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Abstract: In this paper, we consider that the subdomains of the domain decomposition are colored
such that the subdomains with the same color do not intersect and introduce and analyze the
convergence of a damped additive Schwarz method related to such a subdomain coloring for the
resolution of variational inequalities and equations. In this damped method, a single damping
value is associated with all the subdomains having the same color. We first make this analysis
both for variational inequalities and, as a special case, for equations in an abstract framework. By
introducing an assumption on the decomposition of the convex set of the variational inequality, we
theoretically analyze in a reflexive Banach space the convergence of the damped additive Schwarz
method. The introduced assumption contains a constant C, and we explicitly write the expression of
the convergence rates, depending on the number of colors and the constant Cy, and find the values of
the damping constants which minimize them. For problems in the finite element spaces, we write the
constant Cy as a function of the overlap parameter of the domain decomposition and the number of
colors of the subdomains. We show that, for a fixed overlap parameter, the convergence rate, as a
function of the number of subdomains has an upper limit which depends only on the number of the
colors of the subdomains. Obviously, this limit is independent of the total number of subdomains.
Numerical results are in agreement with the theoretical ones. They have been performed for an elasto-
plastic problem to verify the theoretical predictions concerning the choice of the damping parameter,
the dependence of the convergence on the overlap parameter and on the number of subdomains.

Keywords: domain decomposition methods; additive Schwarz method; damped additive Schwarz
method; subdomain coloring; scalable methods; variational inequalities

1. Introduction

The literature on the domain decomposition methods is very vast and we cite here,
just to get an idea, the books [1-5] and the proceedings of the annual conferences dedicated
to these methods, the first one, [6], being held in 1988. Multiplicative and additive Schwarz
methods were among the first studied ones and then have become the starting point in the
study of other domain decomposition methods. It is worth noting that, at least for the sym-
metric positive definite problems, the analysis of the additive and multiplicative Schwarz
methods can be made with rather close approaches (see [7,8], for instance). Furthermore,
many iterative substructuring methods or other domain decomposition methods can be
viewed as additive Schwarz methods or fit into the framework of these methods (see [9],
for instance). However, we will limit ourselves in the following to cite only papers dealing
with the additive ones and, evidently, the list can be completed with many other papers.
Unlike the case of the multiplicative method, when we directly extend the additive method
to more than two subdomains, the domain decomposition should have some properties
in order to get a convergent method. This can be an explanation of the fact that the first
max-norm bounds of the error have been obtained for a damped additive Schwarz iteration,
but not for a directly extended one. These error estimates have been obtained in [10] for
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algebraic linear systems with symmetric and positive definite matrices or nonsymmetric M-
matrices. A slight generalization of the damped method in [10] has been introduced in [11]
and weighted max-norm estimates have been obtained for complementarity problems.

Besides the matricial approaches with estimates using max-norms, weighted or not,
there also exist approaches where the functional framework is that of the PDEs and the error
estimates are given in the Sobolev norms. In [12], the damped additive Schwarz method
is introduced for the constrained minimization of functionals in reflexive Banach spaces.
When the convex set of the constraints is the whole space, this method was introduced
in [13]. Furthermore, multigrid methods for inequalities in reflexive Banach spaces, using
iterations of damped additive type, are analyzed in [14]. An additive Schwarz—Richardson
method for monotone nonlinear elliptic equations in the framework of the PDEs has been
given in [15], with some extensions in [16]. In [17], additive and multiplicative Schwarz
methods are introduced to solve inequalities perturbed by a Lipschitz operator.

For molecular problems where the domain is the union of subdomains associated
with the atoms of the molecule and each atom corresponds to a subdomain, numerical
experiments in [18-20] have shown that the additive Schwarz method is scalable, that is the
convergence rate does not depend on the number of subdomains. A theoretical justification
of the scalability of the additive Schwarz method for such problems in which the domain
is a chain of subdomains is given in [21-23]. Furthermore, in [24], it is proved that the
scalability of the one-level methods strongly depends on the geometry of the domain and
on conditions imposed on the boundary of the subdomains.

In this paper, the domain of the problem is fixed and we consider that the subdomains
are colored such that the subdomains having the same color do not intersect. We study
the dependence of the convergence of the damped additive Schwarz method, applied to
the resolution of variational inequalities as well as equations, on the subdomain coloring.
In this method, a single damping value is associated with all the subdomains having the
same color. In this way, the damped method can be rewritten, in an equivalent form, for
the subdomains which are obtained as the union of the subdomains having the same color.
The paper is organized as follows. In the next section, we analyze the convergence of a
damped additive Schwarz method in an abstract framework. To this end, an assumption,
which contains a constant Cy, on the decomposition of the convex set of the variational
inequality is introduced. We prove general convergence results in a reflexive Banach space
and explicitly write the expression of the convergence rate depending on the number of
colors and the constant Cy. Furthermore, we show that the convergence rate reaches its
minimum when the damping constants associated with the colors of the subdomains have
the same value and we find this value according to the number of colors. These general
results allow us to consider problems in the Sobolev spaces W%, 1 < s < co, but not only
in H!. In the finite element spaces, in Section 3, we write the constant Cy as a function
of the overlap parameter of the domain decomposition and the number of colors of the
subdomains. Then we show that, for a fixed overlap parameter, the convergence rate,
as a function of the number of subdomains has an upper limit that depends only on the
minimum number of the colors of the subdomains, i.e., this upper limit is independent of
the number of subdomains. The numerical results in Section 4 confirm the theoretical ones.
They have been performed for an elasto-plastic problem to verify the theoretical predictions
concerning the choice of the damping parameter, the dependence of the convergence on
the overlap parameter and on the number of subdomains.

We think that similar analyzes can be made for other domain decomposition methods,
even if they require damping parameters or not. If we color the subdomains such that
the local problems corresponding to each color can be solved simultaneously, then, as we
mentioned above, the algorithm could be rewritten for the subdomains which are obtained
as the union of the (initial) subdomains having the same color and we can do the analysis
using that form of the algorithm.
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2. General Convergence Result

In this section, we introduce and analyze the convergence of a damped additive
Schwarz method related to a subdomain coloring for the resolution of variational inequal-
ities and equations in an abstract framework. This general framework has been used
in [12,14,25,26], for instance, in order to allow us to consider problems in the Sobolev
spaces Wls 1 < s < oo, but not only in H!. An example of solving such a variational
inequality by a domain decomposition method is given [25].

Let us consider a reflexive Banach space V and a K C V be a non empty closed
convex subset. Furthermore, let F : V — R be a Gateaux differentiable functional, which is
assumed to be coercive on K, in the sense that F(v) — oo, as ||v|| — o0, v € K, if K is not
bounded. Furthermore, we assume that there exist two real numbers p, g > 1 such that for
any real number M > 0 there exist constants aps, By > 0 for which

aml|lo—ul|P < (F'(v) — F'(u),v —u) and

[1F'(0) — F'(u)lly < Bl — u |71 1)

forany u,v € V with ||u]|, ||v|| < M. Above, we have denoted by F’ the Gateaux derivative
of F, and we have marked that the constants a; and B may depend on M. We point out
that since F is Gateaux differentiable and satisfies (1), then F is a convex functional (see
Proposition 5.5 in [27], page 25).

It is evident that if (1) holds, then for any u,v € V, ||u||, ||v|| < M, we have

apllo—ullP < (F'(v) = F'(u),0 —u) < Bmllv —ul|".
Following the method in [28], we can prove that for any u,v € V, ||ul|,||v|| < M,

we have
(F'(u),v—u) + *M|[o—u||P < F(v) — F(u) <

(P (1), 0 — ) + B2 o — w7 @
Furthermore, using the same techniques, we can prove that if F satisfies (1), then
1<g<2<p. 3)
We consider the variational inequality
u€K: (F(u),v—u) >0, foranyv € K 4)

and since the functional F is convex and differentiable, it is equivalent to the minimiza-
tion problem
u€K:F(u) <F(v), forany v € K. (5)

We can use, for instance, [27], Proposition 1.2, page 34, to prove that problem (5), and
therefore inequality (4), have a unique solution if F has the above properties. In the view
of (2), for a given M > 0 such that the solution u € K of (5) satisfies ||u|| < M, we have

a?M||v—u||pSP(v)—P(u)foranyveK, [lo]| < M. (6)

In this general framework, in order to introduce the algorithm corresponding to
the damped additive Schwarz method, we first consider some closed subspaces of V,
Vi,-++,Vp.. Foranyi=1,...,m., we introduce the sets I; = {1,...,m;} and forall j € [;
let Vi; C V; be closed subspaces for which we make the hypothesis

Assumption 1. V; is the direct sum of Viy, ..., Vip,

Vi=Va®...® Vi, @)
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and ifv € Kand v; = 2 vjj € V; with v;j € Vj; then
JEli

v+v; € Kifand only if v +v;; € K forany j € I; ®)
Besides that, we assume that
<FI(U+Uij)rvik> = <F/(v)rvik>f0r any o S Vr vij S ‘/l]! Vi € ‘/ikr ]rk S Ii/ ] 7& k (9)

In the case of the additive Schwarz method, the subspaces Vi i = 1, ,m,
j =1,---,m;, will be Sobolev spaces associated with the subdomains of the domain
decomposition. As we said before, the subdomains are colored such that the subdomains
having the same color do not intersect. With the above notations, the number of the colors
is m. and the number of the subdomains having the color i is m;. Obviously, in this case,
the above assumption is satisfied.

Now we fix a constant s satisfying

P <5< 10

p_g1 =SSP (10)
which comes from the space Sobolev W', where p and g are given in (1), and make a
second hypothesis

Assumption 2. There exists a constant Cy > 0 such that for any w,v € K there exist v; € Vj,
i=1,---,m, which satisfy

Mme e
v—w=)Y v, w+v;€Kand ) |[vj|[* <C§|lv—w]|].
i=1 i=1

In general, we can assume that we are using the Sobolev space W' and consider
s = p in (10) and Assumption 2. Condition (10) has been introduced in [14] to get more
variants for the choice of s. The above assumption is satisfied for a large kind of convex
sets in Sobolev spaces. Constant Cy will play an important role in evaluation of the rate
of convergence of the method. In the convergence proofs, vs. is the exact solution of the
inequality, w is the solution of the iterative algorithm at a certain iteration, and v; are its
corrections on the subspaces V;, i =1, ..., m,.

To solve problem (4), we introduce the following damped additive subspace correction
Algorithm 1 corresponding to the subspaces Vjj,i = 1,...,mc and j € I;, and the convex
set K.

Algorithm 1. We start the algorithm with an arbitrary u® € K. At iteration n + 1, having u™ € K,
n > 0, we solve the inequalities
+1
WZ € Vi,
forany v;; € Vi;, u" +vj; € K,

n n+1 (Tl (1 n+1 it
" + wj; €K: (F(u + wy; ), ij wj; )y >0, 1)

e
fori=1,---,mcand j € I, and then update u"' = u" +Y 0; )" w?j“, where ¢; > 0 is
i=1 jGIj
mc
chosen such that ¢ = ) 0; < 1.
i=1
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The choice of the constants ¢;, i =1, ..., m,, implies u"tl € K for any n > 0. Indeed,

me
since 0 < ¢ < 1 and, in view of (8), we have 1" "! = (1 — o)u" + Y oi(u"+) wgﬂ) € K.
i=1 iel;
In the following, we shall write
Omin =, Min g;
i=1,...,m.

Now, we rewrite this algorithm as Algorithm 2.

Algorithm 2. We start the algorithm with an arbitrary u® € K. At iteration n + 1, having u" € K,
n > 0, we solve the inequalities

w?“ eV, u"+ w?“ € K: (F(u"+ w?*l),vi — w1y >0,

i 12
foranyv; € V;, u" +v; € K, (12)

me e
and then update u" ' = u" + Z in?ﬂ, where 9; > 0 is chosen such that ¢ = Z 0;i <1
i=1 i=1

Remark 1. In view of Assumption 1, for a certain i = 1,...,m,, inequality (12) is equivalent

with a system of m; of inequalities (11) and its solution can be written as w?“ = 2 wl’.;.H, where
€L

n+1

w;; , J € 1, are the solutions of inequalities (11).

Evidently, problem (12) is equivalent with

W eV, u'" +wit € K: F(u" +w!™) < F(u" +v;),

1
foranyv; € V;, u" +v; € K. (13)

We now prove the convergence of Algorithm 2 and therefore, of that of Algorithm 1.

Theorem 1. Let V be a reflexive Banach space, Vi, - - -, Vi, are some closed subspaces of V, K is a
non empty closed convex subset of V satisfying Assumption 2, and F is a GAteaux differentiable
functional on 'V which is supposed to be coercive if K is not bounded, and satisfies (1). On these
conditions, if u is the solution of problem (4) and u", n > 0, are its approximations obtained from
Algorithm 2, then there exists an 0 < M < oo such that ||u"|| < M, for any n > 0, and the
following error estimations hold

(i) ifp =q = 2 we haven

RO~ F) < (g ) [FO0) - Fw), 14)
C n
||u”u||’”§05w<clil) {F(uo)fF(u)}, (15)
h
1 oM > 2. 2 orrte ,BM OmC:| ( )
Omin (T) Omin
and

(ii) if p > q we have

(17)
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0y _
i —urp < P F)—F@) (18)
L9V o %

{1 +nCy(F(u0) = F(u)) T

<

where

C, = F—4 (19)

with

Cs = ﬂ(p(uo) — F(u))P=0/(p=1) 4

Omin
(p=1)a/p 7 —0)/ (p(p—1
ﬁMQ - (1+Com§5 1)/5) 1 — (F(uo)—F(u)>(p 1)/ (p(p ))+
(ﬁMComESWS ) plip=1) 011
an*i; (m)q/(p—l)'
p

Proof. In view of the convexity of F and Equation (13), we get

me me
Fu"™) = F(u" + ) o) = F(1 - o)u" + ) gi(u" + wi™1)) <
e =1 i=1 (21)
(1—QF")+ ) oiF(u" + wi™) < F(u")
i=1

Consequently, the sequence (1"),,>¢ of u obtained from Algorithm 2 is bounded. More-
over, using again (13), we get that F(u" + w/ ') < F(u"), i.e., the sequences (w]"™), >y,
i=1,...,m.are bounded. In this proof, Equation (1) are used with u and v replaced only
by u, the solution of (4), or by some linear combinations of u" and wl’.’+1 whose norm is
bounded independently of n > 0 and i = 1,...,m,. Therefore, there exists an M > 0 which
can be used in Equation (1) to prove the error estimations in the statement of the theorem.
In the following, we use (1) with such an M.

In view of (2) and (12), we get

&M +1 +1
?Hwi” [|P < F(u") — F(u" +w!'™).

Using this equation and (21), we get

F(u"1) < (1— )F(u") + Y giF (u" + w1 <
i=1
n n 0( & n
(1~ Q)F(u") + F(w") + 21 Y il 1|
i=1

and therefore,
ap D
%Z@IIW?“II” < F(u") — F(u"™) (22)
i=1

Now, writing
1 &

2 inzﬂ+1

Omin i=1

L—ln+1 — +
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in view of the convexity of F, we have

F(”n+1) "+ Z oiw n+1 = F((1 = 0min) %" + Omi n+1) < (23)
i=1
(1= omin) F(") + @minF (")
With v := u and w := u", we get a decomposition v} € V; of u — u" satisfying

the conditions of Assumption 2. Using this decomposition, the above equation, (2) and
inequalities (12), we get

P(un—H) F(u) + Omin M||un+1 u||p <

(1 = omin) (F(u") — F(u ))+Qmm< (") = F(u) + ||‘”+1 ull”) <

(1= @min) (F(u") — F(u)) + Qmm<F/( ), — ”> =

(1 — Omin) (F(u") — F(u)) + 2 F/ nH) oiw nH — @min?;) <

(1 - Qmm) (F ) (u))+
Z< (un + wn+1) F’( n+1)erinv? + ( Qz) n+1 w?+1> <

(1= oman) (F(u") — ()4

m 7-1
5 Qj
ﬁMZ(( - ||wn+1ll+ Z —L IIW”“H) |lomintf' — g} || <

Omin i Omin
=1,j

me q-1 Mme
(1= omin) (F(u") — (Z ?“II) Y llemin} — giwf | <
1

i=1

o(P=1(a-1)/ (=1/p
(1= @min) (F(u") — F(u)) +,BM7 (Z Qz|w”+1||p> :
e e mm
(QmmZHU?H +2Qi||w?+1||>
i=1 i=1

Above, we have used the fact that omin?! + (1 — 0;)w! 1 ¢ V. and u" + Omin?} +

(1= o)w!™ = (1= 0i) (u" + W) + gmin (4" +0)) + (0; — Qmm)u which, in view of the
fact that (1 — 0;) + Omin + (0; — 0min) = 1, belongs to K. Therefore, we can replace v; by
Omin?} + (1 — 0;)w; 1 (12). Now, given Assumption 2, we have

me me 1
omin ) 1971 + ) eil [ | <
i=1

i=1

e 1/s - 1/p
_] _
R >/5<zv?||8) +ol 1>/P<zei||w?“|i’) <

i=1 i=1

me 1/p
1 _
CoQumin™ V| |u — u|| + o7 1>/”<Zei||w?“||f’> <
i=1

1/p
1) _ 1)
Coaminm™™ " u— @ 1]| 4 o /P (14 Coml*™ “)(me"“up)
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From the above two equations, we get

F(WH_l)*F(M)JFQmm ||un+1 ul|P <
(q=1)/p

(p—-1)(q-1)/p
(1~ Qi) (F(u") — F(u)) + Pru & — - Zeznwﬂ“up

le
Cotminl® ™1~ 741 g0 D/5 1 4 Cymle )

me 1/p
: (Z Qillwﬁlll”) =
i=1
(p=D)a/p

(1= Qauin) (F(u") — F(u)) + ﬁMQT

nu?p
(1 + Cym! (s— 1)/5) (Zgl’wwrl“p) +

me (a=1)/p
ﬁMCOQp 1)(g— 1)/pQ2 q (s 1) /sHu ‘"+1||<Zvarrhoi||w?+l||7">

'min "
i=1

1
However, forany e > 07 > 1and x,y > 0, we have xry < ex +
er—1

quently, we get
F(u"™ 1) = F(u) + @min “pH 3" = ul [P < (1 = omin) (F(u") = F(u))+

(p—1)q/p 9/p
B (1+ Com ) <Z@Hw"“ll”> +

9min .
q 14

,BMCOQ(P_l)(q—l)/PQi:ir‘Z (s=1)/ (ZQ ||wn+l||p> n

€P i=1
IBMCOQ(F’*l)(Q*l)/PQi:ir‘ZmES—l)/sg‘ |u _ ﬂn+1||P
With

q—1
“m 9min

P BrCooP=D@=1)/py (s~ 1/s’

the above equation becomes,

F(u™1) = F(u) < 220 (p(ym) — (1)) 4
Omin /
(p—D)a/p r
,BMQ ; (1+C mcs 1) /S ( wn+1||p> +
Qmm
B Com(s 1)/s\ P/(P=1) e e - (g-1)/(p-1)
e — et .
len (lXp )
In view of this equation and (22), we have
F(u™1) — F(u) <~ 8M0 (P () 4
Omin

ﬁMQW‘qlW” (1+Com17) 1 (F(un)fp(unﬂ))q/g

9min

(lﬁ/fcom(S ” )”/(pl) !
BuCome " (7(

q—1

lel’l

Lyrt

(24)

. Conse-

(25)
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Using (6), we see that error estimations in (15) and (18) can be obtained from (14) and (17),
respectively. Now, in view of (3) and (10), if p = q = 2, from the above equation, we easily
get Equation (14) where C; given in (16). Finally, if p > g, from (25), we have

F(u"*) — F(u) < G3 (P(u”) - F(u”“)) = (26)

where Cj is given in (20). From (26), we get

-

L (P~ F) ™ < Fun) — Fw),
!

F(u"') — F(u) +

and we know (see Lemma 3.2 in [13]) that forany r > 1and ¢ > 0, if x € (0,xp] and y > 0
i
c(r—1)
crx671+l

1-r
satisfy y + cy” < x, theny < < + xl_’) . Consequently, we have

-1

=

=

—p

F(u"™) — F(u) < [Cz—i- (F(u™) —F(u))ﬂl} ,

=
=

from which,

VE]
: } = 27)

F(u"1) — F(u) < [(n +1)Co + (F(u®) — F(u)) 7

=

)

7

where C; is given in (19). Equation (27) is another form of Equation (17). O

Remark 2. (1) Given Remark 1 and the above theorem, we conclude that the convergence rate of
Algorithm 1 depends on m. and on the constant Cy introduced in Assumption 2. In the case of the
finite element spaces of the next section we shall write the constant Cy as a function of m. and of the
overlap parameter of the domain decomposition. Consequently, for a fixed overlap parameter, the
convergence rate, as a function of the number of subdomains can be bounded by an expression that
depends only on m. but not on the total number of subdomains m = mq + ... 4 my,,.

(2) Since Cq in (16) is decreasing in function of omin and Cy in (19) is increasing in function
of Omin, it follows from error estimations in the above theorem that the minimum convergence rate,
as a function of the damping parameters, of Algorithms 1 and 2 is obtained for omin = 0/m. =
01 = ... = Om,. For this value of omin, denoted by p, the value of the constants C1 and Cs in (16)
and (20), respectively, become

1- c
G = 7p+%1\fm7 1+Com3/2+€—§\fC5mc (28)
P 2 2
and .
Cy = —P(EO) — F(u))P—0/ (-1 4
(p=D)q/p _ _
me (s—1)/s 1 0y (p=a)/(p(p—1))
Bu™ (1+ Com )("‘M)W (F(u®) — F(w)) - o
P
BuComE VNPT
< pla-1)/p ) (my/(p—l)'
P

We also notice that the method with a single damping constant introduced in [10] should
converge faster than the methods using several damping constants.
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In the case of equations, i.e., when K = V, we can get some better error estimations
than those in Theorem 1. For completeness, we prove this result when p = omin = 0/m; =
01 = ... = Om.. The proof is similar to that of Theorem 1 with the only difference being
that, thls time, since K = V, we are not forced anymore to introduce #"*! and we use u"*!
in the place of it.

Theorem 2. In the case of equations, i.e., when K =V, if we consider Algorithms 1 and 2 with
0 = Omin = 0/M¢ = 01 = ... = Qm,, then error estimations (14) and (15) hold with

G = %(1 —p)me
2

cbm —p)me+p(1 +c0mg/2)] (30)
2
and, also, error estimations (17) and (18) hold with

8 p/(p—-1)
Cs = (Co M (1 _p)(q1)m£q1)(r71)/pm£s—1)/s> 4

“M g/
(ax)a/p 1
o (PO -
am qa’/p
(%)
Proof. With v := u and w := u", we get a decomposition v/ € V; of u — u" satisfying the

conditions of Assumption 2. Using this decomposition (2), the equations corresponding to
inequalities (12) and the fact that p < - < %, we get

_ s 1)/s (p—0)/(p(p-1)) D
Bup(1— )7l VP (14 coml V) F(u))

F(ul’l"rl) _ F(u) + ’XTMHun-‘rl _ u||p S <F/(ufl+1),un+1 _ u> —
Mme e
YO (), of) = Y (F W+ )
i=1 i=1

Mme Me q-1
5Mx<(1—P)IIW?“|I+P ). W}”1II> |0} — pw} 1| <

i=1 j=1, j#i

e =1
5m(1—p)“<2|lw?“ll> lev —pwi | <
i=1

i=

. @=0/p /.
Bm(l— p)qflmgqfl)(Pfl)/P <Z ||w?+lp> <Z ||vnH +p 2 ||wn+1||)

i=1

_F/(un+1) v _pwn+l> <

Now, given Assumption 2, we have
e e
IEI R MCAIE
- - 1/s - 1/p
me Y/ <2||v”||5> +pm£””/”<2||w?“||ﬂ> <
/

i=1

1/p
Comgs—l)/sHu_unH —i—pm,(;pfl)/p <2|wn+1||p> <
i=1

s— s 1 p [4 S s 1 )
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From the above two equations, we get
F(u"™1) = F(u) + 5 Ju" — ul]P <
@-1)(p-1)/p [ 1~ e
Bu(1—p) 1m0 p(Z IIW?“I”> '
i=1
1 /p
Com V2|l — w1+ pm® VP (14 Com® )(Zuw"“w) -
(32)

(a=1)/p
ﬁM(l_P> (q D(p-1)/p C mgs 1)/5 n+l||<2||wn+lllp> +

q/p
om (P 1)/P(1+C mcs 1) /s) <2||wn+l||p> ]

However, for any ¢ > 0r > 1and x,y > 0, we have x%y < ex+

_r_
L_y=1. Conse-
g1

quently, we get

F(u™1) — F(u) 4 M4 ||y —y||P <
Bum(1—p)it (q 1)(p— W”[C m(s 1/s£||u WPy

e 1 (e (9-1)/(p-1)
s—1)/s n+1||p
COmc 81/(77_1) (Z ||w1 || ) +

q/p
pm(p 1)/p(1+c mcs 1) /s) <an+1||p> ]

With
M 1

P ,BMC()(l — p)q—lmgq_l)(P_l)/rimgsfl)/s’

the above equation becomes,

F(M'Hl)—l:(u)g
Pu (=1 (p-1)/ 1)/ /P e (g=1)/(p—-1)
<C°<,,>“P“‘P>( D100 ) (;Hw?*lp) .
1)/ 1)/ q/p
puo(1 o)t (1 onle ) (£ ur i )

In view of this equation and (22), we have

8 p/(p—1)
F(u'™) = F(u) < cO(aMgé/,,(l—p)(@”méql)(’”)/”m?‘”“) :

p
-1)/(p—1
(F(u”) —F(u"*l))(q i )—i- (33)
_ )i 1A=/ (s=1)/sy__1 ny _ pinty) 7P
Bup(1—p)7'm (14 ComV7) — (F(um) = F(u1))
(%)

As in the proof of Theorem 1, using (6), we get that error estimations in (15) and (18)
can be obtained from (14) and (17), respectively. Furthermore, in view of if (3) and (10), if
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p = q = 2, from the above equation, we easily get Equation (14) where C; given in (30).
Finally, if p > g, from (33), we have

-

F(u"™1) = F(u) < G5 (F(u") — F(u "“>)” (34)

where C3 is given in (31), and with this C3, similarly with the proof of Theorem 1, we
get (17). O

Remark 3. From error estimations (14), (15), (17) and (18), we get that the convergence rates
of Algorithms 1 and 2 are increasing functions of C1 and Cs. Furthermore, in the case when
0 = Omin = 0/M¢ = 01 = ... = Om,, these constants are decreasing functions of p, and
consequently, in this case, Algorithms 1 and 2 have a minimum convergence rate for o = 1, i.e.,
the value of the expression of C1 and Cs is calculate with p = 1/m.. In this way, in the case of the
inequalities, from (28) and (29), we get

Ci=m —1+ﬁM 2
2

1+ Coml/2+ ﬁMcomcl (35)

and
Cs = (me — 1) (F(u®) — F(u)) P/ (1)

T q (p=0)/(p(p=1))
ﬁM(lJrComE 1)/5)#(13(@:0)—1:(”)) P/ (pp-1))
ap \7'F
(7 56
(,5 C <s1>/s>p/<p1>mg<q—1>/<p—1>
mLom,

and, also, in the case of the equations, from (30) and (31), we get

1
=P 1) | 2B (1, 1)+ —(1 +c0m}/2)] (37)
2 2 Me

and

B D1/ ) p/(p—-1)
C3 = (Co("‘M];Aq/p (e — 1)@=V 0D/ Py (5= )/s) n
2

(me — 1)‘7*1171?(2’771)/’;72 (1 + Comgs_l)/s) _Pu (38)

an \ /P
~(F(u0) _F(u)>(P—ﬂ)/(P(P—1)) ( p )

3. Damped Additive Schwarz Methods in Finite Element Spaces

Let QO C R?,d = 1,2 or 3, be an open bounded domain which is polygonal if d = 2, or
polyhedral, if d = 3, and we consider a simplicial mesh partition 7, of mesh size & of ). Let

o= J o (39)
i=1,... ¢, jE;

be an overlap subdomain decomposition of (3, where I; = {1,...,m;},i =1,...,m.. We as-
sume that 7j, supplies a mesh partition for each subdomain Qi jel,i=1,...,me. Further-
more, we assume that the subdomains have been colored with m. colors,
i=1,...,m. the subdomains Qi jeL;, having the color i do not intersect with each other,

O, NQy:

if1 ij2

=Qforanyi=1,...,mcand jy,j» € (40)
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and a given subdomain has not been colored with two colors,
Qiyj1 # Qigjp forany iy # iy, i1,ip =1,...,mcand j; € I, jo € I;,. (41)
Evidently, the subdomains obtained as the union of the subdomains of the same color
Q; = Uje,Qyjforalli =1,...,m 42)
provide another overlapping domain decomposition of (2,
Q= Ujz1,m (43)
From (40) and (42), we get
0Q); = UjedQijforalli=1,...,mc (44)
We consider the piecewise linear finite element space
V={vecCQ):v|: € P(1), TETH v=00n3Q}, (45)
and, fori =1,---,m., we define the subspaces of V
Vi={veV:o=0inQ\O;} (46)

corresponding to the domain decomposition (43). Furthermore, for anyi =1,--- ,m. and
j € I;, we introduce the subspaces of V,

V,] = {U eV:v=0in Q\Ql]} (47)

which are associated with the domain decomposition (39). In view of (42), for a given
i=1,---,m, the spaces Vij, j € I, are also subspaces of V;. The spaces V, V; and Vij,
i=1,---,me,j € I, are considered as subspaces of W15 for some fixed 1 < s < oo.
We consider problem (4) associated with the above space V and the convex set of
two-obstacle type,
K={veV:p<v<y} (48)

where ¢, ¢ € V. The equivalent Algorithms 1 and 2 represent additive Schwarz methods
for the solution of this problem. To apply Theorem 1, in order to prove the convergence
of these algorithms, we have to show that Assumptions 1 and 2 hold in the context of
this section.

It is clear, from (40) and (42), that the spaces V;,i = 1,--- ,m,, can be written as the
direct sums (7) and, since the convex set is of two-obstacle type, property (8) holds true.
Besides that, assuming that functional F : V' — R is represented by an integral over (),
using the same Equation (40), we get that (9) holds, too. Therefore, we conclude that
Assumption 1 is satisfied.

The verification of Assumption 2 is similar with that in the case of multiplicative
algorithms (see [26], for instance). We consider a unity partition 6; € Cl (Q),i=1,...,m,
associated with the domain decomposition (43) with the property

|0y, 0i| < C/dm., foranyi=1,--- ,mcandk =1,---,d (49)

where J;,, is depends on the number of colors m, and on the overlap parameter, which will
be denoted by J, of the domain decomposition (43) and C is a generic constant, independent
of the mesh parameter and the domain decomposition. For v, w € K, we define

v; =Ly(0;(v—w)), i=1,...,m,
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where Lj, is the P1-Lagrangian interpolation operator which uses the function values at
the nodes of the mesh 7. It is evident that for any i = 1,...,m., v; € V;, and, taking
into account the definition of K, we have w + v; € K. Furthermore, we can easily get
that Y, v; = v — w. Using the properties of the interpolation operator, we get (see [26],
for instance)

[[0il[* = 1[La(6:(0 = w))[|* < C*[6; (v — w)|[?

:CS(“gi(”—w)llssmﬁ\Gi(v—w (50)

)|?/\]1,s(0)

foralli =1,...,m., where || - || is the norm of W*(Q) and || - |lLs() and [ - |15 (y) are the
norm in L*(Q2) and the seminorm of W'*(Q), respectively. Since (6;)", is a unity partition,
we have

Me Me
L1100~ 0l = 3 [ oo~ < 3 [ o~ = o wle 6D
i=1 i=1"

In view of (49), we have

60 = w)ipne() <€ 1 (/'”‘ gl )
n 1 d

< / —wfs —s+/9' Ao —w)s

= (nx[ei-cst]'v ! ;'8%" oy |)

1 4 9(v—w)
CS - / _ S / 91 N s
- <5fm Q\[8;=cst] fo—wl+ Q ];| x; | )

where 6; has been considered extended with 0 outside (); and [6; = cst] is the subset of Q)
where 6; is constant almost everywhere. Writing

Qémc = Ulmzcl(Qi\[ei = CStD (52)

we get from the above equation

zne ) fgne )scﬂgslv Wl 10~ Wy 69

From (50), (51) and (53), we have

||U - w||ss(Q)

Mme . . e ||U_wHSLS(Q(5mC) s s
L el < € | |14 Gt |l =l + 10~ @l
i=
" ‘U_wHLS(Q(sb )
S C e
<C 1"‘@ o=l o — w||wls Q)

ie.,

e 1/s
(Z \Ui||s> < Cay,, [fo—wll|[v = @llwis(q) (54)
i=1
where
o —wll; "
ne L5 (O, )
Cq. o =Cl14+ —=———" (55)
0 oo ( e To—llis(q) )
Furthermore, let us write
m
Co=C(1+5)'° (56)
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Remark 4. 1. Since we have Q;, = Ul (O\[6; = est]) = QN (NI, [6; = cst]) € O we get
Cayy llo—wl|| = Co foranyov, w eV (57)

Therefore, it follows from (54) that the constant Cy in Assumption 2 can be taken as that given
in (56). In this way, the estimations of the convergence rates in Theorems 1 and 2 do not depend
on the number of the subdomains, but only on the number m, of the colors and on the overlap
parameter 6 (since 0y, depends on this).

2. Even if & and mp are fixed, (s, given in (52) depends on the number of subdomains of
each color, i.e., it depends on the number m =Y.', m; of subdomains of the domain decomposition.
Consequently, Cq o l[0—20]| depends on the actual number m of subdomains even if §, m¢, v and w
are fixed.

3. In the proofs of Theorems 1 and 2, Assumption 2 is used only with v = u" and w = u, and
therefore, we can use Cq e |10 instead of C in these proofs.

When p = q = 2, we get

C1,05, |t —u]

F(u"™) = F(u) < (") — F(u))

Cr04, [Jur—ul| 1

foralln > 0, where C; ¢ ome 17— is obtained by replacing Cy with CQM ||u—u|| i1 the expressions
of Cy in the statement of the theorems. Consequently, we have

maxg<k<n-1C1 0, k- : n
F(u") — F(u) < T ) (R - Fw)" 69
maXo<k<n-—1 Cl/stmc [|uk—ul| +1

Since ClrQémc \|uk—u|| IS an increasing function of CQJW \|un—u||, the value
maxp<k<p—1 CLQO_mC ||un—u|| 1S obtained for maxXo<k<n-1 CQKSmE || —u|-

Similarly, when p > q, if we use the constant Cp, ome |17 instead of Cy in the proofs of the
two theorems, we get that

9-1
]q

forany n >0, where Cyqy; ||yn—y| is obtained by replacing Co with CQM ||un—u|| i1 the expres-

e

sions of Cy in the statement of the theorems. Therefore,

q—

F(u”*l) —F(u) < [CZ,ngCu"“H + (F(u") — F(u)) 1~

=

)

F(u®) — F(u)

E(u") — F(u) < (59)

-1

=

=
=

) r=q
{1 +nming<r<,_1 CZ,QMC |k —u| (F(u®) — F(u)) q]]

Constant C, being a decreasing function of Cy, it follows that ming<y<,_1 C2/05mc lJuk—u]| 8
obtained for maxp<g<,—1 CQMC Nk —u]|

4. In conclusion, if the domain decompositions are colored with the same number m, of colors
and have the same overlap parameter 6, the convergence rates in error estimations (58) and (59)
depend on the actual number of subdomains of the domain decomposition but, in view of (57), these
rates of convergence are bounded above by the convergence rates given in Theorems 1 and 2 with Cy
in (56) which are independent of the actual number of subdomains and depends only on m. and 6.

4. Numerical Results

Numerical experiments have been performed for the variational inequality

uekK:(V(u),Vv—u)) zf/n(v—u) forany v € K,
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with the convex set
K= {vec HYQ): [v(p)| < dist(p,dQ) for almost all p = (x,y) € O}

where Q) C R?, and f is a real positive constant. The inequality represents the problem of
the elasto-plastic torsion of a cylindrical bar with the section Q) (see [28], for instance). In
our experiments, Q) = (0,1) x (0,1) and f = 15.0. We have triangulated the domain Q) by
constructing first a square grid on it and then, each square element was divided into two
rectangular triangles by considering its diagonal from the lower-left corner to the upper
right corner. The edges of () have been divided into 100 equal segments and we have used
the linear finite elements. The algorithm has been stopped when the relative error between
two consecutive approximations, calculated with the norm of H'(Q), has been less than
1.0x 1077

To see the plastic and elastic regions of the solution, we have plotted in Figure 1 the
difference between the distance to the boundary dist(p, dQ2) and the value of the obtained
finite element solution u(p) of the problem, dist(p,9Q2) — u(p), p € Q. Consequently,
the region with zero values corresponds to the plastic region and the nonzero values of
the elastic region represent the distance from the elastic value u(p) to the plasticity limit
dist(p, 0Q2).

distance to boundary - elasto-plastic solution

Level curve
1e-15

Figure 1. Elastic and plastic regions of the solution.

Now, we introduce some notation regarding the subdomain decomposition. First, let
us write h = 0.01 and nd = 100. The domain Q) is covered with identical square subdomains
(md - h) x (md - h) which have an overlap parameter of nro - h = ¢ in both directions x
and y. Furthermore, if the number and the dimension of the subdomains do not match the
dimension of the domain, a subdomain may be of the form (mdr - h) x (md - h) if it is the
last on a line, or (md - h) x (mdr - h) if it is the last on a column, or (mdr - h) x (mdr - h) if
it lies at the upper right corner of the domain, where mdr < md. Denoting with nbd the
number of subdomains in each direction, x and y, we have

nd = (nbd — 1)(md — nro) + mdr (60)
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Furthermore, in the case of our numerical example, if the subdomains can be colored
with 22 = 4 colors, i.e., a subdomain intersects only its neighboring subdomains, then

md —nro < md < 2(md — nro)
If the subdomain coloring has 32 = 9 colors, then
2(md — nro) < md < 3(md — nro)
In general, if the subdomains can be colored with m, colors, then it is easy to verify that
(m}'? —1)(md — nro) < md < m}’'?(md — nro)

or,

1/2 1/2

mc mct/c —1
nro < md < ————

1 - mel/2 —2

The numerical experiments have been made to verify the theoretical predictions
concerning: (1) the choice of the damping parameter, (2) the convergence depending on the
overlap parameter and (3) the convergence depending on the number of subdomains.

(1) It is shown in Remark 3 that the best convergence is obtained when ¢; = ... =
Om. = m% To verify this, we have performed numerical experiments for an example with

sV nro (61)

md = 12, nbd = 12 and nro = 4. Therefore, the number of colors is mc = 22.

First, we give in Table 1 the number of iterations depending on various values of
01, - -+ , 04. We see that the minimum number of iterations is obtained for 91 = ... = g4 =
0.25, which is consistent with the prediction of Remark 3.

Table 1. Number of iterations depending on the various damping parameters associated with the

colors.

01 02 03 01 Number of Iterations
0.10 0.10 0.35 0.45 451
0.10 0.15 0.25 0.50 406
0.10 0.15 0.40 0.35 396
0.10 0.20 0.30 0.40 377
0.10 0.25 0.20 0.45 383
0.10 0.25 0.35 0.30 365
0.10 0.30 0.25 0.35 366
0.20 0.20 0.55 0.35 292
0.20 0.30 0.20 0.30 288
0.25 0.25 0.25 0.25 275

Then, in Figure 2, we have plotted the number of iterations depending on the various
values of the damping parameter p = p; = - - - = p4, p = 0.005, 0.007, 0.01, 0.05, 0.1, 0.15,
0.2,0.25,0.3,0.35, 0.4 and 0.45. In Remarks 2 and 3, we have showed that the convergence
rate decreases as a function of p. From Figure 2 we see that the numerical results are in
agreement with the theoretical ones. Since the solution must theoretically belong to the
convex set, we have imposed the condition p < 1/m,. in Algorithms 1 and 2. However,
we notice that the algorithm converged for larger values than 0.25 of p, but it failed to
converge for p > 0.45. A possible explanation would be the fact that during the iteration
of Algorithms 1 or 2 we could get u"*! € K for p > 1/mc.
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MNumber of iterations depending on the damping parameter
12000

10000 H
8000 |

6000 |1

number of iterations

4000 |\

2000 !

. S S e e S S
0 0.05 0.1 0.15 02 025 03 035 04 045
damping parameter

Figure 2. Number of iterations depending on the damping parameter.

(2) In Figure 3, we have plotted the number of iterations depending on the size of
the overlap parameter 6 = nro-h. The domain decomposition contains only one type
of subdomains, squares with the size (0.01-28) x (0.01-28). The experiments have been
performed for the size of the overlap parameterof 6 = 1-h,2-h,- - ,21-h,22-h, with h = 0.01.
According with (61), for 6 = 1-h, - - - ,14-h, the subdomains can be colored with 22 colors,
for 6 = 15-h, - - - ,18-h with 32 colors, for 6 = 19-h, - - - ,21-h with 42 colors and for § = 22-h
with 52 colors.

(a) In Figure 3, (left), we have used damping parameters which correspond to the
number of colors of the subdomains of the experiment, p = 1/ 22,1/32,1/42 and 1/52,
respectively. We see that the number of iterations corresponding to a color is greater than
that of the previous color. This is in concordance with the error estimation in Remark 3
where the convergence rate is an increasing function of the number m. of the subdomain
colors. Experiments of Figure 3 (right) are performed with a constant value of the damping
parameter, p = 0.04. In this case, the error estimation is given in Remark 2 and the
convergence rate depends on m. and also, on the chosen p. In our case, the convergence
rate decreases as . increases.

(b) In both cases in Figure 3, with constant damping parameter or not, for a fixed
number m. of colors, the number of iterations decreases when the overlap parameter
6 increases and consequently, the number of iterations corresponding to a fixed m, is
bounded. In view of error estimations in Remarks 2 and 3, m. being constant, we can
conclude that Cy should be a decreasing function of §. Constants CQO_W ||un—u| I (55) and
Cp in (56) are decreasing functions of d,;, and therefore, for the domain decompositions of
the experiments in Figure 3, there exist unity partitions and J,,, satisfying (49) such that d,,,
increases when ¢ increases. We illustrate in Figures 4 and 5 some unity partitions having
this property.

In Figure 4, we have plotted sections in the direction of a coordinate axis (the sections
in the x and y directions are identical) passing through the center of the functions of a unity
partition corresponding to the domain decompositions in Figure 3 having the overlap
parameters: 5 = 0.01 (left) and § = 0.14 (right). These domain decompositions can be
colored with 22 colors and we see that &, = .

In Figure 5, we have plotted sections in the direction of a coordinate axis passing
through the center of the functions of a unity partition corresponding to the domain
decomposition in Figure 3 with the overlap parameter: 5 = 0.15 (left) and § = 0.18 (right).
These domain decompositions can be colored with 32 colors and we see that &,,, = 0.04 in
both cases.

Evidently, other unity partitions can be imagined, but we shall assume that, in general,
according with the results of the numerical experiments, the parameter J,,, defined in (49)
depends on the number of colors m. and, for a fixed color, is an increasing function on the
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overlap parameter J, i.e., the number of iterations decreases when the overlap parameter
J increases.

700

Number of iterations depending on the overlapping parameter

Number of iterations depending on the overlapping parameter

3500
\
600 3000 ||
\

500 2500 |
2 \ 2 \
] \ S \
S 400 \ £ 2000 i
= 4 = 1
s 4 5
g 300 \ g 1500 A
: \ <
E \ / 5 i
2 * / £ N\

200 N s _K#/ 1000 *

\“\ / k‘w
. 2B .
100 S A, 500 e
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Figure 3. Number of iterations depending on the overlap parameter: damping parameter associated
with the color (left) and constant damping parameter (right).

theta;,- md=0.28, nro=001, mc=22

theta;: md=0.28, nro=0 14, mc=22
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Figure 4. Sections in the direction of a coordinate axis passing through the center of the functions of a
unity partition: § = 0.01 (left) and § = 0.14 (right).

theta;: md=0.28, nro=0.15, mc=32

theta;: md=0.28, nro=0.18, mc=32
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Figure 5. Sections in the direction of a coordinate axis passing through the center of the functions of a
unity partition: § = 0.15 (left) and § = 0.18 (right).

(3) Experiments in Figure 6, where we plotted the number of iterations depend-
ing on the number of subdomains, have been performed to verify the conclusions of
Remark 4. As above, in the left plots, the damping parameter is associated with the
color of the decomposition and in the right plots the damping parameter is constant,
p = 0.04. The overlap parameter has been the same in these experiments, § = 0.04, the

domain decompositions contained 22 42 62 ... 222 242 252 282 312 .
492, 542, 592, 642, - -

.., 432 462, 482,

-, 892,942 and 962. square subdomains. Obviously, the subdomains

have different sizes from one experiment to another. The decompositions whose number
of subdomains is between 22 and 242 can be colored with mc = 22 colors, those whose
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number of subdomains is between 252 and 482 can be colored with mc = 32 colors and
decompositions having the number of subdomains between 492 and 962 can be colored

with mc = 52 colors.

MNumber of iterations depending on the number of subdomains Mumber of iterations depending on the number of subdomains

2500

1200

1000
2000

800 +
1500 || et

600 ||

1000

number of iterations
=

400 L4k
i ; 500

0 0
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 0 1000 2000 3000 4000 5000 6000 7000 8000 9000
number of subdomains number of subdomains

number of iterations

Figure 6. Number of iterations depending on the number of subdomains: damping parameter
associated with the color (left) and constant damping parameter (right).

(a) As in the case of the J variable, we see in Figure 6 that, when the numerical
experiments are performed with variable damping parameters (corresponding to the
colors of the domain decompositions), the number of iterations corresponding to the
colors increases as the number of subdomains nbd? increases, but the number of iterations
decreases when the damping parameters associated with the colors have the same value.

(b) Furthermore, from this figure, we see that the number of iterations as a function
of the number of the subdomains confirm the conclusions of Remark 4, i.e., by keeping
the parameters of the experiments constant, with the exception of the number and the
size of the subdomains, the convergence rates are bounded above by the convergence rate
of the experiment whose convergence depends only on the number of colors. As in the
case of variable §, we illustrate this by four numerical experiments among those plotted in
Figure 6, namely, when the number of subdomains in the direction of x or y is: nbd = 2,
nbd = 24, nbd = 25 and nbd = 48.

In Figure 7, we have plotted sections in the direction of a coordinate axis passing
through the center of the functions of the unity partitions corresponding to the domain
decomposition for nbd = 2 and nbd = 24. These unity partitions satisfy (49) with J,,. = 0.04
and the subdomains of the domain the decompositions can be colored with m. = 22 colors.
In Figure 6 we see that the number of iterations increases when the number of subdomains
increases between 22 and 242. Even if the experiments have the same d,,, = 0.04, 1, |
increases as the number of subdomains increases and consequently, CQ(SmC ||un—u|| B1VEN
in (55) increases, i.e., the convergence rate of the experiments increases as the number
of the subdomains increases. These experiments are therefore in agreement with the
theoretical results.

In Figure 8, we have plotted sections in the direction of a coordinate axis passing
through the center of the functions of unity partitions corresponding to the domain decom-
position for nbd = 25 and nbd = 48. The subdomains of the domain the decompositions
having the number of the subdomains between 252 and 48? can be colored with m, = 32
colors. In Figure 6, we see that, in the case of these experiments, the number of itera-
tions decreases when the number of subdomains increases. In view of the expression of

Q|| given in (55), this fact is in agreement with the theoretical results because,

on the one hand, J,,, increase from 0.02 to 0.04, and on the other hand, |Q,, | decreases.
Therefore C, ~decreases, i.e., the convergence rate of the experiments decreases as the

C
number of the subdomains increases.
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theta; - nro=0.04, md=0.52, nbd=2, me=22 theta;: nro=0.04, md=0.08, nbd=24, mc=22
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Figure 7. Sections in the direction of a coordinate axis passing through the center of the functions of a
unity partition: 22 subdomains (left) and 242 subdomains (right).

theta; - nro=0.04, md=0.07, nbd=25, me=32 theta;: nro=0.04, md=0.06, nbd=48, mc=32
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Figure 8. Sections in the direction of a coordinate axis passing through the center of the functions of a
unity partition: 252 subdomains (left) and 482 subdomains (right).

Finally, let us mention that even if, in general, the Schwarz methods are not scalable
(see [1], for instance), in the case of the damped additive one, the number of iterations
depends on the number of subdomains but it has an upper bound depending on the
minimum number of colors used for the coloring of the subdomains.
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