
ety = <eaﬁg,7 (57 + g (@1")] + ag}g > (12)
H A 0 5 alp(s
e = (Coperseny(9°) + euaglops + T%D
Ap
N A ; 0
= <3My [T/%Z + Sén,y(wL y)] - docﬁaquﬁ> (13)
H A 5 4 81}?5
duc& = < - etx@iysgﬂ,y(q) ) + dzxﬁ [5/85 + MD (14)

we use (.) = [, . dy to denote the mean value over the basic cell Y. The local functions (w,gﬂ, q,gﬁ)

and (@°,¢°) are Y*-periodic functions in vy, independent of x, with solutions to these two local
problems in Y*

A
Jd (. A . ag Lk
——{caﬂgﬂ(x,y)[rgz + sz, (W] ]+ e@ﬁ(x,y)—;y‘g } =0 inY"

A
9 6 an Ap 7 g . (15)

M A .
w ¥, g" Y*-periodic,
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where
TEZ [‘Sﬁ‘sw +00u0p2) 1< AL <2,

0

W o iy
5 {Cupan (xy)s2y4(9°) + Egap (x,y)[0gs + ayg}} —0 inY",

_9
oYa

b s 16
{*éaév(xry)sgn,y((l’ )+da,g(x ¥)[0ps + azﬁ]} =0 inY" (16)

¢°, v° Y*-periodic.

Furthermore, the sequence (u5)¢~q is the solution to problem (7) and (8). Two-scale conver-
gence for u3’ € HZ(w) shows that uC is unique solution for the two-scale homogenized problem
(flexural plate equations):

i (v i W) = 0(ps+aum) inw
0x,0xp BITYx,dxr - O 3T % ’
ul? =0 on ow, (17)
ou%0
13 =0 on dw.
axy
The homogenized coefficient bl Byt is described by :
H 2 T T
baﬁyr - <Ctx/3§1/(x y) (H,Y +Xg )>1 (18)

9Y9Yv
where 11" (y) = %yvyf. The local functions x3' are defined by the solutions of cell problems

82

_ 2 .
—m{cwﬁvg(%y)ay ave (3" + ng)} dy =0, on’Y
ey Y* — periodics, (19)
T 1
I3 (y) = 5Yyy=

The demonstration of Theorem 2 is exactly the same as in Mechkour [12]. We refer to
Mechkour [11,12] for details.

The following result complements the two-scale convergence result by providing a
strong convergence, which is very useful from a theoretical and numerical point of view. It
is based on remarks that are admissible test functions (in the sense of Allaire [14]).

Proposition 1. The following convergence holds when € goes to 0

Pug’ d?u3 0%u3 x .
8xaaxﬁ<x)_ - (x,f)) — 0 in L*(w) strongly,

axa0x5 ) dyadyp e
Lo (4% (x) — us(x) — u3(x, §)> — 0 in H*(w) strongly.

‘*’8(

4. Final Remarks

In this paper, we mathematically justify a reduced piezoelectric plate model, and we
have rigorously established the limiting equations modeling the behavior of piezoelectric
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plate in a periodically perforated domain, i.e., we have explicitly described forms of the
homogenized coefficients of the elastic, dielectric and coupling tensors.
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