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Abstract: The statement of the eigenvalue problem for a tensor-block matrix (TBM) of any order
and of any even rank is formulated, and also some of its special cases are considered. In particular,
using the canonical presentation of the TBM of the tensor of elastic modules of the micropolar
theory, in the canonical form the specific deformation energy and the constitutive relations are
written. With the help of the introduced TBM operator, the equations of motion of a micropolar
arbitrarily anisotropic medium are written, and also the boundary conditions are written down by
means of the introduced TBM operator of the stress and the couple stress vectors. The formulations
of initial-boundary value problems in these terms for an arbitrary anisotropic medium are given.
The questions on the decomposition of initial-boundary value problems of elasticity and thin body
theory for some anisotropic media are considered. In particular, the initial-boundary problems of the
micropolar (classical) theory of elasticity are presented with the help of the introduced TBM operators
(tensors—operators). In the case of an isotropic micropolar elastic medium (isotropic and transversely
isotropic classical media), the TBM operator (tensors—operators) of cofactors to TBM operators
(tensors—tensors) of the initial-boundary value problems are constructed that allow decomposing
initial-boundary value problems. We also find the determinant and the tensor of cofactors to the sum
of six tensors used for decomposition of initial-boundary value problems. From three-dimensional
decomposed initial-boundary value problems, the corresponding decomposed initial-boundary value
problems for the theories of thin bodies are obtained.

Keywords: tensor-operator of equations; stress tensor—operator; tensor-operator of stress and couple
stress; tensor-block matrix operator; canonical presentation of tensor-block matrix; eigenoperator
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1. Introduction

For isotropic materials, eigenmodules (eigenvalues) and eigenstates (eigentensors) are known
since monograph [1]. For anisotropic ones, the said notions were introduced by Kelvin in the middle
of the 19th century (other terms were used). However, the investigation in this area was continued
only about 40 years ago (see, e.g., [2-15] and the bibliography of [10]). In [10], Ostrosablin has studied
the inner structure rather well, classified anisotropic classically linearly elastic materials, and studied
many other important problems (see also [16]). The notion of elastic eigenstates is applied in the
plasticity theory (see [17]) and the flow theory (see [18]).

Representations of general solutions of the Lamé’s equations were made by many scientists (see, for
example, [19-23]), and representations of general solutions of equations in displacements and rotations
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of the micropolar theory of elasticity can be found, for example, in [22,24-26]. Note that in this case
the equations of the classical and micropolar theory of elasticity are decomposed, but for decomposing
the equations, as well as static boundary conditions, the algebraic method turned out to be more
efficient. If this method is used, it is advisable to present the equations and static boundary conditions
in tensors—operators (tensor-block operators) in the case of classical (micropolar) medium, and then
find the tensors—operators (tensor-block operators) of algebraic cofactors for these operators. Of course,
the algebraic method can be used for decomposing the static boundary conditions only for bodies with
piecewise plane boundaries. These questions are described in some detail in [27,28], and in this work,
special attention is paid to the canonical representations of equations and boundary conditions.

Note that in [28] some questions from monograph [27], which was published in Russian in
the Mechanics and Mathematics faculty of Lomonosov Moscow State University, were presented in
English with some clarifications and changes. In particular, the authors presented some questions
of tensor calculus; constructed new versions of theories of single-layer and multi-layer elastic thin
bodies via the developed method of orthogonal polynomials and also obtained the corresponding
decomposed equations of quasistatic problems of classical (micropolar) theory of prismatic bodies with
constant thickness in displacements (in displacements and rotations) from the decomposed equations
of classical (micropolar) theory of elasticity. The above results and eigenvalue problems for tensor and
tensor-block matrices (see [29]) are used in this work for mathematical modeling of the micropolar
thin bodies.

2. Statement of Eigenvalue Problem of a Tensor-Block Matrix of Any Even Rank

Find all tensor columns U which satisfy equation

p
MU = AU,
where A is scalar, and
U A A Ags Ay
U; Ay Axp Ay - Ay
U=| - , M=1 An Axn Az -+ Agyn |, )
Um Aml AmZ Am3 e Amm

M:M ]1]2]PRlllpR

. . _M/RR, R. . —
1jip-=-1p Jl“'Jp_MiR R], R11~~~1p—r1® ®I'p,

p . . T
Ri®R/:gé, Akl:Aulz ip R

N Jijajp = I R,RJ
kL, jaja--jp R Akl/ ~JRZR !

ivin-ip

Uk :Uk, jliz..»iPRzl.”lp/ k/lzlrm/ il/iZI"‘/ip/ j]/jZ/'-'/jpzlrn/
i,j=1,N, N=nP.

Note that this problem is solved for the tensor of any even rank and the tensor-block matrix
of any even rank consisting of four tensors, as well as for the tensor and the tensor-block matrix of
the fourth rank, and published in [29]. Therefore, here we will not dwell on the presentation of this
problem with the aim of shortening the letter, but, if necessary, we will refer to the work mentioned in
the previous sentence. We also note that, solving the eigenvalue problem for a tensor-block matrix of
any even rank consisting of four tensors, there is no difficulty in solving the analogous problem for
the tensor-block matrix M (see (1)). Thus, we assume that the eigenvalue problem for a tensor-block
matrix of any order and of any even rank is solved and we will consider some its applications below.
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3. Equations of Motion Relative to the Displacement and Rotation Vectors for an Elastic Material
without a Center of Symmetry

The constitutive relations (CR) given in [25,30,31] for a linearly elastic inhomogeneous anisotropic
material without a center of symmetry for small displacements and rotations and isothermal processes
can be written as

2 2 2 2
P=A@7+BR%, p=Coy+D&x (y=Vu-C-9, x=Vgp), @)

where P and p are the stress and couple-stress tensors, ¢ and s are the tensors of deformation
and bending-torsion, u and ¢ are the displacement and rotation vectors, A, C = ]:?vT and D

are the material tensors of the fourth rank, C is the discriminant tensor of third rank, é is
the inner two-product [27,29,32-35], the superscript T in the upper right corner of the quantities
denotes transposition.

Introducing the tensor columns of the deformation and bending-torsion tensors and stress
and couple-stress tensors, as well as the fourth rank tensor-block matrix (TBM) of the elastic
modulus tensors

X=<;~Y{> ("= (1 %)), 1(:(5) (Y =(ep))

N;ﬂ=(: l‘:;) (" =), ®)

the specific strain energy and the CR can be written in the form

2 2 2 2 2 2 TZ 2 2 4
20(7, %) =YRARY+2y@BRx+22D@x=X" MK, Y=M&X. )

If the material has a center of symmetry in the sense of elastic properties, then B = 0, where 0 is
the zero tensor of the fourth rank and the tensor—block matrix of the elastic modulus tensors (3) will
take the form of a tensor-block-diagonal matrix.

Substituting (2) in the equations of motion for small displacements and rotations

2
VBt pF = pdfu, V-p+CP+om =Jog,

and introducing the 2nd rank tensor-block matrix operator of the equations of motion and the vector
columns of the displacement and rotation vectors and vectors of volume forces and moments

(A B [ u _( eF
wo(t8) () =(2)

we obtain the equations of motion in displacements and rotations in the form
M-U+X=0, (6)
where the differential tensors—operators A, B, C and D have expressions
A=A"-Epd, A =r1n(ANV;+ VAV,
B = 1) [(BMV,; + V,;BIK — Cl, - AMKI) 7 — C! ) o AT,
C = 1y (B1V; + VB 4 C/,,, A"V, D =D’ -Jo?, @)
D' =11 {[D/FV;+V;D'H + (glgl —glel)CS, ™KV
—C_li,é(AW”“”C,ﬁ,;].+V,~BP‘7”)}.
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Here and below, E is the unit tensor of the second rank, ¢ is the time, and 0 is the partial derivative

operator with respect to time.
If we solve the eigenvalue problem for the tensor-block matrix (3), then we obtain its canonical

presentation [29,34]

18 18 uy®u, u, Vv
M= Y AW, oWl =y A, =PO<FP P25 ®)
= AT AT wew vay,
where Ap, p = 1,18, are eigenvalues for positive-definite TBM from Equation (3). Moreover, A} > A >
Az > .. > Mg >0,and Wy, = (gp, gp)T, p=1,18, is a complete orthonormal system of eigentensor
columns satisfying the orthonormality conditions [29,34]

2 2 2
(Wp, Wy) = Wy @W, = u,@uq + vp @V = pg, p,q=1,18. ©)

Taking into account the expressions for TBM in Equation (3), from Equation (8) we get

18 T 18 18
A= 21 Apupuy, B=C" = 21 Apupyy, D= 21 Ap¥p¥p.
p= p= p=

It is not difficult to prove that the inverse TBM I\z/ﬂ_l to (8) has the form

_ 18 18 u,®u, v
M=y AW,oWl= Y At ZP 7= S TEE ) 10
= p=1 pore p=1 P Vp@Uup VpQVp 10)

Generally speaking, for any integer « we have

18 18 u,®u u, Qv
M=y MW, oWl= Yy A8 =P~ =P =P==F ) 11
= pgl p=p = =r pgl b ( Vpy®@up VpQ®Vp i

In particular, from (11) for « = 0 we have

18 18
E-M'= Y WyeWl = | 2O W% ) (12)
= = p=1 p=1\ YpOUp VpRVy

where E is the unit TBM of the fourth rank relative to the operations of the inner 2-product. Given (8),
from (4) we get
18 T2 T 2 18 T 2
20(7,2) = L. AXTOW,WIRX, Y= ) A,W,WI&X (13)
- p=1 p=1

Multiplying both sides of the second relation of (13) scalarly by W, and taking into account (9), the CR
can be written in the form

2 2
(Y, Wa) = Aa(X, Wa) (YTOW, = AXT@W,), (a=T1,18). (14)

Note that the formulas in Equation (14) give equivalent records of the CR. Introducing
the notations

2 2 2 2
Xo=(X, Wa) =X @W, =W} ©X = u, @7 +va 02, 15)

2 2 2 2 .
Yo=(Y, W) =Y @W, =Wi®Y =u,@P+va®p, (a=1,18),
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the specific deformation energy (the first equality of (13)) and the CR (14) are represented in the form

18
q)('lr%) = Zl /\pX%;r Yo = AaXy, <‘X =1, 18>'
p:

Multiplying both sides of the first equality of (15) from the left tensorly by W,, and then if we
sum the resulting ratio from 1 to 18, by (12) we get

18 18 2 2
X=3) X,W,= ) (Euc®')’ +!a®?§)Wm
a=1 a=1 - (16)
18 18 2 2
Y=) YoWo= Y (ua®P + va@p)W,,
a=1 a=1 -~

where the second formula of (16) is obtained by analogy with the first. It should be noted that the
formulas in Equation (16) are decompositions of the tensor columns X and Y with respect to the
orthonormal basis W,, « = 1,18, and X, and Y, are projections X and Y respectively on W,.

It is not difficult to see that, taking into account the first equality of (15), from the second relation
of (13) we obtain the following presentations of stress and couple-stress tensors:

18 18 2 2
P=Y ApXpup= 1 Ap(up®@y+vy@3x)uy,

p=1 p=1 -

18 18 2 2 (17)
H= Zl ApXpvp= Zl )\p(Ep@'I‘i‘!p@%)Yp

p: p:

It is not difficult to write the reverse CR. In fact, for example, from the second equality of (4) by
virtue of (10) and the second equality of (15) we find

X=M" 1Ry = z Ay 1W,,WT®\Y_ z A Y W, as)

p=
Xe = A;1Y,, (a=1,18).

Taking into account the second equality of (15), from the first equality of (18) similarly to (17)
we have

18 18 2 2
Y=L A;;lYpEp: )y A;;l(gp@)l:"‘gz?@ﬂ)gp,
-op=l p=1 -

8 8 2 2
%ngl)\p Yp!p:pgl)\p (EP®I~)+XP®E)YP

It is not difficult to see that X can be represented as

(7 rEV C u) rEV C
(1)) () (TeS)

By virtue of Equation (19), the CR in Equation (4) can also be written in the form

2
Y = MEH- U, 0)

4. On Static Boundary Conditions in the Linear Three-Dimensional Micropolar Theory of
Elasticity. Tensor—Operator of Stress and Couple-Stress

Given (2), the static boundary conditions can be written as follows:
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which by virtue of (20) is still equivalent to equalities

T® T@) 2

Here P and p are the stress and couple-stress vectors given on the body surface and the following
differential tensors—operators are introduced:

.. .. 2
I(l) = I']'l'ﬂ’ll‘Al]lek, I(z) = r]-rlnl-Bl]lek —n- é & g/

g y 2 (23)
TG = r]-rlnl-Cl]lek, T = rjrlnl-D”lek -n-CwC

Introducing the tensor-block matrix operator stress and couple-stress and the vector column of
stress and couple-stress vectors

T T 2 P
T= < .}(3) .}.(4) =n- M@H;H, Q= u ) (24)

the static boundary conditions (21), taking into account the notation given by the second relation of (5),
can be written in the form

T-Ul,=Q. (25)

We note that the kinematic boundary conditions are represented in the form

o (-(3)

mixed boundary conditions can be written as follows:
and the initial conditions have the form

Ult=t, = Uy V=, = Vo, (28)

ug dU0 \0) du de
= V = —_— = = — = — .
Yo ( Po )l 07 ar ‘t:l‘o ( wo )l AT t=ty’ “o dt li=¢,

Here f and # are the displacement and rotation vectors given on the body surface, ug and ¢
are the displacement and rotation vectors given at the initial instant of time (for ¢ = tg), vo and wg

where

are the velocity and angular velocity vectors given at the initial instant of time, S is the body surface,
51US=5,51NS, = Q.

5. Formulation of Initial-Boundary Value Problems

Let us introduce the definitions.
Definition 1. If the displacement and rotation vectors (kinematic boundary conditions) are given on the body
boundary S, then such conditions are called boundary conditions of the first kind, and the problem of the

micropolar solids mechanics (SM), using these conditions, and also the initial conditions is called the first
initial-boundary value problem.

In the case under consideration, the first initial-boundary value problem includes: the equations
of motion (6), the kinematic boundary conditions (26) and the initial conditions (28).
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Definition 2. If static boundary conditions (stress and couple-stress vectors) are given on the body boundary S,
then such boundary conditions are called boundary conditions of the second kind, and the problem of micropolar
SM using them and initial conditions is called the second initial-boundary value problem.

In the case under consideration, the second initial-boundary value problem includes: the equations
of motion (6), the static boundary conditions (25) and the initial conditions (28).

Definition 3. If kinematic boundary conditions are given on one part of the body boundary S1, and on the
remaining part of it Sy are given the static boundary conditions, where S U Sy = S, S1 N Sy = @, then such
boundary conditions are called mixed boundary conditions, and the problem of micropolar SM, using them and
initial conditions is called the mixed initial-boundary value problem.

In this case, the mixed (third) initial-boundary value problem includes: the equations of motion (6),
the kinematic boundary conditions (26) on one part of the body boundary and the static boundary
conditions (25) on the rest of the body boundary and the initial conditions (28) (see also (27)).

Note that, excluding the characteristics of the micropolar theory from the above definitions, we
obtain the corresponding definitions for classical SM.

It should be noted that the kinematic boundary conditions and the initial conditions do not need
to be split, since they were set in a split form. Hence, for the splitting of the first initial-boundary
value problem, it is sufficient to split only the equations of motion, since, as already mentioned in the
previous proposition, the kinematic boundary conditions and the initial conditions are split. In this
connection, the splitting of the static boundary conditions is of great interest. If the equations of
motion (6) and the static boundary conditions (25) can be split under some conditions, then under the
same conditions all the initial-boundary value problems formulated above can be split. Hence, it is
necessary to establish the conditions under which the equations of motion (6) and the static boundary
conditions (25) are split.

6. Decomposition of the Equation of Motion in the Case of a Homogeneous Isotropic
Micropolar Medium

In this case, as many authors (see, for example, [25,30,31]) consider B=20 and differential
tensors—operators A, B, C and D (see (7)) have the form

A=EQ:+dVV, B=C=-2C "V, D=EQ;+mVV, | = JE,
Qu=bA—pd7, Qu=gA—1-]37, Q1 =Qa+dA, Q3= Qq+mA,
d=A+pu—a, l=4n, b=pu+wa, g=06+p m=y+5-5,

where Q1, Q2, Q3 and Q4 are wave operators, and the elasticity tensors have expressions
A=nC)+aa)+aCe, R=hCw)+dCe)+4C0) (29)

Here C(1), C(2) and C3) are the basic isotropic tensors of the fourth rank, and for material
constants we use the notationay = A, ap = p, a3 = a, by =y, bp =6 and b3 = B.

Denoting by
A BW
M, = R B 30
0= o ¢ ) o)
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the tensor-block matrix operator of the cofactors for the tensor-block matrix operator M of Equation (6),
after cumbersome calculations we obtain [27,28,32]
A= QPR B=B"Y =B =00:;PB (B = -B),
C=Q1PT; R =EQiQs—(dQs—44*)VV, B = -2aC-V, (31)
T = EQ:Q3— (mQy—44*)VV, P = QQs +44°A.

It is easy to see that by virtue of Equation (31) the tensor-block matrix operator of the cofactors (30)
can be represented as follows:

N Q1B O1T 0 PQ1 /) - 0 PQ

where tensor-block matrix operators are introduced

N(l) _ B Ql]~3 ) N(z) _ B Q3B .
N QB T - (B T

It is easy to prove the relations

EQ:P O

M - N(l)T — N(2)T M=
O EQsP

> , det(M) = Q1QsP2. (32)

Then if we shall seek the solution of Equation (6) in the form (similar to Galerkin)

e (o= (3) ()

then, by virtue of the appropriate relation (32), we obtain the following split equations:

Q1(Q2Q4 +4a?A)v+pF =0, Q3(Q2Q4 + 4a’A)p + pm = 0. (33)

Note that similar equations were obtained by [26]. Similar equations in another way were obtained
by [22]. Finally, Sandru and Nowacki gave the same representations of the displacement and rotation
vectors and they are reduced to (33). The paper [24] deserve great attention because the system of
equilibrium equations for the isotropic elastic body without a center of symmetry and in the absence
of mass loads is decomposed into two independent systems of equations.

Applying the operator N @)T to the left of (6), by the first relation of (32) we will have

Q1[(Q2Q4 + 4a*A)u+2a(C-V)- (om)]+R- (oF) =0, -
=0

Q3[(Q2Q4+44?A)@ +2a(C- V) (pF)|+ T (pm) =0.

For a = 0 (the case of a reduced medium), the classical equation follows from the first equation
of (34), and the second equation has a similar form.
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7. Decomposition of Static Boundary Conditions
In the case of an isotropic micropolar material without a center of symmetry, by virtue of
Equation (29) and B=0; g(l) +bzg(2) +b3g(3), from Equation (23) we have
T =4,En -V4a:nV+a3(nV)7,
T® =bEn -V+bnV+b3(nV)T —(a,—a3)n -C,
T®) =bEn -V+bnV+4b3(nV)T,
1(4) =dyEn -V+d1nV+d3(nV)T (by—b3)n
It should be noted that some authors (see, for example, [25,30,31]) consider that E is an asymmetric
tensor, therefore in the case of an isotropic medium it is zero, as was done above. However, some
authors prove that B is a symmetric tensor, therefore, in the case of an isotropic medium, it is not equal

to zero, and how any isotropic fourth-rank tensor is generally determined by three parameters, as is
customary in this case. Further it is easy to see that

TP =T® —(sy—a3)n-C, TW=T®W—(b—b3)n-C,

T®W=dEn- V+dinV+ds(nV)T.

Assuming that the body has a piecewise-plane boundary and denoting by 15}) and [T, IS’)
and |1"(3) l, I*(4) and \11(4)| the differential tensors—operators of the cofactors and determinants for the

tensor-operators T, T®) and T® respectively, after simple calculations we obtain
T = [(a1 + @) (a2 + 23)En-V — a3 (a1 + a2)nV
—ay(az + a3)(nV)T|n-V + 21a3[VV + (nn — E)A|,
T =a3((a14+2) (a2-+a5) M0 & VY —a1a3A]n-V,
T = [(b1 + b2) (b2 + b3)En-V — by (b1 + by)nV
—by(by + b3) (V) |-V + bybs[V'V + (nn — E)A)],
ITO) | =ba[(B1+b2) (by+b3)nnSVV — by bsAJn- ¥,
T.Y = [(d +d2)(d2 + d5)En-V — ds(dy + da)nV
—dy(dy +d3)(nV)T|n-V + d1d3[VV + (nn — E)A],
IT®| = dy[(dy +da) (ds + d3)nn VY — dydsAln-V.

Note that we want to obtain boundary conditions separately for u and ¢. In order to shorten the
letter, we consider the case when by = b3, a, = a3. Then I(z) = I( ) (4) = ( ) and the boundary
conditions from Equation (25) can be written in the form

TO.u+T® .9 =P, TO®.u+T®.9 =pn.
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In this case, it is easy to obtain the boundary conditions separately for u and ¢

(CELSES CRF OIS )R
= |I/(4)|IEF3)T'P _ ‘I(3>|I/£F4)T-y,
(|I(3)|Ii1)T.I(3) _ |I(1)|I£3)T.I/(4)) _‘P
7O T T T,

Note that the eigenvalue problem can also be considered for differential tensor-operator and
tensor-block matrix operator. Consequently, in this case the eigenvalues are differential operators
whose product, taking into account their multiplicities, will be equal to the determinant of the object
for which the eigenvalue problem is considered. Of course, we can find our eigenoperators from
the solution of the characteristic equation. For example, the characteristic equation for an arbitrary
tensor—block matrix M of the second rank consisting of four second-rank tensors of three-dimensional
space has the form [29,34]

1° = LMy + L(M)y* — L) + L(M)y? — Is(M)y + I (M) =0, (35)
s 1 - 0 0
1 S S1 cee 0 0
Sk:Ik(M):F R T = (36)
| ske1 sk 0 stk
S Sk-1 - 82 81
k
——

Se=LM), si=LMF), k=16 M'=M -M-...-M,

where I (M), k = 1,6, denote the invariants of the tensor-block matrix M. In this case, the inverse
relations to Equation (36) are represented in the form

S, 1 0 - 0
se=ne=| 22 S 1 0 T @)
kSp Sk1 Sk2 0 S

Replacing in Equations (35)—(37) M by the tensor-block matrix operators of the equations of
motion in displacements and rotations under various anisotropic media, we obtain the characteristic
equations for them. If we find the roots (eigenoperators) of the obtained characteristic equations for
the above tensor-block matrix operators, then their determinants can be represented as a product of
simple eigenoperators. Thus, the equations are split.

8. Decomposition of the Canonical Equations of the Classical Elasticity Theory for the
Transversely Isotropic Body

Under the canonical equations we call equations that are obtained by the canonical presentations
of the material tensors. In a similar sense, the term canonical mechanics can also be used. Thus, in this
case the elastic tensor A is represented in the canonical form [29,34], that is

6
A=Y Mwiwy, (38)
k=
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where Ay and wy, k =1,...,6, are the eigenvalues and eigentensors for é Then by Equation (38) the
vector equation with respect to the displacement vector can be written in the form

6
Lu+pF=0, L=) AwrVwi V. 39)
k=1

It is seen that for the splitting of the last equation it is necessary to find the cofactors L. for L (see
the second relation of (39)), and for this, in turn it is necessary to find expressions for the determinant
of a linear combination of several tensors of the second rank (from two to six). We give below the
expressions for the determinant and the cofactors of the sum of six second-rank tensors without proofs,
from which, in turn, it is easy to obtain analogous expressions for the sum of a smaller number of
tensors. The expressions for the determinant and the cofactor tensor of the sum of six tensors of the
second rank are presented as follows:

6 6 6 6
| L Ad = T Akl + ¥ R(A)[6 L L1(A)) — I1(A)]
k=1 k=1 i=1 =1
3 3 6
+ I—[1 [1(Agi—1)+11(Az)] +.Zl I (Agi—1) 11 (Ag;) [5ik2111(ék)_11(132i71)
i= i= —
6 6 4 5 &
—L(AN]+ X [ L L(AZA)-L(AD)]+L & ¥ L[A-(Aj-Ax
=1 j=1 i=1j=i+1k=j+1
6 5 6 6
+A-A)] - [ Zh(A)] [ X ¥ L(A;AL, 6= X 6, (i=1,6);
i=1 =1 k=41 =1
6 5 6 3|A,] 2|A||
A) =Y AL+ NLAG A =220 8, =50
(1§1 Ai). Efl El j:%—l PSR 9A; T T T 0A0A,

L[( ééi)*]—b (i A)=YDL(A)+ E i [L(A)(A))—L(Ai-A))].

i=1 i=1 i=1j=i+1

Here A;, and *A;,, i = 1,6, are tensors of cofactors of second rank and second order and fourth
rank and first order, respectively.

Further, before we consider the canonical presentations of tensors, we introduce the following
definition.

Definition 4. The symbol {a1,ay, ..., ax}, where k is the number of different eigenvalues of the tensor, and «;
is the multiplicity of the eigenvalue A; (i =1,2,...,k), is called the anisotropy symbol (structure symbol) of
the tensor.

We note that on the basis of this definition, the classification of classical and microcontinuum
anisotropic materials is given in [29,34]. By virtue of this classification, classical (micropolar) isotropic
materials are special cases of materials in which the anisotropy symbol consists of not more than
two (three) elements. A similar situation occurs for other anisotropies [29,34]. In particular, classical
transversely isotropic materials are special cases of anisotropic materials whose anisotropy symbols
consist of four elements, and orthotropic materials are special cases of anisotropic media whose
structure symbols consist of no more than 6 elements. The anisotropy symbol of an orthotropic
micropolar material with a symmetry center consists of not more than nine elements [29,34]. It should
also be noted that the mathematical structure of elastic media was investigated in [13], and the
classification of classical elastic media is given in [9].
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We now consider the canonical representation of the transversely isotropic elastic modulus tensor

with the anisotropy symbol {1,1,2,2} [29,34]:
A= W1 W1 oW W2+ 13 (W3 W3 +WaWy ) + s (W5 W5+ W We ). (40)

(by force of the classification of materials adopted in [29,34], transversely isotropic materials can be
of the following types: {1,1,2,2}, {1,2,1,2}, {1,2,2,1}, {2,1,1,2}, {2,1,2,1}, {2,2,1,1}). For the material under
consideration, the eigenvalues are determined by the formulas [29,34]

p1=1/2(A11 + A + Az — \/(An + Ay — Ax)? 4+ 8A%,),

po =1/2(A1n + App + Ass + \/(An + A — A)? + 8A7,), (41)
Mz = pa = An — Arp, s = ple = Ass,

and the eigentensors are represented in the form

2 2
Wi = sina(e; + e) + cosaez = —5 sinal + cos wes,
2 2
Wy = % cosu(e; +ep) +sinwe; = % cosal + sinaes, (42)
V2
w3 =—-(e1—€), Wi=es Ws=e5 Wo=e;

2
€y =€y, X = 112/ y e4_ esze €re3), €5—= e1e €3eq ),

1 . 2v/2A13
gézﬁ(e2el+ele2), e,e]:5l], l,]:1,2,3, tgz“:m,

2
en @ey = Omn, m,n=16 1=eje;+eer =ey+en.

The canonical representations of the tensor-operator of the equations and its determinant and the
tensor of cofactors and its components, as well as the stress tensor-operator, its determinant and the
components of the tensor-operator of cofactors by virtue of Equations (40)—(42) have the form

L= (a1+azese3)A+a VOV +as5(e3VO+(e3V°) 7|05+ (asl+asezes)d3;
IL| = AA3+BA2034+CAd3+ D0 =k(A+k103) (A + k203) (A + k303),
k=A, ki +ky +k3=B/A, kiky +kikz +koks3=C/ A, kikok3=D/A;
L. =a(a3] + ajeze3)A> — a,a3AVOVO — a1a5[e3 V0 + (e3V?)T]0;
+{ [[(az+613)ﬂ4+0(613+a5)}l+613(ﬂ+611)6393} A+(ﬂ%—azﬂ4)vovo}a%
—a3as[e3 V0 + (e3V°) 7103 — a3(a4] — aze3e3)d3;
T=(a11+aze3e3)n’- V0 —bn"VO4a;(nOVO) T +-113[—ces VO 4-a3(e3V0)T]
+[n3(asl + azezes3) — cn’ez + aze3n’]os;
IT| =mas{[b— (b+c)nd]A+ 200000 VOVO 0070
+{b(ayas—a3)+a1c* — [(c—b)a3+a(c?+bay)|n3}n3Ad; )
+2a1[(az+c)as +a2a4]n3n0n0évovoa3 +az{—a;c

+[ayc+(a+ay)ag—c?|n3}n°- V093 —a3[c— (c+aq)n3n303;
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T, = azn’-V0aIn® - VO + bn'VP — 4y (V) T] + cazni(1a — VOV?)
+%{[(3[11+a2)a4—c2}ln0-vo+(ba4+c2)novo—(2a1a4—a§)(nOV0)T}n3B3

ta3(a5n3 +c[n [2)L - enn’]33 — CHNOVO {bas[n3C - (e37°)T —e3C - n%9s
—a1¢(C - n'e303 — n3e3C - VO)} —ain® - VO{a[n3(e3V?)" + e3n’0;]
—c(n%e303+n3e3V0) } —a2[n2(e3V°) 05 +n3e3n°02]
+caz(nfe;V95+n3n'e303) + eze; [alb\no|2A—|—2a1a2n0n0<22§>V0V0
+(a1a5+aza3)nzn®- V0095 +a3n303],

where the following notations are introduced:

A=aaya3, B=a(a5+a1a4)+cay(az+as), C=az[(a+ a1)ag+c(az+as)];
a=aj+ay, b=a;—ay, c=az—as, D= a§a4, ay = (1/2)us,

ay = (1/2)(uy sina+pp cos?a), az = (1/2)us, A =93 + 93,

ay = py cos’a+tpuosina, as = (1/2)[v2(u2 — p1) sina cosa + pis),

C =Cyjere;, n’=nje;, V'=e;o,, nonoéVOVO:nlnﬁIa].

If we apply the operator L, from the left with a single multiplication to the equation (the first
relation in Equation (39)), and the operator TT (see the corresponding relations from Equation (43)) to the
boundary conditions T - u = P, then we obtain the following split equations and boundary conditions:

ILju+L!(oF)=0, |Tjlu=TI.P, (44)

and if we look for the solution u in the form u=L,-v, then we have the following split equations and
boundary conditions:
ILlv+pF=0, [T|(L.-v)=T{-P. (45)

When obtaining Equations (44) and (45), we took into account the relation F - FI = F.F =
E[E|, VE.

Further, applying, for example, to the split equations from (45), the k-th moment operator [27,32],
the equations for prismatic bodies in moments with respect to any system of orthogonal polynomials
can be represented in the form

(k) (k) (k) (k)

k k (k)
ANV + BA*V" +CAVIV +DVVI+pF =0, k=0,00, (46)

k), (k
where in the application of the system of Legendre polynomials, the expressions for (v)’ !, (v>1 V and

k
(V)VI are defined using the following relationship:
(mem), , X om—1 2m—1 (n+2k-+2m—2)
A x)=2n+1) Y. C _ 2n+2k+2s—1 v o,
( ) ( )kzl k+2m—2 g ( ) 47)

neNy, meN.
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Note that analogous to Equation (46) equations with respect to u can be easily obtained from
Equation (44). In order to shorten the letter, we will not write them out. By virtue of the first relation
of (43), it is not difficult to calculate that

le(L) = (3ﬂ +b+ 203)A + (ﬂ4 + 2&3)8%,
2(L) = [(8a+b)as +a(a+b)]A%, I3(L)=[(3a + b)as (48)
—2c(c +2a3) + (2a3 + 3a + b)az]Ad3 + 2(2a4 + a3)a303.

Note that the dynamic equations (equilibrium equations) in displacements for any homogeneous
anisotropic body can be written in the form

M-u+pF=0 (L-u+ pF=0);

6
M=L —Epd7, L =Y Awi-Vw;-V.
k=1

It is easy to see that

I3(M) = [M| = I3(L) — I(L)pd? + L (L)p?d} — p°0?,

M. =M?—[;(M)M+I(M)E=L.+[L—I (L)E]pd?+Ep?d}
= L2 — L[I;(L) — pa?] + E[(L) — I1(L)pd? + p%9}],

L. =L* - (L)L + L(L)E.

(49)

Consequently, the decomposed equations will have the form
Mlu+ M. (oF) =0, ([L|u+ L.-(oF) = 0).
Next, we represent |[M| (see the first equality of Equation (49))) as a product of simple operators
M| = I5(L) ~ L (L)pd3+ I (L)%} — 0%
= (b1—p0}) (b2—pd7) (b3—p37)

= b1bybs — (b]bz + bibs + b2b3)paf + (bl + by + b3)p4a‘} — p3a?,’
L(L) = by +by+bs, L(L) =biby +bibs + bobs, I3(L) = bibobs.

(50)

From this we see that by, b, and b3 are eigenoperators for L, and b; — pa%, by — pB% and bz — pi)f are
the eigenoperators for M.

Note that, knowing the expressions for Iy(L), k = 1,2,3, (the case of a transversally isotropic
medium, see Equation (48)), the simple (linear) operators by, k = 1,2, 3, can be found using Equation (50).

Based on the above, it is not difficult to consider other cases of anisotropic media, as well as cases
of classical and micropolar isotropic materials, but in order to reduce the writing we will not dwell
on them.

9. Quasistatic Canonical Problem of the Micropolar Theory of Elasticity in Displacements
and Rotations

To reduce the letter, we consider an isotropic material with a center of symmetry. The mechanical
properties of such a linear material are characterized by two fourth-rank tensors, each of which in turn
is determined by three essential components. These materials are special cases of materials whose
anisotropy symbols consist of three elements and the number of which, according to the classification
adopted above, is 28 [29,34], among which the materials {1,5,3} and {5,1,3} are. The first of them
has a positive Poisson’s ratio, and the second one has negative Poisson’s ratio. Under the canonical
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problem we mean the problem, in the formulation of which the material tensors are written in the
canonical form. We confine ourselves to the isotropic material {1,5,3}. In this case, the material tensors
have the expressions

1 1 1
: E(Al /\z)g(l) + E()Lz + /\7)2( 2) E(/\z - /\7)C( 3)

1 1 1 G
D = 3 (1 = m)Cu) + 5 (2 + 17)C2) + 5 (42 = 17)C3)-

Then, by virtue of (51), it is not difficult to obtain equations analogous to (34), from which in the
case of a quasistatic we have

1
A {ﬁ(7\1+2)\2)(/\2+/\7)(V2+V7)A—*A2A7(/\1+2/\2)}11+S*=0,
(p1 +2p2) (2 + p7) (A2 + )\7)A2—)\7[§/\2(V1 +2p5) (52)
H2 + 7)Ao+ A7)]8 + 20202 L+ H =0,

= A7Q;(C-V)-(pm) + [EQ; Q; — (dQ; —A7)VV]- (0F),
A7Q3<C V)( F) + [EQng <mQ§—A2>W]~(pm),

1 1 1
d= 8(2/\1 + /\2) 2)L7, l=2Ay, b= (/\2 + /\7)
= L Q) — gmr, 8= 5+ )
=5 M1+ M2 2;47,g—2;42 Hz)-
For a = 0, that is, in the case of a reduced medium from Equations (52) and (53) we obtain
ANu+G =0, A@+H=0, (54)

1

G=————
A2 (M +2A2)[

2E(A1 +2A2)A — (2A1 + A2)VV] - (pF),

= Gat2i2) Gt ) 2B +202) A= 2tz =3u7) VV]-(pm),

where the first relation of Equation (54) is a classical equation, and the second has a similar form.

10. The Quasistatic Canonical Problem of the Micropolar Theory of Prismatic Bodies of Constant
Thickness in Displacements and Rotations and in the Moments of Displacement and
Rotation Vectors

Let us consider a prismatic body of constant thickness 2/1. As the base plane, we take the middle
plane. Then in this case 85\3/1 = 511\34, g% = 0,¢% = h~? and the nabla-operator VF, the Laplacian A, A2

and A3 are represented in the form

VF = (fP9p +1303)F = (rPop + h~1nd3)F, —-1<x®<1,
AF = (gP QVPVQ +g3382) =(A+ h*292)1F A=gP QVPVQ/ (55)
A AZ A 2 4 A3 AS AZ 2 A 4 6

+ 8+h48, +h 8+h4 8—|—h68
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By the corresponding formula (55), Equation (52) for the theory of prismatic bodies of constant
thickness in displacements and rotations can be written in the form

1 1

_ _ 1, - _ _ .
(A3 + AA? + a2 BA+ 2A)A03 + o (3A+ A)dj + 3 a8)a
+8* =0,
N (. 1. 1 (56)
[A +(BA+A)A+ﬁ[(3A+ZB)A+C]a§+ h—4(3A+B)a§+ﬁag]¢
+H™ =0;
e 128" e 12H*
(AM142A2) (A2 +A7) (M2 +p7)’ (m1+2p2) (2 +p7) (A2 +A7)
Ae 4Ar Ny co 247702

(A2+A7) (pa+p7) (11 +2p2) (2 + p7) (A2 + A7)’
207202 (p142p2) +3(A2+A7) (2 +147))]
(1 +2p2) (p2+p7) (A2 +A7) '

Applying the k-th moment operator of some system of orthogonal polynomials (Legendre,

B =

Tchebyshev) to the equations in (56), we find the following equations for the micropolar theory
of prismatic bodies of constant thickness in the moments of the displacement and rotation vectors:

1
ht

1 0y

- - 1 _ _ _
[R%+AR?) W+~ (3A+2A)Au" + (3A+A)(u")W+h—6u

2
(*)
+8** =0, 57)
[A3+(BA+A)A]$+% [(3A+ZB)A+C]$”+ }11—4(35+B)$W
+,11—6(<'3V1+(1]-(1)**:0, keNo.

Having Equation (57), by the formula (47) it is easy to obtain systems of equations of any
approximation in moments with respect to the system of Legendre polynomials. We note that the
equations of the fifth (in the classical case) and the 8th (in the micropolar case) approximations in
moments were obtained in the papers [27,28,32] for isotropic material in the traditional form, as well
as the similarly to Equations (52), (54), (56) and (57) in the traditional form are given in [27,28,32].
Equations in moments for thin bodies with two small dimensions and thin multi-layered structures
are also given there.

Adding the corresponding canonical boundary conditions to Equation (57), we obtain a canonical
statement of quasistatic boundary value problems for prismatic bodies. In order to shorten the letter,
we shall not dwell on this in this paper, but refer to the interested reader in the papers [27,32], in which
the formulations of boundary-value problems in the traditional form are given in detail, and they
easily extend to canonical statements.

It should be noted that for the theory of thin bodies, the decomposed equations at equilibrium,
depending on the order of approximation, are equations of elliptical type of high order [27,28,32] and
using the Vekua method [36], for them it is possible to write out analytical solutions. Note also that
some questions about the application of problems on eigenvalues of tensor objects are set out in the
works [37-40].

Note that using canonical representations of material objects, based on differential statements of
initial-boundary value problems, it is easy to obtain variational statements, and then the application of
this method can be generalized to the case of media considered, for example, in [41-44].
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11. Conclusion

The statement of the eigenvalue problem for TBM of any order and any even rank is formulated,
and also particular cases are considered. The canonical form the specific deformation energy and
the CR are written. The equations of motion of a micropolar arbitrarily anisotropic medium and the
boundary conditions are obtained by means of the introduced TBM operators. The formulations of
initial-boundary value problems in terms of the introduced TBM operators for an arbitrary anisotropic
medium are given. In particular, the initial-boundary value problems of the micropolar (classical) theory
of elasticity are presented with the help of the introduced TBM operators (tensors—operators). In the case
of an isotropic micropolar elastic medium (isotropic and transversely isotropic classical media) with the
constructed TBM operator (tensors—operators) of cofactors to TBM operator (tensors—tensors) of the
initial-boundary value problems the initial-boundary value problems are decomposed. The determinant
and the cofactor tensor for the sum of six tensors are obtained. From three-dimensional decomposed
initial-boundary value problems, the corresponding decomposed initial-boundary value problems for
the theories of thin bodies are given.
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