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Abstract: In the paper, the authors introduce a unified generalization of the Catalan numbers, the
Fuss numbers, the Fuss—Catalan numbers, and the Catalan-Qi function, and discover some properties
of the unified generalization, including a product-ratio expression of the unified generalization
in terms of the Catalan-Qi functions, three integral representations of the unified generalization,
and the logarithmically complete monotonicity of the second order for a special case of the unified
generalization.
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1. Introduction

As well known from [1,2], Catalan numbers C, are used in the study of set partitions in
different areas of mathematics. In particular, in combinatorial mathematics, the Catalan numbers
Cy form a sequence of natural numbers that occur in various counting problems, often involving
recursively-defined objects. There are many counting problems in combinatorics whose solution is
given by the Catalan numbers C,,. The book [3] contains a set of exercises which describe 66 different
interpretations of the Catalan numbers.

The Catalan numbers C;, can be generated by

2 _1—-v1-—4x
14+ /1 —4x 2x

One of the explicit formulas of C,, for n > 0 reads that

=Y Cox" =1+ x+2x% +5x° + 14x* + 422" +1322% 4 - - - .
n=0
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I'(z) = / #le7tdt, R(z) >0
0
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is the classical Euler gamma function. In [2,4,5] and ([1] pp. 110-111), it was mentioned that there
exists an asymptotic expansion

Cx

4T 1 X
s (x+3) 4 (1 9 1 145 1 +_”> )

VT (x +2) T/ \a32 T 8x5/2 T 1284772

for the Catalan function Cy. For new developments on (1), see [6] and the review paper in [7], in which
there are plenty of closely related references.
A generalization of the Catalan numbers C,, was defined in [8,9] by

J _1 pn \ 1 pn
PP n\n—-1)  (p—1n+1\n

forn,p > 1. Itis obvious that C, = 2d,. In ([1] pp. 375-376), the generalization , 1d, of the Catalan
numbers C, is denoted by C(n, p) for p > 0 and is called as the generalized Catalan numbers. In ([1]

pp. 377-378), the Fuss numbers
F(m, n) 1 (mn + 1)

:mn+1 n

were given and discussed. It is apparent that F(2,n) = C,.
In combinatorial mathematics and statistics, the Fuss—Catalan numbers A, (p, ) are defined [10]
as numbers of the form

T np+r\ T(np+r)
An(p,r)—;w< n )_F(n—l—l)l"(n(p—l)—l-r—l-l)'

@

It is easy to see that
An(p,1) =F(p,n), An(2,1)=C,, n>0

and
Apa(pp)=pdn=C(n,p—1), np>1

There have existed some literature, such as [1,2,11-21], on the investigation of the Fuss—Catalan
numbers A, (p, 7).

In [22], an alternative and analytical generalization of the Catalan numbers C,, and the Catalan
function Cy was introduced by

T'(b) (b\*T(z+a)
) — b > 0.
Cloi) = ) (a> ey R@R0) >0, RE) >0
For uniqueness and convenience of referring to the quantity C(a, b; z), we call the quantity C(a, b;z)
the Catalan—Qi function and, when taking z = n > 0, call C(a, b; n) the Catalan-Qi numbers. It is not
difficult to verify that C (%, 2;n) = Cyand

) (m—1)n ) (m—1)n
C(n+1,2;(m—1)n) = (n+1> mdn = ( > C(n,m—1)

for m,n > 1. In [22], it was obtained that

C(a,b;z) = I'(b) <b>z( (z+a)” exp {b—a%—/oo‘q(l 1—a> (e_”t—e_bt)e_tht 3)

I'(a)\a/) (z+b)ztb—a t\1—et ¢




Math. Comput. Appl. 2019, 24, 49 30f16

for R(a), R(b) > 0and R(z) > 0. Recently, we discovered in ([23] Theorem 1.1) relations between the
Fuss—Catalan numbers A, (p,r) and the Catalan-Qi numbers C(a, b; n), one of which reads that

-1
n I C(L?fl;”)

)
Hlf:o C(k;ﬁlr Ln)

(4)

An(p,r) =71

for integers n > 0, p > 1, and r > 0. In recent papers [6,22-32], among other things, some properties,
including the general expression and a generalization of the asymptotic expansion (1), the monotonicity,
logarithmic convexity, (logarithmically) complete monotonicity, minimality, Schur-convexity, product
and determinantal inequalities, exponential representations, integral representations, a generating
function, connections with the Bessel polynomials and the Bell polynomials of the second kind, and
identities, of the Catalan numbers C,, the Catalan function Cy, the Catalan-Qi numbers C(a, b; n), the
Catalan-Qi function C(a, b; z), and the Fuss—Catalan numbers A, (p, r) were established.

In this paper, we will introduce a unified generalization of the Catalan numbers C,, the generalized
Catalan numbers C(n,k), the Fuss numbers F(k,n), the Fuss—Catalan numbers A, (p,r), and the
Catalan-Qi function C(a,b;z). Hereafter, we will find a product-ratio expression, similar to the
product-ratio expression (4), of the unified generalization in terms of the Catalan—Qi function C(a, b; z).
Furthermore, based on the integral representation (3), on the Gauss multiplication formula for the
gamma function, and on an integral representation for the logarithm of the gamma function I'(z), we
will derive three integral representations of the unified generalization. Finally, we will establish the
logarithmically complete monotonicity of the second order for the unified generalization.

2. A Unified Generalization of the Catalan and Other Numbers

Does there exist a unified and analytic generalization of the Catalan numbers C;;, the Fuss numbers
F(m,n) = C(n,m), the Fuss—Catalan numbers A, (p,r), and the Catalan-Qi function C(a, b;z)? What
is it concretely? In the early morning of September 15th 2015, a unified generalization was framed out
eventually and successfully, and which can be described by a five-variable function

pL(pz+a)

R e

©)

a

(q—p+1)z
Q(a,b;p,q;2) = ?EZ; (b>

where R(a), R(b) > 0, R(p), R(g) > 0, and R(z) > 0. For uniqueness and convenience of referring
to the quantity Q(a, b; p, g;z), we call Q(a, b; p, q; z) the Fuss—Catalan—-Qi function and, when taking
z=mn >0, call Q(a,b; p,q;n) the Fuss—Catalan-Qi numbers.

It is easy to see that

Q(;rzr 1r 1/ n) = Q(lrzrz/ 1/ 1’[) - Cn/ Q(rlr+ 11 prp - 1/ Tl) = An(P/ 7’),

Qp.p+Lpp—1Ln—1)=pdy=Cnp—1), Qahb;1,1;z) =C(ab;z).

(6)

Accordingly, the Fuss—Catalan—Qi function Q(a, b; p, q;z) is a unified generalization of the Catalan
numbers C,, the generalized Catalan numbers C(1n,m), the Fuss numbers F(m, n), the Fuss—Catalan
numbers A, (p, r), and the Catalan—Qi function C(a, b; z).

It is easy to see that the Fuss—Catalan—Qi function Q(a, b; p, q; z) meets

a

2(q—p)z 1
Qb ap,q;z) = <b> Q(a,b;q,p;2)

and, whenp =qora=0b,
Q(a,b;q,p;2)Q(b,a;p,q;z) = 1.
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If only interchanging the role of 4 and b, then

R(a,b;2p;z)
Q(a,b;p,q;2)Q(b,a;p,q;z) = { R(b,a;2q;2)"
S(a;p,q;2)S(b;p,q;2),

where I I )
rz+a)l(rz +
R(a,b;r;z) = TG+ 1T
and r( )
N g—pL(pz+c
S(cip.g;z) = [F(z+1)] Tzt o)
If only swapping p and g, then
F(b;p,g;2)

Q(a,b;p,q;2)Q(a,b;q,p;2) = Fla;p,4;2)"
G(a,b;p;2)G(a,b;q;2),

where
N ()
F(c;pq:z) = I'(pz+c)T(gz+c)
and
2y — L) (D) IOz 40)
G(a,b;r;z) = T(a) (a) [(rz+b)

3. A Product-Ratio Expression of the Fuss—Catalan-Qi Function

40f16

Motivated by the product-ratio expression (4), we now find out a product-ratio expression of the

Fuss—Catalan—Qi function Q(a,b; p, g; z).

Theorem 1. For R(a), R(b) > 0and R(z) > 0, when p,q € N, we have

. b\T PO (p + @)1 T C(5% 152)
Q(a,b;p,q:2) = Ka) r(a>r<q+b>} M-, C(52 1z)

Proof. By the Gauss multiplication formula

nnz—l/Z n—1 k
['(nz) = WHI’(Z—I— n)’ neN

in ([33] p. 256, 6.1.20), the Fuss—Catalan-Qi function Q(a, b; p, q; z) can be written as

(P(z+3))

Tr
e )
ppz+u—1/2 p—1

r k+a

_T(b) (b (g=p+1)z . i (27r)(p=1)/2 kI;IOr(Z+ P )

T [[(z+1)] 172 41 o
a7 LTE

<

a

(—p+1)z

|

a
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ppz+a71/2 p—1 F(Z + k#)
B <> (g—p+1)z (27)(P-1)/2 kl;lo T(z+1)
I'(a) \a g b=1/2 -1T(z + D)
(2m)a-1/2 ;5 T(z+1)

q—1 F(l) q z ppz+a—1/2 p—1 F(l) p zl"(z+k%)
B r(b)(b>(q—p+1)zk—o F("Tb) <k+b> (27)(P=1)/2 = F(HTQ) (k+a) Tz+1)
= (11) a p—1 r(l) ( p )Z qqz+b—1/2 q—1 r(l) q Z]"(Z_|_k;r7b)
o PG \e+a) - om)a0/2 (T (B \k+b) T(z+1)

pPZ—I—a 1/2 p-1 kg
r(b)(b)”‘“”"'ﬂi"éf( +5) [ h ket ay g1 @m0z 1, €5 2)
k
q

g
T T (L + ) T gk +b) P =712 qﬁlc(m 12)
(2mr)a-1)/2 ¢ q

r 271)(p-1)/2 1
:r(b)<b>(‘7—P+l)z (a) P12 [T b k+a)]” po/2 (2m)@-D/2TTy (555, 1;2)
(@) \a o @O [ by | GBI T (ks g
() 172 !
_ (b>(‘1 p+1)z [Hrz o (k+a) ZHk;oC(’%”,l;z)
! Hk:o(k+b) Hz;éc(k;rfb,l;z)
_ <b>(‘7P+1)Z[r(b)r(p+a):|znz_éC(k';;a,l;z)

The identity (7) is thus proved. The proof of Theorem 1 is complete. [

Remark 1. Before getting (7), we did not appreciate the analytic meanings of the form of the product-ratio
expression (4) because before catching sight of the unified generalization (5), we did not appreciate the analytic
meanings of the form of the Fuss—Catalan numbers A, (p,r) in (2).

Remark 2. From (6) and (7), we derive the identity (4) and
p—1 k 1.
1 | |k:0 C(l + ?,1,71 — 1)

[ CO+ 52, 5n-1)

pdn = Cnp—1)=

Remark 3. When p = g, the product-ratio expression (7) can be reformulated as

K(a,qg,z
Q(a,b;q9,q;z) = Kébgz;’

where

e = et rg] TTe(550)

k=0
If taking a = b, then
I'(pz+a)

Tlpzta) -1
o Terop  [Tp+alIn, c(5%12)
P Tt ez
(

qz +a) 217
e [T(q+a)F T €
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4. Integral Representations of the Fuss—Catalan—-Qi Function

Making use of the integral representation (3) and the product-ratio expression (7), we now derive
the first integral representation of the Fuss—Catalan-Qi function Q(a, b; p, q; z).

Theorem 2. For R(a), R(b) > 0, and R(z) > 0, when p,q € N, we have

o pg) = (2 a—p)2 D) P2
Qla,b;p,q;2) = (27) T(a) 172

x [(bymnf_é(awwk) )
1 (b + 4z + k)

a
N /‘“e‘zf b AN (et
Jo t l—et t p 1—et/p P
1 1 b\ 1-et ., ~
- _ - q _ t
(et ) i o)
—t

(z + 1)(q*p)(2+1/2)+(%b)

et/ et 1—e! 40 P—1
- bt/ g Pt g4l
+(a(l—emf) 1—ef>1—ew T2 e} }

Proof. Making use of the integral representation (3) leads to

[ie(5) - e (ek) 5]
1

k=0 +1)
p—1 u
xexplz (1_ k+a) + Z/ (1—@ : _%_ k;a)(e_k;t_e_t)e_ztdt]
k z AN
i 11 1 sz:O(Pz +(Z:1L)”) (Z+1)a+ 5
o, T () [y (k+a)]”  (z+1)7
Y Sk o gzt p1< 1 1 k+a> kb,
o — —ef)dt
xexplp a P +/() t E\1—et ’ (77 —e)
= 1 |: I'(a) Z[F(p(z-l—l) +a)]z(z_|_1)a+(p—1)/2
H}I::Olr(z + k) I(p+a) I'(pz+a) (Z_|_1)p(z+l)

ot p-1
P—l 00 p—zt P 1 1 k+a _ktay _
xexp[p—a—z—i- ; ) T 1 (em 7 —ef)dt

0 p

k=0
I {rw)r(mr {r<p<z+ 1) +a>r 1
(2m)(P=1/2T(a) | T(p + a) T(pz+a)l(p) | (z+1)p(E+1/2)-a+1/2

- -1
B_ 1 /ooe zt 1 _1_5 14 7k+7at_ _t
><exp{2 a—l—z—l— 0t T—e? t 7 k[;)e ’ pe

dt}
_ pﬂ—l/Z B(ﬂ, p) z 1
~ (2m) D720 (a) | B(a+ pz,p)| (z +1)pEr1/2)-ar1/2

_ —1
Pyl /‘”E” vt e (e e
><exp{2 a—|—2+ 0 1 T—e? ¢ 7 k;:)e P pe
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_Zfe kT L;le_t

dt}
B p* 1/2 1
- (271) /2T (a a+pz p) (Z+1)p(z+1/2)—a+1/2

1 °°e’Zt 1 a\( _gyypy 1—e!
r_ - - _ = |
XeXp{ a+2+/ <1e‘t t p)( 1—etv F° )

,t/ _ — e Bt/
Pl 1()1 —t(/lp) - Wup;leﬂdt}’
p

where B(p,q) = % is the classical beta function. Similarly, we also have

‘I*lc k+b A gt=1/2 (bq) 1 1
il q Y (27_[) (qfl)/ZI'(b) B(b + qz, q) (Z + 1)q(z+1/2)7b+1/2
NP S kil NG SR S A Y R/ el
Xexp{Z b+2+.0 t 1—et t g ¢ 1—eta 1
gl et e e g1 ]
g(1— e 12 2 |
Consequently, we obtain
-1 k+a
]—H{LO (= 4L z) T(b) p*~1/2
= = (g-p)/2 (=) (z+1/2)+(a-b) \D) P~ "~
(27) (z+1) T(a) (172

1
HZ:O (%, 1;z)

X{ (B(a,m B(b+quq)] Xp{P P24 (h_aq)

a+pz,p) B(b9q)

o gzt 1 1 a\( _uyypy 1—¢!
- - _Z= |
e ) i )

1 1 b —bt/q 1—€_t _t
(1—e—t t_q>(€ 1—c i 1

_ple =Nt (e ey,

p(1—et/p)?
—t/qg _q t —t\,—t/q _
i q(e q()le_ jt(/q)Z )e e bt/a 4 P 5 qet] dt}.

Substituting this into (5) and simplifying yields the integral representation in Theorem 2. The proof of
Theorem 2 is complete. O

By the Gauss multiplication formula (8) and an integral representation for the logarithm of the
gamma function I'(z), we can acquire the second integral representation of the Fuss—Catalan—Qi

function Q(a, b; p, q; z), which is seemingly simpler than the one in Theorem 2.

Theorem 3. Fora,b > 0and x > 0, when p,q € N, we have
B B - r(b) b (g—p+1)x
cp gex) = (q=p)/2p(p—q)/2+b—a _\") [ 7
Q(a,b;p,q;x) = (27) e T(a) (a)

-1

ppx+a71/2 HZ:O

gx+b—1/2 —q-1 b4-k\ X+ (b+k)/g—1/2
1 Mo (x + 57

k —-1/2
(x+ #)X-‘r(ﬂ"‘ )/P /

x (x4 1)l1-P)(x+1/2)
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® —t 1—e! —at/p 1-e! —bt/q| ,—xt
X exp A :B(t) (‘7 - P)e + me - me e dt , (9)

where
ﬁ(t)=1<et1_11+;> (10)
Proof. By Formula (8) and
InT(z) = In(vV2r 2z 1/2e7%) + /Ooo B(t)e #dt (11)
in ([34] (3.22)), we have
In <[F(x + 1)]”%) =(@-p)InT(x+1) +In I;(Z(ii ”)))
prra1/2

B T T (x + 25K

2 p 1)/2 P
= (@=pP)InTG+ 1)+ InBh

(2m)- 1/2Hk 0 (x+7)

/2 pr+a 1/2
qqx+b1/2]

=(@—p)InT(x+1)+1In {(zn)(qp)

p—1 _
+Zlnl’(x+) Zl F(x—i—lT()
k=0

= (q— p)In [V27 (x + 1)¥F1/2= D] 4 (g — p/ B(He (D g

/2P
+In {(27‘()(‘7 p) W

p—1 x+(a+k)/p—1/2
+ Z In {\/27’( (x—i— f +k> e—[x+(a+k)/P]]
p

px+a— 1/2} B 2/0 B(t)e [t b+h)/alt g 4
=0

< b+k>x+(b+k)/q—1/2

_1 oS
x4 e—[x+(b+k)/q]] +;72/ ‘B(f)e_[x+(a+k)/p]tdt
q k=0 /0

_Zln[

px+a—1/2

k\x+(a+k)/p—1/2
(v 1 1o oo (4 75) ]
I

—In [(27-[)('7 p)/2P

qxtb—1/2 +(b+k)/q—1/2
‘7 e+ 23t
p—1 k q-1 k
Fp-nrD- L (x4 )+2( bt )
k=0 p q
q p / ,B x+1)tdt+/ (X+a/p)t 2 eikt/pdt
k=0
[} q—
— [ Bt Y g
0 k=0
_ a+k\x+(atk)/p—1/2
=In (27‘[)(q P)/2M(x+1)(q p) x+1/2)H ( X+ p )
qqx+b 1/2 H 0( JrM)H(Hk)/q—l/z
q
pz q +b—a+ q p / '3 —(x+1)t dt

1—et o0 1_ et
—(x+a/p)t _ —(x+b/q)t
+/ 1=e 4! /0 Alt)e 1=e 9!
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B a+k x+(a+k)/p—1/2
=In (zn)(q—p)/ZM(erl)(q p)(x+1/2) H (x+ p )
qqx+b71/2 Hk (x+ M)X-‘r(bﬁ-k)/q—l/z
=0 q
P—q _ Oo _ —t 1—e! —at/p _ 1—e —bt/q| ,—xt
+ +b a—i—/o ,B(t)[(q ple +176_t/pe ¢ e *dt.

Substituting this into (5) leads to the integral representation (9). O

Only by the integral representation (11), we can establish the third integral representation of the
Fuss—Catalan—Qi function Q(a, b; p, 4; z), which is seemingly simpler than the previous ones.

Theorem 4. Fora,b,p,q > 0and x > 0, we have

(px+a>px+a71/2
(qx+b)qx+h71/2

(qx+b)t + e—(px-ﬁ-a)t} dt}, (12)

(g—p+1)x
b) q-r (x +1)a=P)+1/2)

(b) (27.[) (g— p)/Zep q+b— a(
a

Qa,b;p,q;x) = T(a)
x eXP{/Ooo B(t)[(g—pleHF —e

where B(t) is defined by (10).

Proof. By virtue of (11), we obtain

1n<[F(x + 1)]q_pm) =(q—p)InT(x+1) +InT(px +a) —InT(qx + b)

=<6/—P)ln[\/ﬂ(x+1)””ze("“} (9- P/ B(t)

+1n [r(px_i_a)pxﬂz 1/2 7(px+a +/ ,3

—In [F(QX-f—b)qx-Hj 1/2,— qx-i—b / B t)e (qx+b)t 4+

x+a—1/2
i h (4-p)/2 (-p)(x+1/2) (PX )T
=p—qg+b a+1n[(27'c) P (x +1)MP (qx+b>qx+bfl/2

+/ B(t) ~(xHDE o (pxra)t _ o= (grrb)] g 4

Substituting this into (5) leads to the integral representation (12).

—(x+1)t

—(px—+a)t d+

The proof of Theorem 4

is complete. [
Remark 4. From (6) and the integral representation in Theorem 2, we obtain
H,’(:é(k +7r+po)

1 pr71/2 1 [
T Sk (p— 1o+ 1)

)
P A 1—etr P
1 1 r4l\ [y - L
(e ) T e e

B et/r et 1—et 5t

p(l—et/P) 1—et)1—¢t/r

et/ (p=1) et l—et 1y 1,
+<(p_1)(1_et/(pl))_l—e—f>1 et e }dt}
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and

1 pri/2 1 [10= (k + pn)
C(H,P—l): \/T 1 (n+1)n+l/2
T \P szo( ( —1)1’l+2)
X ex 3+/°°e(”1)t ! —1—1 Rl et
P27k t 1—et ¢ 1—etv P
(L Y p RN (e et
(1 —et t p-— 1) (6 1—et/(p-1) (p—1)e
(e et Nt
p(l—et/P) 1—et)1— e t/r’
—t/(p-1) et 1—et  _pily 1
— -1 = -t
+((p—1)(1—€t/(pl)) 1_et>1_et/(r)1)e r —I—ze :|CU’}

Remark 5. When p = g, the integral representation in Theorem 2 is reduced to

=

I'(b o La+ z+k

X ex b—a+/ a—Dble t+ <ebt/q_eat/li>
p{ o [( ) q q 1—et/q
1+e! e~t/q 1\ 1—et e
— _Z q _ p=bt/q
+(1—et 70— t>1—ef/q(8 e )]dt}.

Remark 6. By the integral representation (12) and the second relation in (6), we find

2 n+r—1/2
_ e —(n+1/2) (pn+r)P
Anlpir) = mr(n+1) [(p—l)n+r+1](r’*1)n+r+l/2

% exp{/ :B —(pn4r)t _ ef((pfl)n+r+l)t _ e*(ﬂ“rl)f} dt}.

Remark 7. The function Q(a,b; p,q;z) defined by (5) can be rewritten as

(g—p+1)z
Qa,b;p,q;z) = FEE;(Z) m
where r D"
Glc,r,z) = [I"Eiz—:—g

Taking the logarithm of G(c,r,z) and differentiating gives
InG(c,7,z) =rInT(z+1) —InT(rz+¢)

and

d
a[ln Gle,r,2)] =r[p(z+1) —yp(rz+c)].

Therefore, we obtain

d [In G(b,q,2)

dz| G(a, P,Z)} =q[p(z+1)—(gz+b)] — plp(z+1) — p(pz +a)]

=(@@-p)y(z+1) - [q¢(qz + b) — py(pz + a)]
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and

drktl G(b,q,2)
dzk1 |7 G(a,p,z)

for k € {0} UN. Further making use of (15) arrives at

} = (- PO+ 1) — B gz 1 b) + P (pz 4 a)

(_1)k+1 dk+1 11’1 b q/ q p)e—(z-i-l)t_qk+1e—(qz+b)t+pk+1e—(pz+a)t] dt
d zk+1 (a,p,z) 1—

for k € N. Consequently, for k € N, we have

dkHan a,b;p,q;z otk _ _ _
(_1)k+1 dik-%l P, q;2) :/0 - [(q—p)e (z4+1)t —qkﬂe (qz+b)t+pk+le (pZJru)t] dr.

5. Properties of the Fuss—Catalan—-Qi Function

Recall from ([35] Chapter XIII), ([36] Chapter 1), and ([37] Chapter IV) that an infinitely
differentiable function f is said to be completely monotonic on an interval I if it satisfies 0 <
(—=1)kf®)(x) < coon I for all k > 0.

Recall from [38,39] that an infinitely differentiable and positive function f is said to be
logarithmically completely monotonic on an interval I if 0 < (—1)¥[In f(x)]®) < oo holds on I
for all k € N. For more information on logarithmically completely monotonic functions, please refer
to [40—43] and plenty of references therein.

Recall from [38] that if f)(x) for some nonnegative integer k is completely monotonic on an
interval I but f*~1)(x) is not completely monotonic on I, then f(x) is called a completely monotonic
function of the k-th order on an interval I.

Stimulated by the above definitions and main results in [44], we now introduce the concept of
logarithmically completely monotonic functions of the k-th order.

Definition 1. For a positive function f(x) on an interval I, if [In f(x)]*) for some nonnegative integer k is
completely monotonic on an interval I but [In f(x)]*=1) is not completely monotonic on I, then we call f(x) a
logarithmically completely monotonic function of the k-th order on I.

In terms of the terminology of logarithmically completely monotonic functions of the k-th order,
we can state the main results of this section as the following theorem.

Theorem 5. The function

r'(b) (b\'T
Q(ﬂ,b;q,q;X):Eag(> m, a,b,p>0, x>0

satisfies the following conclusions:

1. ifa<bandq < % the function Q(a, b; g, q; x) is increasing on [0, 0);

ifa>bandq < %, the function Q(a, b;q, q; x) is decreasing on [0, 0);

ifa <bandq > W the function Q(a, b; g, q; x)

ifa>bandq > 1/;1&)—}/?(71) , the function Q(a, b; q, q; x) has a unique maximum on (0, o0);

if and only if a < b, the function [Q(a, b; q,q; x)]* is logarithmically completely monotonic of the second
order on [0, oo) in particular, if and only if a < b, the function [Q(a, b; q,q; x)]*! is logarithmically
convex on [0, o0).

has a unique minimum on (0, c0);

A N

Proof. Taking the logarithm on both sides of Equation (5) and differentiating with respect to x yields

d[InQ(a,b; p, q; x)]
ax =(q—

pt+1l)n- by (=p)p(x+1) + py(px +a) — q¢(qx + b)
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and
d*[InQ(a,b;p, q; x
| (dx2 PO (g )yl +1) + 2y (px +a) — P9/ (gx + ).
It is not difficult to see that

tim OQELPGI_ (p yin oy g pp) t @ —gpe)  3)

x—0t

and

lim d[InQ(a,b; p,q; x)]

X—»00 dx

In(x+1)

}

b
=(q—p+1)lna+}gr;o{(q—P)

+p|In(px +a)—

x—i—l ZZn x+1

= 2(px +a)

,i

px+a —qlln(qx—i—b) (qx+b Z qx+b

= (q—p+1)1n§ + lirn [(q—p)ln(x+1)—|—pln(px—|—a) —qIn(gx +b)]

(14)

=+ lim{(p q)

X—00

[ee]
x—l—l +nZ:12n x+1

+q

}

(qx—l—b Z qx+b)

1 o Bo,
_p[Z(px—ka) +n;1 2n(px 4 a)®"

b
=(q— p+1)1na + lim [(q — p) In(x +1) + pIn(px + ) — gIn(qx + b)]
b
= (q—p+1)lng +plnp—glng
I é quJrlpip
a g7 |’
where the asymptotic expansion

P(z) ~Inz — 1 B2

2n
2z = 2nz

asz — oo in |argz| < 7 (see [33] p. 259, 6.3.18) was used, and By stands for the Bernoulli numbers
that are defined by

x i Byxk
=1 = K
When p = g, making use of

00 k
Pp®)(z) = (_1)k+1/0 1_tefte_2tdt, R(z) >0, keN (15)

in ([33] p. 260, 6.4.1) leads to

d? InQ(a,b;q,q;x o t _ _ _
DQEERTI] _ plylgr ) /(g 4 0)] = @ [ oo (e e M)
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2 .
which means that the derivative :I:MW is completely monotonic on [0, o) if and only if a < b.

Hence, the first derivative iw is increasing on [0, o) if and only if 2 < b. Meanwhile, the
limits (13) and (14) become

. dInQ(a,b;q,q;x)] . b B Inb—1Ina
i SERQEBLEI 0 D gip(a) - plb)] = [90) — 9O |1 - o s
and
L Qe biq,q;x)] b
X—00 dx a

As a result,
1. ifa<bandg < %, the first derivative w is non-negative on [0, o);
2.ifa < band g > %, the first derivative W has a unique zero, which is a
minimum point of In Q(a, b; q,4; x), on (0, );

3. ifa>bandg < %, the first derivative w is non-positive on [0, c0);

4. ifa > band q > m, the first derivative w has a unique zero, which is a

maximum point of In Q(a, b; g, 4; x), on (0, c0).
Therefore, the conclusions on Q(a, b; g, q; x) are thus proved. The proof of Theorem 5 is complete. [

6. Remarks

Finally, we list additional several remarks.

Remark 8. Combining Theorem 5 and the last relation in (6), we obtain that the Catalan—Qi function C(a, b; x)
is a logarithmically completely monotonic function of the second order.

Remark 9. Similar to the introduction of the Catalan—Qi function C(a,b;z) in [22], we had better leave
the combinatorial interpretation of the Fuss—Catalan—Qi function Q(a,b; p,q;z) to combinatorialists and
number theorists.

Remark 10. In recent years, there were many results on the Catalan numbers C,, and the Catalan—Qi numbers
C(a, b;n) in [45-53] and the closely related references therein.

Remark 11. This paper is a corrected and revised version of the preprint [54].

7. Conclusions

In this paper, we introduce a unified generalization of the Catalan numbers, the Fuss
numbers, the Fuss—Catalan numbers, and the Catalan—Qi function, and discover some properties
of the unified generalization, including a product-ratio expression of the unified generalization
in terms of the Catalan—Qi functions, three integral representations of the unified generalization,
and the logarithmically complete monotonicity of the second order for a special case of the
unified generalization.
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